SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

Existence of a ground state for the Nelson
model with a singular perturbation

Hidaka, Takeru

Graduate School of Mathematics, Kyushu University

https://hdl. handle. net/2324/7174478

HARIEER : Journal of Mathematical Physics. 52 (2), pp.022102-, 2011-02-07. AIP Publishing
N—=2 37
EFIRA4R : © 2011 American Institute of Physics.

%, KYUSHU UNIVERSITY




RESEARCH ARTICLE | FEBRUARY 07 2011
Existence of a ground state for the Nelson model with a

singular perturbation ©
Takeru Hidaka

’ '.) Check for updates ‘

J. Math. Phys. 52, 022102 (2011)
https://doi.org/10.1063/1.3548076

@ B

View Export
Online  Citation

Mathematical Physics

Y
o
©
c
p -
-
o
ﬁ

Journal of Mathematical Physics

Young Researcher Award:

Recognizing the Outstanding Work
of Early Career Researchers

Learn More! é Publishing

AIP AIP

é/_‘_ Publishing

£1:6G:10 ¥20¢ Iudy ||


https://pubs.aip.org/aip/jmp/article/52/2/022102/232810/Existence-of-a-ground-state-for-the-Nelson-model
https://pubs.aip.org/aip/jmp/article/52/2/022102/232810/Existence-of-a-ground-state-for-the-Nelson-model?pdfCoverIconEvent=cite
javascript:;
https://crossmark.crossref.org/dialog/?doi=10.1063/1.3548076&domain=pdf&date_stamp=2011-02-07
https://doi.org/10.1063/1.3548076
https://servedbyadbutler.com/redirect.spark?MID=176720&plid=2063253&setID=592934&channelID=0&CID=754915&banID=520996574&PID=0&textadID=0&tc=1&scheduleID=1989154&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&matches=%5B%22inurl%3A%5C%2Fjmp%22%5D&mt=1712811343917451&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fjmp%2Farticle-pdf%2Fdoi%2F10.1063%2F1.3548076%2F15654873%2F022102_1_online.pdf&hc=90b3880ca9a217ba5defb5843bac185bfcae0671&location=

JOURNAL OF MATHEMATICAL PHYSICS 52, 022102 (2011)

Existence of a ground state for the Nelson model with a
singular perturbation
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(Received 24 October 2010; accepted 11 December 2010; published online 7 February 2011)

The existence of a ground state of the Nelson Hamiltonian with perturbations of the
form Z‘;: , ¢j¢’ with ¢4 > 0 is considered. The self-adjointness of the Hamiltonian
and the existence of a ground state are proven for arbitrary values of coupling
constants. © 2011 American Institute of Physics. [doi:10.1063/1.3548076]

. INTRODUCTION

The Nelson model introduced in Ref. 21 describes N-quantum mechanical particles coupled
to a scalar bose field. Let @ be a boson dispersion relation, which describes the energy of a single
boson. Then the free field Hamiltonian Hy is given by the second quantization of w:

H; = dT'(0). (1.1)

Let K = —A 4 V be a Hamiltonian of a quantum mechanical particle. Then the standard Nelson
Hamiltonian is formally given by

HNelson =K + H + 0“]5(,0) (12)

Here « is a coupling constant and ¢(p) is a field operator smeared by a test function p.
We consider the Nelson model with ¢(p) replaced by the singular perturbation:

4

P@(p) =) c;p(p) (1.3)

j=1
with ¢4 > 0. Thus the total Hamiltonian under consideration is
H = K + H + P(¢(p)) (1.4)

with the domain D(K) N D(H;) N D(¢(p)*). We suppose that K has a compact resolvent, and v
is relatively bounded with respect to (—A)!/2, where V_ > 0 is the negative part of V.

We are concerned with the spectrum of H in the nonperturbative way. The bottom of the
spectrum of a Hamiltonian is called a ground state energy, and an eigenvector associated with the
ground state energy is called a ground state. We see that the bottom of the spectrum of K + Hj is
equal to the edge of the continuum. Then it is not trivial to show the existence of the ground state of
H even when perturbations are not singular.

The main result of this paper is to show (1) and (2) below:

(1) H is self-adjoint and bounded from below;
(2) H has a ground state for all p under some conditions.

(Related models) We review here several models concerned so far, but this is an incomplete
list.

[Nelson model] Bach-Frohlich-Sigal® show the existence and uniqueness of the ground state
of some general scalar model for sufficiently weak couplings. This model includes the standard
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Nelson model. Spohn®* proves, however, the existence of the ground state for the Nelson model for
arbitrary values of coupling constants, but if K has purely discrete spectrum. Gérard® also shows the
similar result, but the method is different from Ref. 23. Hiroshima and Sasaki!” shows the enhanced
binding of the many body Nelson model, i.e., the existence of ground states is shown for sufficiently
large couplings, but the existence of ground state of decoupled Hamiltonian is not assumed.

The results mentioned above are proven under the so called infrared regularity conditions. Then
the next task is to study the case of no infrared regularity conditions. Arai, Hirokawa, and Hiroshima*
show the absence of ground state of some abstract quantum field models without infrared regularity
conditions. Lrinczi, Minlos, and Spohn,19 Dereziniski and Gérard,® and Hirokawa'® prove that the
Nelson Hamiltonian has no ground states if the infrared regularity condition is not assumed. Arai’
shows, however, that the Nelson model without infrared regularity condition also has a ground state
if a non-Fock representation is taken. See also Refs. 10 and 11 for the Nelson model on a pseudo
Riemannian manifold.

[The Pauli-Fierz model] The Pauli-Fierz model is a quantum field model in nonrelativistic
quantum electrodynamics. Its interaction is given by minimal coupling, and then the spectral analysis
turns to be hard due to the derivative coupling. Bach, Frohlich, and Sigal® prove the existence of
ground state for sufficiently weak couplings, but the infrared regularity condition is not assumed.
This is the large difference between the Nelson model and the Pauli-Fierz model. Griesemer,
Lieb, and Loss,'* and Lieb and Loss'® show the existence of a ground state of the Pauli-Fierz
Hamiltonian for arbitrary values of coupling constants under no infrared regularity condition. In
Refs. 14 and 18, the binding condition is introduced to show the existence of a ground state. We
extend this to the Pauli-Fierz model with a variable mass.'> This method is also applied to the
Nelson model by Sasaki.??

[Singular perturbations] The model under consideration in this paper is of the similar form of
the (¢*),-model in the quantum field theory. This model describes bosons with self-interaction in two-
dimensional space-time. Glimm and Jaffe'> '3 considered the spectral properties of the (¢*),-model.
In this model, the dispersion relation is supposed to be strictly positive and the Hamiltonian is defined
on a boson Fock space. Miyao and Sasaki?” show the existence of the ground state for a generalized
spin-boson model with ¢>-perturbation, and it is not supposed that the particle Hamiltonian has a
compact resolvent. Takaesu>* shows the existence of a ground state for a generalized spin-boson
model with a singular perturbation of the form (1.3), but for sufficiently small coupling constants.

