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ABSTRACT

We present the evidence that drift waves can develop into nonlinear breathers. The theoretical analysis predicts that drift waves with
secondary flow can excite the nonlinear breather through modulational instability. It is found that the simultaneous modulation of both
amplitude and phase is a relevant feature of breather excitation. These features are used to elucidate the excitation of drift breather in a linear
plasma experiment. The drift breathers are found to be excited frequently and intermittently. The transient increase in the transport flux is
also demonstrated. We argue that there exists a critical condition on the wave amplitude for breather excitation.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0122295

I. INTRODUCTION

A fascinating feature of turbulent plasmas is its tendency to self-
organize a rich variety of structures or patterns from turbulence. These
secondary patterns then determine the property of plasmas and play
important roles in magnetic field dynamo,"” plasma acceleration,’ etc.
Secondary patterns are also crucial for magnetic fusion, and it is now
well established that drift wave turbulence nonlinearly generates zonal
flows." ” Zonal flows in turn regulate underlying fluctuations and play
key roles in transition to the improved confinement.'’”'” While this is
the case that secondary structures play beneficial roles for confine-
ment, there is another class of secondary flows that deteriorate con-
finement."”"” For example, small-scale drift wave turbulence can
drive radially elongated large-scale flows or streamers.'” *' The excita-
tion of radially elongated structures recently gains increasing attention
due to their role in driving the edge collapse.”>”” The list of secondary
patterns explained here is not exhaustive and is indeed expanding.
Recent studies report the formation of E x B staircases,”"”” which may
be viewed as a sequence of multiple transport barriers. These studies
exemplify the nature of turbulent plasmas to excite various secondary
structures and the impact of secondary patterns on confinement.

Another typical example of nonlinear pattern formation is per-
haps given by nonlinear waves™ in the system. Nonlinearity allows the

accumulation of energy and steepens waves, while dispersion/dissipa-
tion provides stabilizing effects. The combination of the two processes
leads to the excitation of a rich variety of nonlinear waves and associ-
ated dynamics. For example, when these two effects are balanced, sta-
bly propagating solitons can form, as reported for fluids and
plasmas.””

An extreme case of nonlinear wave excitation may be illustrated
by breathers, or in particular, rogue waves.”"’! Here, a breather is
characterized by a transient increase in wave amplitude. When the
amplification exceeds the factor of 2, the breather is called a rogue
wave. The excitation of rogue wave is originally reported from ocean,
and its existence is confirmed in water tank experiment.’” The excita-
tion of rogue waves is not limited to ocean waves: Rogue waves are
very universal and excited for various systems (see Table I), such as
capillary waves”’ and optical fibers.”* Breathers are also reported for
plasmas including negative ions,”” dusts,” and/or quantum plas-
mas.”** Alfvén/Whistler waves are also predicted to develop into
breathers.”” Common ingredients for these different problems are the
nonlinear evolution of the envelope of dispersive underlying waves.
When the nonlinearity is strong enough, the envelope becomes modu-
lationally unstable, and the nonlinear breathers are excited. The excita-
tion of breathers is a consequence of the nonlinear evolution of
dispersive waves.
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TABLE I. The nonlinear evolution of various dispersive waves. The nonlinear interaction leads to the modulation of the wave envelope, and the dynamics is commonly described

by nonlinear Schrodinger equation.

Dispersive Surface wave Light Langmuir wave Drift wave
2 _ _ k 2 _ 2 292 DO
waves w* =gk W= i o’ = wy, (1 + 3k*/p) o= ey
Nonlinearity Surface elevation Medium response Ponderomotive force Reynolds stress
trer X /€(E) Ion acoustic coupling Large-scale flows pumped
Feedback Modulation NL refraction Refraction by modulated Shearing by flows
of sea surface Self-focusing Density field

Drift wave in magnetized plasmas is no exception for such a dis-
persive wave. Indeed, nonlinear waves are excited,”*”’ and more
recent works report the observation of solitary perturbation associated
with the sudden release of free energy in fusion plasmas.”>**" As dis-
cussed above, breathers/rogue waves may be excited due to the nonlin-
ear evolution of dispersive drift waves. The excitation of rogue waves
in fusion plasmas poses several challenges from confinement perspec-
tive. For example, since the transport flux is proportional to the square
of the amplitude, rogue waves may increase the flux by a factor of 4 or
so. More seriously, this enhancement happens transiently. This tran-
sient increase in the transport flux is undesirable from the engineering
point of view and may be a matter of concern for the heat load on
divertor."" Hence, it is an important issue to clarify whether rogue
waves are excited in magnetized plasmas, and if so, to develop a way
to predict its excitation and/or to regulate rogue waves in magnetized
plasmas.

