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ARTICLE INFO ABSTRACT
Keywords: To investigate the Brownian motion of individual particles suspended in viscoelastic fluids,
T}'lermal ﬂ_ucm?_ltion the stochastic smoothed profile method (SPm) for direct numerical simulation is developed
Viscoelastic fluids by extending deterministic SPm for suspensions in viscoelastic media. To simulate viscoelastic
Suspension . flow driven by thermal fluctuations in the suspending medium, the random stress in the fluid
Smoothed profile method . . . .

. momentum equation as well as the random driving force for the conformation tensor in the
Microrheology

Oldroyd-B model are incorporated according to the fluctuating hydrodynamics and fluctuating
viscoelasticity formalisms. The thermal equilibrium and dynamical properties calculated by
using numerical simulations successfully reproduce the analytic predictions, validating the
direct simulation for the coupled fluctuating Navier-Stokes and Oldroyd-B equations and
for the coupling between the stochastic viscoelastic medium and individual particles. As an
application of the stochastic SPm, we investigate finite system-size effects under periodic
boundary conditions (PBCs) on the passive microrheological relationship between the mean-
square displacement (MSD) of a Brownian particle and the medium’s dynamic modulus.
Comparing the modulus that was microrheologically calculated from the MSD with the input
modulus reveals that the effect of periodic image cell interaction appears not only in the long-
time diffusive regime but also in the short-time region. A frequency-dependent finite system-size
correction is implemented by phenomenologically extending the long-time diffusive regime
correction, allowing passive microrheology analysis under PBCs. This result can be directly
applied to other mesoscale numerical simulations including coarse-grained molecular dynamics
and dissipative particle dynamics simulations.

1. Introduction

In particle suspensions, the dynamics of small particles mediated by a matrix fluid are essential for understanding and controlling
many physicochemical, biological, and industrial applications. For small particles such as nanoparticles and micronparticles, the
thermal fluctuation of the matrix fluid becomes relevant, as it induces the Brownian motion of the suspended particles. The Brownian
motion of particles is closely related to a wide range of phenomena, such as the aggregation, structure formation, and rheology of
suspension systems [1,2]. One particular application of Brownian motion is microrheology [3-9]. Since particle motion due to the
thermal fluctuation of the surrounding fluid is affected by the rheological properties of the fluid, the mean-square displacement (MSD)
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of a suspended particle can be related to the frequency-dependent rheological response of the fluid. Microrheology is an efficient
technique that can be used to evaluate the rheology of complex fluids. Originally, the MSD was regarded as a similar quantity to the
creep compliance of the matrix fluid in the generalized Stokes-Einstein relation (GSER) [3,4], which is only applicable to a limited
low-frequency domain. Later, an improved method applicable to high-frequency responses was derived based on the analysis of the
generalized Langevin equation (GLE) [10,11], which includes the particle and fluid inertia and hydrodynamic interactions. The basic
assumption of microrheology is the application of the GSER or GLE to fluids with a complex rheology. To obtain a fundamental
understanding of the effects of the fluid’s thermal fluctuation on Brownian motion and its related phenomena, the particle dynamics
in thermally fluctuating fluids should be analyzed.

Although the thermal fluctuation in the matrix is a fast process at molecular scales, the Brownian motion of the particles involves
different, much slower timescales due to hydrodynamic interactions and inertial effects. In a Newtonian matrix, hydrodynamic
interactions cause a power-law correlation in the particle velocity called a long-time tail [12,13]. In complex fluids, such as polymer
solutions and melts, another timescale, the structural relaxation time of the fluid, comes into play, and thus the viscoelastic rheology
affects the hydrodynamic fluctuation. To analyze Brownian motion in a viscoelastic fluid, the appropriate computational modeling of
thermally driven, fluctuating viscoelastic fluids and the coupled dynamics between the fluid and the suspended particle is required.

For a purely viscous Newtonian fluid, several direct numerical simulations (DNSs) of the suspension have been proposed based
on the fluctuating Navier-Stokes equation, which satisfies the fluctuation-dissipation relation within the fluid; there are lattice
Boltzmann simulations [14,15], a stochastic immersed-boundary method [16-18], and an inertial coupling method [19,20]. For
overdamped limit, Brownian Dynamics coupled with fluctuating force-coupling method was explored [21]. Another approach uses
the Langevin equation of particles coupled to the Navier-Stokes equation to take into account the hydrodynamic interactions in
Brownian motion [22-28].

To consider the viscoelastic effect, the Newtonian fluid model has been extended in different ways. Colored noise with a single
relaxation time was applied to a parallel Newtonian-Maxwell fluid without the affine deformation of the displacement field to discuss
the spatio-temporal correlation function of hydrodynamic fluctuations [29,30]. In [31], the effect of the fluid’s viscoelasticity on the
particle motion was considered by introducing a memory kernel and corresponding colored noise. A Markovian fluctuating viscoelas-
tic constitutive model was first derived in the works by Vazquez-Quesada et al. [32]. They derived the fluctuating evolution of the
eigenvectors of the conformation tensor that follows the Oldroyd-B model based on GENERIC formalism [33]. Their stochastic dif-
ferential equation was implemented in the smoothed particle hydrodynamics (SPH) model, which is an Lagrangian flow solver [32],
and then was applied to the analysis of Brownian motion of a single particle to test the GSER [34]. Meanwhile, regarding the Eulerian
description, fluctuating models expressed as stochastic partial differential equations were derived for viscoelastic constitutive models
based on the conformation tensor, such as the Oldroyd-B model, the FENE-P model, and the Giesekus model [35-38]. After the
development of the Lagrangian fluctuating viscoelastic simulation with SPH, there is no suspension DNS of viscoelastic fluids based
on the Eulerian description using stochastic partial differential equations.

In this article, a DNS to simulate suspension in a thermally fluctuating viscoelastic fluid is developed based on the smoothed profile
method (SPm) [39-42]. The matrix fluid is described by the fluctuating Navier-Stokes equation and fluctuating rheological consti-
tutive equation, where the flow and the conformation tensor are driven by thermal fluctuations that satisfy fluctuation-dissipation
relations. The dynamics of suspended particles are coupled to the matrix fluid by the SPm; the fluctuating stress drives the random
motion of the particles, and simultaneously, the viscoelastic hydrodynamic interaction effects are resolved. To verify the numerical
solutions of the fluctuating fluid equations without particles, the spatio-temporal correlation functions of the hydrodynamic fluctua-
tions are calculated and compared with the theoretical solutions. Then, using the developed stochastic SPm, the Brownian motion of
a single particle immersed in Newtonian and Oldroyd-B fluids is numerically simulated, and its translational and rotational statistics
are compared with the solutions of the GLE.

Finally, a passive microrheology analysis based on the GLE rather than the GSER is applied to simulated Brownian motion in
Oldroyd-B fluids. The GLE describes the dynamics of a particle immersed in an infinite sea of suspending fluid. From a computa-
tional point of view, to discuss the bulk rheological characteristics, periodic boundary conditions (PBCs) rather than an unbounded
boundary are used in most cases. In the past, the application of the GSER to Brownian motion under PBCs in a fluid simulation with
smoothed particle hydrodynamics [34] and in molecular dynamics simulations [43,44] resulted in an overestimation of the dynamic
modulus in the low-frequency terminal region. To study the finite system-size effects under PBCs on the microrheology at higher
frequencies than those in the terminal region, GLE-based microrheology should be considered. The applicability of GLE-based mi-
crorheology to Brownian motion under PBCs has not yet been elucidated. The dynamic modulus from the GLE-based microrheology
is compared with the input modulus to clarify the finite system-size effects on the microrheology under PBCs. A phenomenological
frequency-dependent correction is proposed to extract the dynamic modulus from Brownian motion under PBCs.

2. Fluctuating Navier-Stokes equation and viscoelasticity

The solid particle domain is represented by a density function ¢(r,) € [0, 1], which is equal to one inside of the particle and zero
outside of the particle. For ¢ in the SP method, instead of a sharp interface, a diffuse interface domain with a scale & is explicitly
introduced. The details of the specific definition of ¢ are reported in [39]. The velocity field is defined over the whole domain to
include both the matrix fluid and the particles as follows:

ur.)=(1 - )u; + du,, &)
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where u, represents the velocity in the matrix fluid domain; the particle velocity field ¢u, is constructed with the positions and
velocities of the particles, and it is explained later in Section 3. In this section, the governing equations for the continuum variables
u and the conformation tensor C which describes the elasticity due to the polymer are explained.

The velocity field is governed by the Navier—Stokes equation, with thermally fluctuating stress in the form of a stochastic differ-
ential equation, and the mass continuity equation:

ppdu= [—pfu-Vu—Vp+V- (2"151’4‘0',,)] dt+V-do" +p,of,dt, 2)
V-u=0, (3)

where p;, p, n,, D = ( Vu + Vu’) /2, and o, are the fluid mass density, the pressure, the solvent viscosity, the strain-rate tensor, and
the viscoelastic stress, respectively; (.)' indicates a transpose. The body force ¢f, is a penalty force that is used to enforce the rigid-
body constraints within the particle domain; the implementation of this force is explained later in Section 3. The fluctuating stress
increment do” is a spatio-temporally white random process whose variance is determined by the fluctuation—dissipation relation as
follows [45]:

<da;j r, z)) -0, @)
2k gT(1 — )
Veen

C

<da;j(r, nde? (¢, t')> - (B8 + 8,608,891, )
where (-) denotes the statistical average, k5T is the thermal energy, and §;; is the Kronecker’s delta symbol; V), is the representative
volume associated with a single node in discretized space, and 5(r — ') ~ 6, . / Ve Eq. (5) implies that do” is symmetric. In Eq. (2),
do” is additive, i.e., it does not depend on the velocity or pressure.

