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Eigenvectors of Fisher Information
Matrix for Simple ReLU Networks

Abstract

In learning neural network parameters, it is important to examine
the Fisher information matrix (FIM). We investigate the FIM of a
one hidden layer network with the ReLU activation function and

identify the main eigenvalues and eigenvectors of the FIM under
certain conditions.

RA Bk, fREH &% A #— (UINKF)

_________________________________________________________________________________________________________________________



. BT

MRETR TR

=+ A E’J |$ AE n$ﬁ|ﬁ75\

aaed GRAEERZE D FHE)

o NILIRED T —FisherBERITIHMNEELZRE

\_

O,
O
O

=]

AlEL

/:ET)I/

A

R
ﬂ&ﬁﬁ?&ReLu_l—ww«
NDFEEL

I

Wk —SIZH T, FisherE#RT \

i>

BGRNITRILEYETE

EEEDY IL—T 1L




N RO LI FIERY 1S
= 75 L, T s
R | R

s BAEBIBDZ=2—3I)ILrybD—9 ADE RBhE HAE

> ﬂ
(:\47ZIE-,.\\L) xERT XeRP yER
- BEDEBDOHE A
(d
Xi=o S aW,, | forj=12...,
= () ori=12e O
4 'f /
o(2) =1, 1220 ReLU) O
\ if 2 <0 O
W e RP (BHTH p >> d) W vt
« HAE
y=Xv"+e€ vt € P e~ N(0,0%)

Bz
[f"‘T—*E'v'-“—’Sl {zwr vt A v | BVD v* EHEELTZLY ]




NAEFRE

c V" DHETERRE vET5HE, NILREE
El(y—Xv")’] = E[(X(v"—v)" +¢)’]
= (v—v")J(w -0 +0?

“HAFEIL ¢ & € ITRLTES (2 ~ N(0,1,))
- J = E[XTX]

 JDEELEBRINMNLOAMRIZKHLT, INGA—=20v D
FEEEDHLILEHY

o J [XFisher{&#1TH I D FEEIZ

0 0 Ji;

logplx,ylv)— logplx, ylv)| = —
o gp(z,y| )avj gp(,ylv)| = —

I; =E




1.

2.

J OERES

T = 2N XX (J = EIXTX] D&
=1

. HELIAL—IavizLy, J QOEAEEEE
(Wij ~ N(0,1/p) TER) |

EAERIE

dEDERE —

e mfalues

ZX5 EAQLIIL:

BEL, ERELEZW

[%/7“»—70)@75&’7 L%

1[]'.

107 F

J )

’ » 30 75 100
indices



ERINILDEE

- wie W FTEIW DL BE ORI P!
e WO cRd ATHIW Di BB DFINDUKIL
( : . - 4= o )
c O e i BHDEERENLUT TERINDIITRNIUML
o _ [[W@ - NOIE 3
g vy = 7 (Wi ~ N(0,1/p) DEZF 0O [ \/ﬁ(l,...,l)l\ﬁb\j

ot e | BEDERDUT TERSNATAINL

(a.3) \/EWCE’EW/S?:

v; = . (1<a<p<d)
W@
(7:7) — 4,(0) d
o U(’Y)E%ﬁ' : ,U('Y):U v (1<vy<d) (ZU(‘V):U)
V2 2
d d '\/711{-"72- \/& 17(1) ]2
(v+7) AV 5 W (0) .
- vy — — — — — dt;?: J:L)’ (0) ‘j: ('Y?'Y) ODEIL,\
; ; W@ W] v v

\_




175 J DREEZRDETE

/ *ﬁ%ﬁl \
0;; = L(WOD W) €[0,7] £FBE, i # 7 DEZLITARYIID

1 . .

27
MAMRDE EXT 0,, =0 £F5ELUTELES
L
\_ Ju = S [WO?
- =
[ TFEIE1 (Tian 2017)
1

TRIML e,w,z € R (e [FEERTRL)E,

e=WOT/|WH|
w=WOOT ZK A

D(w) = {(1] LT SHLT, Flew) = " DDy wEEHT S
v~ N(0,1g) ELT=EE, 0= L(e,w) € [0,7] [THLT, LLTFARKYILD

E[F(e,w)] = —[(7 — 0)w” + (||w]| sin 0)e7]

\ on j




1751 J DERIESS#

— ?T - 1_;.') COS 613 + sin BEJ)A@j ] Az’j — ||H;r|[1]||||ﬁf{j)||

! Am Ay = 2n +1)(2n + 2) AZ !