(Strategy) As far as we know, it is new to show the existence of the ground state of (1.4) for all
values of a coupling constant. Here we show an outline of our proofs.

By making use of Ref. 1, we can prove the essential self-adjointness of H. First, we show that
¢* is relatively bounded with respect to H. This relative boundedness leads to the self-adjointness
of (1.4).

Next, we show the existence of a ground state of H by means of Refs. 7 and 9 for all values
of coupling constants: We define the Hamiltonian H,, with the test function p replaced by p,
= plis<wk), and we show the existence of a ground state of H, for all o > 0. We see that as
o — 0, a normalized ground state of H, weakly converges to a nonzero vector, which is then a
normalized ground state of H. To show this it is sufficient to show the boson number bound and the
boson derivative bound of a normalized ground state of H,, . These are done in Lemmas V.2 and V.5.
To show the boson derivative bound, we suppose the infrared regularity condition:

o sup |p(x, )| € LAR)). (1.5)

xeR4

This infrared regularity condition is stronger than the standard infrared regularity condition:

™' sup |p(x, )| € L2(RY). (1.6)

xeRd4
The condition (1.5) is used to show the convergence,
I(Es = Hy — (k)™ = (E = H — 0(k)")po (k) P' ()@ || — O

in L? as 0 — 0 in Lemma V.4, where &, is a ground state of H,. In the case of the standard
Nelson model, P’(¢,) = 1. Then condition (1.6) is enough to show this convergence. In the singular
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case, we need, however, (1.5) to control the upper bound of |(Ey — Hy, — w(k))™' —(E — H
— (k)™ ps (k) P'(¢5) D |-

This paper is organized as follows: Sec. II is devoted to defining the Nelson Hamiltonian with
a singular perturbation. In Sec. III, we show the self-adjointness of H. In Sec. IV, we show the
existence of a ground state of H but with an infrared cutoff. Finally in Sec. V, we show the existence
of a ground state of H.

Il. DEFINITION OF THE NELSON MODEL WITH P(¢) PERTURBATION
A. Preliminaries

Here we introduce fundamental facts on Fock spaces and second quantizations. Let X be a
Hilbert space over the complex field C. Then

o0

Fo(X)=Peix] = {{\I'(")}‘;io‘\w") eRIX. n=0 > W’ < oo} 2.1)
n=0 n=0

is called the boson Fock space over X', where ® X’ denotes the symmetric tensor product of X’ and
®°X = C.LetQ = (1,0, ...} € Fu(X) be the Fock vacuum. The number operator N is defined by

(N = @™ (2.2)
with the domain
o0
D(N) = !{xy(’”};;io € Fo(X) ‘ D LA s oo} . (2.3)
n=0

The finite particle subspace of F,(X) is a dense subspace of F, which is given by
Foo(X) = {{¥"}2) € Fp(X) | W™ = 0except for finitely many n} . (2.4)
The creation operator a'( f) smeared by f € X is also given by
(@' (H™ = V/nS,(f @ ¥ ), n =1, (2.5)
and (a(f)¥)© = 0 with the domain

D@a'(f) = { Ve R | Y IVASI(f @ WD) < oot 2.:6)
n=1

Here S, is the symmetrization operator on ®”"X". The annihilation operator smeared by f € X is
given by the adjoint of a’( f):
a(f) =@ (f)". @7

Note that a( f) is antilinear in f, while a'( f)is linear in f. We see that a( f)[g»x is bounded from
QX to ®?’1 X anda®(f) [gnx from @] X to ®§‘+1 X.a(f)anda®(f) satisfy canonical commutation
relations:

la(f).a"(@)] = (f.g). la(f). a(@)]=1la’(f).a'(g)]=0. (2.8)
Let D be a dense subspace of X'. Then
FoinD) = LIQ,a"(f1)...d (f)Q I neN, feD,j=1,n) (2.9)
is also dense in F,(X), where L{- - -} denotes the linear hull of {- --}. The Sigal field smeared by
f € X is given by
1

ﬁ(am +a'(f)). (2.10)

o(f) =
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Let D be a dense subspace and f € D. Then ¢( f) is essentially self-adjoint on Fy, (D). The Sigal
field satisfies the following commutation relation:

[D(f), #(&)] = i3(f, 8). (2.11)
When X = L*(R?), let
(@) W)k, ... k) = n+ 10Dk Ky, k). (2.12)
If W € D(N'/?), then a(k)¥ € F,(L*(R?)) for almost every k € R¢. For ¥ € D(a(f)),

@( )W)k, ... k) = /R / FE) @ty W)k, ki, . .., ky)dk

holds.
Let X and ) be Hilbert spaces, and T be a densely defined closable operator from X to ). Then
I'(T) is defined by

o
M) =P Tlow (2.13)
n=0
with T = 1. If X = ), the second quantization of T is defined by
o
dT(T) = @ T™, (2.14)
n=0
where 7@ = 0 and
n jth
TW=31®  ®I18T 1® - @[gr. nxLl (2.15)
j=1

Here S denotes the closure of an operator S. The number operator N can be written as

N =drq). (2.16)

We define the unitary operator Uy,y from Fp(X @ V) to F,(X) @ Frp()) by
Uxya' (fi®0)...a"(f, ®0)a' 0@ g1)...a" (0@ g)R

=d'(f))...a'(fe®ad(g)...d@)e. (2.17)
Let T be a densely defined closable operator from X to X @ X. Then the operator I'(T) : F(X)
— F(X) ® F(X) is defined by

I(T) = Uy xT(T). (2.18)

B. The Nelson Hamiltonian with P(¢) perturbation

In this paper the number of quantum mechanical particles is supposed to be one, but with the
spatial dimension d. Let K = Lz(Rﬁ) and F, = .7-'b(L2(Rf)). The Hilbert space of state space is
given by

H=K® F. (2.19)

where /C describes the state space of a quantum mechanical particle, and F, that of bosons. Let w
be a boson dispersion relation. We suppose that w is a densely defined, non-negative multiplication
operator on Lz(Rf). Further conditions on w are given later. The free field Hamiltonian is given by
dI'(w). Let K be a Hamiltonian of the quantum mechanical particle. Then the decoupled Hamiltonian
is given by

Hy=K®1+1®dl(w) (2.20)
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with the domain D(Hy) = D(K ® 1) N D(1 ® dI'(w)). In what follows, wedenote T ® 1and 1 ® S
by T and S, respectively, for simplicity unless confusion arises. Let us now define a field operator
¢ in H. Let p(x, k) be a test function, such that p(x, -) € L?>(RY) for each x € R?. Then we set

$(p(x, ) = % (alo(x, ) +a'(p(x, ) . 2.21)

¢(p(x, ) is essentially self-adjoint for each x € R¢ on
Fosin=L{Q,a"(hy)...a"(h)Qn eN, f,h € C(R,i=1,...n}.
Then the field operator ¢ is defined by the constant fiber direct integral of ¢(p(x, -)):

D
6= d(p) = /R GGG . (222)

Let
P(x) = x* + 3% + ex? + ey, (2.23)

where c;, j =1, 2, 3, are arbitrary real numbers. Then the Nelson Hamiltonian with P(¢) pertur-
bation is given by

H = Hy + P(¢) (2.29)
with the domain D(H) = D(H,) N D(¢%).

