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Spectrum of the semi-relativistic Pauli-Fierz model 11

Takeru Hidaka, Fumio Hiroshima, and Itaru Sasaki

Abstract. We consider the ground state of the semi-relativistic Pauli—Fierz Hamiltonian
H=|p—-—AX)|+ Hf + V(x).

Here A(x) denotes the quantized radiation field with an ultraviolet cutoff function and
Hy the free field Hamiltonian with dispersion relation |k|. The Hamiltonian H describes
the dynamics of a massless and semi-relativistic charged particle interacting with the
quantized radiation field with an ultraviolet cutoff function. In 2016, the first two authors
proved the existence of the ground state ®,, of the massive Hamiltonian H,, is proven.
Here, the massive Hamiltonian H,, is defined by H with dispersion relation vk2 + m?
(m > 0). In this paper, the existence of the ground state of H is proven. To this aim,
we estimate a singular and non-local pull-through formula and show the equicontinuity of
{a (k) @y, }o<m<mo With some mq, where a (k) denotes the formal kernel of the annihilation
operator. Showing the compactness of the set {®,;; }o<m<m,, the existence of the ground
state of H is shown.

Mathematics Subject Classification (2020). Primary: 81Q10, Secondary: 47B25.
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1. Introduction

1.1. Semi-relativistic Pauli-Fierz model. In this paper we are concerned with
the existence of the ground state of the so-called “semi-relativistic Pauli-Fierz
model” (abbreviated as SRPF model), which describes an interaction between a
semi-relativistic charged particle and the quantized radiation field. The existence
of a ground state of a model in quantum field theory is a fascinating problem: the
existence of the ground state of typical models including the non-relativistic Pauli—
Fierz model [29], the SRPF model with a massive particle, the Nelson model [28]
and spin-boson model has been proven. As far as we know, however, that of the
SRPF model with a massless particle has been left open so far.
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The non-relativistic Pauli-Fierz Hamiltonian is given by

1
Hpr = W(P — A(x))*> + Hem + V(x),

where M denotes the mass of a charged particle, p the three-dimensional mo-
mentum operator, A(x) = Ay (x) the quantized radiation field with an ultravi-
olet cutoff function ¢, Hs,, the free field Hamiltonian with dispersion relation
wm (k) = vk? + m? with an artificial photon mass m > 0 and photon momentum
k € R3, and V(x) an external potential. The spectrum of Hpg has been studied,
e.g., in [5, 8, 24]; the Nelson model has been studied, e.g., in [4, 3, 32, 6, 7];
finally, the spin-boson model has been studied, e.g., in [31, 2]. The existence and
uniqueness of the ground state of Hpp are established for 2 > 0 under some con-
ditions on V and ¢. In particular, in the case of m = 0 (which is a physically
reasonable case) the bottom of the spectrum of Hpr lies at the bottom of its essen-
tial spectrum, and then it is not discrete. See [1, 9, 17, 33] as a review for ground
states of models in quantum field theory.

The SRPF Hamiltonian is defined by Hpr with kinetic term ﬁ( p—A(x))?
replaced by a semi-relativistic version

V(p - A(x))2 + M2,

It is of the form

Hym = v (p— A(X))2 + M2 + Hppy + V(x). (1.1)

It may also be further generalized to a model with N-charged particles for some
N=>2. In the specific model studied here, we fix the number of the charged particle
to one. The SRPF Hamiltonian has two singularities:

zero photon mass: m = 0;

zero particle mass: M = 0.

So far, the SRPF Hamiltonian with (M, m) # (0, 0) has been studied in several

works. The Hamiltonian Hps o with M > 0 is investigated in the series of papers
[21, 22, 20, 23, 26]. The SRPF Hamiltonian with a massless particle

Hy = HO,m = |P - A(x)l + Hf,m + V(x)

is studied in [12] for m > 0. However, the analysis of the SRPF Hamiltonian with
(M, m) = (0, 0) has been left open. Thus, we focus on studying the Hamiltonian
with (M, m) = (0, 0):

H=|p—A®x)|+ Hi + V(x). (1.2)
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The kinetic energy term |p — A (x)| is a non-local operator and has a singularity
in low energy part. In the next section we explain the details of technical improve-
ments needed to investigate H.

1.2. Technical improvements

1.2.1. Compactness arguments. In [12] it is shown that H,, (m > 0) has the
normalized ground state ®,, if the external potential satisfies that V(x) — oo as
|x| — oo. Take a subsequence m; such that ®,,; weakly converges to some vector
&y as mj — 0 with j — oo. It is known that if &y # 0, then P, is the ground
state of H. See [2, Lemma 4.9].

In order to establish @y # 0, we improve methods developed by [6, 7, 8]. We
shall construct a compact operator C such that

s-lim Cdy, = Cd # 0.

m;—0

Let j € Cg°([0, 00)) be a function such that 0 < j(s) < 1 and
j(s) = { T (1.3)
For R > 0, let

x1=Jj(x|/R), x2=Jj(pl/R)., x3=JjN/R), xs=j(Hi/R)
and
x5 =T (iVi/R)).
Here N denotes the number operator and I"(j(|i Vi /R])) is the second quantization

of j(]i Vi /R]|). We can see that C = y1 y2x3x4xs5 is compact and

sup [(1 = x0)®m, | =0(R%, £=1,....5 (1.4)
jeN

as R — oo. From this, we shall show that CPp;, > CPy # 0asm; — 0, and
we conclude that H has the ground state. It is crucial to show (1.4) for £ = 3, 5;

lim sup [|(1 — j(N/R)) P, || = 0. (1.5)
R—)OOjE]N
lim sup [|(1 =T (j(|i Vk/R)®m,; || = 0. (1.6)
R—>ooj-€]N

We explain where the crucial part is and how to overcome the difficulties when
studying H.
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1.2.2. Non-local pull-through formula and infrared divergence. To prove
equation (1.5), we apply the pull-through formula and we have to reduce the
infrared divergence. The unperturbed Hamiltonian associated with H,, is given
by

H(0) = |p| + Htm + V(x).

Hence, the interaction of H,, is the non-local operator of the form
Hy=|p—Ax)|—|p|

and we have
H,, = H(0) + Hi.

It is standard to apply the so-called “pull-through formula” to show (1.5):
a(k)®m = (Hm — Em + 0m(k) ™" [a(k), Hi| .

where E,, = info(H,,). It is however hard to estimate [a(k), Hi], since H is
singular and non-local. It is also unclear how to specify the domains of both
kinetic term | p — A (x)| and commutator [a(k), Hy].

To reduce the infrared divergence, we combine several methods: Hirokawa’s
trick (5.4), functional integration (Proposition 3.3), diamagnetic inequality
(Lemma 3.4), Hardy’s inequality (3.6) and Hardy—Kato’s inequality (6.3) ([25,
Lemma 8.2] and [10]):

1 T 1
lpI~2 W] < Elllxlf‘llllz-

We give a comment on the reduction of the infrared divergence. The Pauli
transformation U(x) = exp(i x- A (0)) was useful to reduce the infrared divergence
of the non-relativistic Pauli—Fierz Hamiltonian Hpr (see, e.g., [5]). The Pauli
transformation may be also applied to H, and on a certain domain we have

U™H(x)HnU(x) = |p + A(0) — A(x)| + Hn + h(x) + V(x), (L.7)

where

— . @ k) — Se(-. 7) - x|? 1
h(x) = Z/x e(k)\/m(a (k) —a(k))dk +j§2ll<pe(,1) x||7, (1.8)

and e(k) = (e(k,1),e(k,2)) are polarization vectors. Since we need delicate
arguments to signify the domains of both sides of (1.7), it takes effort to justify
operator identity (1.7). Therefore, we apply an alternative method to reduce the
infrared divergence of the SRPF Hamiltonian H.
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1.2.3. Equicontinuity. To prove (1.6), we show that
{a(k)®p, }0<m<m0

(for some mq > 0) is equicontinuous in Theorem 6.6. This is a Fock-space-version
of the Kolmogorov-Riesz—Fréchet theorem which proves that an equicontinuous
set D C L?(R?) is compact under some condition. See, e.g., [17, Theorem 2.13
and Corollary 2.14]. As far as we know, this result is new, and we do not require
extra regularity conditions on ¢.

1.3. Previous results and organizations. The SRPF Hamiltonian is studied, for
instance, in [27, 26, 18, 12, 21, 22, 20, 23]. The existence of the ground state for
the SRPF Hamiltonian was first proven by Konenberg, Matte, and Stockmeyer [21]
for M > 0 and m = 0. In the non-relativistic Pauli—Fierz Hamiltonian, the bottom
of the spectrum of Hjs,o coincides with that of its essential spectrum. The case
of M = 0, but m > 0, is investigated by Hidaka and Hiroshima [12], where
V(x) — oo(]x| — o0) is assumed and HVZ type theorem is shown. In particular,
for m > 0, there exists a strictly positive gap between the ground state energy and
the bottom of the essential spectrum of H,,, and hence the ground state ®,, of
H,, exists for each m > 0. The decaying potential V'(x) is not investigated in [12].
The binding condition for the decaying potential is however proven in Hiroshima
and Sasaki [18]. Finally, the uniqueness of the ground state is shown in [16] for
arbitrary m > 0 and M > 0 by a functional integration.

This paper is organized as follows. In Section 2, we give the definition of
the SRPF Hamiltonian and state the main theorem. In Section 3, we discuss the
bound and domain of |p — A (x)|. In Section 4, we establish a singular and non-
local pull-through formula. In Section 5, we estimate ||N% ®,, || by the singular and
non-local pull-through formula. In Section 6, we prove the spatial localization of
®,, by showing that {a (k)P }o<m<m, is equicontinuous. In Section 7, we prove
the main theorem by compactness argument.

2. Definition of SRPF model and main results

2.1. Definition of SRPF model. We define the Hamiltonian of the SRPF model
as a self-adjoint operator acting in a Hilbert space over the complex field. The
operator consists of a particle part and a quantum field part. We firstly introduce
the quantum field part.