For the calculation of thermally driven viscoelastic fluids, several methodologies have been proposed to satisfy the fluctuation-
dissipation theorem [29,30,32,46,34-37,31,47,48]. In this study, as a constitutive model, the fluctuating Oldroyd-B model [35-38]
is considered. In this model, the stress is a function of the conformation tensor, and the conformation tensor evolves according to the
thermal fluctuation as follows:

apznf(C—va), 6)

dC = (—u-VC+(Vu) - C +C - (V) - %(C—I))dt+ (b-dW +dW' - b), %

(dWj;(r.n) =0, ®

(AW, (r.ndW, (r' 1)) = kBT11 (1= ) 54618, 416, p )
oV ee

where 4, n,, and I are the relaxation time, polymer viscosity, and unit tensor, respectively. v, in Eq. (6) is a constant factor that
determines the free energy minimizer, which is explained in detail in Appendix A. Since we consider a finite number of dumbbells
correction [38], v, < 1. The systematic part of the right-hand side of Eq. (7) is composed of the advection, affine deformation, and
relaxation of C. Note that v, does not appear explicitly in the relaxation term in Eq. (7). This is because the (v, — 1) term cancels
with the It6 drift term resulting from stochastic calculus, which is also explained in detail in Appendix A. The last term in Eq. (7)
is the thermal fluctuation derived using the fluctuation—dissipation theorem and the mobility tensor in the relaxation term in the
Oldroyd-B model. Here, b is a second-rank tensor that satisfies

C=b-b" 10)

The fluctuation is symmetric and multiplicative, i.e., it explicitly depends on the conformation tensor through b since the mobility
tensor in the Oldroyd-B model depends on C. The detailed derivation of the fluctuation tensor is explained in Appendix A. In general,
according to the It6 calculus for stochastic differential equations, the C-dependence of the mobility tensor induces a systematic drift
term. In the case of Eq. (7), the It6 drift term cancels the relaxation term by the free energy correction by a finite number of
dumbbells [38], so it does not appear explicitly in Eq. (7). As a result, the systematic part of the stochastic differential Eq. (7) is the
same as the deterministic Oldroyd-B model (Appendix A).

Here, the ratio of the thermal energy to the elastic energy,

kgT 2 kgT
o=t _ “B

_ _ , an
TpVeet  GpVeen

is introduced [35], where G =1, /A is the shear modulus. The correction factor in Eq. (6) is v,=1- 40, which reflects the fact that
the free energy minimizer is C = v, I when the finite-size correction in free energy is considered (Appendix A). As the observation
volume becomes smaller, the value of ® increases, which means the fluctuation becomes more important. This observation suggests
that ® should be sufficiently smaller than 1 for the continuum description of the viscoelasticity to be physically valid. Specifically,
by imposing v, > 0, an upper bound of © < 1/4 can be obtained.

The stochastic differential Eq. (7) requires the calculation of b when the evolution of C is being solved. Instead, the stochastic

differential equation in terms of b is derived in [35-38] as follows:
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1 30,
db=(— “Vb+(Vu) -b— — (b—b"") = 2=2p ’)dt dw. 12
u-Vb+(Vuy 2 )= + (12)

The systematic part of the right-hand side of Eq. (12) is composed of the advection, deformation, relaxation, and thermal drift of b.
The thermal fluctuation in Eq. (12) is additive, so the It6 drift does not happen in the b evolution equation. The thermal drift term
in Eq. (12) arises from the finite-size correction of the free energy (Appendix A). In this b-formulation, C and o p are obtained using
Egs. (10) and (6). In this formulation, the positive definiteness of C is guaranteed by the definition of Eq. (10), which is advantageous
for numerical stability [35,36]. In the deterministic case, the b-formulation is as stable as log-conformation formulation [49]. Note
that in Eq. (12), unlike the affine deformation of C in Eq. (7), the affine deformation is applied only to the left side of b. This is
because Eq. (12) is sufficient to derive dC of Eq. (7) from db using Eq. (10).

3. Smoothed profile method for suspension

Consider N, spherical particles with a radius a, mass M, and moment of inertia I, =2M a?/5 suspended in a thermally fluctuating
viscoelastic matrix. The motion of an individual particle is described by

R, =V, (13)
MV,;=FH" 4+ FC, 14)
o T H
1,9,=NF, (15)

where R;, V;, and Q; are the position, velocity, and angular velocity of the i-th particle, respectively, F lH and N IH are the hydro-
dynamic force and torque of the fluid [41,50], respectively, which are responsible for the hydrodynamic drag and fluctuating stress,
and F IC is the sum of all possible inter-particle forces other than the hydrodynamic force acting on ith particle, which is relevant in
multi-particle systems. The non-slip boundary condition for the velocity field is assigned at particle surfaces.

We now explain how to solve the system of coupled equations (Egs. (2)—-(12) and (13)-(15)) with the SPm. The SPm provides
a way to solve the coupling between solids and fluids, and is applicable to any continuum solvers for fluids [51]. Since this study
considers the periodic boundary conditions, the Fourier spectral method is applied to the fluid flow. However, it should be noted
that the SPm itself is not limited to the spectral method but can also be applied to other fluid discretization schemes such as finite
element/volume method, lattice Boltzmann method, and so on when dealing with other complex boundaries than PBCs. Let (.)" be
a variable at the n-th time step ¢, = nh with a time increment A, and let (f), be the Fourier transform of the field variable f with
the wave vector k. In the SPm, the time evolution is performed in a fractional step manner. First, Eq. (2) without the ¢ f ,-term and
Eq. (12) in Fourier space are integrated, and the particle positions are advected. In the Fourier space, Eq. (2) without the ¢ f ,-term
is expressed as

diiy = —;’—;kzﬁkdt + [—(u’%k — 07 k(@i + ik (op)k] dr + p7lik - (o7, (16)

the temporal integration of which over / interval can be done as

t,+h
i, =1 exp (—;’—Sk2h> + /exp <—Z_sk2 (ty+h— t)) [—(u -Vu), — p;likGﬁk + p;lik~ (ap)k] dr
A S

t,+h
+p, ik /exp (—Z—‘sz (1, +h—1)) do (7).
1
tn

By evaluating the bracket in the second term using the Euler-Maruyama method and performing the stochastic integral of the last
term, the following temporal discretization is obtained:

1 —exp <—;’—‘k2h>
e , ; — =
U =] exp (—ﬁk%) 7 7 [—(u” V) — o7 ik + pflzk-(a;)k]

(ns/py) k?
l—exp | —22k2n
o ik-(Ao™) 17)

ik-(Ac""),,

2p n,k2h k
where the variance of the random stress term is calculated as follows:
h h h Ao-r,nkAo-r,nk
— K)o, R |, ~275 k2 (h=s)
e 't do,(t,+5) [ e '/ do,(t,+u) )= [ e 7/ dsT
0 0 0

4
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1 —exp (—2:—5k2h>
5 —_— —
= <A0'”"kA0'”"k>. 18)

22 k2p
Py

Eq. (12) in Fourier space is integrated using the Euler—Maruyama method, and the particle positions are integrated using the second-
order Adams-Bashforth method:

~n+l  ~ — - 1 ~ ~—t 30 ~ -t e
b =By h [~ VB [V b - 5 (-5 ) = 28|+ AW, 19)

h -
R =R} + 5 [Bvi-viTl]. (20)

Since the thermal driving fields A¢” and AW over h interval are white-in-space (Eqgs. (5) and (9)), the full components of % and Zk
at |k,|. )ky| .|kz| £(@2x/L)(N /2) in Fourier space are considered in Egs. (17) and (19) to satisfy the fluctuation-dissipation relations,
where L is the linear system size and N = L/A is the number of grid points with a lattice spacing A. In Egs. (17) and (19), since
the random force fields A" and AW are additive, whether their generation in the real space or k space leads no difference. For the
evaluation of the advection terms in Egs. (17) and (19), the Orszag’s two-thirds rule is applied to suppress the aliasing error [52].
Next, the hydrodynamic force and torque are evaluated according to the change in momentum in the particle domain in real space
as follows:

t,+h

/thl.H =/drpf¢;’+1 (u* —uZ), 21
Iy

t,+h

H _ +1 +1 *
/dtNl. = /drr;* xppdt! (w - uy), 22)
tﬂ
where ¢; represents the density function of the i-th particle; the intermediate particle velocity field is
N

¢n+1u; — Z ¢;1+1 [Vf’ + Q;‘l x rlr_1+l] , (23)

i=1

where r; =r — R;. Then, the velocities of the particles are updated to Vl'.'+1 and Q:’“:

1,+h
v =y p! / dFY 4 g [Foret+ PO @4)
,Vl
ty+h
ot =Ql+ 1! / dtN (25)

In

where the potential force F IC" is evaluated with the position at # = 7,. With the updated particle position and velocity, the updated
particle velocity field ¢"*! u;+' is obtained. Finally, the velocity field is updated by imposing the rigid-body constraint of the particle
velocity field in real space as follows:

t,+h
™l =yt 4 /dtqﬁfp, (26)
In
t,+h
/dtd;fp =gt (u;“ - u*) - hp;IVpp, 27)

Iy

where p), is determined by the incompressibility condition V - w1 = 0. Since the viscous stress is applied on not only the fluid domain

but also the interface domain (Eq. (17)), the non-slip boundary condition at the particle interface is satisfied within the limits of the
interface scale &.