C. Hypotheses and main theorems

To show the self-adjointness of H and the existence of a ground state of H, we introduce the
following hypotheses.

Hypothesis I1.1 (Hypotheses of K)
(1) K is given by
K=—-A4+YV (2.25)

with the domain D(K) = D(—A) N D(V). Here V is a real-valued multiplication operator,
which describes an external potential.
(2) There exist constants 0 < a < 1 and b > 0, so that for all ¥ € D(Vl/2

), ¥ € D(|p]) and
V212 < alllpl¥|? + bl w2 (2.26)

Here V_(x) = max{0, —V(x)} and p = —i V,.
(3) K is a non-negative, self-adjoint operator and has a compact resolvent.

Hypothesis I1.2 (Hypotheses of )

(1) e CR{;[0, 00));
(2) Vo e L®RY));
(3) (k) = 0, if and only if k = 0.

Definition I1.3: Let X be a Hilbert space. f € L®°(R%; X) is said to be weakly differentiable if
there exists g € L°(R?; X)), such that for all ¥ € X and ¢ € Cé’o(Rd),

/Rd(ajw)(X)(‘I’y J(xX))xdx = —/Rd X)W, g(x)xdx. (2.27)

In this case, we denote g(x) by 9; f(x).

Hypothesis I1.4 (Hypotheses of p) x > p(x, -) is an element of L*(R¢; L(R¢)) and weakly twice
differentiable. Moreover, for each k € R,‘f, p(k) = p(-, k) is a bounded operator on L2(]Rf), such that

o O, ollpOll, @ 2 IVepOIl, IVepOll € LARY). (2.28)
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Hypothesis I1.5 (Infrared regularity condition) We also assume the infrared regularity condition:
o pO)l € L*RY). (2.29)

We denote ||’ | oGl 2w by @' pll for —5/4 <1 < 1. Let

Hin=L{f®Q, fRa'(h)...a’"(h,)QneN, f e DK), h € C*(RY), 1 <i <n}. (2.30)

Now let us state the main theorems.

Theorem I1.6: Suppose Hypotheses 1.1 and 11.4. Then H is self-adjoint and essentially self-
adjoint on Hgy.

Theorem I1.7: Suppose Hypotheses 11.1, 11.2, I1.4, and I1.5. Then H has a ground state.

lll. SELF-ADJOINTNESS OF H
The following proposition on the essential self-adjointness is known.

Proposition IIL.1: Ref. 1 Let = @,., 9. be the direct sum of Hilbert spaces $)p,
n=0,1,2,...,and

§={{(v")22, € H|w™ = 0 for all but finitely many n}.

The number operator in §) is defined by

(N W)™ =™ n=0,1,2,... (3.1)
with the domain
o0
D(Ng) = {{\If(’”};’"o €n \ > o e < oo} : (3.2)
n=0
Let A,, n =1,2,..., be self-adjoint operators in ), and B be a symmetric operator in §). Put

A = @2 A, Let P, be the projection from X to $),, C 9: P, = 1(n)(Ng). Suppose that

(1) A+ B is bounded from below;

2) HcC D(B) and there exists a constant ny > 0, such that (P,V, BP,V) =0 whenever
lm — n| > no;

(3)  there exist a constant ¢ and a linear operator L in $), such that Ran(L[p)np,5) C P,$ and

I(©, BW)| < c|LO| [(Ng + 1)*¥].

Then A + B is essentially self-adjoint on D(A) N 9.
Lemma I11.2: Suppose Hypotheses I1.1 and I1.4. Then H is essentially self-adjoint on Hgy.

Proof: By Proposition IIL.1, H is essentially self-adjoint on D(Hy) N Hy, where Hy = K ® Fo.
Thus it suffices to show that Hgy, is a core for H. Let W € D(Hy) N Hy. Then there exists a number
ng so that for all n > ng, ¥ = 0. Since Hy, is a core for Hy by Proposition V1.4 in Appendix and
P(#)[ g ) 18 a bounded operator, it is seen that there exists a sequence {W j}?il C Hn, such
that W; — W and HW¥; — HW. Therefore the lemma follows.

Lemma I11.3: Suppose Hypothesis I1.4. Let¢} = —i¢(0y,;p). Then, "V € D(|p|»)for ¥ € Hip
andn € N, and [¢, p;1 = ¢} Sfollows on Hy.

Proof: Let
P=fa'(fi)...a (f)Q, VY=g®a(g)...a(g.- 12,

where f and f; € CSO(R"), k=1,...,n,and g € D(K) and g; € Cgo(Rd), k=1,...,n—1.1t
can be computed as

£1:6G:0 ¥20¢ Iudv |1
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(pj®@, W)

- / @; HX)gx)alp)a’ (f1)...a ()R, a'(g1)...a (g.—1)R)dx
V2 Jra

=\Lf2 3 / @, DO i, p)dx@ (f1)...a’(f)...a ()R a(g1)...a (gD
=1

(3.3)
Here the symbol denotes omission. Since p(x, -) is weakly differentiable, we see that
(Pj®, V) = (9P, p; V) + (P, ;W) = (P, (¢p; + $))P). (3.4)
Thus we obtain that pW € D(p;) and
pioV = (¢p; + ¢)V. (3.5)
Bya s;milar computation, (3.5) holds for all ¥ € Hg,. In a similar way, we can also see that "W €
D(|p[). u

Theorem I11.4: Suppose Hypotheses 1.1 and I1.4. Then there exists a constant C, such that for
all v € D(H),

l¢"W|| < CII(H + D, n=1,273,4. (3.6)

Proof: It is enough to show for the case of n = 4. Let ¥ € Hg,,. It holds that

3
lp*@))* = H (H — Hy— chask) v

k=1

2

= [[HV|* — 29%(¢* ¥, HoW)

3 3
-2 Z R(P*W, crph W) — ” (Ho + Z ck¢k> v

k=1 k=1

2

3
= |HY|* — (¥, [¢7, [¢*, HolI¥) =2 ck(¢*W, ¢* W)
k=1
2

2| H(}/2¢>2\1/H2 - . 3.7)