The single photon Hilbert space is defined by

W = L*(R3 x {1,2})
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endowed with the inner product

(f.g) = / T g (k) dk.

where [...dk =3, [ps...dk with k = (k, j) € R? x {1,2}. The boson
Fock space over W is given by

oo

F =P@w),

n=0

where ®” W denotes the symmetric tensor product of W and % W = C. The
inner product on ¥ is defined by

o0

(@, W) =Y (& WW)gny.

n=0

Thus, ¥ € ¥ can be identified with an £2-sequence (¥™)> ' such that

o0
D NP2y < oo

n=0

The Fock vacuum is the sequence defined by
Q=(1,0,0,..)e¥.

Let T be a densely-defined closable operator in W. The second quantization of T
is a closed operator in ¥, which is defined by

dr(T) =P T1®.
n=0

where 7™ = 7_1®---1® 7' ®1...@ 1 with T® = 0 and § denotes the
closure of closable operator S. If T is a non-negative self-adjoint operator in W,
then d I'(T') turns to be also non-negative and self-adjoint. We denote the spectrum
(resp. point spectrum) of 7 by o(T) (resp. 0p(7T)). The Fock vacuum Q2 is an
eigenvector of dI'(T") with associated eigenvalue 0, i.e., d['(T)2 = 0. The
number operator is defined by N = dT"(1). Note that o(N) = IN U {0}. Let

om(k) = VK2 +m2, k eR>,

be a dispersion relation. It can be regarded as a multiplication operator in W. Here
m describes the mass of a single boson. Furthermore, the free field Hamiltonian
H ,, is given by the second quantization of wp,:

Hipm = dT (om).
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We notice that Ht ,, is a non-negative self-adjoint operator in ¥, and the spectrum
of Hs,, is given by

o(Him) = {0} U[m,00),  op(Him) = {0}.

For m = 0, we write w(k) = wo(k) = |k| and Hf = dT(w). The creation
operator a'( f) smeared by f € W is given by

@'(HW® = /nS,(f @¥" ), n>1,

and
@ (HYH? =o,

with domain
D' (/) = {¥e s | 3 IVIS,(f @ D)2, < och.
n=1

Here S, is the symmetrization operator on ®” W. The annihilation operator
smeared by f = f(k) = f(k,j) € W is defined by the adjoint of a'(f):
a(f) = (a¥(f))*. Botha(f) and a®(f) are linear in £, and satisfy the canonical
commutation relations

la(f),af @) = (f &)y [a(f)a@]=0=1[a"(f)a' @)

We informally write

() = [ @0 stk =3 / k, ) £k, j)dk.

j= 12
Let us introduce the finite particle subspace ¥5, by
Fiin = LHAQ,a(h) ---aT(h)Q | hj € CPMR3 x {1,2)),j =1,....n,n > 1},

where C{°(R>x {1,2}) = C°(R?) @ C{°(R?). Note that Fg, is dense in . Next,
we shall define the quantized radiation field A (x) for each x € R3. Let e(k, j)
be the polarization vectors defined by

ks, k1,0 k
M, e(k,2) = — xe(k,1).
Jk2 112 K]

Note thate(k, j), j = 1,2, satisfy

ek, 1) =

koe(k.j)=0. e(k.j)-etk.jy=8j. j.j =12
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We write
e() = (e1(1), e2(), e3()).
Note that e, (-, j) € C®°(R*\L12), where

L12 = {k = (kl,kz,k3) (S ]R,3 | kl = k2 = 0}
The quantized radiation field A (x) = (A;(x), A2(x), A3(x)) is defined by

Au) = - Ly [ e, ) (at(k, ) )e
=R +a(k, j)go(—k)et*¥)dk,

where the function ¢,, has the form
¢(k)
Vo)
and ¢(k) is called an ultraviolet cutoff function. Let us introduce assumptions
on ¢:
(Al) ¢(k) = ¢(—k) and »
(A2) v~ 1@ € L?(R?) and w

¢a)(k) =

L2(R3)
€ L2(R?).

7
3 A
2

Remark 2.1. A physically relevant choice ¢(k) = ly,<a}(k) satisfies assump-
tions (A1) and (A2), where 1, <} is the indicator function of

{k € R | w(k) < A).

By assumption (A1), 4,,(x) is essentially self-adjoint on %, for each x € R3.
We denote the closure of 4, (x) by the same symbol. Assumption (A2) will be
used for the self-adjointness of the total Hamiltonian.

Next, we explain the particle part. The Hilbert space for the particle is

L*(R3) = L*(R?,dx),

where x = (x1,x2,x3) € R? denotes the position of the particle. Let p =
(p1. p2, p3) = —i(0x,. 0x,, 0x;) be the momentum operator of the particle. The
massless particle Hamiltonian under consideration is a semi-relativistic Schro-
dinger operator given by

Hy, = |p|+V(x)=v-A+V(x),
The Hilbert space for the SRPF model is defined by
H=L*RHQF
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If no confusion may arise, we use the following identification:
®
H = L*R:F) =~ /f”f”dx.
R3

Under this identification, we can define the constant fiber direct integral

5

/Au(x)dX,

R3

which is also denoted by A, (x) for simplicity. Then, 4, (x),n = 1,2,3, are
self-adjoint operators in #. The interaction between the particle and quantized
radiation field is described by the minimal coupling, i.e., the interacting Hamil-
tonian is obtained by replacing p by p — A (x). Thus, the total Hamiltonian of the
massless SRPF model is formally defined by

H=|p&1—Ax)|+1® H; + V(x) ® 1.

For notational convenience, in the sequel we will omit the symbol ®. Thus, H
can be simply written as

H=|p—A(x)|+ Hf + V(x).

Note that the definition of H is currently unclear, and we have to specify the
definition of |p — A (x)| and the conditions for V' (x). We use the notation

oo
C>(T) = (D™
n=1
for the operator 7. By assumption (A2), the non-relativistic kinetic energy

Ta=(p—Ax))>

is well defined on D(p?) N C*°(N), and the next proposition has been established.

Proposition 2.2 ([16, Proposition 3.4]). Assume (Al) and (A2). Then Ty4 is
essentially self-adjoint on D(p?) N C*®(N).

We set
Hiin = C§°(R?)® Fin,

where ® denotes the algebraic tensor product. Proposition 2.2 can be extended:
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Proposition 2.3. Assume (Al) and (A2). Then T4 is essentially self-adjoint
on Hsn.

Proof. Set D; = D(p?) N C*®(N). Then, by Proposition 2.2, T4[D; is self-
adjoint. We use the fact that #g, is a core for p> + N. Let ¥ € D;. Then
U ¢ D(p? + N), and hence there exists a sequence {¥,}, C Hg, such that
¥, — Wand (p?> + N)¥, — (p?> + N)¥ as n — oo. On the other hand, for
® € Hgn, we have

ITa®@] = (p? =24 (x)- p + A(x))®| < al(p*> + N)@| +b|®|  (2.1)

for some a, b > 0. From (2.1), we know that {74 ¥, }, is a convergent sequence.
Therefore, we have W € D(T4[#gn), which means that T4 [Dy; C T4 [Hfn.
Since the self-adjoint extension is unique, we have T4 [Hfn = T4[D; which
is self-adjoint. |

We denote the closure of 74 by the same symbol. The semi-relativistic kinetic
energy | p — A (x)| is defined through the spectral measure of T4, i.e.,

P =A@ = VT4
Definition 2.4. The massless SRPF Hamiltonian is defined by
H = \/Tqg +V + H;. (2.2)
The Hamiltonian with a photon mass m is also defined by
Hpy = Ta +V + Hip. (2.3)

Obviously, Hy| _, = H.
2.2. The main results. We define two classes of external potentials.

Definition 2.5. (1) V € V. ifand only if D(| p|) C D(V') and there exist0 <a < 1
and 0 < b such that |Vf| < al|p|f| + bl f] for any f € D(|p]).

(2) V € Veont if and only if lim|yj—e0 V(x) = oo, D(V) C D(|x]|), and
V € C2(R?) with 9, V, 02V € L&®(R3) for pu = 1,2, 3,

Examples of Vi) and Veons are —Z /x| € Vie and (x) = +/1 + x2 € Vonr.

Proposition 2.6 ([11, Theorem 1.9]). Assume (A1) and (A2). Suppose that V €
Veont U Viel. Then, for any m > 0, Hy, is self-adjoint on D(|p|) N D(V)) N D(H )
and essentially self-adjoint on Fgy,.
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We remark the following. Thought H,, depends on the choice of polarization
vectors, it can be shown that all H,, with measurable polarization vectors are
unitary equivalent. Hence, the spectrum of H,, is independent of the choice of
measurable polarization vectors. See [30, Appendix A].

If T is self-adjoint and bounded from below, then an eigenvector f such that
Tf = Ef with E = info(T) is called a ground state of T. The existence
and the uniqueness of the ground state of the massive Hamiltonian H,, has been
established:

Proposition 2.7 ([12, Theorem 2.8] and [16, Theorem 5.12 (2)]). Assume (A1)
and (A2). Suppose that V' € Veons. Then Hy, has the normalized ground state ®,,
Jor each m > 0, and there exist C and c such that

sup || @ (x)[|5 < Ce ™ x € R, (2.4)

m>0

Remark 2.8. In Proposition 2.7 it is assumed that V' is a confining potential.
However, in [16, Theorem 5.12 (1)] a spatial decay of bound states of H,, with
a decaying potential is shown for m > 0. Let H,,¥ = E,, V. Suppose that V is
negative and limy | o En — V(x) < 0. Then

Cx) ! ifm=o,

Cpe™m*lif m > 0,

X)) < {
with some constants c,,, Cy,, and C.

One common method to prove the existence of the ground state of H is to show
that the weak limit of ®,, as m — 0 is a non-zero vector ®¢. In Proposition 2.7,
under some condition on V' and cutoff, it is shown that H,, has the ground state
®,, for each m > 0. Thus, we investigate the limit of ®,, under the following
general conditions:

(A3) for any m > 0, H,, has a normalized ground state ®,,;
(A4) there exists mo > 0 such that supg_,,, <, |l (x)? Dl < o0.