Here we discuss the fluctuation-dissipation relations in discretized equations. Since the Fourier transform of the periodic solution
is considered, the properties with respect to the spatial derivatives in the continuum equations are preserved in the discretized
Egs. (17) and (19). Specifically, the duality relation between the gradient and divergence operators, which is required for the
discrete fluctuation—dissipation relation [53], holds in Eq. (16) as ﬂ = —(’ﬁc ' (.) since ﬂ = ik where ()7 indicates a adjoint.
For the conformation and b tensors, since the irreversible term does not contain the spatial derivative, the fluctuation—dissipation
relation also holds in discretized Eq. (19). For the advection terms, the energy conservation is maintained up to the Fourier mode
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of (2/3)2zx/L)(N /2) since the Orszag’s two-thirds rule is used [52]. Based on these points, it is supposed that the fluctuation—
dissipation relations in the discretized Eqs. (17) and (19) are maintained.

4. Simulation conditions

Simulations are performed in a three-dimensional cubic domain [— L/2,L/ 2] ? with periodic boundary conditions. The simulation
domain is uniformly discretized by a lattice spacing A, which is chosen to be a unit length. Therefore, the volume associated with
a grid is Vg = A3. The units of time and energy are 7 = A%p +/1s and n,A3 /7, respectively. The zero-shear-rate viscosity of the
fluid of Eq. (2) is ny = n, + n,, which comes from the solvent and polymer viscosities. The contribution of the solvent viscosity is
measured by the viscosity ratio f = #,/#,, and the polymer viscosity is expressed as 11, = (1 = B)ny. The time increment is chosen to

max
smoothed profile must be larger than the lattice spacing so that the interface domain is supported by grid points. In this work, we
set £ =2A.

Here, we discuss the limitations of the thermal energy in the hydrodynamic models of fluctuating viscoelasticity of Egs. (7) and
(12) according to [35]. Assuming entropic elasticity, and thus G, = (N, /V )k gT, where the number of dumbbells in a volume V¢
is N,, the non-dimensional temperature is [35]

L
=

be h=p, /(oK 2 Y= pr/(3x2), which is small enough to simulate the momentum diffusion in Eq. (2). The interface scale of the

(S} (28)
This relation implies that the relative importance of the thermal fluctuation directly depends on the observation volume V,; and
that at such a small scale, the finite- N, (finite-size) effect is relevant [38]. In order for the hydrodynamic description of a viscoelastic
fluid to be physically valid, N, > 1 is required, leading to ® < 1 or, equivalently, kT < G,V As mentioned in Section 2, an
upper bound O < 1/4 is required to define a physically meaningful elastic stress in Eq. (6). As an example of a value of 0, for a
Boger fluid (polymer solution) with G, =1 Pa at 25 °C, the spatial dimension of A =1 pm yields © =4 X 1073, which implies that
the fluctuating viscoelastic hydrodynamics of Egs. (2) and (7) can be applied to Brownian motion in such a viscoelastic medium.

Another limitation of the thermal energy arises from the inertial effect due to the thermal velocity, ur =1/(2/3)kgT/ (pA3). In
thermally driven flow, the thermal Reynolds number, Re; = urA/#y, is much less than unity.

The parameters used to obtain the results in the following section (Section 5) are A=1, L=64, a=5, p r=p=Ln=1,
and kT = 10~*. For the Oldroyd-B model, f = 0.1 (n, =9n,) and #=0.5 (n, = ny), with 1 =10 and 103, are considered. These
parameters give Rer = fu;rA/n, < 1 and at most ® = kT Af/(n,(1 — f)) <0.1. In this parameter setting, several characteristic time
scales in the simulation units are estimated as follows: the momentum diffusion time 7, = pfa2 /n, =25, the particle inertia time
Ppﬂz/ﬂs =1, (since p; = p, in this work), and the diffusion time 7, = 6n;10a3/kBT =2.36x108 for #=0.1 and 4.71 x 107 for f=0.5.
To analyze the diffusive regime for a single Brownian particle, the simulation time window should be at least one order larger than
the relaxation time, ¢ > 104. This time scale corresponds to 7/h =3 x 10° steps for § =0.1 and 6 x 10° steps for § =0.5.

For reference, in order to discuss the realistic time scales corresponding to our DNS for 4 = 1000 where the time separation
between the relaxation and the momentum diffusion is /7, = 40, dimensional time scales are estimated by assuming a aqueous
solution system as a matrix (p, ~ 1000 kg/m> and 5, ~ 1 mPas). By setting the temperature T = 25°C, we obtain A = 41.2 nm,
a=206 nm, 7, =42 ns, A=1.7 ps, 7, =400 ms (f =0.1), and 75, = 80 ms (f = 0.5). Thus, the observation time for this reference
system is more than 17 ps.

Furthermore, we here mention the issue of observation time scale when applying our DNS to experimental systems with huge
time-scale separation. To exemplify this issue, as a specific example, we consider a Boger fluid reported in Ref. [54], which is
composed of PEO, PEG, and water. The fluid parameters of this Boger fluid are py=1035 kg/m3, 1o = 0.066 Pas, n, =0.047 Pas, and
4 =0.0042 s [54]. By assuming a particle with a radius a = 5 um, we obtain 7, = 551 ns and 7, = 3.8 x 10* s, from which 1/z, = 7629
is identified. To reach the diffusive regime for this system, at least 8 x 107 steps of time evolution calculations are supposed to
be required, that is much larger computational effort than the calculations in this work. Other polymer solution systems can also
have larger A/7, than in this work depending on the constituent polymer size and concentration as well as particle size. Such large
time scale separations impose significant limitations on the application of DNS in mimicking experimental systems as discussed by
Padding and Louis [55]. In such cases, DNS can be used to qualitatively analyze physically relevant processes by telescoping down
the time scale separation while maintaining the hierarchy between the multiple time scales, as pointed out in Ref. [55].

To calculate the Wiener processes in Egs. (5) and (9), the double-precision SIMD (Single Instruction/Multiple Data)-oriented Fast
Mersenne Twister (ASFMT) [56] is used to generate pseudo-random numbers with zero mean and unit variance.

5. Results and discussion
5.1. Thermal equilibrium in homogeneous fluids

First, thermally driven homogeneous fluids without suspended particles are simulated to verify the solvers for the fluctuating
Navier-Stokes equation (Eq. (2)) and fluctuating Oldroyd-B equation (Eq. (12)). According to the equipartition law, the fluid kinetic
energy of a three-dimensional incompressible flow satisfies the following relation:
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Fig. 1. PDF of each velocity component, u, (red square), u, (blue circle), and u_ (pink triangle): (a) fluctuating Newtonian fluid, (b) fluctuating Oldroyd-B fluid with
4=10 and p =0.1. Theoretical Gaussian PDFs (Eq. (30)) are shown as solid lines. (For interpretation of the colors in the figure(s), the reader is referred to the web
version of this article.)

1
Epf(u2>l/cell =kpT. (29

One degree of freedom of the velocity is constrained by Eq. (3). Fig. 1 shows the probability density functions (PDFs) of three
velocity components for the cases of a Newtonian fluid (without 6, and suspended particles in Eq. (2)) and an Oldroyd-B fluid with
A=10,n,=1, and n,=9(f =0.1). In Fig. 1, the Gaussian distribution with zero mean and a variance (uiz) =2kpT [(3p V) derived
from Eq. (29),

3psV, 3p Vo ui?
f(u,'): f Veell exp <_ f Veell%; ) (30)

4rkgT 4kpT

is also drawn. The PDFs of u,,u,, and u, coincide with the Gaussian distribution, suggesting that the velocity fluctuation is isotropic
and that the equipartition law of the fluid kinetic energy (Eq. (29)) is successfully reproduced. Quantitatively, the deviation from
Eq. (29) is at most 2%.

The PDFs of C,,, C),, C,, and C,, are shown in Fig. 2. Eq. (7) predicts that the conformation tensor at the equilibrium state is
C.q = I, which suggests that (C;;) = 1 and (Cj..;) = 0. The variances of the components of C at the equilibrium state are (AC,.ZI,) =20
and (ACI.2 ” ) =0 [37]. The variances of the components of C are also derived from the equipartition law for the conformation tensor
in Appendix B. Theoretical PDFs of C,, and C,, can be calculated by marginalizing the equilibrium distribution of C, which is a
distribution on a six dimensional space and is determined by the free energy density of Eq. (A.8) as follows:

Ve (€)
kgT ’
where Z is a normalization constant. The PDF of Eq. (31) can be calculated using the Markov chain Monte Carlo (MCMC) method.