The purpose of this work is to provide an evidence that drift
waves can nonlinearly develop into breathers (or rogue waves), which
we refer to as drift breathers. In doing so, a challenge is to distinguish
the contribution of breathers from other intermittent bursts in the
data. Previous works on breather excitation used theoretical waveform
to characterize the sudden increase in the amplitude. However, since
magnetically confined plasmas also exhibit wide variety of intermittent
bursts, such as avalanches,””** blobs,””*’ tongue events,’’ solitary
perturbation, and the pedestal collapse,”” amplitude alone may not be
sufficient to extract rogue wave excitation. A more stringent criterion
is necessary.

To address this issue, we first discuss relevant features of breath-
ers predicted from theory. As demonstrated for the ocean rogue waves,
nonlinear breathers are excited through modulational instability of the
underlying wave and its nonlinear evolution. A similar story can be
developed for the excitation of drift breathers, and their excitation is
formulated by nonlinear Schrodinger (NLS) equation. While the origi-
nal NLS has been derived for the description of Bose-Einstein conden-
sation, the model is applicable for the description of the nonlinear
evolution of dispersive waves (Table I). In fusion plasmas, NLS has
been applied to describe the excitation of flows.'®** " In this work, we
focus on the nonlinear stage of the modulational growth, which is
often analyzed by using exact solutions for NLS. Although several sol-
utions are cited from literatures (see Table IT) and used to characterize
the spatiotemporal dynamics of the nonlinear evolution, assumptions
behind their derivation are unclear, and thus, the physics associated
with each exact solution is obscured. By revisiting the derivation of the
exact solutions, we show that breather solutions are obtained under a
constraint on the real and imaginary part of the complex envelope of

waves. Physically, this leads to a unique behavior in the phase modula-
tion of the envelope. We argue that this phase evolution is an origin of
the transient behavior of nonlinear breathers.

While the model is a straightforward extension of the NLS story
for ocean rogue waves, a non-trivial part is to use this waveform to
detect drift breathers in experimental data. As reported from previous
studies on water tank experiments, surface rogue waves are experi-
mentally observed by analyzing amplitude evolution. In this work, we
provide a thorough evidence for breather excitation by using both
temporal and spatial data. This is made possible by a unique multi-
point measurement in a basic magnetized plasma experiment,
PANTA.””" Various intermittent fluctuations are excited in magne-
tized plasmas. We show that breather excitation can be extracted by
analyzing both amplitude and phase modulation. As a consequence of
the breather excitation, fluctuation amplitude transiently increases.
This leads to the transient amplification of transport flux. This is also
confirmed in data analysis. While we provide a case that drift breathers
are excited in magnetized plasmas, drift breathers are not always
excited. The condition for its excitation is also discussed.

The remaining of the paper is organized as follows. Section II
presents the theory of drift breather excitation. The excitation is for-
mulated using the modulational analysis. The nonlinear spatiotempo-
ral waveform is obtained. The predicted waveform is used to seek for
footprints of drift breather excitation in Sec. I11. Section [V is for the
conclusion and discussion.