The main result in this paper is the following:

Theorem 2.9. Assume (A1)—(A4) and V € Vions U Viel. Then H has the unique
ground state.
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3. Domains and bounds of |p — A (x)]

In this section, we discuss domains and bounds of operators related to (p—A4 (x))>2.
In the spectral analysis of H, we need to compute and estimate commutators
related to |p — A(x)|. Since |p — A(x)| is non-local, it is not obvious that
Nz |p — A(x)| is well defined on a dense domain.

Let Q(x) = P Obviously, in the case of one mode annihilation
operator and creation operator a = (x 4+ d/dx)/~/2anda’ = (x —d/dx)/~/2 in
L%(R), we have

la +a'|Q = «/En_%|x|e_%x2,
which is not twice differentiable, because of the singularity at x = 0. Namely,

1 d? 1 1
12 ¢ D@ =D<——— “x2 - 2.
la +a'|Q2 ¢ D(a'a) 2a’x2+2x 2)

From this observation, |p — A (x)|¥ € D(N) may not be expected for ¥ € Hgy.
However, since we can see that

d
la +a'|Q e D((ata)?) = D(—) N D(x),
dx
we may expect that |p — A (x)|V € D(N%) for ¥ € J5,. We can indeed show the
proposition below:

Proposition 3.1. Suppose (A1) and (A2). Then |p — A(x)|V¥ € D(N%) for any
\IJ € %ﬁn.

The proof will be given later in this section. The next lemma is a basic fact
about the domains related to 74 and N.

Lemma 3.2. Assume (Al) and (A2). If ¥ € Hpy, then W € D(T3) and T3V €
C®(N).

Proof. Note that #gz, C D(p?) N C®(N) C D(T4). By the properties of
polarization vectors, we know that A(x)- p = p- A(x), so

TaV = (p> —24(x)- p + A(x)*)V¥

for ¥ € Hg,. By (A2), we have k2¢,, € L*(R?), which means that A,,(x)® €
D(p?)if ® € D(p2)ND(N?). Hence, p2¥, A (x)-p¥, A (x)2¥ € D(p?). Clearly,
each vectors have finite photon number. Thus T4 ¥ € D(p?) N C®(N) C D(Ty4),
and T4V € D(Ty4). Itis clear that T3 W € C®(N). O
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In order to prove Proposition 3.1, we need some inequalities derived by the
functional integral representation. We consider the probabilistic representation.
Let (B;):>o be the three-dimensional Brownian motion on a probability space
(W, B(W), P*). Here P* is the Wiener measure starting from x € R3. Then we
can consider the partial isometry

L?>(R3,dx) — /L2(W, dP*)dx,
]R3
f(x) — f(Bo(w)), (x,w)eR>xW.

(3.1)

Since Bo(w) = x a.s., the above identification is trivial. However, the semigroup
for the free particle can be described as

(€ 27" f)(x) — f(x + Bi(w)). (x.w) € R>xW.

The expectation with respect to P* is simply denoted by IE*[. . .]. In the following,
we use this embedding (3.1) as an identification, and we simply use L?(R3xW) to
denote flgi L?(W, dP¥*)d x. Next, we introduce a probabilistic description for the
field. Let A(F) be the Gaussian random process indexed by F € @3L?(R3) on a
probability space (Q, X, ) such that E, [A(F)] = 0. The covariance is given by

3
EAPIAG] = 5 3 (FudinGo).

,v=1

where d,,, = 84, — kuk,/|k|? and F,, denotes the Fourier transform of F,.
The unitary equivalence between L2(Q) and ¥ is established, and under this
equivalence it follows that, for F = F; @ F» @ F3 € ®>L*(R3),

A(F) = A(F)
3
:%Z Z /eu(k J) T(k J)Fu(k)—i-a(k j)F( k))dk (3.2)
p=1j=1

Namely, each Segal’s field operator can be considered as a Gaussian random
process. In the following, we use the identifications L?(R3,dx) — L?(R3 x W)
and ¥ = L?(Q).

Proposition 3.3 ([15]). The Feynman—Kac formula of e=5Ta js given by

(®,e"2TAQ) = /Ex[(CID(BO),e_iA(K)\IJ(B,))LZ(Q)]dx, U, e X

R3
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Here
3 t
= @/@(. — By)dB* (3.3)
p=1 0

with ¢ = (¢po) = (§/ /).

Let N be the number operator in L2(Q). For F € &3L?(R?), the conjugate
momentum of A(F) is denoted by I1(F), namely, I1(F) = i[N, A(F)] and the
corresponding field operator is

. 3
n(F) = \l—fZ > /eu(k,j)(a*(k,j)ﬁu(k)—a(k,j)ﬁu(—k))dk.
=1j=1,2 %5

Then the identity
NeHAK) = o= AK) (N _ TI(K) — £x) (3.4)

holds, where £k is a stochastic process defined by

3

1 A A~
£k = 5 Z(KwduvKu)LZ(W)-
w,v=1

Note that K w = fo ¢o(k)e "k Bs B! is an L2(IR )-valued stochastic integral, and
hence 7 (K) is an operator-valued stochastic integral in L?(R? x W) ® ¥ . Let

Pi=p,@14+1® P, pn=1.2.3

be the total momentum, where Py, = dTI'(k,) is the field momentum. The
corresponding filed momentum in L(Q) is denoted by Pr,. The commutation
relation between Py, and e 74 is given by

Prye TAK) = (mIAK) (P A(3,K)),

where the last term is obtained from A(d, K) = i[Ps,, A(K)], and the correspond-
ing field operator is

A K) = IZ ) /eu(k a k. )ik B k)
neli=tag +a(k, j)(ik,E,)(—k))dk.

Note that d,, in the above expression means the derivative for the photon coordi-
nate.
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Let Uz: ¥ — L2(Q) be the unitary operator implementing the identification
F =~ L*(Q). Then 1@ Uz)V¥ (¥ € K) is a function in L?(R3 x Q) and the
absolute value of W is defined under this identification. The following is a variation
of diamagnetic inequalities.

Lemma 3.4. Assume (Al) and (A2).
(1) Forany ¥V € #,

_1 _1
(T4 +)72W] < [|(p> + )2 [W[], 5> 0.

_1
(2) If ¥ € D(|x|), then ¥ € D(T ;) and it holds that
_1
17,2l < 2[l|x .

(3) Let o = o(x) be a measurable function such that |o(x)| < oo a.e. and s > 0.
Suppose that ||o(p? + s)"|¥||| < oco. Then (T4 + s)™'W € D(o) and it
holds that

lo(Ta + )7 || < llo(p* + )| ¥[||. 3.5)

Proof. By Proposition 3.3, we have

(o)

1 s
I(Ta + )20 = / e (W, e TAw)ds

S

e

N

dt / E*[(W(Bo), e AENU(B,)) 120y ld x

Rr3

N —

e

N

| =
0\8 0\8 0\8 o

A

1 / E* (W (Bo). (B} 2o x

R3

Y

e 3 (W], e~ 5P |W|)d1

—_—

2
_1
= (p? +5)72 || |%.

Thus (1) follows. Next we assume that ¥ € D(|x|). Clearly |¥| € D(]x|) and by
Hardy’s inequality, we have |¥| € D(|p|™!) and

pI = Il < 20 1[I = 2[|x [ ]. (3.6)
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_1
By (1) and the monotone convergence theorem, we have ¥ € D(T, *) and
1 1 1
T,2¥| = li T, TIP) < i 24972 < 2l |,
IT,> @l = lim [(Ta +9)729) < lim [(p + )72 W]] < 20 x|¥|

which proves (2). Next we prove (3). By the Feynman—Kac formula (Proposi-
tion 3.3), we have

lo(x)(Ta + )~

= sup (0", (T4 +5)™10)|
®eD(o*), @] =1

= sup
PeD(e*).lI®ll=

1 n s .
|2 / e di / E*[{(0" ®)(Bo), e EW(By)) 2 ()l x
0

< Ex d)(B V(B 2 dx
Sl / / (1@ ®) (Bo)|. |¥(B) |} 12(p)d x

1 o
_t_Y L

= 5/" # (ol @], &2 W]}t
cI>ED(Q*) ||<I>|| 1

= sup  (lol|®l, (p* + )7 |¥)
®eD(o*), @] =1

< lllel(p® + )~ wlll,

A

which proves (3). O

Lemma 3.5. Assume (Al) and (A2). Let K be ®3L?*(R3)-valued stochastic
integral given by (3.3). Suppose that ® € D(NK). Then, for k € N, there exists a
polynomial P, = Py (t) of degree k such that

I(N = 7(K) — £0) @7 < Pe(lExDI(N + D* @[ 5. (3.7)

Proof. The proof is due to an induction with respect to k. In this proof, the symbol
|-]| means the norm of % .
For k = 1, it can be seen that

I(N = 7(K) = §x) @] < [N®[| + |7 (K)P[| + [5x[[| PII.

Since 1 1
[7(K)®| < ClEk|Z|(N+ D2 D,

(3.7) follows with P;(t) = 1+ (C? + 1) + .
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Next, we suppose that (3.7) is true for k = 1,...,n. Then we have

(N —7(K) — &x)" ' ®| < ||(N - 7(K) — £&x)"N®||
+ [(N = n(K) — £k)"n(K)®||
+ (N — 7(K) — £x)"Ex @|..

By the induction hypothesis, it can be seen that

I(N =7 (K) = §x)"N®|| < P,(IEkD|(N + 1)" T @],

(N — 7 (K) — k)" €k Il = Pn(IEx DIEk I[N+ D" ]|,
I(N = 7(K) = éx)"w(K)®|| = Pu(IEkDI(N + D7 (K) D

By a simple computation, we have

(N + Dr(K)N+ 17! = 7(K) + [N, 7(K)](N + 1) ™!
= 7(K) + iA(K)(N + )7L,

and hence the operator norm of (N 4 1)" 7 (K)(N + 1)~®*1 can be estimated as
I(N+ 17 (K)(N+ 1D~
<IN+ D" "2 (K)YN+ D7 + [|(N + D" TAK) (N + =D
<IN+ D" ' 2(K)N+ D7 + [N+ D" TAK)N + D)7
< 2" 1C |l (K)N + D7 + 2" CACK)(N + D)7Y| < 2"C gk |2
Thus,
I(N = 7(K) = £g)" '@ < Pu(IEx (1 + |Ek| +2"(C? + [Ex DN + D" |

and inequality (3.7) follows with P, (1) = Pu(v)(1 + © +2*(C? + 1)). O

Lemma 3.6. Assume (Al) and (A2). Let n € N be arbitrary. Then, for any
W e DIN") and t > 0, we have e *TAW € D(N") and

IN"e ™ TAN + D)7 < Cu (" + 1)

for some constant C,, > 0.
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Proof. It is enough to show that
[(N"®, e 3TaW)| < C||D|, € Hpn, (3.8)

with
C=C,t"+ D||(N+D"¥|.