Technically, MCMC calculation was performed with a decomposed tensor b of Eq. (10) as a random variable and its free energy of
Eg. (A.16) to automatically satisfy the positive definiteness of C. The theoretical one-dimensional PDFs of C,, and C,, show good

p(C) = %exp( 31)

7



Y. Nakayama, Y. Matsuoka and T. Kajiwara Journal of Computational Physics 509 (2024) 113035

30 ‘

PDF

10 |

0.95 1 1.05
Cy. Gy C

40 \ ‘

30

20

PDF

10

-0.04 -0.02 0 0.02 0.04
Cy

Fig. 2. PDFs of conformation tensor components in the fluctuating Oldroyd-B fluid with 4 =10 and § =0.1:(a) C,, (red square), C,, (blue circle), and C_, (pink
triangle), (b) C,, (red square). Equilibrium PDFs (Eq. (31)) calculated using the Monte Carlo method are shown as solid lines.

agreement with those calculated by the DNS, which are shown in Fig. 2. The PDF of a diagonal component in Fig. 2(a) is asymmetric
around the mean value of (C, ) =1 since the diagonal components of the free energy minimizer C,;, (Eq. (A.10)) is smaller than
those of C,q [38]. The asymmetry in C,, PDF becomes more pronounced for an increased © as the difference between Cq and Cy;p
increases. On the other hand, the PDF of a off-diagonal component C,, in Fig. 2(b) is symmetric around its mean C,, =0.

Next, to characterize the thermally driven dynamics of homogeneous fluids governed by Egs. (2) and (12), the spatio-temporal
correlation of the velocity fluctuations is evaluated. Following the definition of the correlation function in molecular liquid the-
ory [57,58] and its hydrodynamic limit, the time correlation function of the Fourier transform of the velocity field is considered:

u ()= Z u(r',tyexp [-ik - r'], (32)

2 kok
% (g Dty (0)) = <5aﬁ - k2” ) Z,(k, D), (33)

where k is a wave vector and k = |k|; the longitudinal mode vanishes due to the incompressibility condition (Eq. (3)); and Z,(k,t)
denotes the correlation function of transverse modes, which is a scalar function because the fluid dynamics are isotropic.

To discuss the spatio-temporal correlation, a generalized hydrodynamic theory has been proposed in which the shear stress in the
hydrodynamic theory is extended to depend on time and space [57,58]:

t
%Z,(k,t) =—vk>Z,(k,t) — k? / K(k,t = $)Z,(k,5)ds, (34)
0

where K(k,?) is a memory function that depends on time and space. The power spectrum of the dynamics is defined as follows:
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Fig. 3. Time variation of the transverse spatio-temporal correlation function for fluid velocity fluctuations at k = z /4 (red circle), z/2 (blue triangle), and 37 /4
(pink square): (a) fluctuating Newtonian fluid, (b) fluctuating Oldroyd-B fluid with 2= 10 and g = 0.1. Theoretical predictions from the fluctuating Newtonian fluid
(Eq. (39)) are shown as solid (k = z/4), dashed (x/2), and dotted (37 /4) lines.

oo

Z,(k,w) = / Z,(k, 1) exp(—iwt)dt. (35)
—0o0
In this framework, the analytical solution of the power spectrum Z,(k,w) of a single-relaxation-mode fluid called the parallel
Newtonian-Maxwell model is derived [29,30]; in this model, the Maxwellian elastic stress is added to the Newtonian viscous stress
to study the linear hydrodynamics, which correspond to the near-equilibrium dynamics of the fluctuating Oldroyd-B fluid used in
this study. The power spectrum for this case is [29,30]

2
Z,(k,®) = Z,(k,1=0) 2+ V) - (36)
[0 = K2(wAvP ()] + [K2(v + vP ()]
b e | @] _ L
VP () Re[ > ] oy T (37)
)= (38)
T an

where #*(w) is the complex viscosity of the Maxwell model. In the following, to verify the numerical solution of Egs. (2) and (12),
Z,(k,t) and Z,(k,w) are compared with the theoretical solution of Eq. (34).

Fig. 3(a) shows Z,(k,1)/ Z,(k,0) for different k; these values were calculated by simulating a fluctuating Newtonian fluid (without
6, and suspended particles in Eq. (2)). The analytical expression of Z,(k, 1) for Newtonian fluids is directly obtained by setting K =0
in Eq. (34) as follows:

Z,(k,1) = Z,(k,0)exp(—vk>1), (39

where v =1,/p is the kinematic viscosity and the k-dependent relaxation time 1/ vk? is the time required for momentum to diffuse
over a spatial scale of 1/k. The simulation results for different k show single-exponential relaxation and are in good agreement with
the theoretical prediction of Eq. (39); the smaller the wavenumber (larger spatial scale), the longer the correlation remains. This
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Fig. 4. p-dependence of the transverse spatio-temporal correlation function of fluid velocity fluctuations at the wavenumber k = z/4: (a) Z,(k,1), (b) Z,(k, ).
Fluctuating Newtonian fluid case with 5, = 1 is shown as red circle. For fluctuating Oldroyd-B fluids, cases in which = 0.5 (7, =#, =1) (blue triangle) and # =0.1
(ny, =1,n,=9) (pink square), with 4 = 10, are shown. Theoretical predictions for Z,(k, ®) from Eq. (36) are shown as solid (Newtonian), dashed (§ = 0.5), and dotted
(#=0.1) lines in (b).

quantitative agreement validates the accuracy of the numerical solution of the fluctuating Navier-Stokes equation (Eq. (2)) for a
Newtonian fluid system.

Fig. 3(b) shows Z,(k,1)/Z,(k,0) for different k for the Oldroyd-B fluid with A =10 and f = 0.1 that was obtained by solving
the fluctuating equations (Egs. (2) and (12)) without suspended particles. Unlike the simple exponential relaxation observed in the
Newtonian fluid, Z,(k, ) for the Oldroyd-B fluid shows oscillatory behaviors; after an initial exponential decay, a negative correlation
appears. For different viscosity ratios g, Z,(k,t) at k = = /4 is shown in Fig. 4(a). The polymer viscosity ratio 1 — f = 1y /no €10,1]
characterizes the relative contribution of the polymer stress to the viscous stress in the Navier-Stokes equation (Eq. (2)); namely,
a large 1 — f indicates a large elasticity contribution to the flow. As 1 — f increases, the oscillatory behavior in Z,(k,t) becomes
more pronounced, and the reversal of Z,(k,t) becomes large. The power spectrum obtained from the data in Fig. 4(a) is shown in
Fig. 4(b). In this Fourier transform, Z,(k,t) in the long-time domain (# > 30), where the correlation can be considered to vanish, is
set to zero in order to suppress the high-frequency noise in the calculation of Eq. (35). The power spectra for different f obtained
from the simulation results are in good agreement with the theoretical prediction of Eq. (36). The power spectrum for a Newtonian
fluid (p = 1) is of the Lorentzian type, with a peak at w = 0. On the other hand, Z,(k,w) for an Oldroyd-B fluid (§ < 1) has a peak
at finite o, reflecting the oscillatory decay in Z,(k,t). As 1 — f increases, the peak frequency increases. The oscillatory relaxation in
Z,(k,t) indicates the memory effect due to the fluid viscoelasticity. The quantitative agreement for the Oldroyd-B fluids validates the
accuracy of the numerical solution of the fluctuating Oldroyd-B fluids of Egs. (2) and (12).

5.2. Brownian motion in a Newtonian fluid

The motion of a single spherical particle immersed in a thermally fluctuating medium is simulated to test the accuracy of the
Brownian motion. The volume fraction is ¢, = (4/3)x(a/ L)? ~0.002. The velocity autocorrelation function (VACF) and mean-square
displacement (MSD) shown below were evaluated by sample averaging of ten independent runs after time averaging of individual
particle trajectories.

First, Brownian motion in a Newtonian fluid is considered; the fluctuating Navier-Stokes equation (Eq. (2)) without the vis-
coelastic stress c, and the particle equations (Egs. (13)-(15)) are solved. In a Newtonian solvent system, a relevant timescale is the

10
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Fig. 5. Translational velocity autocorrelation function (VACF) for a particle suspended in a fluctuating Newtonian medium at a volume fraction of 0.002: DNS
results (red open square), the predictions of the Markovian Langevin equation (Eq. (C.10)) (pink dash-dotted line), and the predictions of the generalized Langevin
equation (GLE) in the unbounded domain (Eq. (C.12)) (black solid line). The GLE prediction with the finite system-size effect under periodic boundary conditions is
also shown as a blue dotted line.
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Fig. 6. Translational mean-square displacement (MSD) for a particle suspended in a fluctuating Newtonian medium at a volume fraction of 0.002: DNS results (red
open square), the predictions of the Markovian Langevin equation (pink dash-dotted line), and the predictions of the generalized Langevin equation (GLE) in the
unbounded domain (black solid line). The GLE prediction with the finite system-size effect under periodic boundary conditions is also shown as a blue dotted line.

momentum diffusion time 7, = p fa2 /ns =25. The VACF ((V(¢) - V(0))) calculated using a numerical simulation and predicted by
the standard (LE) and generalized Langevin (GLE) equations with and without finite system-size correction are compared in Fig. 5.
The details of the LE and GLE predictions are summarized in Appendix C. The modification of the GLE prediction by the finite
system-size effect under PBCs is described in subsection 5.4. In the calculation of the theoretical predictions, the fluid kinetic energy
kgThuia =Py (u?)V, o1 /2, where the average here is calculated over the fluid region (¢ = 0) only, is used to take into account a small
numerical error in the simulated temperature (k gTg,iq = 0.99kgT) (cf. subsection 5.1). Since the particle-fluid interface resolution
is diffused according to the interface scale ¢ in the SP method, the effective particle radius a. is determined by fitting the MSD at
t S 7y, which results in a small correction in the particle radius of a.s = 1.052a. The VACF from the numerical simulation is in good
agreement with the prediction of the GLE, which includes the effects of the added mass and the Boussinesq—-Basset force due to the
flow around the particle [59-61]. The VACF from the numerical simulation and the GLE in Fig. 5 also show the power-law behavior
of t73/2 at t>> 7,, which is called the long-time tail; this behavior is due to the interaction between the momentum diffusion in the
fluid caused by the past particle motion and the motion of the current particle [62], which is not explained in the Markovianized LE.
The power-law behavior persists in the GLE prediction in the unbounded domain, while it is limited within 7, <7< p, L?/n, both in
the DNS result and in the GLE prediction with a finite system-size correction [63].