3
‘ (Ho + Z Ck¢k> v
=1

Take a sufficiently small € > 0. Since qbk, k =1,2,3, are infinitesimally small with respect to ¢4,
there exists a constant C; . > 0, such that

3
—2) @'V, 6" W) < e|p* W)+ Cy )W (3.8)
k=1

Thus by (3.7) and (3.8), we have
1
16917 < ———(IHWI” + Co W17 + (¥, [62, [67, HollW)I)- (3.9)

Thus in order to prove (3.6), it suffices to show that for sufficiently small 0 < 7, there exists a
constant C,, so that

(W, [¢%, [¢*, HolW)| < nllg* W1 + C,lI(H + D> (3.10)
By Proposition VI.1 (3) in Appendix, we have
I, [¢7, [¢7, AT (@)¥)] < 4llw'?pl?II¢W[* < ell¢* W[ + Cocll¥|*. (3.11)

£1:6G:0 ¥20¢ Iudv |1
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Let us estimate |(¥, [¢2, [¢%, K1]W)|. By Lemma IIL.3, it is seen that
(W, [¢7, [¢%, PV < 2] 6%, p 1V + (W, {p; (6%, [¢°, pj11 + [¢7. [¢*, p;11p;} W)
< 2/[(¢;¢ + PPV + 83(p, 0x. ;P IR(G*W, p; V). (3.12)
Since [¢, qb}] = J(p, dx,jp), by using the Schwarz inequality, we see that
(W, [6, 9%, pi1IW)| < €llp*WI* + Cs. (145w > + 1 pIW1* + 1% (3.13)
Let us estimate ||¢;.<]>\IJ||2 in (3.13). It holds that
19 WI* < Ca(@W, (dT(w) + 1)p W)
= C4{(¢>2\IJ, dlN(w) + DY) + (¢, —igp(iwp)¥)}. (3.14)

By the Schwarz inequality again, we have
Cy .
19 pWII* < € (dT (@) + DW|* + Cacllp”WI* + 7(||¢<zwp)\lf||2 + ¥ [?.  (3.15)

Since ¢(iwp) and ¢, k = 1, 2, are infinitesimally small with respect to dT"(w) and ¢*, respectively,
we see that

I¢jpWI* < €lp*W|* + 3e|dT (@)W | + Cs W] (3.16)
Since
ldT (@)W > < 2[[HY|* +2[ P()¥ |
<2HY|? 4+ Q2+ )l¢* W + Cocll W7, (3.17)
||¢}¢\Il|| can be estimated by (3.16) as
19 W1* < €Be + D" W|* + 6€[| HY | + (Cs.c +3eCo.0) W[ (3.18)
Next, we estimate ||| p|¥||? in (3.13). By (2.26),
plW|* = (W, —AW) < (W, KW) + (¥, V_W) < (¥, K®) +all|p|¥|* + b ¥]* (3.19)
with 0 < a < 1 and O < b. Thus it holds that

1 b
IplW|?* < T (W (H = P@)w) + mnwuz. (3.20)

Since |H|'/? and | P(¢)|'/? are infinitesimally small with respect to H and ¢*, respectively, we have
HpIWI? < ellg*WI> + [HWY[?) + Crell W] (3:21)
Therefore by (3.13), (3.18), and (3.21), for sufficiently small ¢ > 0, we have

3
(W, [¢%, [¢7, K1W)|= | > (W, [¢%. [¢7, p11W)| < €'(I¢*" WI*+ | HY|?) + Cs.o W] (3.22)

J=1

Therefore_ (3.10) follows from (3.11) and (iZZ). Thus (3.6) is proven for W € Hyg,. Since Hgy, is a
core for H, (3.6) also holds for all & € D(H) by the closedness of ¢*.
Proof of Theorem I11.6: By Lemma I11.2, it suffices to show that

H=H. (3.23)
Let W € D(H). Since Hjp, is a core for H, there exists a sequence {W j}?il’ so that ¥; € Hg, and

jlirglo(lle — W[+ [HWY; =) =0. (3.24)

£1:6G:0 ¥20¢ Iudv |1
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By the bound ||¢*W¥| < C|[(H + DY , {¢4\Ilj}?‘;l is a Cauchy sequence. Since ¢* is closed,
W e D(¢*) holds. Since

[Ho(V; — Wl < 1H(W; — Vol + |1 P(o)(¥; — Vol (3.25)

{Ho‘llj}f]?il is also a Cauchy sequence. Then, W € D(Hp) by the closedness of Hjy. Thus,
D(H) C D(Hy) N D(¢p*) = D(H). Therefore (3.23) is obtained.

IV. EXISTENCE OF A GROUND STATE OF H, AND H,
A. The Nelson Hamiltonian with an infrared cutoff o

The field operator with an infrared cutoff is given by

$s = ¢(ps), o >0, 4.1
where
Po = Plixio<om)- 4.2)
We define H, by
H, = Hy + P(¢5) (4.3)

with the domain D(H,) = D(Hy) N D(q)é). By Theorem I1.6, H, is self-adjoint.

Lemma IV.1: Suppose Hypotheses I1.1 and I1.4. Then H, converges to H as ¢ — 0 in the norm
resolvent sense:

Jim ||(Hy —2)~" = (H = 2)~'| =0 (44)
forallz e C\R.
Proof: By the bound
s < Cll(Hy + D¥], n=1,2,3,4, (4.5)
we see that
I(dT (@) + D(Hy —2)~'| < C, (4.6)

with some constant C. Take arbitrary vectors ® € H and ¥ € H. Then
I(©,(H, —2)™' = (H —2)"HW)|
=|((Hy —2)7'0, P($)(H — 2)"' W) — (P(¢o)(H, —2)'®, (H —2)"'W)|. 4.7)
Since [¢, ¢,] = 0and D(H)U D(H,) C DT (w)) C D(¢§) N D(¢2), it follows that
I(Hy —2)7'0,¢*(H —2)7' W) — (¢3(H, —2)'©, (H —2)7'0)|
< (@ — ¢ (Hy —2)7'0, ¢*(H —2)' W)
+(¢2(Hy —2)7'0, (¢* — ¢2)(H — 2)' W)
< 1p(p — po)b(p + po)(Hy —2) ' I¢*(H — )~ 1O W]
+llp2 (He — 27 lp(p — po)b(p + po)H — )~ O] W]]
< C'(lo™2(p — p)ll + lw(p — p)DION ¥, (4.8)
with some constant C’. Similarly, we see that
((Hy —2)7'0, P($)(H — 2)7'W) — (P(¢o)(H, —2)7' O, (H —2)"' V)|
< C"(lo™"(p = po)ll + llx(p — p)IDIION W (4.9)
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with some constant C”. Thus we obtain that
I(Hy —2)™" = (H =27l < C"(lo™*(p = po)l + ll(p — po)I).