By the Feynman—Kac formula (Proposition 3.3), the equivalence I[1(K) = 7 (K)
and (3.4), we have

|((N"®, e~ 2TA )|

- ‘/Ex[<N"q>(Bg),e_iA(K)\p(Bt))LZ(Q)]dx
R3

N ‘ / E* [(®(By). e (N — TI(K) — £x)" W(B))) 12(g)ld x
]R3

By Lemma 3.5, we have
(N"®,e2 T4 w)]

< / 19001200 EX [Pal6x DB ([N + D" W (B2, o) 2dx. )
R3

By the Burkholder—Davis—Gundy inequality [15, Theorem 4.6]
EX[I§x "] < cmt™ | $ol™.  m €N,
holds with some constant ¢, independent of x. Then we get
EX[P(|6k )P < Calt" + 1)
for some C, > 0, and so the right-hand side of (3.9) is bounded by

G0+ 1) [ 102 EX 1N + D" W(B) I )

R3

1
= G+ 0] [ EX IO+ DMW(B)I )
]R3
— Gy + DIGIIN + 1.

Hence, the proof is complete. O
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Set
Ry =(Ta + S)_l-

Lemma 3.7. Assume (Al) and (A2). Letn € N and s > 0. Then it follows that
Ran(R;(N" +1)~1) c D(N"), and

IN"Rs(N" + D)7 < Cu(s™" ™ +571) (3.10)
holds for some C,, > 0.

Proof. Using the formula (4 +s)~! = [;° ¢4+ d¢, we have, for any ® € Hgy
and ¥ € D(N),

o0
|((N"®, R;W)| < /e_’s||<1>||||N”€_’TA (N" + D7 |(N" + DW||dz.
0
By Lemma 3.6, we have

o0
(N"®, Ryw)| < / eTC, (" + DB I(N" + D] dr.

0

Thus, (3.10) follows. |

We set
Taym =Ta + M>.

Note that D(,/T4,m) = D(\/T4), since /T4, — +/T4 is bounded.

_1
Lemma 3.8. Assume (A1) and (A2). Let M > 0. Then T 3,1\1! € D(N) for any
v € D(N), and

1 +2M?

T (3.11)

_1
INT 4 3, (N + D)<

where C1 is the constant in Lemma 3.7.

_1
Proof. By the integral expression of 7', jw,

1

2
TA,M

Qo

o
/ R/12+M2dk,
0
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we have

_1
(N®, 71 3, 0)]

A

o0
2
= [ 19IINR 010

2C
= LRI+ DU [(F + M+ G2+ M)
_1
by Lemma 3.7. Therefore TAjM\II € D(N) and (3.11) hold. O

Lemma 3.9. Assume (Al) and (A2).
3
(1) Forall W e DINT4) ND(N) N D(NTj), T ;¥ € D(N) and the bound
3
INT ;W] < C(INT4W[ + [[(N 4+ D[ + [N+ DTZ¥[)

holds for some C independent of W.
(2) Forany ¥V € Hgp,

_1
limsup [NT57,2,¥| < oo.
M—+0 ’

1
Proof. By the integral expression of T 7, we have, for any ® € Hjp,
2 [ 2 7
|(N®, T )| —/ |(N®, R;2 T3 W) [dA + —/ |((N®, R;2T7W)|dA.
b b4
0

First, we estimate the integral fol ...dA.Since T4R;> =1— A?R;>, we have

(N®, R;2T3W) = (N, T4 ¥) — A2 (ND, R;2T4 W)
= (NO®, T4 W) — A2(ND, (1— A2R,2)¥),

and hence

1
/| (N®, R)2TZW)|d
0 1

< @ INT4¥] +/A2||<I>||||N\v||dx +/A4||<1>||||NRM\D||dA.

0
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By Lemma 3.7, we see that the last integral becomes finite and the bound
1
/ |((N®, Rj2T4W)|[dA < C||@[(INT4¥] + [|[(N + D)
0

holds for some C > 0. Next, we consider the second part | 1°° dA. By Lemma 3.7
again, we get the bound

o0 o0

2 2

;/|(N<I>, Ry TW)|dA < ;||¢||/C1()L‘4+)F2)||(N+1)Tj\11||d)t
1 1

= CI®IIN+DTF¥||

for some C > 0. s
Since ® € Hs, is arbitrary, these inequalities imply that 77 W € D(N) and

3
INT || <= C(INTAW| + [(N+ D] + (N + DTZV])

for some C > 0. This shows (1). The proof of (2) is similar to the proof of (1). By
Lemma 3.2, #5, C D(NT4)ND(N)N D(NTi). Thus, as above, one can similarly
show that

1
sup INTZT, 3%l < CUINTA¥[ + [(N+ DW| + [(N + DT,
o<M<1

where C is a constant independent of W and M. Thus (2) holds. O
We are in the position to prove Proposition 3.1.
Proof of Proposition 3.1: Let ¥ € Hg,. Set
T=T4 and Ty =Tuam

for simplicity. We will show that

1
lim sup [N T}, > TW|| < oo. (3.12)
M—0

_1
By Lemma 3.2, we have ¥ € D(T'?), in particular ¥ € D(T%). Since TT),* WV €
D(T), there exists a sequence {®; }; C Hsp, such that

1 _1
®; — TT),>¥ and T®, — T?T, >V asj — oo.
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Then we have

_1 _1 1 ~1
IN3T, 2 TW|? = (T T, W.NTT;,> ¥) = Jlim (@, NT'T),* )

1 (3.13)
= lim (([T,N] + NT)®;, T,,> ¥).

The commutator [N, 7] can be computed as follows
IN.T]=i(p—A(x))-m +in-(p— A(x)),
where & = (7, 72, w3) is defined by
i

ﬁ(—a(gu(x)) +a¥(gu(x))).

with g, (x) = ey %% € W. Since Y3 _ [, (x). 7] = 2il|¢po|?, we have

7wy = i[N, Ay (x)] =

[N, T] = 2ix - (p — A(x)) + 2[|¢0l*.
Thus, (3.13) becomes

_1 _1 1
lim (=2i(®;, 7 - (p — A (X)) Ty” V) = 2] o |(@), Ty W) + (TD;,NT,,” V)

Jj—o0
_1 _1 1 1
= 2i(TT) 2V, m-(p— Ax) T2 V) = 2|0 |*(T Ty > W, Ty, > V)
1 _1
+(T?T,,> W,NT,,> V)
_1 _1 _1 _1
< 2i(TT 2V, - (p— Ax)) Ty, 2 V) + (T>T,, > W,NT,,> V).

Hence, by the Schwarz inequality, we have

Nl—=

3 1 3

1 _1 _1 2 _1

IN T2 T2 <2( Y I T T2 IP) (3 Mo — Ao Ty WIP)
n=1 n=1

_1 _1
+ INT?T3, 2 V||| Ty, 2 .
Noting Y _ (pp — Au(x))? = T and
3 1
D mu®)? < 41 I[N + 1) @2
n=1
for ® € D(N%), we have the bound

1, -1 1 _1 1 1
IN2T) 2 TY|* < 4| ¢ollIl(N + D2T Ty 2 WI[|¥| + [INT>T, > W[ Ty, > V.
(3.14)
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By Lemma 3.9, we have

_1 _1
limsup [NT2T;,2 W < oo, limsup||(N+ )3T2T; 20| <oo.  (3.15)
M—0 M—0

On the other hand, since W € D(|x|), by Lemma 3.4, we have ¥ € D(T_%) and
_1
lim (7,29 = | T2 9] <2[x| ]| < oc. (3.16)

Therefore, from (3.14)—(3.16), we conclude that (3.12) holds. By Lemma 3.2
TV € D(N), and hence

_1 _1
TT,”V=T,"TVcDN)
_1
by Lemma 3.8. Thus, N%TM2 TV € #. By (3.12), for any ® € H#5y,, we see that
1 1 1 1 1 1
T2V, N2®)| = i TT,>¥,N2®)| = li N2T T,V ®
( )| = lim (7T, )| = lim [(N2TT,* . )

_1
< (limsup [N2 T T, W|)) || @].
M—0

Since #5, is a core for N%, the above bound implies T2V e D((N%)*) = D(N%),
which completes the proof of Proposition 3.1. |

4. Singular and non-local pull-through formulae

Throughout we assume that (A1)—(A4) hold. For 0 < m < my, recall that ®,,
is the normalized ground state of H,,. For each function W"+1 e @1 W, the
map R3 x {1,2} 3 k > WO+ (k, .. ) is a ®" W-valued function, and

IOy ke = [0

holds. Thus, for each ¥ € ¥ and almost every k, one can define the function
@W)(k) = (v T 1O (k)22 € X (@7 W),
n=0

where X denotes the Cartesian product. We write a(k)W¥ for (a¥)(k). We can
check that ¥ € D(N%) if and only if

(1) atk)¥ € ¥ a.e. k and
2 f ||a(k)\Il||§~dk < o0.
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If U € D(N?), then
INF|2 = / la() W2 dk.
(®.a(f)V)5 = / F0)(®,a(k) V) 5 dk

hold forall ® € ¥ and f € W. For ¥ € H = L*(R2)® ¥, we can define
a(k)¥bya(k)¥ = W(x,k,...). In this section, we will establish the pull-through
formula

a(k)®m = ¢po(k)(Hpm — Em + 0m (k)™ T (k) Dy, (4.1)

where J (k) is an operator valued function. In the case of M = 0, it is crucial to
consider the operator domain in the derivation of (4.1).
Let f € CS°(R? x {1,2}) and ¥ € H5,. By Proposition 3.1, we have