Fig. 6 shows the MSD of the particle ((AR?(7)), where AR(t) = R(ty +1) — R(t()) calculated by the numerical simulation and the
predictions of the LE and GLE with and without a finite system-size correction. The MSD according to the SP method agrees with
the prediction of the GLE with a finite system-size correction. In the short-time region ¢ < 7, the ballistic regime is observed, where
(ARz(t)) = (kgTquia/ Meff)tz; its behavior is not affected by the PBCs. In the long-time regime, the diffusive regime is observed;
the diffusion constant is extracted using the equation (AR?*(r)) = 6 DPBCt, where DPEC is the diffusion constant under the periodic
boundary conditions. It is related to the diffusion constant in the infinite domain Dy = k pT};q/(67n,a.g) via the Stokes-Einstein

law as follows [64-68]:

11
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Fig. 7. Rotational Brownian motion of a particle suspended in a Newtonian medium at a volume fraction of 0.002: (a) rotational velocity autocorrelation func-
tion (RVACEF), (b) rotational mean-square displacement (RMSD). In panels (a) and (b), the DNS results (red open square), the predictions of the Markovian Langevin
equation (pink dash-dotted line), the predictions of the generalized Langevin equation (GLE) in the unbounded domain (black solid line), and the GLE prediction with
the finite system-size effect under periodic boundary conditions (blue dotted line) are plotted.

DPBC:D0<1—C%>, (40)

where ¢ ~ 2.84. The finite-size correction in Eq. (40) originates from the increased drag caused by the interaction between image
cells due to the periodic boundary conditions [64,65,69,67] and results in DPBC < Dy. In our system, the first-order correction is
sufficient to describe the DNS result; thus, the higher-order corrections are not considered. The transition from the ballistic regime
to the diffusive regime is rather slow compared to the prediction of the LE; this is due to the long-time correlation observed in the
VACF as a result of the hydrodynamic interaction. The GLE prediction with the finite system-size correction explains the DNS result
well from short to long timescales, while the GLE without correction overestimates the long-term diffusive behavior.

The rotational diffusion of the particle is evaluated similarly to the translational diffusion [70-72]. Fig. 7(a) and (b) shows
the autocorrelation function of the angular velocity of the particle (RVACF) (Q(r) - Q(0)) and the rotational mean-square displace-
ment (RMSD) (Ag? (1)), respectively. A detailed explanation of the rotational diffusion is given in Appendix D. The RMSD and RVACF
from the numerical simulation are in good agreement with the prediction of the rotational GLE in the unbounded domain since the
finite system-size effect does not apply to rotational diffusive behavior. The agreement of the VACF and MSD for both translational
and rotational motion with the theoretical predictions in a Newtonian medium confirms that the proposed SP method reproduces
Brownian motion on a wide range of timescales for a particle driven by the thermally fluctuating Navier—Stokes equation (Eq. (2)).

5.3. Brownian motion in a viscoelastic fluid

Next, Brownian motion of a single spherical particle in Oldroyd-B fluids with different viscosity ratios f is considered; the solvent
and polymer viscosities are set to 5, =1, =1 for f=0.5 and #, =1 and 7, =9 for = 0.1. The relaxation time for both cases is set to
A =1000. Fig. 8 shows a sample path of A R(?) projected on the xy-plane during a time interval Ar =20000 =204 for # =0.1,0.5, and
1 (Newtonian medium). As f decreases, the spatial extension of the trajectory becomes compact. The MSD and VACF calculated by
the simulations with g = 0.1 and 0.5 are compared with the predictions of the GLE (Appendix C) with and without a finite system-size

12
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Fig. 8. Time evolution of the particle displacement projected onto the xy-plane. The particle displacements from a certain time origin #, up to t — t, = 204 are shown
for Newtonian medium (blue) and Oldroyd-B media with # = 0.5 (green) and 0.1 (red).

correction in Fig. 9 for the translational motion and in Fig. 11 for the rotational motion, respectively. The same values of k zTj,iq
and a.g used for the Newtonian medium were also employed in evaluations of the simulation results and theoretical predictions
for viscoelastic media. The simulation results for viscoelastic media are in good agreement with the GLE predictions with a finite
system-size correction, which validates the numerical solutions of Brownian motion in the fluctuating Oldroyd-B fluid of Egs. (2) and
(12) calculated with the SP method.

In the MSD and RMSD for the Oldroyd-B media (1 - f =1, /5, > 0), a subdiffusive region emerges after the ballistic region (¢ > )
at fA <t < A due to the viscoelastic relaxation of the fluid [73]. As 1 — f increases, such plateau regions become apparent. Since the
hydrodynamic memory effect persists, the plateau region in the MSD is not flat [73]. When hydrodynamic memory is neglected, a
flat plateau region due to viscoelastic relaxation is expected [73-76]. At t > A, where the elastic deformation in the fluid relaxes,
the diffusive behavior follows the plateau region. Due to the slow growth of the MSD in the plateau region, the diffusion constant
becomes small for an increased 1 — § and a fixed #;.

In the VACF and RVACF for the Oldroyd-B media (Figs. 9(a) and 11(a)), an oscillatory behavior emerges at t > z,; this behavior
is more pronounced for an increased 1 — . The power spectra of the particle translational/angular velocity fluctuation are plotted in
Fig. 10(a) and (b), respectively. For 1 — f > 0, the peak at finite @ € (1/4,1/7,) emerges in the power spectrum, and it characterizes
the anti-correlation in the VACF and RVACF. As 1 — f increases, the peak frequency increases, indicating the enhanced particle
velocity reversal with an increased viscoelastic contribution. The decreased power at low frequencies is simply due to the increase of
o =N,/ P. The emergence of the anti-correlation in the particle velocity (Fig. 9(b)) and the velocity Fourier mode in homogeneous
fluids (Fig. 4 in subsection 5.1) originates from structural relaxation, which causes delayed feedback from the conformation to the
flow. This particle velocity reversal in the Oldroyd-B media is responsible for the emergence of the plateau region in the MSD. The
transient suppression of the particle motion was experimentally observed for Brownian particles in a wormlike micelle solution of
cetyltrimethylammonium bromide (CTAB)-potassium bromide (KBr), a kind of viscoelastic fluid [77]. A similar MSD plateau has also
been observed in various systems, such as cell systems [78] and colloidal glass systems [79], although the detailed physics of the
suppression of the particle mobility can vary depending on the system.

5.4. Passive microrheology

Microrheology is an experimental technique for the evaluation of the rheological response of complex fluids from the measurement
of the motion of a small probe particle [3,4,7-9]. In contrast to the usual rheological measurements in which mechanical deformation
is externally applied to the sample, passive microrheology uses the thermal fluctuation of the suspending fluid as the driving force
of the probe particle’s motion. The response of the particle to the thermal fluctuation is Brownian motion, which is affected by the
complex rheology of the suspending fluid and hydrodynamic memory.

The fundamental assumption of passive microrheology is the relation between the MSD or VACF of a probe particle and the
complex viscosity #*(w) (or equivalently the dynamic modulus G*(w) = iwn*) of the suspending fluid. One such relation called the
“generalized Stokes-Einstein relation (GSER)” was first proposed by Mason and Weitz [3]. The GSER, in terms of the VACF and the
dynamic viscosity, can be written as follows:

_ksT “1)

where C‘V (w) is the Laplace transform of the VACF (Eq. (C.2)), which can be evaluated with the MSD using the relation Cy (¢) =
(1/6)d*>(AR?(1))/dr? as C‘V(w) = (iw)2<A/RT)(w) /6. Since the GSER holds only when the fluid and particle inertia are neglected, the
applicability of the GSER is limited to the low-frequency response [11,43,34]. Later, based on the VACF equation derived from the
GLE (Eq. (C.1)), the GSER was extended to include the particle and fluid inertia by different authors [10,11], allowing it to be applied
to a higher frequency range. By applying the frequency-dependent friction (Eq. (C.4)) to the GLE, the full inversion formula can be
derived as follows:

13
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Fig. 9. Translational Brownian motion of a particle suspended in Oldroyd-B media with # =0.1 and 0.5 at a volume fraction of 0.002: (a) velocity autocorrelation
function (VACF), (b) mean-square displacement (MSD). In panels (a) and (b), the DNS results (black open square (f = 0.1) and green open circle (f = 0.5)) and the
predictions of the generalized Langevin equation (GLE) in the unbounded domain (red (f = 0.1) and blue (f = 0.5) dotted lines) are plotted. The GLE predictions with
the finite system-size effect under periodic boundary conditions are also shown as red (f =0.1) and blue (# = 0.5) solid lines. For comparison, the GLE prediction
with a finite system-size correction for the Newtonian medium (f = 1) is also shown as a black solid line.