Since the right hand side of (4.10) converges to 0 as 0 — 0, the lemma follows.
We denote the ground state energies of H, and H by E, and E, respectively:

E= inf (V,HY), E,= (v, H, V).

inf
VeD(H),||V]=1 YeD(Hy),|[¥W]=1

(4.10)

@11

Since H, H, > C with some constant C independent of o, by Lemma I'V.1, we obtain the following

corollary:

Corollary 1V.2: Suppose Hypotheses I1.1 and I1.4. Then

lim E, = E.
o—0

Let us introduce a multiplication operator &, below:

@, € CRY), Vi, € L°(RY),

o (k) > for ke R4,

| Q

@0 (k) = wk) if |k| > o.

Then we define the massive Hamiltonian H, by

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

Similar to the case of H and H,, we can see that H, is self-adjoint on D(K) N DAT'(&4)) N D((pﬁ ).

B. Extended Hamiltonian and existence of a ground state
Throughout this subsection, we suppose Hypotheses I1.1, I1.2, and I1.4.
Lemma IV.3:
(1) Letm € Z. Then (N + 1)""(H, — z)~"(N + 1Y"*'is a bounded operator and
1N + D™ (Hy =27 (N + D" < Co™' (1 + 1327

with some constant C independent of z and o ;

(2) Letx € CE[R). Then foralll,m € Z, (N + D! x(H)(N + 1)"is a bounded operator:
Proof: Let us show (1). We denote 1(,,(N) by P,. Letm > 0Oand W € D(N™1). Since

4
Po(H—2)""' =Y Pu(H —2) P,
I=—4

it follows that

(N +1)"™(Hy, —2)""(N + 1" 2

o0
=Y+ )| P(H, — ) (N + D"
n=0

00 4
<C Y+ D"+ Y Pu(Hy — 27 (N + DPy V|
n=0 I=—4

4.17)
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4

< Gl(H, =27 N+ DIPY Y 1Pl

n=0[=—4
< Cyo2(Iz " + D7, (4.18)

where C;, j =1, 2, 3, are constants independent of ¢ and z. In the last inequality, we used | NV ||
< %lldF(d)(,)\IfH < §||(H(, + )W ||, since &, > % Then (4.17) follows. When m < 0, the lemma

can be also proven similarly to the case of m > 0. (2) can be proven similarly to Lemma 3.2 (ii) of
Ref. 7.
Let us consider the extended Hilbert space defined by

HMN =K QF ® Fp. (4.19)
The decoupled Hamiltonian Hy , is extended as
A = Hoo ® 15, + 13 ® dT(@,), (4.20)
and the total Hamiltonian H, as
H™ = H, ® 15, + 13 ® dT(@y). 4.21)

Let us introduce a partition of unity, such that j = (jo, joo) € CP(R*R?), 0 < jo, joo < 1,
jo2 + jgo =1, and

1 if|x] <1,
Jo(x) = . (4.22)
0 if [x] > 2.
We set
Jr = (o,r Joo,R) = (jo(-/R), Joo(-/R))
and

JRY = (o.r Y, joo.r W) = (jo.r(—i VW, joo k(=i VO)W).
Let us recall that f’(fR) : Fo =& Fp ® Fyp is defined by ULz(Rd),Lz(Ra)F(fR).
Lemma IV.4: Let x1, xo € CZ(R). Then
lim || G (AT Gr) = TR)x1(H) x2(Ho) | = 0. (4.23)

Proof: By Helffer-Sjostrand’s formula, it is seen that
OaHIHT(Gr) — T(R)x (Hy)) x2(Hy)
=5 fc =51z — H W HXT (jr) — TRV Ho )z — Hy) ' xo(Hy)dzdz.  (4.24)

Here dzdz = —2idxdy, 0; = %(8X +id,), and X; is an almost analytic extension of x;, which
satisfies

Xi(x) = x1(x), xeR, (4.25)
%€ CZ(O), (4.26)
10:%1(z)| < Cu|Sz|", neN. 4.27)

Let us estimate the integrand in (4.24). I:Ij’“f‘(fR) — f‘(fR)I-NI(,is equal to

(ASSE G = FGfos ) + ((P@o) ® 15)E () = PR P(@n)). (4.28)
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The first term of (4.28) can be estimated as
ICHSS T (r) = TR Hoo )N + D7 = AT (r, (@6 @ @) jr — Jr@s)N + D7

< V1@s, JorlI + Gs. Fre I (4.29)
where dT(jg, (@ ® @) Jr — Jr@o) is defined by
Ith

(AT (. (@6 ® @6)jr — jrB)W)™ =D Jr® @ (@5 ® Do) jr — jrie) @+ @ jpW™
=1

forn > 1, and
(AT (jr. (@5 @ @q)]r — jris)¥)” = 0.
Let us estimate commutators [®,, f(), r] and [@,, foo’ z]. Note that

(f(=iV)g)k) = 2m)™/? /Rd(ff)(S)g(k + s)ds, (4.30)

for f € C®(RY) and g € C>°(R?). Here F f denotes the Fourier transformation of f. Then

ILjo.x> @1 112

=(@n) f
R4

< Qo) IF jo )T UIV@ =/ RY? /Rd fRd(E>72dlf(k+E/R)I2dkdE

2

fRd(fjo)(S)(cba(k +&/R) — &y (k) f(k +&/R)dE| dk

2 —d
< ’;)2 ICF jo) Y I IV g I 1)~ 117, (4.31)

where (§) = /1 + £2. Thus

N » const.
ILjo.r> @s1ll = (4.32)
R
Similarly,
A . A . const.
I Lso,r> @1 ll = llljoo,g — 1. @c Il = R (4.33)
since jioo g — 1 € CX(R?). Thus it is seen that
Jim I(AGST(r) = TR Ho o )N + 17| = 0. (4.34)
Let us consider the second term of (4.28). It can be computed as
0., L (r) — T(r)gs
3
=Y 60, Uoo T (Ur) — T(R)bs 105
k=0
3
= > ¢ [(@o((1 = Jo.R)Pe) — ol rPa)) T (JR)] (4.35)
k=0

on Hsy. Here we write ¢o(f) and ¢oo(f) for ¢(f) ® 15 and 14 ® ¢(f), respectively. Note that
Jim [[(No + Noo + 172 [($0((1 = Jo.2)00) = boolfoe.rP0) FURD] (N + D72 =0, (4.36)
where No = N ® 15, and Noo = 1y ® N. Then by (4.34) and (4.35),
Jim ICAZT () = U AN + 172 = 0. (4.37)
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By Lemma IV.3, the integrand of (4.24) can be estimated as
19: 1@z — A2 HST(Jr) — T(r)Ho )z — Hy) ™' x2(H,)|
< 130 — A IEST Gr) — CURHDHN + D772 x
(N +1)°2(z — H)""N 4+ D72 (N + D> x|
|32X1(Z)|)

S (4.38)

< CII(AST(jr) — T'(jr)Hy (N + 1) (1 -

where C is a constant independent of z and R. From (4.37) and (4.38), the lemma follows.