1 1
T?V e D(N2) C D(@a'(f)) and af(f)V¥ € Hsn C D(Hpm)
follows. From these facts, we can verify the following calculations:

((Hn — Em)¥,a(f)®m)
= (a"(f)(Hn — Em)¥, @p)
= ([a"(f). Hn — Em]¥. @) + (Hm — Em)a’ (/) ¥, )
= ([a" (). Hu] W, ®pn).
Since
[a"(f). Hul = [a"(f). VT4l — a"(@m f)

holds on #5,, we have
(Hm — Em)¥,a(f)®m)
= ([a"(f), VTAIY, @) — (¥, a(Wm f) )
= (VTaY, a(f)Pm) — (@ (), VT4 Pm) — (W, a(0m ) Prm)

2 / (Ta R a( ) O} — (a' /)W, T Rio @)t — (W a(m ) Br)
0

o0

_ %/([af(f), TAR 2|, Bp)di — (W, a(wm f)Pr),
0
42)
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where we used the formula

o0

2 S

S == dt, S =>0. 4.3

Vs JT/S+12 - 4.3)
0

We shall compute the commutator in the integrand of (4.2). It is enough to
consider the case ¢ > 0. Note that R,>¥ € D(N) by Lemma 3.7. By S/(S +12) =
1—2/(S + t?) and the resolvent equation, we have

([a" (), TAR 2%, B} = —2{[at (), Rp2]W, Bp)
= —2([Ta.a (/)R> W, R2 D).

The commutator above is easily seen to be

[Ta.a’(f)]
=(p—Ax)[p—Ax).a" (N +[p—Ax).a'(f)] (p—Ax))
= —V2(p—A(x))- (e K epy. fiw.

where _ .
(e ¥ egu) (k. ) = e * ¥ (k) (e1 (k). e2(k). e3(k)).
Thus,

([a¥(f), TaR2]W, ®p)
= V212 ((e 7 % edo. [)R2 W, (p — A(x))R2 D)

- ﬁt2/ T® k) (e* RV e(k) - (p — A(x)Rp®p)dk Y

= V212 / F)po (k) (e** R2W, V, 1) Ry2 @) d K,
where, for w € R3, we introduced the operator

Vo=w-(p—A(x)). (4.5)

Therefore, the first term in (4.2) becomes

2 o0

2 [t (). Tare1w. o

0

o0 (4.6)
22 — -
- T/tzdt/f(k)qsw(k)(e"‘xth\IJ, Ve (k) Ri2®m)dk.
0
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Although the iterated integral in (4.6) converges, the total integrability is not clear,
especially around ¢ = 0. In order to use Fubini’s lemma, we have to show the total
integrability of (4.6).

We show several properties on Vy, in the next lemma.

Lemma 4.1. Assume (A1) and (A2). Then, for any w € R3, Vy, is essentially self-
adjoint on Hg,. We use the same symbol for its closure. Moreover, the following
hold:

1 1
(1) if W e D(Tg), then ¥ € D(Vy) and ||V V|| < [w||| T4 ¥[;
1 1
(2) if W € D(TS), then W € D(|Vi|2) and |[[Vu| > W] < ||| T W
(3) forall k € R? with (ky1,k2) # (0,0), Ve ) strongly commutes with e~ikx,

Proof. The essential self-adjointness follows from Nelson’s commutator theorem

1
with auxiliary operator p? + N + 1. For ¥ € D(T]), by the Schwarz inequality,

3
Ve WI? <Y lwuwnll{(pe = Au ()P, (py — Au(x)W)]
w,v=1

3
< (3 ol — Auen )’

n=1
3
<[wP ) (pu — Au(x) @],
n=1

which implies (1). Statement (2) can be derived from the Léwner—Heinz inequality
[19, Theorem 2]. Finally, we prove (3). Note that e=**¥** is a unitary operator.
Noting k - e (k) = 0, we can show that

e Xe(k) - (p—AX)e™**¥ =e(k)- (p—k—A(x)) =e(k)- (p— A(x))

on . Taking the closure on both sides, we have e/** V, (x)e7¥* = V, ). Thus
(3) is proven. O

The next lemma shows that the integral in (4.6) is absolutely convergent.

Lemma 4.2. Fork = (k, j) € R3 x {1,2} with (k,k2) # (0,0) and ¥, ® € K,
the bound

o

. 7
[ 1€t Raw Voo R @)%t < T1w 0] @)
0
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holds, and
21 f () (k) (™ * R W, Ve iy R2 ®)]
is integrable in (k,t) € (R3 x {1,2}) x [0, c0).

Proof. Note that R,>®, R>W € D(Ve r)) forall > 0Oand ¥, ® € #H. Fort > 0
and k € R3\L,, we have

(e'** R oW, V, 1) R,2 )|
= [(IVe o |2¢™% R,2 W, sg0(Ve (1) |Ve 0|2 R,2 @)
< Ve |2 * RpW|[| Ve |2 R2 D (4.8)
< Ve 2 R W[[[Ve ]2 R @]
< IT; R2WIIT] R0,

where we used Lemma 4.1 and the fact that e (k) is a normalized vector. Thus,

oo
/|(eik"‘R,2\IJ, Ve (k) Rz @) |12 d1
0

o0 o0
1 5 1 1
< (/ ||T;R,2¢||2dz)2(/ ||T;R,2xp||2z2dz)2.
0 0

1
Since [°|T4 Rp2W|212dt = (zr/4)|| V||, (4.7) follows. O

As a consequence of Lemma 4.2, we can apply Fubini’s lemma to (4.6), and
we have

22 [ — e
(4.6) = Tf / T o (k)dk / (R oW, V, R ®p)t2dt.  (4.9)
0

Thus, we obtain the following result.

Corollary 4.3. For each k = (k,j) € R> x {1,2} with (k1,k2) # (0,0), the
integral

N S
Jk) = L/the_lk'xVe(k)thﬂdl‘ (4.10)
T
0

defines a bounded operator on J with the operator norm

1
17 = 5
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Proof. This is a direct consequence of Lemma 4.2. |

Now we can state the main proposition in this section.

Proposition 4.4 (singular and non-local pull-through formula). Assume condi-
tions (A1)=(A4). Forallm > 0 and a.e. k = (k,j) € R3 x {1,2}, it follows
that

a(k)®y, = ¢p(k)(Hy — E + a)m(k))_lJ(k)qu. 4.11)
Proof. Combining (4.9) and Corollary 4.3, we have the identity
/]Tk)((Hm — En)V, a(k)®,,)dk —i—/%wm(k)(\ll,a(k)d)m)dk
— [ T (0. 100}k
for all £ € CS(R? x {1,2}) and ¥ € Hgy. Thus

(Hm — Em + om (k)W a(k)®m) = ¢o(k)(V, J (k) D) (4.12)

holds for all ¥ € H#g, and k = (k, j) € (R3 x{1,2})\ Ny with some null sets Ny.
Since #5, is dense and we can take a countable dense subset D of Hgy, (4.12)
holds for ¥ € D for k € (R? x {1,2))\(Ugpen No):

(Hm — Em + om (k) a(k)®m = bo(k)J (k) P

for k € (R? x {1,2})\(Ugen No). Therefore (4.11) follows. O

5. Photon number localization
Our goal in this section is to prove the following result.

Proposition 5.1. Assume (A1)-(A4). Let 0 < m < myg. Then, there exists a
constant C > 0 independent of m such that

|¢(k)[?
w(k)

la(k)®m|* < C (1+ |k])? (5.1)
fora.e. k = (k,j) e R3x{1,2}.

We can show the uniform photon number localization of ®,, as a corollary of
Proposition 5.1:
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Corollary 5.2. Assume (A1)—(A4). Then

1
sup |IN2d,| < oco.
O0<m<mg

Proof. By Corollary 4.3, we have the bound

A k 2
”a(k)q)m”2 = |¢a)(k)|2||(Hm —FE, + a)m(k))—IHZHJ(k)”Z < |@( )|3 ‘
2w(k)2
Combining (5.1) and (5.2), we get the bound
A k 2
la(k)®m|* < o) min{2C(1 + k2), (k)2 ).
2w(k)
By (5.3), we get
A k 2
INZ B, [|2 < o(k)| min{2C(1 + k2), w(k)~2Ydk < oco.
2w(k)
R3

Take supg,,; <, on both sides above. Thus the corollary follows.

1807

5.2)

(5.3)

d

Remark 5.3. The right-hand side of (5.2) has a singularity at k = 0, and then the
right-hand side of (5.2) is not integrable if ¢(0) # 0. This type of singularity is

often referred to as an infrared divergence.

To derive (5.1) we use a method due to [13, p. 214] and [14, (7.7)]. We

decompose J (k) into three terms:

242

JUe) = == (L1 (k) (x)” + La(K) (x) + L3 (k).

where
1
Ly =Ly(k)= / RV goy(e % — )R (x) 2 12dt,

0
0

Ly = Ly(k) = / RoaVeqy(e ™% — )R, (x) ' 2dt,

1
o0

L3 = Li(k) = / thVe(k)thlzdl‘.
0

Note that the velocity operator V, ) commutes with e kx

54
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5.1. Estimate on L;. In order to prove that L, (k) is bounded, we introduce an
operator Z by

1
Z= / ()2 (12 + p) w22 + p?)t (x) 2 3dt. (5.5)
0

Lemma 5.4. The operator Z is non-negative, bounded and | Z| < 6.