II. THEORY FOR BREATHERS IN DRIFT WAVE SYSTEM
A. Model

Breathers are excited as a consequence of the nonlinear evolution
of underlying waves. To demonstrate this in magnetized plasmas, we
consider drift wave as a specific example. In a typical magnetized
plasma with the magnetic field in the z direction and with the density
gradient in the radial direction, the dynamics of drift waves may be
modeled by Hasegawa-Mima equation

Lo =N, 1)
L =0,(1-pIV7)+ v.0,, ()

N = —¢pz x V¥ - V(1 - p2V3)¢
—cp(z2 x V) - VN : (3)

Here, ¢ is the normalized potential for drift wave fluctuation (i.e.,
edp/T, — @), ¥ is the normalized potential for large-scale flows, and
N is the normalized density field associated with the large-scale flows.
s is the ion sound Larmor radius, c; is the ion sound speed, and v, is
the drift velocity. L denotes the direction perpendicular to the
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TABLE II. Nonlinear waves obtained in nonlinear Schrodinger equation. Key features and assumptions behind each solution are summarized. This work discusses the relevance
of the phase modulation in the breather excitation and provides an evidence of Akhmediev breather excitation in drift wave system.

Nonlinear Akhmediev breather Peregrine breather Kuznetsov-Ma Envelope soliton
solutions Eq. (28) Eq. (36) breather Eq. (42) Eq. (44)
Feature Localized in time Localized both in Localized in space Stable propagation
Periodic in space time and space Periodic in time Slight modulation
See Fig. 2 See Fig. 7 See Fig. 9 See Fig. 10
Key Eq. (22) A special case of Eq. (37) Propagating solution
assumptions Constraint on phase Akhmediev breather orv — ip Ay — at), 9y — cat)
— Phase modulation v—0
Observation Water tank,” optics,52 unmagnetized Water tank,”” opticss’1 See, e.g., Ref. 26
plasma’ (ion acoustic wave with nega- Plasma: TBD and references
tive ions)
Magnetized plasma (drift wave): this therein
work

magnetic field. To simplify the analysis below, we use a local coordi-
nate (x, ), which corresponds to (r,0), respectively. In this system,
the electron diamagnetic direction corresponds to the positive y direc-
tion. The left-hand side is the linear evolution of drift waves, while the
right-hand side represents the nonlinear evolution of drift waves due
to the coupling to the large-scale flows. Note that the linear analysis is
straightforward and the dispersion relation is obtained from
L(w,k) = 0, which gives

Wie
1+ 14 p2k2 “)
Here, w,, = kyv*e. The dispersion relation prescribes the typical wave
properties of drift waves, including the propagation in the electron dia-
magnetic direction, the group velocity, and the wave dispersion.

The nonlinear evolution of drift wave can be formulated by con-
sidering the envelope modulation. The detailed derivation is available
in the literature,"*****°” and here, we briefly outline the relevant steps.
We first write the wave field as

¢ _ Re(weik»xfiu)t)7 (5)

where ¢ is the normalized electrostatic potential, that is, e¢p/ T, — ¢,
and  is the complex envelope. The underlying drift waves nonlinearly
interact and introduce slow modulation. Here, the slow means

Vi< ¥
— | < < K|, (6)
which defines a small parameter for the expansion, that is,
VY| 0]
€~ ——— . (7)
ky| oyl

Using this parameter, we perform the reductive perturbation expan-
sion to obtain the hierarchy of the wave evolution. In this approach,
we expand the time and space as x —x+eX+--- and
t =t+eT + e*t + - - -. The time variable is expanded up to the sec-

0 0 N 0 o 0 n 0 b , 0 ®)

2L L e

X oot o
Thus, the slow evolution is described by X, T, and 7. The operator £
can be expanded in terms of e. The lowest order gives a dispersion
relation via L£o(w, k) = 0. The first-order equation is

0L, 0 oL, 0, _

0w 0T = Ok 8X
Since vy = (0Ly/0k)/(0Ly/0w), the first-order dynamics corre-
sponds to the propagation at the group velocity. This can be elimi-

nated by going to the moving frame. The nontrivial dynamics is
obtained at the second order, as

0L, 1 Po
<6w8 Zaké)k >l// N, ¥, N). (10)

&)

Here, the repeated indices are summed over #,j = X, Y. This equation
is closed by adding the evolution of the large-scale fields

(€0: — vy - V)VA Y
= 20704 [kuky (0 — 03) + (€ — D)o | wl*, (1)
(€d: —vg - V)N + v,.0y¥ = 0. (12)