. 2 . 2
m(@)=f+ lwpzfa —\|iwp,a <f+ lw’;fa > (42)
(oMt 43)
6ra

One crucial assumption in the derivation of Egs. (41) and (42) is the application of the complex viscosity to the GLE for a Newtonian
medium. This has been justified using the correspondence principle between Newtonian viscosity and linear viscoelasticity in the
small-deformation limit [80,81]. Another assumption is that the GLE describes particle motion in the infinite domain. On the contrary,
for the direct simulation of fluctuating fluids, we need to use periodic boundary conditions in most cases. For the long-time diffusion
coefficient, the system-size effect caused by image cell interaction reduces the diffusion constant, as indicated by Eq. (40) [64-68].
The finite system-size correction to the GSER (Eq. (41)) was applied to a Brownian particle in a fluctuating smoothed particle
hydrodynamics simulation [34] and in a molecular dynamics simulation [44]. The application of the GSER is limited to the low-
frequency response and the terminal region of @A < 1. To evaluate the high-frequency response at w4 > 1, the full microrheological
inversion formula (Eq. (42)) should be applied. However, the effect of PBCs on the complex viscosity of Eq. (42) is not clear. In this
subsection, to investigate the effects of PBCs on microrheological inversion, the dynamic viscosity is extracted from the MSD of a
simulated Brownian particle in a fluctuating Oldroyd-B fluid.

To apply either the GSER (Eq. (41)) or Eq. (42), the Laplace transform of the MSD should be calculated. In practice, since the
measured MSD is subject to statistical errors and the microrheological inversion formula (Egs. (41)-(42)) uses the second derivative
of the MSD, this inversion method is sensitive to the rapid variation in the error in the MSD. To avoid high-frequency statistical
errors in the Laplace transform of the MSD, the measured MSD is fitted with the smooth function presented in [43]. The details of
the fitting model, including its Laplace transform, are explained in Appendix E.

f(a)) = HESER(CU) -
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Fig. 10. The power spectral density of (a) the particle velocity fluctuation and (b) the particle angular velocity fluctuation with (solid line) and without (dotted line)
a finite system size correction for a Newtonian medium (black) and Oldroyd-B media with # = 0.5 (blue) and 0.1 (red).

Fig. 12 shows the fitting results for the MSD for Oldroyd-B fluids with § = 0.1 and 0.5, which are shown in Fig. 9(a). Fig. 13
compares the storage and loss moduli evaluated from the MSD using Eq. (42) with the input dynamic modulus from Eq. (C.15). The
relaxation times for inverted moduli are estimated as follows:

limg, o 7Y, = iMoo 7y
Amr= - ; . (44)
lim,_,., G}, »

where the subscript MR indicates a quantity from the microrheological inversion. The estimated relaxation times are 4,,z = 1211
and 1207 for f = 0.1 and 0.5, respectively; they are reasonably close to the input relaxation time 4 = 1000. In the terminal region at
wA < 1, using the values of G]’vIR and GI’JIR from the microrheological inversion (Eq. (42)) results in overestimation. In contrast, in the
high-frequency region at w4 > 1, the loss modulus GI’\ZR shows good agreement with the input G/, while the storage modulus GIIVIR is
still overestimated. These results show that the finite system-size effects on the microrheological inversion of Eq. (42) depend on the
frequency.

The overestimation in the terminal region is considered to be due to image cell interaction since the low-frequency response
reflects the long-time behavior of the MSD, which was observed in the diffusion constant in Fig. 9(a). Since both the diffusion
constant and the loss modulus in the terminal region are related to the zero-shear viscosity (D = kT /(67any) and G” « nyw), the
finite system-size correction in the terminal region corresponding to Eq. (40) should be Gy, (1 —{a/L) = G*. The timescale at which
image cell interaction due to momentum diffusion starts to occur is roughly estimated to be 7; = p sz /no- The finite system-size
effects on Gy, are considered to appear at w < 1/7; . The values of Ay /7, are 2.9 and 0.6 for #=0.1 and 0.5, respectively. A more
precise estimation of the threshold timescale for image cell interaction can be performed with the penetration length of the shear

wave [82], 6(w) = |G1()a’)| A /% i (w)|1+ IR The penetration length §(w) decreases as w increases, which means that the slower the
shear wave from the probe particle, the farther it reaches. The frequency at which the image cell effects appear is estimated from
6(w) ~ L, which predicts that the threshold values of w4 for the finite-size correction are 5.1 and 1.1 for # = 0.1 and 0.5, respectively.
The threshold timescale estimated from the penetration length is consistent with z; for the considered cases.

15



Y. Nakayama, Y. Matsuoka and T. Kajiwara Journal of Computational Physics 509 (2024) 113035

103

IRVACF|/(3k5Ty,i0)

10°

1072

RMSD/(2k5 )

107" 10° 10°
/g

Fig. 11. Rotational Brownian motion of a particle suspended in Oldroyd-B media with f =0.1 and 0.5 at a volume fraction of 0.002: (a) rotational velocity au-
tocorrelation function (RVACF), (b) rotational mean-square displacement (RMSD). In panels (a) and (b), the DNS results (black open square (f = 0.1) and green
open circle (f =0.5)) and the predictions of the generalized Langevin equation (GLE) in the unbounded domain (red (f =0.1) and blue (g = 0.5) dotted lines) are
plotted. The GLE predictions with the finite system-size effect under periodic boundary conditions are also shown as red (f = 0.1) and blue (f = 0.5) solid lines. For
comparison, the GLE prediction with a finite system-size correction for the Newtonian medium (f = 1) is also shown as a black solid line.
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Fig. 12. Fitting Eq. (E.1) to MSD data for Oldroyd-B fluids with f = 0.1 (solid line) and 0.5 (dotted line), which are presented in Fig. 9(a). The model pa-
rameters are D =7.19 x 1078, n =1, and (g;,7,,7;,;) = (2.18 X 1077,3,100, 1.8) for the f = 0.1 case, and D = 3.89 x 1077, n =2, and (g;,7), 7}, 75, ¥}, %) =

(1.72x 1077, 3,93.6, 1400, 1.8,0.638) for the f =0.5 case.

16



Y. Nakayama, Y. Matsuoka and T. Kajiwara Journal of Computational Physics 509 (2024) 113035

10-7 ;2 ‘—1 ‘0 ‘1 2
10 10 10 10 10
oA

Fig. 13. Comparison of G’ and G” derived from the MSD presented in Fig. 9(a) without a finite system-size correction (red open square (G’) and circle (G") for
f#=0.1 and blue closed square (G") and circle (G") for § =0.5) with the input values of G’ and G” (black lines).
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102
107

1074

G G”

1072 107 10° 10" 102

oA

Fig. 14. Comparison of G’ and G” derived from the MSD presented in Fig. 9(a) after the finite system-size correction (Egs. (46)-(47)) was applied (red open
square (G’) and circle (G”) for f=0.1 and blue closed square (G") and circle (G") for f = 0.5) with the input values of G’ and G” (black lines).

At w > 1/7;, because the momentum diffusion from the probe particle does not reach its image, the loss modulus, which measures
the dissipative part of the linear response, is not affected by the PBCs, leading to G” ~ Gl’\;[R. On the other hand, although v > 1/7;,
the overestimation of the storage modulus GI’VIR > G’ is observed in Fig. 13. Since the elastic stress can affect the image cells due to
the pressure wave which is induced by the incompressibility and is transmitted instantaneously. Therefore, the storage modulus at
all frequency domain is affected by the finite system size under PBCs.

Based on the observation above, a frequency-dependent finite system-size correction for the loss modulus with a sigmoid function
is utilized:

hiw) = Geff
w)=1+exp (-o7y) I—CT -1, (45)

G" (@) = G\ p(@)h(@). (46)

For the storage modulus, we perform a uniform correction as follows:

ae
G (@) = G, (@) <1 —g%). 47)

Qess

Since the volume fraction of the probe particle ¢, = 0.002 is in the dilute regime, only a first-order correction 1 — ¢ is used here.
For higher volume fractions, higher-order PBC corrections should be used, as discussed in [44]. Fig. 14 shows the dynamic modulus
corrected with Egs. (46) and (47). The corrected microrheological modulus is in good agreement with the input modulus. This result
suggests that the linear rheology can be extracted from Brownian motion under PBCs with a frequency-dependent finite system-size
correction.
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6. Conclusions

To investigate the Brownian motion of a single spherical particle suspended in viscoelastic fluids, a stochastic smoothed profile
method (SPm) for direct numerical simulation was developed by extending the deterministic SPm for suspensions in viscoelastic
media [83,84,51]. The Brownian motion of particles is driven by the thermal fluctuation of the suspending viscoelastic medium. To
simulate the viscoelastic flow driven by thermal fluctuations, the random stress satisfying the fluctuation—dissipation theorem (FDT),
along with the viscous stress is incorporated into the fluid momentum equation based on the formalism known as fluctuating hydro-
dynamics [85], while the thermal driving force for the conformation tensor that satisfies the FDT with the irreversible conformation
relaxation is incorporated into the Oldroyd-B model, a viscoelastic constitutive equation, based on the formalism known as fluctu-
ating viscoelasticity [35,38]. In previous studies on fluctuating viscoelasticity theory, the focus has been mainly on conformation
fluctuations under imposed homogeneous flow [36,37], whereas the two-way coupling between the conformation and flow has been
only available in SPH model [34] In [32], the stochastic eigenvector dynamics of the conformation tensor in Lagrangian basis was
derived based on the GENERIC framework [33], and was implemented in SPH simulation. Subsequently, this fluctuating viscoelastic
SPH was firstly applied to simulate the Brownian motion [34]. After this stochastic differential equations in Lagrangian picture, an
alternative set of stochastic partial differential equations for fluctuating viscoelasticity in Eulerian picture was derived [35,38]. The
stochastic SPm in this work offers an alternative DNS for suspension dynamics based on the Eulerian picture described by stochastic
partial differential equations by the fluctuating viscoelasticity theory. Although both SPH simulation in [34] and the stochastic SPm
of this work have been applied for analysis of a single Brownian particle, DNS for multi-particle Brownian systems are also available
since the non-Brownian multi-particle DNS have already been reported for SPH [86,87] and SPm [84], which use the deterministic
parts of their respective thermal fluctuation models.