Proof. Since Z is symmetric and non-negative, it is enough to show that | (1, Zu)| <
C|lul|?>,u € L?>(R?) for some C > 0. We use the commutation relation:

—2ipu

2 2\—=1 _ (.2 2\—1
Yl +p) T = ) Nt Gr T e

For u € L?(R?), we have

1

3
(u, Zu)| Z/ Ixu(t* 4+ p?)~! (x) 2 u|?3de

1o

1
-y / 167 + P ()2 w2 s
)

Note that

3
Ofmdf%(log(H%)—lfpz)%—}’

1 1
<
/ @ T i1 S
0

1 1 1
/ dt = + < .
(12 + p?)* 12|p|*(1 + p2)?  6p2(1 + p?)3 — 12|p|*
0
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Thus,
1 3 3 p
w7200 = 5 3 ol 2l 4+ 3l )l |25 ()

l|||p| Uix)2ul?

3
3

1 1 2 1 —1 -2

=3 D2 P () 2ul + )™ wlllp ! )
n=1

+ §|||p|_1 (x) % u)?.

By Hardy’s inequality, we have
_ _ _ 4 _
[, Zu)| < 2012 ()2 ul® + 20 4e) T ull [l ] (x) 72 u]| + §|||x| ()2 ul?
16
=< ?Hull2 < 6[|ul?
for all u € L?(R3). Then the proof is complete. O

Lemma 5.5. For every k € R? x {1, 2}, operator L(k) is bounded and
IL1(k)|| =< 2|k|. (5.6)

Proof. For any W, ® € #, we have
(W, L(k)D)]

< / Ve Rz WIl[lk - xR,z (x) 2 ®||r2dr

1
< IkI/IITEJ’?,z‘PII|||x|(1)2thz)_1 (x)72 @[] %dr

1 1 1
1 2 _ 2
< el(( [ i RawiPean) ([ 11+ 207 )2 ol )
0 0

Here we used Lemma 4.1 and the diamagnetic inequality (Lemma 3.4 (3)) for the
second inequality, and the Schwarz inequality for the third inequality. Since

T4 1
|t = laenl <5
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we have
1 1
W, Li(k)®)| < — k|| V|{|D], Z|D|)=.
(¥, L1 (k) )| ﬁl [I¥1{I®], Z| @)
This estimate and Lemma 5.4 imply (5.6). |

5.2. Estimate on L,. We shall estimate L, (k). Set

Ta-k = (p+k—A(x)>* Rp(k) = (Ta—x +13)7".
We have the identities

(e ¥ — Ry = Ra(k)(e™ ¥ — 1) + R (Ta = Ta-r)R2 (k)

Ta—Ta—k = —2Vi — k>

We then have
(e ¥ _1)R,> = R2(k) (e ** —1) —2R,2 Vi R,2(k) — k>R,2R,2 (k).
According to above identity, we decompose L, (k) into three terms:
Ly(k) = Lai(k) + Laa(k) 4+ Las(k), (5.7)

where

(o)

Loy (k) =/R,2Ve(k)R,2(k)(e—“"x — 1) (x)" 2dr,

1
00

Lya(k) = =2 / Rp2VewyR2 Vi R2 (k) (x) ' 12dt,
1

Lys(k) = —k? / R2Vegy R R (k) (x) " 12dt.
1

In order to estimate L1, we show the next lemma.
1 1
Lemma 5.6. If ¥ € D(T;_,) and ® € D(T {_,), then

1
Ve VIl < IT7_, Il (5.8)
and
1 1
Ve 2@ < IIT_, @Il (5.9

hold for k = (k, j) € R x {1, 2}.
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Proof. Note that e(k) L k and V) = e(k) - (p + k — A(x)) hold. Thus, the
proof is the same as that of Lemma 4.1. |

Lemma 5.7. Fork = (k, j) € R x {1,2}, we have
IL21(K)|| < |k|. (5.10)

Proof. Write Ve (k) = sgn(Ve (k))|Ve (k|- By the Schwarz inequality, Lemmas 4.1,
and 5.6, we have

(W, L1 (k) D)|

o0
1 1 k. _
S/IISgn(Ve(k))IVe(k)|2Rz2‘lf|||||Ve(k)|2R12(k)(€ x 1) (x)™ @|¢%dt
1

1

2

oo 1 (]
1 2 1 .
< (/ T4 R,z\I/||212dz) (/ IT ¢, Rz (k) (e ™ % — 1) (x)7" q>||2z2dz)
0 0

1

= (F19P) (Tl =D o)

where we used

o0

/atz/(a2 +12)?%dt = /4 fora > 0.
0
Since |(e7*k* — 1) (x)™'| < |k| and 7/4 < 1, (5.10) follows. O

Bounds for L;;(k) and L,3(k) are given in the following.
Lemma 5.8. Fork = (k,j) € R3 x {1,2},
IL22(k)|| < 2|k| and || Las(k)| < k>.

Proof. We have
o0
1 1 _
IL22(k)]| < 2/ 12 Re2 11 Ve gy RN RS Viel I Ry (k) ()™t
1
1 1 1
By Lemma 5.6, ||Ve(k)R,72|| <1land IIszVkII = ||Vth72|| < |k|. Thus,

o0
Lo <2 / k| -1=2de = 2k,
1
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Similarly,

oo
IL23 (k)| < kz/ 12 R || Ve gy Re2 1 R,2 (k) (x) " |t
1

o0

< kZ/t_3dZ < k2. O
1

5.3. Estimate on L3. We shall estimate L3(k). A crucial property of L3(k) is
the identity

Li(k) = %[Tj,e(k)-x] = iTn[Hm —Ep,e(k)-x],

which will enable us to obtain an infrared regular bound for L3(k). This is due to

[13, p.214] and [14, (7.7)]. Given two operators A and B, we define the quadratic
form [A, B]w as

[A4, Blw(u,v) = (Au, Bv) — (Bu, Av),

u,v € D(4) N D(B).
We also write this as (u, [A, Blwv).

Lemma 5.9. For ¥ € #Hg, and ® € D(H,,) ND(|x]),

(W, Ly()®) = T (0, [Hyy — Ey, e (k) x] ).

In particular, e (k) - x ,, € D(H,,) and it holds that

i
L3(k)®,, = T(Hm —En)e(k)-x)d,,.
Proof. By the definition of L3,

o
(U, L3(k)®) = /(R,Z\IJ, Ve (k) R2®)12dt.
0

We note that, by Lemma 3.4, R2W, R,>® € D(|x|) fort > 0. Since T4 R,> =
1—12R,2, we have

TAR 2V, T4 R,2®P € D(|x)).
For any v € #5,, we have

VetV = 5(Ta.e(k) - x]y.
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Thus, for ¢ € D((e(k) - x)T4), it follows that

(- Vetos) = 5UTave - x9) (g (e 0Tagh.  (G.1D)

Since H5y, is a core for T4, (5.11) can be extended for all v € D(T4) N D(|x|).
Hence,

(R, Ve () R2®) = %((TAR,z\IJ, (e - x)R2®) — (R2W, (e -x)T4gR,2D))
= %((e -xW, R2®) — (R, e - x D))
= #(—(8 XV, T4 R D) + (T4 R2V, € - xD)).
By the formula (4.3),

o

(¥, Ly()@) = 7 =

1
U, [T?,e- -x]y®) = 1 W, [Hy — Ep,e - x]y®). O

5.4. Proof of Proposition 5.1

Proof of Proposition 5.1: By the singular and non-local pull-through formula
(4.11) and the decomposition (5.4), we have

la(k)®m|| < |</f>w(k)|27\/5(60m(k)_1||L1(k)||||(x)2 |
+ om () | La (k) [ (x) |
+ (o = Em + 0n(k) ™ Ly () @],
where we used the inequality
|(Hom = Em + om(k) 7| < om (k)™
By Lemmas 5.5, 5.7, 5.8 and (5.7), we have
IL1(Oll < 2lk| and  [[La(k)|l < k| + 2[k]| + k? (5.12)
Moreover, by Lemma 5.9, we have
|(Hom — Em + om(k)) ™' L3 (k) @yl
b

= 4| (Hm = Em + @ (k)™ (Him — Em)(e(k) - x) P | (5.13)

T
— Dp .
x|

A

IA
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By assumption (A4), the bounds

sup  [[|x|®mll <00, sup [ (x)> Pp < 00 (5.14)

0<m<mq 0<m<mq

hold. Therefore, by (5.12)—(5.14), we have

[9(k)]

< C -
w(k)?

k| + k2 +1>

lat) @l = Clgo®)I(Z—05

2+ |k]), 0<m <my,

for some C > 0. This immediately implies (5.1). The integrability of ||a(k)®,,|?
follows from the assumption (A2). O

6. Equicontinuity and spatial localization of photon

In this section we show that the photons of the massive ground state ®,, are
spatially localized uniformly in 0 < m < mg. Throughout this section, we assume
(A1)-(A4).

6.1. Continuity of J(k). We shall show the continuity of k + J(k) in this
section. We decompose J (k) — J (k') as follows

J(k) = J(K') = AJy + A,

with
o0

AJy =/Rz2(Ve(k) —Veqey)e ¥ Rat?dt,
0
00

AJy = / thve(k/)(e_ik'x - e_ik/'x)thlzd[.
0

Lemma 6.1. Letk = (k, j)and k' = (k', j). Forany ® € D(|x|%) it follows that
Lo 1
[AJ1 @] < le(k) —e (KNP + k|2 |x]2 D). (6.1)
Proof. Sete = e(k) and e’ = e(k’). Since

Ve —Ver=(e—e)-(p—Ax) = Ve—er = sgn(Ve—e)|Ve—el,
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for any W € #, we have

o0

(W, AJ, D) / 1Ve—e|2RoW|[[|[Ve—er|2e™** R > d|¢2d1
0 00 (6.2)
1 1 .