These coupled equations describe the nonlinear evolution of dispersive
drift wave envelope due to the modulation induced by large-scale
fields. The set of equation can be further simplified by focusing on the
anisotropic modulation. If we consider a streamer as an example, this
corresponds to the larger modulation in the poloidal direction,
Oy > Ox. In such a case, the set of equation reduces to the 1D nonlin-
ear Schrodinger equation (NLS)

0 + 0%y + Bl = 0. (13)

Here, the term with the spatial derivative is related to the wave disper-
sion, and the coefficient is given by

109?
ond order to obtain a non-trivial evolution, as shown later. These lead = —a—kc; . (14)
to 2 y
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The nonlinear term is due to the coupling to the flows

202k, k¢,
ﬁzcskxu(lfvﬂ). (15)

Ugy Ugy

The dependence on k.k, is reminiscent of flow coupling through
the Reynolds stress, (¥.7,). Hereafter, the slow variable is written as
T — tand Y — y to simplify the notation.

NLS appears in the wide variety of the physical problems
(Table I). In each system, the nonlinear evolution of underlying disper-
sive waves is formulated. Due to the nonlinear interaction, the under-
lying waves introduce nonlinear evolution, which feedback onto the
original wave via modulation. The entire nonlinear evolution is mod-
eled as the nonlinear evolution of envelope of the wave, which is
described by the nonlinear Schrodinger equation. In plasmas, this
framework was first developed for Langmuir waves, with coupling to
ion acoustic waves via the ponderomotive force.”' Ton acoustic waves
in turn modulated density field and Langmuir waves are refracted in
this case. This leads to the nonlinear evolution of Langmuir envelope.
A similar story can be developed in fusion plasmas.'**** In this case,
drift waves nonlinearly exert Reynolds stress to drive larger-scale shear
flows. The flows then modulate underlying drift waves by shearing,
and the resulting nonlinear evolution of drift wave envelope is formu-
lated in terms of NLS.

NLS can be used to formulate the pumping of large-scale flows
by drift waves through modulational instability. We first note that a
uniform solution can be found in NLS, y = A, exp (ifA3t). This cor-
responds to the nonlinear phase shift of the underlying waves.
Perturbing this homogeneous solution, we can obtain the dispersion
relation for the modulation as

Q= o?q* — 20pALL. (16)

Here, Q and q are the frequency and the wave number of the modula-
tion, respectively. The modulation becomes unstable when off > 0.
The growth rate is maximum at g = A} /«, with the growth rate
given by 2, = B*A}. The perturbed amplitude grows, and inhomo-
geneous wave field develops. As a consequence, the modulated drift
waves exert Reynolds stress to drive large-scale flows. Alternatively,
modulational instability can be viewed as an energy spread of the
pump wave in the wave number space.”® The energy stored in the
pump wave is modulated and can be transferred to sidebands. Since
modulational instability induces the energy spread in the spectral
space, this leads to the condensation of the energy in the real space.
The pumping of large-scale flows via underlying waves is also con-
firmed in experiments by bi-spectrum analysis.”*"*

Here, let us note that the modulational instability in plasmas is
also discussed in the context of the quasi-Chaplygin media, which cov-
ers wide range of so-called negative compressible type phenomena.”
In the cited work, the modulation of Langmuir wave is also modeled
by NLS. The nonlinear stage of the modulational instability is also
studied, which covers the formation of stably propagating solitons and
the collapse in the three-dimensional case. In a related vein, we note
that the nonlinear stage of the modulational instability may be mod-
eled via shock wave-like structures.”’ Unlike these works, here we
describe a transient feature of the nonlinear evolution of the modula-
tional instability of drift waves via the excitation of a nonlinear
breather. This point is elaborated in Sec. II B.

scitation.org/journal/php

B. Drift breather solution

The envelope of the drift waves can accumulate in space via mod-
ulational instability. The fate of this process can be described by the
nonlinear analysis of NLS. In order to characterize the entire nonlinear
evolution of the wave envelope, here we discuss the nonlinear, non-
perturbative analysis of NLS. In this section, we obtain a so-called
breather solution of NLS. As explained in detail later, a breather is a
nonlinear wave that exhibits transient increase in the wave amplitude.
Unlike the linear wave whose energy is uniformly distributed over the
space and time, the nonlinear breather is characterized by the local
accumulation of the energy. This is often caused by modulational
instability. Interestingly, this accumulated energy is radiated again,
and the entire process appears as a transient increase in the wave
energy. Through this entire process, the wave looks as if they breathe;
hence, the name follows. Mathematically, the breather solution is
obtained without assuming propagating solutions in the form of
A(x — vt), etc. Thus, breather solutions are different from stably prop-
agating solitons.