Lemma IV.5: Let E, denote the ground state energy of H,. Let x € CX(R). Suppose that
supp x C (—o0, E, + 0/2). Then x(H,) is a compact operator. In particular, H, has a ground
state.

Proof: First, let us show that I‘(f& X (H,) is a compact operator. Since for each n € N,

. . - . . 1 . N
T(jg p)x(Hy) — Z L (NT (g ) x ()| < mIIF(J&R)Nx(Ha)II,

k=0

Yo 1{k}(N)F(f&R)X(I:IU) uniformly converges to F(f&R)X(ﬁU) as n goes to infinity. Then it
suffices to show that 1y,(N )F(f& X (H,) is compact. Note that

Ty = (K + )72 @ T'(j§ p)@T(@) + D71y (N)
is compact and
= ((K + D" ® dl'(@,)+ D'"?) x(H,)

is bounded. Thus the claim is obtained, since 1 ;(N)I'( jg R)x(ﬁ(,) = T1T,. Since suppy
C (=00, E, + 0/2), we see that

X (H) = (1 ® Po)x (H), (4.39)
where P is the projection from Fy, to the subspace spanned by the Fock vacuum. We also see that
(R (13 ® POT'(jr) = T3 »)- (4.40)

We can suppose x > 0. Then by Lemma IV.4 and (4.39),
x(Hy) =TGR TGr)x*(Hy)x 2 (Hy)
= T(Jr)* (I ® Po)x*(HEHT (jr)x "> (H,) + o(RY), (4.41)

where o(R") is a bounded operator converging to 0 as R — oo in the uniform norm. By Lemma
IV.4 again and (4.40),

X(Hy) = T(jr)* (1 ® POI'(jo)x (H5) + o(R)
= I'(jg ) x (Hy) + o(R"). (4.42)
Since F(fg’ r) x (H,) is a compact operator, x (H,) is also compact.
Lemma IV.6: H, has a ground state.

Proof: Let us consider the unitary operator (2.17) with X = L%({k|w(k) > o}) and
Y = L*({k|lw(k) < o'}). We denote Uy, y by U,. We see that

U, H, U =1 ®dT(@,) + H. ® 1, (4.43)
where

H, = K +dT(@liyw)z01) + P(Ps) (4.44)
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with the domain D(K) N DT (w1 {,@)>6))) N D(¢§). H is self-adjoint. Since H, has a ground
state by Lemma IV.5, H_ also has a ground state by Proposition V1.4 in Appendix. Since

U,H,U; =1®dl'(w,)+ H, ®1, (4.45)

and H has a ground state, H,, also has a ground state.

V. PROOF OF THE EXISTENCE OF A GROUND STATE
Let ®, be a normalized ground state of H,,.

Lemma V.1: (Pull-through formula) Suppose Hypotheses I1.1, I1.2, and I1.4. For almost every
k € R?, we have

Cl(k)@g = %(Ea - Ha - w(k))_lpa(k)Pl(¢a)<D6- (51)
Here

, dP
P'(x) = —— (). (5.2)

Proof: Since @, is a ground state of H,, for all f € CSO(RZ) and © € Hyp,
((Hy — E¢)®, a(f)®s) = ([d'(f), Hy — E;10, &)

= ((—a"'(wf) + %(ﬂa’ f)P’(¢a)) 0, CI%)
1

s 06) P (95) ) ©o 5.3
ﬁ(fp) (¢)> ) (5.3)

= (@), (—a(wf) +
follows. Since (5.3) is equal to
_ 1 _
/ Sf(E; — Hy — 0(k))O, a(k)Ps)dk = —f fk)(O, ps (k)P (o) Po)dk,  (5.4)
R¢ V2 Jr¢

it holds that for almost every k € RY,

1

(Es — Hy — 0(k))©, a(k)®,) = —=(0©, ps (k) P'(¢5) D). (5.5)
V2
Thus, a(k)®, € D(H, ) for almost every k and

1
E; — Hy — 0(k)a(k)®y = —=p, (k)P (¢ps) Py . 5.6
( (k))a(k) ﬁp()(dﬂ (5.6)
E, — H, — w(k) <0 for k #0. Then (E, — H, — w(k))™! exists for k # 0. Thus the lemma
follows. |

Lemma V.2: Suppose Hypotheses I1.1, I1.2, I1.4, and o' || p(1)| € Lz(RZ). Then, ®, € D(N'/?)
and

sup [|N'2®, || < oo. (5.7)

O<o<l

Proof: By Lemma V.1, it follows that

IN'20, | = A llat®, |2k
k

1
3 L I = Ho = o)™ G0 @), P
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IA

1
S I1P' (6% 11° /R NEs = Ho — (k)™ po ()| dk

A

c( sup E2 + 1) [+ | < oo (5.8)
1

O<o<
with a constant C. Thus the lemma follows.
Lemma V.3: Suppose Hypotheses 11.1, 1.2, 11.4, and I1.5. Then it holds that
|E, — E| € o(c®*). (5.9)

—3/4

Here o o(a3'*) converges to 0 as 0 — 0.

Proof: Let 0 < 0 < ¢’ < 1. Take a sequence {<I>{;}j?il C Hin, sSuch that
Jim (19, = @orll + | Ho (@5, = ®o1)])) = 0.
Since there exist constants C and C’ > 0, so that for all j and k € N,
lp2(®L, — ®E)| < Cll(@T(w) + (@2, — &Ll
< C(I(Hor + 1)(@L, — ®E)| + | P(do) (@2, — DL

< C'(Hy + 1)(®], — D5, (5.10)
it is seen that
lim [|¢2(®L, — o) =0 (5.11)
J—>00

by the closedness of ¢§. Note that sup,_, ., |E,| < oo by Corollary IV.2. Then by (5.11), it holds
that

(DL H,®L) — (L, He®))
E, — EZ liminf -
j=o0 7|2
= (92D, (7 — ¢2)P0r) + (92 Do, (97 — P2 Do)
+¢3{(¢o o, (7 — 92 Por) + (92 Por, (P — P )P}
+02{(¢n [OJN (¢0’ - ¢a/)q)a’) + (¢a’q><7” ((bcr - 470/)@0')}
+c1(Py, (¢0 - ¢U’)q)zr/)

Ps’ — Po Po
<C - = o’ — Mo e
<G (‘ NG + llo(por — o )II) (H«/E
X [[(dT (@) + Do ||
Po’ — Po

SQ(‘ NG

with constants C; and C,. Note that

+ ||wpa'||)

+ ||wpa||> (H%

+ llo(por — pa)”) ; (5.12)