< |e—e/|/||T;R,2\IJ||||T;e—’k'XR,2¢||z2dz,

where we used Lemma 4.1. We note that

1 . 1
ITie ™ Rp®|? = IT{,  R2®?
= (Rp2®,|p—A(x) —k|R,2D)
< (Rp2®.[p— A(x)|Rp2®) + |[k|(R,2D. R;2D)

1
= T4 R2®|? + K| R P>

Thus, (6.2) is bounded by

[e%e) 1 [ore)
1 2 1
le —e/|(/ ||T;R,2xp||2z2dz) (/ (17§ R2®| + |k|||R,2q>||2)z2dz)
0 0

1 1
_ T 2)2(71 s T -1 2)7
= le — — || o % — k||| T, *® .
e —eI(Z1W1)" (01 + ZIKIIT, " @

1
2

From the diamagnetic inequality and Hardy—Kato’s inequality we have
—4 g2 Loz <” S dl2
1T, " @17 = lllpl™>@[" = S lllx|= @[l (6.3)
Therefore, we have the bound

1 1
[AJ1 @] = sup [(¥, AJ;®)| < —]e —e'|(|®]* + |k||||x|2d>||2)2

hel=1
1 1
e — /|| + k|2 [[lx |2 @),

Alhl

IA

which implies (6.1). |

We decompose A J, into two terms:

AJy = AJr + A,



1816 T. Hidaka, F. Hiroshima, and 1. Sasaki

with
1
Ay :/R,zVe(k/)(e_ik'x —e KX R H 1241,

0
o0

AJa Z/thVe(k/)(e_ik'x —e_ik/'x)R,zﬂdt.
1

Lemma 6.2. For any ® € D(x?),
IAT21 @] < 2|k — K'||[(x)? ®]|.

Proof. The proof is similar to that of Lemma 5.5. |

Lemma 6.3. Letk = (k, j) and k' = (K, j). Forany ® € D(|x|%) it holds that
IAT®| <20k —K'|(1+ (KD @ + [k — K[| @] + [k — k|| |x|®]. (64)

Proof. Recall that
Rp(k) = e *¥Rpe™™ = ((p — A(x) + k)* + 177",
Then,
(e—ik~x _ e_ik/'x)th
= (R;2(k) — Rp2(K'))e ™™ % 4 R (k') (e ** — o71kx)
= R2(K')(Ta-x — Ta-k) Rz (k)e ™™ + Rpa (k') (e~ —
= 2R (K Vir—k R2(k)e ™% + (k"> — k*)R 2 (k") R 2 (k)™ K™
+ R (k') (e7HRx — o7k Xy

e—ik’-x)

According to this decomposition, A J,;, can be furthermore decomposed into three

terms:

AJry = Adaay + Adasy + AJaos (6.5)

with

o0
AJray =/Rt2Ve(k’)2Rt2(k/)Vk/—thz(k)e_ik.xtzdt’
1

o
AJzz :/RtZVe(k’)(k/2 — k)R (KR (k)e™ %2 d,
1
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[e.¢]
Adars = / R2Ve ey Rz (k') (e7TH% — o7 2y
1

We can estimate A J,»1 as

| AJ221 P

1 1 —ik-
< 2/ 122 Ry 1 Ve ey Rz (') 2 | Rp2 (k)2 Vier—i [[| Rp2 (R )e ™% D dt
(6.6)

< 2/ |k — k| (1+ [kt @]\ dr = 2[k" — k|(1 + |K'D] @],

where we used bounds below:
2Rz < 1,
IRz (K)e ¥ | <172 ®|,
Ve ey Rz (K3 = Ve ye™®* R2™¥ | = Vo REN < 1,
IR (k)2 Vir—ie| = | Vir—k R (k)2 |
=|(k'—k)-(p—A (x))e—”‘"xR,ze”‘ |
=l — k) (p— A(x) — k)RS |

< k" —k|(llp - A(x)IR I+ I&")
< |k = k|(1 + [K')).

Next, we estimate AJ,y, as
o0
1A T2 < |7 —k2|/||t2th|| Ve tery Rz (BN Rz () ||| @ dt

< [k? —K*[|®|.
Finally, we estimate A J,,3. We see that

[AJ223®[| = sup [(¥, AJz3 D)
[W]=1

< sup / HVerl® R W1 Ver |3 Ry (k') (™5 — &% %) o2
[¥|=1
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o0

1 . ,
= o 1T R2W|[[||Ver |2 Rpa(e " ®50% _ 1)d |1 %dr
=1

< sup /||T RoV||T4 R,z(e_’(k k)x _ 1) o||r2dt

1

o0

1 2

< sup (/||T4R,2\I/||212dt)
Iwll=1 0

1 . 7
x (/ ITF Rz (e *—HDx 1)q>||2z2dz)
0

T —l . 12
= I T — o) < k- Kl|x|2]. (6.8)
Combining estimates (6.6), (6.7), and (6.8), we get (6.1). O

Lemma 6.4. For almost every k., k' € R> x {1,2}, it follows that
sup  [[(J(k) = J(K') P < le (k) — e(k")|(1 + |k|2 D) + 2Dk — K'|
O0<m<mg
+ 2|k — k'|(1 + |k'|) + |k'* — k*| + |k — K| D,
where D is a constant defined by D = SUpy <y, |l (x)2 @, .

Proof. This is a consequence of Lemmas 6.1, 6.2 and 6.3. O

6.2. Equicontinuity of {a(k)®,,}. Inthis section we show that {a (k) P, }o<m<m,
is equicontinuous. In order to investigate a more general setting on equicontinu-
ity we introduce domain D.. For any 0 < € « 1, we define a measurable set
D, C R3 so that, for any p € L2(R3),

. 2 _
lim. / (k) Pdk = 0.
D¢

Example 6.5. An example of D is given by
De=1{k eR?} |k +k3<elUlkeR?||k|>1/e} (6.9)

For simplicity, the set {k = (k, j) | k € D, j = 1,2} is also denoted by D..
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Theorem 6.6 (equicontinuity). Assume (A1)—(A4). Then,

sup / la(k)®m — a(k — s)®m|2dk —> 0 (|s| — 0), (6.10)

O0<m<mg
C

where D¢ is given by (6.9).

Proof. We fix € > 0 arbitrarily. Note that D satisfies

(dl) D C D¢ fore < €,

(d2) dist(D¢, Dsg) = 5.

By the definition, e(k, j),j = 1,2 are uniformly continuous in D¢. For k =
(k,j) € D¢, wesetk’ = (k—s, j). By (d2), |s| < 5 implies k' € Di, and hence
w(k), (k') > 5. We decompose a(k)®,, —a(k’) CDm into three terms

a(k)®, —a(k)®, = A1 + Az + As,
where

Ay = ¢ (k) (Hp — Em + 0y (k)™ (J (k) = J(K') Dy,
Ay = ¢w(k){(Hm —Em+ wm(k))_l —(Hp — Em + wm(k/))_l}-](k/)q)m,
A3 = (¢ (k) = po (k")) (Hpm — Em + 0 (k)T T (k") .

By Lemma 6.4, we can estimate the norm of A; as follows:
1411 < |¢o (k) |0m (k)| (J (k) = T (k') P |
< |¢w(k)|§||(J(k) = J (k")) Pl
< Clgo(®)|(le(k, j) — ek —s. /)| +Is]).

where C is a constant independent of k, s and m. Thus,

hm /||A1||2dk =0. (6.11)

Next, we consider A,. By Corollary 4.3,
A2l < |¢w(k)|wm(k)_lwm(k/)_l|wm(k) — wm (K[| (K") |
< |¢w(k)| 5k — k' |—
NG
22
= —I%(k)IISI
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Thus,

Jim, / 142 |2dk = 0. (6.12)
S|—
DC

The norm of A3 can be similarly estimated as follows:
V2
[A3] < ¢ (k) — do(k — S)|?-

Since ¢, € L*(R}), the shift s > ¢, (- — s) is strongly continuous, and hence

|1Iim0/ |A3||*dk = 0. (6.13)
s|—

D¢
Therefore, by (6.11), (6.12) and (6.13), we can show (6.10). O

6.3. Spatial localization of photon. Let B(K) be the set of bounded operator
on K. For T e B(W) with |T|| < 1, we define the second quantization of T,
I'(T) € B(F), by

I(T) = @P@"1).
n=0

We set @°T = 1. Let j € C§°([0, 00)) be a function such that 0 < j(s) < 1 and

For R > 0, we set

x(y)=j(yl) and yr= x(iVi/R),

and
F'r =T(xr) =lw &' (xr)-

In this section we shall prove the proposition below:

Proposition 6.7 (spatial localization of photon). Assume (A1)—(A4). Then it holds
that

lim sup ||(I1—Tg)®n| =0. (6.14)

R—00 g<m<my
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The proof of Proposition 6.7 is given after general lemmas stated below. For
f € L?(R?), it holds that

irf = ()3 / 76) £ — R7s)ds. 6.15)

Rr3

Note that y is a rapidly decreasing smooth function. We can extend this type
formula to the state in J.

Lemma 6.8. For ® € D(N%), we have
1dT (xr)2®|? = (2n)—3/ds/)z(s)<a(k)c1>,a(k—R—ls)cp)dk, (6.16)
R3
where k — R™'s = (k — R™'s, j) withk = (k, j) € R® x {1,2), and the integral

(6.16) is absolutely convergent.

Proof. The particle part is irrelevant to this result, so, for simplicity, we only
consider the field part. For each n-particle part ®™, from (6.15), we have

(xR ® Lgn-15) D (k1. ..., kn)

- (2n)_g/)?(s)<1>(”)(k1—R_ls,kz,...,k,,)ds,

R3

which is a strong integral in ®7 W. Thus by the symmetry of the state and the
definition of a(k), we have

AR (ks ... k)
= n(2m)"2 / 7)™ (ky — R s, ko, ... kn)ds
]R3
= Jn@n)"3 /;z(s)(a(k1 — R ')®)" V(ky, ... ky)ds.
R3
Since ®™ (k,-) = n_%(a(k)cb)(”_l)(-), we have
(@™ )

=0} [ ds [ 26)@@0) ", @tk - R0 D) gy d
R3
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forn =1,2,...,and

Z/dS/ 21 {(@) @), (atk — R™'5)®) " D) gu1 y |dk < oo.
n=1

Thus, by Fubini’s lemma,

1dT (xR)? @]

Z (@, 1™ o)

— (271)_3/a’s/)?(s)Z((a(k)cb)(”_l),(a(k—R_ls)dD)(”_l))@g—lek.
R3 n=1

Thus (6.16) follows.

Lemma 6.9. Let {V,,;}0<m<m, be normalized vectors in H so that

(1) {Wplo<mem, C DIN3) and sup [[NZW, | < oo,

O0<m<mg

(c2) fors =(s,j)andk —s = (k—s, ),

lim  sup / la(k) Wy — a(k — s) U |2dk = 0.