Since this study considered the flow under periodic boundary conditions, the Fourier spectral method was used to solve the
field variables. This implementation is not necessarily suitable when walls are present, although the walls can be handled as a fixed
particle objects in the framework of SPm [51]. Other flow solvers such as finite element method and lattice Boltzmann method, than
the spectral method can be preferred when dealing with flows in complex geometries. Even in such cases, the SPm can be applied to
solve the interaction between particles and flow.

For a homogeneous fluid without particles, from the DNS of the coupled fluctuating Navier-Stokes and Oldroyd-B equations,
equilibrium statistics and the spatio-temporal correlation of the flow field were calculated and are in good agreement with the
theoretical predictions; these results validate the DNS of thermally driven viscoelastic flow. In suspension in a viscoelastic medium,
the Brownian motion of individual suspended particles driven by fluid thermal fluctuations is subject to viscoelastic effects as well as
hydrodynamic interactions. The translational and rotational VACF and MSD of a simulated Brownian particle are in good agreement
with the solutions of the GLE. These results validate the coupling between thermally driven viscoelastic flow and particle dynamics
in our DNS. The calculated Brownian motion successfully reproduced the anti-correlation of particle velocities for translational and
rotational VACFs and plateaus for translational and rotational MSDs at time scales below the relaxation time; these are characteristic
effects of matrix viscoelasticity. The developed stochastic SPm was confirmed to be able to reproduce the dynamics of Brownian
motion in the viscoelastic matrix flow over a wide range of time scales. The fluctuating viscoelasticity theory used in the stochastic
SPm has been developed for other viscoelastic models, such as the Giesekus and FENE-P models, in addition to the Oldroyd-B
model [38]. Therefore, the stochastic SPm can be extended to these other constitutive equations, enabling the analysis of a wide
range of physical phenomena with various viscoelastic models.

As an application of the stochastic SPm, passive microrheology with Brownian motion in a finite-size domain under periodic
boundary conditions was investigated. Passive microrheology analysis relates the Brownian motion of a particle and the dynamic
modulus of the matrix fluid. Only for the long-term diffusive regime (rheologically low-frequency terminal region) are the effects
of periodic boundary conditions well known [64-68,44]. However, the effects of periodic boundary conditions on microrheological
analysis in all frequency domains, including the domains at which hydrodynamic interactions and matrix viscoelasticity are dominant,
were previously unknown. The microrheological inversion of the MSD under periodic boundary conditions revealed that the image
cell effects appeared not only in the diffusive regime but also in the short-time region. In other words, the finite system-size effect
in periodic boundary conditions on Brownian motion was found to be frequency-dependent. Based on a comparison of the DNS
results under periodic boundary conditions with the analytical solution of the GLE in the infinite domain, a frequency-dependent
finite system-size correction was introduced to calculate the dynamic modulus using microrheological inversion from the Brownian
motion under periodic boundary conditions. Moreover, by applying the frequency-dependent correction to the GLE, VACF, and MSD
of Brownian motion under periodic boundary conditions are predicted. This result can be directly applied to the interpretation
of periodic boundary effects in mesoscale numerical calculations, such as those involving coarse-grained molecular dynamics and
dissipative particle dynamics, as well as in hydrodynamic simulations, as in this study.
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Appendix A. Fluctuation-dissipation relation in conformation evolution

Let y be the free energy density per unit volume. The deterministic evolution of the conformation tensor C is written as follows:

v 0
C=-AYo ¥, Al

©5¢c A1)
v

where (.) represents the upper-convected time derivative

\4
CE(0,+u-V)C—Vu’-C—C-Vu, (A.2)

where the affine deformation of C due to the flow field is assumed; A® is the mobility tensor, which is fourth-rank, and the notation

[A(4) 0] Z—g] = Al(.j,){ ’ ;?‘” is used. Since C is symmetric, Agjl)d must be symmetric about i <> j and k < I. The fluctuating dynamics
ij ki

corresponding to Eq. (A.1) are [88,33]
kgT o

v P B
Cdi=-AYo X 2 oADdr + 2 o dw, A3
o} 3C + Vo 9C o} + o dw (A.3)

Veen

where the notation C df =dC + (u -VC-Vu' -C-C- Vu) dt is used; dw represents spatio-temporal Wiener processes with

(dw;;(r.n) =0, (A4
(dw;;(r,0)dwy (' 1)) = 6,466, 118,y dt. (A.5)

The amplitude B™ is a fourth-rank tensor and is specified by the following fluctuation—dissipation relation [88,33]:
B0, B0, = 26,7, a6)

The second term on the right-hand side of Eq. (A.3) is the systematic drift derived using Itd calculus, which is relevant when the
mobility tensor is explicitly dependent on C.

Next, the stochastic differential Eq. (7) in terms of C is derived by applying explicit forms of the free energy and mobility tensor.
The mobility tensor of the Oldroyd-B model (which microscopically corresponds to a dumbbell model) is

1
A= T [(Cixdj + Cixdi) + (Cudjic + Ci163 )] o (A7)

which is symmetric about i & j and k < [ [35]. Let us consider a small scale at which thermal fluctuation is relevant. The free energy
density for a finite number of dumbbells N » in a finite volume is [38]

G, G,
w(C)= — (trC —Indet C) + ——(d + 1)Indet C + cst., (A.8)
2 2N,
where d is the number of spatial dimensions; the first term represents the elastic energy of dumbbells, the second term is from the
conformation entropy, and the third term is the finite-N, (finite-size) correction. The gradient of y is

oy _ G - Gy -
—=—(I-C" —d+1)C™, A9
ac= 2 )*an, @+ D (A9
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from which the minimizer is identified as

Chin=0-d+10O)I, (A.10)
and the polymer stress is

oy
=2C. 22
r aC

=G (C-v,I). (A.12)

(A.11)

Using Egs. (A.6), (A.7), and (10), the thermal fluctuation is given by

)
B Odwz‘/%(b-dw+dw’~b’). (A.13)

\/V_

cell

The It6 drift term and relaxation terms are

kgT 90 @ _©
—A == (d+ 1), Al4
Ve 3G, ik 7 ( Y (A.14)
@) oy 1 (C)
_Af/kffk,__i (Cij—6) — S @+ Dé;. (A.15)

We observe that the relaxation term derived from the finite-size correction of the free energy cancels out the It6 drift term. By
substituting Egs. (A.13), (A.14), and (A.15) into Eq. (A.3), the stochastic differential Eq. (7) in terms of C is obtained.

Next, the stochastic differential Eq. (12) in terms of b is derived. To this end, we specify the free energy and mobility tensor in
terms of b using a change of variables of Eq. (10) as follows [35]:

_ kgT

w(b)=w(C)- A Indet b + cst., (A.16)
e 1

AW = — 5,5, (A17)
ijkl ZGP)» k=J

Here, the b-based mobility /N\f?])( , does not depend on b, which implies that the fluctuation is additive and that no It6 drift appears in
the b evolution equation. Then, the relaxation of b is obtained as follows:

_A@ a_‘f'__i( _ —r)_% —
Rinay =37 (bu=87) = 5757 (A18)

ij
where a ®-dependent drift term arises from the finite-size correction of the free energy and an additional entropic term appears due
to the change of variables (Eq. (10)). Using the fluctuation—dissipation relation for b dynamics,

BY & _ A
B; jmn B imn = 2k3TAijk1 (A19)
kT
= aéikéﬂ, (A.20)
p

the thermal fluctuation is identified as follows:

(4)
B Odw= \/ de. (A.21)
V. A

cell

By combining Egs. (A.18) and (A.21), the stochastic differential Eq. (12) is obtained.