A, V[/() w ) W (). I/V(J) 1 /2 W)y (9))2n+2
J 4 ( n 2 : n ( )
2T 22n(

d
WO . @) = ZWHWH > WiIWDi; et

=1 k=1

I = WOWO|| = d (vOTo©)
LN)

= ™
2d+1 (o)1 (DT (@.B)T
J == 04 = ZWka—kﬁ Zw My e )R
a<p HIFE(E
\_ 1. 2. 3 )




IE AR 8 32 1% D 514
i RE2

Wij ~N(0,1/p)&L, D= (d+1)(d+2)(d*>+3d+4)/8 T 5.
CDEE, FEDIEHR §ITRLT, #EE 1 - CD/(6?p)h L TTEEARLIL

@ Oz -1 <
[Wil> =1 < 4, (1<1<d)
o@D =1 < §+&(dr), (QA<a<p<d) (IE 2 1%)
o2 =1 < §+€&(dy). (1<y<d)

(2) Vi={vO W@l <i<d1<a<p<d}
Vo={v1<y<d}, V=V1UV, &35&, HETDZRIML
v.v € V IZDWT, LAY D

<8 (v ¢ Voorv' &Vs) .
vovl s $Yaorv g1z ()
v-v — (—L)| <6+ §(dz) (v,v" € Vo)

d—1 d—1
Q— d—2,dy =d—1. EA)IFEED 1€ (0,1/2)[2DUVT, O (1/d1/2")J

9




W (ZBEY B RE

FIE3

ST

Wij ~N(0,1/p) &L, D= (d+1)(d+2)(d2+3d+4)/8&TF 3.
CDLE, BEDOEHS (CHLT, #E1 - CD/(6%p) L ETTFEEMRIL

(1) () <[5(1+0)

C) — ()

2 o o

aaimmnial

J
[o{A]| ™ [|vleA)]|
() y(NT

J
[l o)

(EEEFDLR)

> 2d4:1(1_5)

> | 11-9)
zéﬁﬂ—&fﬁn
EE%U—&f%D

(i =d—2,dy =d—1. &(d) m)i%m € (0,1/2)I22WL\ T, 0 (1/d"/?77))

(1. ARDOEREDTFH)

2. AR DOEBREDTF)

}QﬁﬁmﬁﬁﬁmTﬁ)

2d +1

+1
47 4

\_

d +

2md

1 (ﬂd—n

d
d—1) ~0. - =
5 + ) 0.977 5

10




MIESaAL—ay

« BEBICKIDERENTRORBLYEZ BUEIaL—
LaAvERELE

10 F d =10, p = 10000, n = 100000
, (0)T i
0@ v© S| 24+1) 5 I 0 O SO A
0@~ lo©@] T 4x 10° F
wie  win o [T »3
Wil wal] = | 4 ' - i
,U(Ot B) fu(ﬂ 8T 1 Q _
. > —f1-9 d = -
el T 2l S S S
o o] = [ 2xd S o |
107 b
1074 b
IE'II 2I5 5{] ]"IS lililﬂl
indices

11



FEH

o EHEGReLUZaA—TILRYRT—DIZHELVT, FisherlEERITHI
ERINILEETE

/

L NAEFRZE OFEEIR

DFEEL

SBROEZE

~D1L5k

=]

RlEL

=]

-BHEOKRETZDITI)IL—T L]

.

~
« ZRERMO-A—TILARYLT—IX RelULSYDETE L BEER

ol

TRDARZEER

J

12



Z2Z 3 A (1/2)

[1] S. Amari, “Any Target Function Exists in a Neighborhood of Any Sufficiently
Wide Random Network: A Geometrical Perspective,” Neural Computation 32,
pp.1431-1447, 2020

[2] R. Bapat, Nonnegative Matrices and Applications, Cambridge University
Press, 1997

[3] A. R. Barron and T. M. Cover, “Minimum complexity density estimation,” IEEE
Trans. Inf. Theory, vol. 37, no. 4, pp. 1034-1054, Jul. 1991.

[4] M. Belkin, D. Hsu, S. Ma, and S. Mandal, “Reconciling modern machine learning
practice and the bias-variance trade-off,” In Proc. of the National Academy of
Sciences, 116.32, pp. 15849-15854, 2019.

[5] M. Belkin, D. Hsu, and J. Xu, “Two models of double descent for weak feature,”
SIAM Journal on Mathematics of Data Science, 2(4):1167-1180, 2020.

[6] I. S. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series, and Products, fourth
edition, Academic Press, 1980

[7] A. Jacot, F. Gabriel, and C. Hongler, “Neural tangent kernel: Convergence and
generalization in neural networks,” Presented at the 32nd Conference on Neural
Information Processing Systems, arXiv:1806.07572v3, 2018.



Z2Z 3k (2/2)

[8] R. Karakida, S. Akaho, and S. Amari, “Universal Statistics of Fisher
Information in Deep Neural Networks: Mean Field Approach,” Presented at the

22nd International Conference on Artificial Intelligence and Statistics (AISTATS),
arXiv:1806.01316, 2019.

[9] M. Kawakita and J. Takeuchi, “Minimum Description Length Principle in
Supervised Learning with Application to Lasso,” IEEE Trans. Inf. Theory, vol. 66,
no. 7, pp. 4245-4269, Jul. 2020.

[10] Y. LeCun, L. Bottou, G. B. Orr, and K. Muller, “Efficient backprop,” In Neural
networks: Tricks of the trade, pp. 9-50. Springer, 1998.

[11] J. Rissanen, “Modeling by shortest data description,” Automatica, vol. 14,
no. 5, pp. 465-471, Sep. 1978.

[12] Y. Tian, “An analytical formula of population gradient for two-layered

ReLU network and its applications in convergence and critical point analysis,” in
Proc. International Conference on Machine Learning, pp. 3404-3413, 2017.

[13] M. J. Wainwright, High-Dimensional Statistics, Cambridge University
Press, 2019