Pa’(X,k)—Pa(x,k)‘ 13/4 0o (X, k) — po (x, k)
< 5.13
NER ) e
and

(k) (por(x, k) — po(x, k)| < 0o (k) (por(x, k) — po(x, k). (5.14)
Then by (5.12), it is obtained that

/ Po’ — Po
Ey — Ey < Co™/* <‘ = | e o = mu) : (5.15)
()
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Replacing o and o’, we have

Po’ — Po
4

|Ey — Eq| < Ca™/*
w3/

+ o (py — pa>||> : (5.16)

Taking 6’ — 0 on both sides of (5.16), we obtain (5.9), since /4| p(\)||, @'/*| p(")|| € LZ(]Rf).
Lemma V.4: Suppose Hypotheses I1.1, 11.2, 11.4, and I1.5. Then

. 1 RPN, L
(11_% ” ak)®, — E(E — H — o)™ p(k)P'(¢ps)Ps| dk =0. (5.17)
Proof: Applying the pull-through formula, Lemma V.1, we have
a(k)®s — %(E — H — (k)™ P(¢5) 05 (k) Dy
1
=——(E — H — o(k)) ' (pk) — po (k) P'($s) D
ﬁ( (k)™ (p(k) — po (k) P'(¢s)
1
+E ((Es — Hy — (k)™ — (E — H — 0(k))™") po (k) P'(¢p5) D (5.18)

First let us consider the first term of the right hand side of (5.18). By the bound ||¢" V| < C||(H
+ DWW, n=1,2,3, 4, we see that

/R E—H - w() ™ (pk) — ps (k) P ()P |I*dk

<o o = p)|* 1P @) P, > < C (Osup1 E2 + 1) lo o= o> (519

<0<

with some constant C. Since w~![|p(-)|| € L*(R¥), we obtain that
;ig}) i ICE — H — (k)™ (p(k) — po (K)) P ()P |I*dk = 0. (5.20)

Next, let us consider the second term of the right hand side of (5.18). We see that
(©, (Es — Hy — (k)™ —(E — H — 0(k))™") po (k) P () D)
=(E — E;) (E; — Hy — 0(k))"'©, (E — H — (k)" ps (k) P'(5) D)
+ (P )(Es — Hy — 0(k))™'©, (E — H — (k)™ po (k) P (5 ) D )
—((Es — Hy — 0(k))™'©, P(Q)(E — H — (k)" po (k) P'(¢5) Dy ) (5.21)
for all ® € H. It holds that
| (¢s(Es — Hy — w(k))™'®, (E — H — (k)™ po (k) P (5 ) D )
—((Es — Hy —0(k))™'0, ¢*(E — H — (k)™ p5 (k) P'(¢5) D5 ) |
= |(@;(Es — Hy — 0(k))™'®, (¢7 — ¢*NE — H — (k)" ps (k) P'(¢5)Ps)
+(@7 — ¢*NE; — Hy — 0(k))™'©, ¢*(E — H — (k)" ps (k) P'(¢h5) Do)

1
< C(lo™"(p = po)ll + llo(p — po)II) (1 + —2) llos 1 O], (5.22)
(k)

since

IdT (@) + 1)(E, — Hy — (k)" [, 1dT (@) + 1(E — H — (k)|

, 1
so(i+ s G

£1:6G:0 ¥20¢ Iudv |1



022102-17 Nelson model with a singular perturbation J. Math. Phys. 52, 022102 (2011)

where C and C’ are constants. Since © € H is arbitrary, in a similar way to (5.22), we can see that

I((E; — Hy — (k)™ — (E — H — 0(k))™")ps (k) P () Do |

1
< Clllo™"(p = po)ll + llw(p — po)ll + |E — E5 ) (1 + —2) llo (K|
w(k)

< Cyo¥ (1 + #) los (O] (5.24)
= (k)

for almost every k € R¢. Here we used (5.13) and (5.14), and C,, is given by
Co = o™ (0 = po)ll + 10 (0 = po)ll + 07 E — Eq|. (5.25)
Since 03/4|| po (k)|| < w(k)3/*| ps k)|, by (5.24), we see that
I((Ey — Hy — (k)™ = (E = H — &(k))™") ps (k) P'($5) D5 |

<G, <a)(k)3/4 + ) Il o (K1l (5.26)

w(k)5/4
Since |E — E,| = o(c*/*), we have

lin%) C, =0. 5.27)
Thus by (5.26) and (5.27), we obtain that

lim | I((E; — Hy — wk)™ = (E — H — (k)" )ps (k)P (¢s) P, |I°dk = 0. (5.28)
o—> ]R;(I
Then we complete the lemma.

Lemma V.5: Suppose Hypotheses 1I.1, 11.2, 114, and IL.5. Let F € C2®(RY) be such that
0< F(k) <1 for all k € R? and F(O)=1. We set Fgr = F(-/R) and Fr = Fr(Dy), where
Dy = —iVy. Then

[dT(1 — Fg)'? @, || = o(R) + o(c”). (5.29)

Here o(R°) is a real number converging to 0 as R — oo, and o(c’°) is a real number converging to
0Oaso — +0.

Proof: Since &, € D(N'/?), d, € D(dTI'(1 — FR)l/z). F(Dy)is defined as the bounded operator
on L?>(R%;’H) by

(F(D)W )™ (x, ki, - -+, ky) = F(DOW k), ki, -+, ky), 1 <, (5.30)

and (F(D)V (&) (x, ky, - -+, k,) = 0. Then
[dT(1 — Fg)'? @, |* = / (a(k)®q, (1 — F(Di/R))a(k)®,)dk. (5.31)

R{

By the Schwarz inequality and Lemma V.4, it is seen that

1/2
<INV, | ( fR Ja- F(Dk/R»a(k)@anzdk)

1/2
= [N @, | ( /1; N0 = F(Di/RE = H = (k)™ p(k) P'(¢5) @, ||2dk>

+o(c?). (5.32)
Let ©® € L2(RY; Hzy,) with compact support and 7 € L2(R¢; B(H)). Then it holds that
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/ (©)™, F(D)(T (k)¥)")dk
= Qn)™ / / / (F(&)O() e "9 (T (kyW)™) dsdEdk
= (2n)"4? / / ((FF)(s — b)©(s)™, (T (k)¥)™) dsdk

= (27)"? f (O(s)™, F(D)T)(s)¥ ™) ds. (5.33)

Here F denotes the Fourier transformation and F(Dy) is the bounded operator on L2(R4; B(H))
defined by

(F(D)T)(k) = )~ | (FF)(s)T(k + s)ds. (5.34)
R4

By (5.33), we have
F(D)(T (k)W) = (F(D)T)(k)W. (5.35)
Then by (5.32) and (5.35), we see that
4T (1 = Fr)' 2@, |

1/2
<C ( f (1 — F(Dy/R)YE — H — w(k))‘p(k>||2dk> + 0(a?). (5.36)
R!