Is|=0 0<m<mqg
Then {V,, }o<m<m, satisfies

hm sup ||dF(1—XR)%‘I’m||=0~

R—00 g<m<my
Proof. By Lemma 6.8 and (27)™3 [gs f(s)ds = x(0) = 1, we have

1
|dT (1= xR)2Ym|?
1 1
= N2, |2 = |dT (xg)2 ¥ ||?

- (2n)—%/ds/;z(sxa(k)qu,a(k)qu—a(k—R—ls)xpm)dk
R3

1
3 4 1 . _ 2
< (2n) 2||x||zl||N2\vm||( [ astio) [ 1atow, —at & ls)\vmnzdk)
]R3

1

< (2n>—%||;2||,%IC( / |)z(s>|Fm(R—1s>ds)2,
]R3

O

(6.17)
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where C = supy_,,<m,, ||N% W, || and
Fn(R7's) = / la(k)W,, —a(k — R™Ls)W,, ||?d k.

By condition (c1), we have F,,,(R™!s) < 4C? for all m. By condition (c2), for any
e > 0, there exists M > 0 such that, for all R > M and |s| < R?, it holds that
SUPg<ym<my Fm(R™'s) < &. Thus,

sup / 25| Fm(R ™" 5)ds < / 2(5)leds + / 2(s)l4C2dss

0<m<m0
|s|<R2 |s|>R2
< clill +4¢ [ 15@)lds.
|ﬂ>R%
Therefore,
limsup( sup |)2(s)|Fm(R_1s)ds) <elxllpr-
R—>o0 0<m<mg
Since ¢ > 0 is arbitrary, the lemma follows. |

We extend Lemma 6.9.

Lemma 6.10. Let {V,,; }o<m<m, be normalized vectors in ¥ so that
(a) there exists g € W such that

sup |la(k)W,| < |g(k)| fora.e k;

0<m<mo

(b) forany0 <e <K 1,

lim  sup /||a(k)\IJ —a(k — $)¥y,||*dk = 0,
HF+00<m<m0
wherek = (k, j),k—s = (k -8, j)
Then (6.17) holds.

Proof. From condition (a), the condition (c1) in Lemma 6.9 follows. We shall
show (c2) in Lemma 6.9. By condition (a), we have

sup /||a(k)\IJm —ak — s)Un|2dk

0<m<mq

< sup ||a(k)\I/m—a(k—s)\I/m||2dk+/|g(k)|2dk.
0<m<mg

(6.18)
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By condition (b), the first term in (6.18) vanishes as s — 0. Thus

|s|>0 O0<m<myg

0 < limsup sup na(kyym-a(k-sypmn2dkgQ/ﬁg(kn2dk
D¢

holds for all € > 0. By the definition of D, the right-hand side of this inequality
converges to zero as € — +0. Therefore, the condition (c2) in Lemma 6.9 is
satisfied, and (6.17) holds. O

We are in the position to prove Proposition 6.7.

Proof of Proposition 6.7: 1t is shown that

lim  sup [dT(1= )2 ®m|? =0

>0 0<m<mg

implies (6.14) by [6, equation (IV.13)]. Hence, it is sufficient to show that condi-
tions (a) and (b) in Lemma 6.10 are satisfied with W, replaced by ®,,. Proposi-
tion 5.1 yields that

o(k
sup  la() ]l < ¢ 128

0O<m<myg a)(k)%

(1 + |kJ), a.e. k,

and the right-hand side above is square integrable in k by (A2). Thus condition (a)
holds. Condition (b) is shown in Theorem 6.6. O

7. Proof of the main theorem

We show two general lemmas below. For a self-adjoint operator 4, we denote the
form domain of A by Q(A), and (-, A-) denotes the quadratic form associated
with A. If A is bounded from below, we set Eo(A) = info(A). For self-
adjoint operators A, B, we denote A > B if and only if Q(4) C Q(B) and
(W, AV) > (V, BY) for all ¥ € Q(A). We use the following fact.

Lemma 7.1. Let A,A;,j = 1,2,..., be self-adjoint operators bounded from
below such that Ay > A, > --- > A. Assume that there exists a subspace
D C Q(A1) such that D is a form core for A and lim;_, oo (P, A;P) = (D, AD)
for ® € D. Then limj .o Eo(Aj) = Eo(A).
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Proof. By the variational principle, we have E¢(4) < E¢(4;) < (D, A4;P) for
any normalized ® € D. Since E¢(A4;) is monotone decreasing in j, it has a limit
as j — oo. Since D is a form core for A, we have

Ey(A lim Eo(A4; inf D, AD) = Ep(A).
o(4) < lim Eo(Aj) < inf (9. 4®) = Eo(4)

Therefore, E(Aj) — E(Ap) as j — oo. |

Lemma 7.2. Let A, Aj,j = 1,2,..., be self-adjoint operators bounded from
below such that Ay > Ay > --- > A. Assume that limj_, o Eo(A;) = Eo(A). Let
®;, € Q(4)),j =1,2,..., be a normalized sequence such that

(®;,A;®;) < Eo(4)) + 0(j°).
and ®; weakly converges to some ® as j — oo. Then ® € D(A) and
AD = E¢(A)D
holds. In particular, if ® # 0, ® is a ground state of A.
Proof. Since ®; € Q(A4;) C Q(A), we have

0=<(®j.(A— Eo(A)P))
< (., (47 — Eo(A4)P))
< Eo(Aj) — Eo(A) +0(j% — 0 as j — oo.

Thus, [|(A — Eg(A))2®;|| — 0 as j — co. Forany ¥ € Q(4),
(A= Eo(A)2 W, @) = lim (4 — Eo(4))? ¥, ®;)
j—oo
= lim (¥, (4 — Eg(4))2®;) = 0.
j—oo
This implies that ® € Q(A) and (A — Ej (A))%@ = 0, and therefore ® € D(A4)
and (A — E¢(A4))® = 0. O
We need a bound to show the main theorem.
Lemma 7.3. Assume (A1)—(A4) and V € Veont U Viel. Then, for all m > 0,
IpIWI? + | Hem | < C(|Hn®|1* + [|¥]%). ¥ € D(Hpm) (7.1)

holds for some C independent of m > 0.
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Proof. In the case of V € V on, the lemma was proven by [11]. Since the proof
for the case of V' € V| is similar, we briefly give an outline of the proof. By the
definition of Vg, there exist constants 0 < @ < 1 and 0 < b such that

VW[ <allpl¥ll +b[¥], ¥ eD(Hn). (7.2)

Set H® = |p — A(x)| + Ht,, and take an arbitrary U € Jgy. It is shown that for
an arbitrary € > 0,
IHO®)? = A =e)llp — A@)IV]* + (1 = &) Hem¥|I” = Ce | W2
1—¢ (7.3)
(NP1l + | He V(1) — CWI1%,
1+e€

with some constants C and C/ (see [11]). Thus, by (7.2), (7.3), and

|HOW| < [[HnV| + |V, (7.4)

we have (7.1) for all ¥ € Hp,. Since Hyy is a core for H,,, the lemma follows by
a limiting argument. U

Now we are in the position to prove the main theorem.

Proof of Theorem 2.9. The uniqueness of the ground state is shown in [16, Corol-
lary 6.2]. We shall show the existence of the ground state. We can choose a sub-
sequence {®p, }; such thatm; | 0as j — oo and @, weakly converges to some
vector & € H. Applying Lemmas 7.1 and 7.2 under the identifications

A=H7 A] =Hmj, ©] =<ij, D=J€ﬁnv ®=¢0’
we can see that &y € D(H) and
HCDO = E()CD(), EO = 1nfc7(H) (75)

Now we shall show that ®,,, strongly converges to ®o. We first claim that the
following bounds hold:

sup [||x @y, || < oo, (7.6)
JeEN

sup ||| p|®m; || < oo, (7.7)
jeN

sup | Ht®py, || < 00, (7.8)
jeN

sup IIN%CDm,» | < oo, (7.9)
jeN

lim sup [|(1—TRr)®p, | = 0. (7.10)

R—)OO]'G]N
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By assumption (A4), bound (7.6) holds. By Lemma 7.3 and || Hf V| < ||Ht»n V||,
we have both bounds (7.7) and (7.8). Bound (7.9) is shown by Corollary 5.2
and (7.10) by Proposition 6.7. From (7.6)—(7.10), we have

sup [(1 = xo)®m, || =0(R%), £=1,....5
jeN

as R — oo, where
x1=Jj(x[/R), x2=j(pl/R),

13 =Jj(IN/R), xa= j(Ht/R),
X5 = FR.

Here j(-) is the smooth function defined by (1.3). This fact implies that

sup [[(1 — x1x2x3x4x5) Pm; |l

JEN
< S_UHI\?(H(l = XD P, |+ 1101 (1 = 22) P | + 1 x1502(1 = x3) P, |
je
+ ||X1X2X3(1 - X4)<ij ” + ||X1X2X3X4(1 - XS)Cij ”) (7.11)
5
<sup Y " [[(1= )P, |
JEN y—1
< o0(RY).

Since yi1x2x3xaxs is compact in # for all R > 0, X1X2X3Xa)5Pm; strongly
converges to y1y2x3x4x5%o as j — oo. Thus, by (7.11), we have

[Poll = lim |l x1x2x3x4x5Poll
R—o00
= lim lim [|x1x2x3x4X5%Pm; ||
R—o00 j—00

> limsup lim sup(1 — [[(1 — x1x2x3x4x5)Pm; )

R—>o0 j—o00

> limsup(1 — o(R%)) = 1.
R—o0
We conclude that ®,, ; strongly converges to ®¢. In particular, &y # 0. By (7.5),
® is a normalized ground state of H. Then the proof is complete. |

We give an example of the existence of the ground state.

Example 7.4. Suppose (A1) and (A2), and V € Vont. Then H,, has the ground
state for each m > 0 by [12]. In this case, (A3) and (A4) are satisfied. Then H
also has the ground state.
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