Appendix B. Equipartition law for the conformation tensor

At close to equilibrium, the conformation tensor fluctuates around its mean C = I, which is derived by averaging Eq. (7) without
flow. In this linear response regime, the free energy is approximated by the following quadratic form:

Gl’
v (C=D(C-D). (B.1)

Since C is symmetric, it has six degrees of freedom, so (y)V,; = 6kpT holds by the equipartition law. Due to the symmetry of C,
the components of (y) are

Gp 2

7<(Cii - 1) Ween = kgT, (B.2)
G 2
—2((Cigy +C) Ween =kpT, (B.3)

2
from which the variances of the components of C are obtained as follows:
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2
((c;=1)")y =20, (B.4)

2
((Cigj) ) =0. (B.5)
Appendix C. Brownian motion and generalized Langevin equation of a particle

According to the generalized Langevin equation of a particle immersed in an incompressible flow, the velocity autocorrelation
function (VACF) in one direction Cy, (1) = (V,(1)V,(0)) is

1
Meffdditv =—/ds£j(t—s)CV(s), (C.1)
0

where M g=M +(2/ 3za’p I and p Iz the fluid mass density, includes the added mass effect due to the replaced fluid acceleration;
{(¢t) is a time-dependent friction coefficient. The Laplace transform of Eq. (C.1) leads to

Cy(w)= / dtCy, (t) exp (—zt) (C.2)
0 z=iw
- kT (C.3)
ioM g+ ()

where Cy (1 =0) = (VXZ) =kpT [ M is used; the friction coefficient is represented as follows [85]:

¢(w) = 6ran™ () <1 + \/ia)pfa2/rl*(a))> , (C.49)

where #*(w) is the complex viscosity of the fluid. Once n*(w) is specified, the VACF Cy,(¢) is obtained using the inversion formula as
follows:

Cy()= / 9o pe [Cy (@)] cos wt. (C.5)
V4
—00
The power spectrum of the velocity fluctuation is defined as follows:

[+

Cy(w) = / dtCy (1) exp (—iwt) (C.6)
“
=2Re [Cy(w)] . (€7
Inserting the Laplace transform of the VACF (Eq. (C.3)) into Eq. (C.7) leads to
Cy(@) = __ 2k gTRe{ (w) . ©8)
w* M+ 20 M gIml (o) + [ ()]
The mean-square displacement (MSD) in one spatial direction is evaluated with the VACF as follows:
t
(Ax(t)?) =2 / (t — 5) Cy (s)ds. (C.9)
0

To numerically calculate the inverse Fourier transform in Eq. (C.5) with a high accuracy, the modified Filon algorithm [89] is used.
The MSD is calculated for the obtained VACF using Eq. (C.9).

When the perturbative flow around the particle in a Newtonian solvent is neglected, the Brownian motion is described by the
standard Markovian Langevin equation. By setting M. = M and {(t) = {,6(¢) with {; = 6zn,a in Eq. (C.1), the VACF and MSD are
obtained as follows:

kgT t
CV(I)Z Vexp (—T—>, (ClO)
B
(Ax(1)?) = ZI‘CBT [I+TB <exp <—TL> - 1)] , (C.11)
N B

where 75 = M /¢ is the correlation time in the standard Langevin equation. For short timescales ¢ < 75, (Ax(#)?) = (kpT /M)t?
due to the ballistic motion is obtained. For long timescales t > 7, (Ax(t)?) = 2Dt, which includes the Stokes-Einstein relation
D =kgT /¢, is obtained.
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For a Newtonian fluid, by substituting n*(w) = 7, into Eq. (C.4), the VACF in the time domain can be expressed in an integral
form as follows [90,24]:

[s9)
kT [ dx SoV/xexp (=x1t1/7p )
My ) = 11— x> +02x
0

C, ()= (C.12)

where Tp o = Meg/C,, 09 = (9p v/ (2p[, +p f))llz, and p, is the mass density of the particle. For a neutrally buoyant particle,
Eq. (C.12) is reduced to

UpT [ dx vVxexp (=xvli] /a?)

ax C.13
3IM 37 1+x/3+x2/9 (€12
0

Cy()=

The analytic solution of Eq. (C.12) is obtained when p,/p, < 5/8 [91,13,62]. For this case, the MSD in a closed form is obtained [12,
92,93]. In the long-time region at t > 7 ¢, the VACF approaches

kgT
Cy(= ;327_3/2, (C.14)
12pf (zv) /

which is the well-known long-time tail.
For an Oldroyd-B fluid, the complex viscosity is

Ny
*eoN — , C.15
(@) =1; 1+4+iwi ( )

where the second term is the contribution from the Maxwell model of Eq. (38). The VACF is obtained by numerically inverting
Eq. (C.3) with *(w) of Eq. (C.15).
Appendix D. Rotational diffusion

Analogously to the VACF, the one-directional rotational velocity autocorrelation function (RVACF) of a sphere Cgi(t) =
(Q,(NQ,(0)) is

t

dCg
I"T =— [ ds¢.(t — 5)Cg(s), (D.1)
0

where {,.(7) is a time-dependent rotational friction coefficient. The Laplace transform of Eq. (D.1) leads to

Cr(@) £l (D.2)

w)= —————, .
R iol, + (o)
where Cr(t=0) = (Qi) = kgT /1, is used; the friction coefficient is represented as follows [85,59]:
iwp pa® /30" (w)
(@) =8ra’n* (@) | 1+ —L (D.3)
L+ ay/iwpy /n* (@)

leading to [59]

R kgTt 1+ +/iot

Crl@)= L ! (D.4)

Ip 3x+ 3x\/ia)rf + ian'f(l +x)+ 0T 4 [iOT ’
where 7, = a*p I /n*(w) and x = 5p I / pp- Similar to the VACF, the RVACF Cg(?) is obtained by the inversion of ¢ r(@) with an explicit
expression of n*(w).

By setting {.(t) = 87rn5a36(t), Eq. (D.1) can be reduced to the standard rotational Langevin equation; in this case, the RVACF is
obtained as follows:

kgT t
Cr()= S p\—— ) (D.5)
P r

where 7, =1,/ (87n,a®). For a Newtonian fluid with 5*(w) = 5,, the RVACF in the time domain is expressed in an integral form as
follows [24]:

—X
Ts

s (o
Cr() = . (D.6)
e | (2 ) on (1) ’

s
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In the long-time region 7 > 7., the RVACF approaches
nkgT 52
Crlhw ——8= 572, (D.7)
= (1) 32p (xv)5/2

For an Oldroyd-B fluid, the RVACF is obtained using the complex viscosity of Eq. (C.15).
To analyze the rotational displacement of a particle, the motion of an initial orientational unit vector p fixed to the particle is
considered; it evolves according to the angular velocity of the particle as follows:

— =QXp. D.8
dt P (D.8)
Following [70-72], the vector rotational displacement is defined as follows:

t
Ag(t) = / o(s)ds, (D.9)
0

where ® = p x dp/dt = Q — (p - Q)p. Since p moves on the surface of a unit sphere, both p and ® have two degrees of freedom,
respectively, meaning that (e?) = (Q2) — ((p- Q)?) = 2k gT/I,. The rotational mean-square displacement (RMSD) is defined as
(A@*(1)). The definition of A¢ of Eq. (D.9) leads to

t

(A1) =2 / (t = 5)((t) - ®(0))ds. (D.10)
0

By assuming a relation (@(?) - @(0)) ~ 2Cg(t), the RMSD can be evaluated with the RVACF. As an example, for the Markovianized
Langevin equation, substituting the RVACF of Eq. (D.5) into Eq. (D.10) yields

(Ag*(1)) =4D, [1+T, (exp (—%) - 1)] (D.11)

I3

which has an asymptote that is approximately equal to 4D,t at ¢ > 7,, which includes the Stokes-Einstein—Debye relation D, =
kBT/(8m1sa3). For short timescales 1 < 7,, <A¢2(t)> =2 (kBT/Ip) 1% is expected.

Appendix E. Fitting model for mean-square displacement

To fit the MSD data, we use a model function introduced in [43]:

e}

(AR*(1)) =6DAf p(t/A) +/ d{h(r)fm,w(z/r), (E.1)
0

/D=5 + (= 1), (E.2)

Farlt/r)=1= (142 ) e/, (E£3)

h(x)=Y gt H(z; D H(z —1,_y). (E.4)

J=1

Here, fix(t/A) is the MSD function derived from the Markovian Langevin equation, which shows a ballistic behavior for (t/4)%/2 at
t < A and normal diffusive behavior at 7 > A; f;«y(¢/7) is the modified Kelvin-Voigt compliance, which shows a ballistic behavior for
fmky « (t/7)?/2 at t < 7 and a plateau of f,,x}, — 1 at > 7; and h(7) is a piece-wise power-law spectrum [94] with 7; > 7;_;, where

H(.) is the Heaviside step function. By assuming that A(z) is continuous, it can be found that a relation h(z;) = g; r;.l/ =g; +117”1
holds; from this relation, weights g; for 1 < j < n are determined from the other parameters as follows:

Jj-1

g =g [[= " (E.5)
k=1

Integrating the second term in Eq. (E.1) leads to

© T

/%h(‘r)fmky(t/f)zggj/d‘r‘ra!'_l [1-(1+£)e*’/f] (E.6)

0 Tj-1
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a;

n ‘L'(.xj —1"]1 t ¢ ¢ ¢
:Zgj LT (F(—aj,—> —F(—aj,—> +F<1—aj,—> —F<1—aj,—)> ,
j=1 ®; 7j Tj-1 7j Tj-1

(E.7)

where I'(a,x) is the upper incomplete gamma function. By assuming that A = 7, (the longest relaxation time in H(z)), we have
2n+ 3 free parameters: {D, g;, @, ..., ®,, Ty, ..., T, }. Egs. (E.2) and (E.3) are analytically Laplace transformed. The Laplace transform
of Eq. (E.1) is

7

TSV 6D S %1
(AR =i0)= ot t D T Z; & / i T (E8)
-1

The integration of the last term of Eq. (E.8) is expressed with the hypergeometric function as follows:

T

/ W ol rl’?’szl(z,aj,aj + L —(i)7)) - rj‘.’f‘lel(z,aj,aj + Li—(io)7;_)) o)
(ior +1)2 a; ' '
Tj-1
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