Here C is a constant independent of o and R. By Lemma V.6 below, the proof is complete.
Lemma V.6: Lemma 3.1 of Ref. 9 Suppose Hypotheses 1.1, 1.2, and I1.4 and suppose also that
o eIl € L*(RY). Then it follows that

[R N —F(D/RE — H — () p(k)|1*dk = o(RY). (5.37)

Proof of Theorem 11.7: Since || ®,, || = 1, we can take a sequence {®,, }52, weakly converging
to some vector @ in H:

w- lim @, = ®. (5.38)

n—o00o

For all ® € H and z € C \ R, it holds that
(©,(Hy, —2)'®5,) = (0, (Eq, — 2)' @s,). (5.39)
Since H,, converges to H in the norm resolvent sense, we see that by (5.39) and Corollary IV.2
(©,(H—2"'®)=(0,(E—2)'®). (5.40)
Since © is an arbitrary vector in H, we have
H® =EQ. (541)

Thus & is a ground state of H, if and only if ® # 0. We suppose ® = 0. Take F € CSO(R" ) be such
that 0 < F < 1 and F(0) = 1. Since I'(Fr)1j0,21(N)1j0,2)(Hop) is a compact operator, we see that

nlggo IT(Er)110.0(N) 1101 (Ho)®s, || = O. (5.42)
Note that
I(1 = T(Er)W| < AT — Fr)'*W|| (5.43)

forall ¥ € DAI'(1 — FR)I/z). Then we see that by (5.43),
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@0, | < IT(FR)Po, || + (1 — T(FR) Dy, |
< IT(Ep)110.0(N)110.10(Ho)®s, || + (1 = 1p0.1(Ho)) D, ||

HIA = Lo (NP, [l + 1dT(1 = Fr)' /2@, |1 (5.44)
Since sup, (P, , NV, ) < oo and sup, (¥, , HyP,,) < 0o, we have
IEN((, 0o)®ull, | Ey (A, 00) @]l € O (5.45)
Here En(-) and Ep,(-) are the spectral measures of N and Hy, respectively. Thus we see that
Jm sup I = Lo (NN @Il = lim sup (L = T, (Ho) @yl = 0. (5.46)
By (5.42) and (5.46), for an arbitrary 0 < € < 1 we can take sufficiently large 0 < A, so that
1D, Il < 1110,10(N) 10,1y (HOT (Fp) o, || + 1T (1 — Fg)'/? g, || + €. (5.47)
Thus by (5.44) and (5.47),
limsup || Dy, || <€ < 1. (5.48)
n—>00

Since ®,, is a normalized vector in H, this is a contradiction. Therefore, & # 0 and then ® is a
ground state of H.

APPENDIX

Propositions VI.1-VL5 below are often used in this paper and are well known. Let X’ and ) be
Hilbert spaces.

Proposition VI.1: Lemmas 2.7 and 2.8 of Ref. 7 Let T : X — Y be a densely defined closable
operator and f € D(T). Then

(1)
N(T)a'(f) = a"(TH)I(T) (A1)
on Fin(D(T));
(2) If T is isometry, then
T(Ta(f) = a(T ) (T) (A2)
on Fin(D(T));
B) IfX =Yand f € D(T)N D(T*), then
[dT(T), a(f)] = —a(T*f) and [dT(T),a"(f)] =a'(Tf) (A3)
on Fp sn(D(T)).

Proposition VI.2: [2, Proposition 8-6 of Ref. 2] Let X = L*(R?).

(1) Let f be a function, such that 0 < f(k) < oo for almost every k. Then, ¥ € DT (f)'/?), if
and only if

/ f®)llak)W|*dk < oo
R4
and in this case,
Jar ) Por = [ rwlatow Pk "

holds. Moreover; if f € L*(RY) N L®(RY), it holds that

14T (f (D)W |* = fR > ((aty®)®, f(Di)alow)™) dk (AS)
d el
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forallV e D(dF(f(D))l/z). Here D = —iV and Dy is the differential operator with respect
to k.
(2) Let f € L’(RY), ® € Fo(L*(RY)), and ¥ € D(N'/?). Then

(@, a(HW) = /Rd FR)(D, alk)W)dk. (A6)

Proposition VI.3: [2, Proposition 4-24 of Ref. 2] and 7, Lemma 2.1 (i) of Ref. 7]

(1) Let T be a self-adjoint operator with ker T = {0}. Suppose f € D(T~'/?). Then for all ¥
DT (T)'?),

la(HHYI < IT~ 2 FIIIT(T) 2], (A7)

la*(HWI? < IT72FIPNdTT) 2O + | £ IR 1w (AB)

2) LetleZ,neN,and fi e X,i=1,---,n. Then
I(N + D'a*(fi) - a*(f)N + D772 < Co T I £l (A9)

Here a®(f) denotes a(f) or aT(f) and C, ; is a constant depending on n and l, but independent

of fi,i=1,---,n.
(3) Let T be a non-negative self-adjoint operator with ker T = {0}. Suppose that f, g € D(T)N
D(T~Y?). Then

la*(Hra* @l < (|72 £ +1TA1) (1772 + 1Tl) 1@T(T) + D (AL0)
for W € D(dT'(T)). Here C is a constant independent of T, f, g, and V.

Proposition VI.4: [2, Lemma 2-23, Corollary 2-27, Theorems 2-29, and 2-31 of Ref. 2] Let S
and T be non-negative self-adjoint operators in X and Y with cores Dy and D,, respectively. Then

(1) S®lyandly ®T are strongly commuting;

2) S®1y+1x QT is a self-adjoint operator and has a core D1&D,, where & denotes the
algebraic tensor product;

(3) [Itholds that forall W € D(S® 1y + 1+ ®T),

max{[|(S ® [y)¥[, [(1x @ HV[} = I(S® 1y + 1x @ THV|; (ALD)

(4) For a densely defined closable operator A, we denote the spectrum of A by o (A) and the point
spectrum by op(A), respectively. Then

o(S®1ly+1x®T)={A+ ulr € 0(S), u € o(T)} (A12)
and

op(S® Ly + 1y @ T) = {A + u|r € 0p(S), 1 € op(T)}. (A13)

Proposition VL5: [2, Theorem 4-55 of Ref. 2]
1
Ux yFo.in(X ® V) = Fo in(X)EFp in(Y) (A14)
and
Urya'(f ® Uy =a*(H @1+ 104" (A15)
holds on F, in(X)QFp. in(Y).
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(2) [2, Theorem 4-56 of Ref. 2] Let T and S be non-negative self-adjoint operators in X and ).
Then

Ux ydU(T ©@ YUy, =dT(T) @ 1 + 1 Q@ dI'(S). (Al6)
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