Before starting a detailed analysis, let us summarize some features
that the solution of NLS should satisfy, even in the nonlinear regime.
First, we note that by setting t — —¢, NLS reads

—i0p(—t) + 2T (—1) + B (=) Y(=t) =0.  (17)

On the other hand, taking the complex conjugate of NLS gives

—i0)” () + 2P (8) + Bl (D" (1) = 0. (18)

For these two equations to be satisfied for arbitrary ¢, we need to have
W(—t) = " (¢). For example, the homogeneous solution discussed
above, 1/ = Ay exp (ifA3t), satisfies this property. This gives an inter-
esting property of the nonlinear evolution described by NLS. To show
this, we note another important property of NLS, namely, the conser-
vation of wave energy. This can be easily derived, and the result is

ayI* + 0, =o0. (19)
Here, the flux ] is given by
J = ia(Yo, " — o) = 20Re(ifO ™). (20)

Using y(—t) = y*(t), we have J(—t) = —J(¢). Thus, the flux is
odd in time and flips its sign at the late stage of evolution. As
depicted in Fig. 1, this implies that even when the wave energy ini-
tially grows, this accumulated energy will be radiated away eventu-
ally. The entire process may be viewed as a transient excitation of
the localized wave energy. Thus, very generally, we expect that the
nonlinear behavior described by NLS leads to a breathing nonlin-
ear oscillation in time. We note that there is an exception for this.
This property may not hold for the case of wave collapse.”’ In this
case, once modulational instability is triggered, the wave energy
grows and leads to a finite time singularity. At this point, a differ-
ent physics comes into play to cause a dissipation at small scales,
etc. The dynamics may not be long enough for the flux to flip sign.
For the case of 1D NLS, the collapse does not occur, and instead,
breathing oscillation will be excited, as shown below. We finally
note that J(0) = 0 since J(¢) is odd in time. This implies that the
wave energy reaches a maximum value at t=0.
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t<0

J>0 J<0

J<0

aVAVAV,

A nonlinear solution to NLS can be found exactly. To show this,
we write Yy = Ag exp (ifA%t)(u + iv) where u(t, y) and w(t, y) are real.
Then, NLS reduces to

Ot + 0y — Ay + PAS (W2 + VP )v =0,
Oy — ocaju + BAZu — BAY (WP + v*)u = 0.

(21a)
(21b)

Note that u(—t) = u(t) and v(—t) = —v(¢), which are required from
W(—t) = (). Note also that linearizing these equations via u =
1+ du and v = Jv yields the dispersion relation discussed above.
Several exact solutions are known to exist for Eqs. (21a) and (21b).
Among others, here we focus on the solution periodic in space, which
is compatible with the boundary condition for drift waves, nonlinear
envelopes, and experiments. The solution can be obtained by
assuming

v V2 —

Vzt h(pAiat)
= an g
u+1 v omrh

(22)

where ¢ = vv/2 — 12, This relation sets a constraint on the evolution
of the real part and the imaginary part of the wave envelope. In this
sense, the solution obtained in this manner has a characteristic feature
in the phase evolution. This point will be elaborated later. v is a param-
eter to characterize the form of the nonlinear solution. The existence of
the solution requires ? < 2. Substituting this relation, we have

Ou + ﬂAg%tanh(ﬁAéat)(u +D)(u+1-12) =0. (23)
1%
This can be integrated to give
v2cosh(BA3at)
=1 24
" cosh(BAZat) — C(y)’ 24)
osinh(BAZat) (25)

"7 cosh(fA2at) — C(y)’

where C(y) is a integration constant independent of time. C(y) is deter-
mined by substituting these expressions into the original equations.
After straightforward algebra, we obtain

20 . 207,
Thus, we have
o2
C= ﬁcos (Ky), (27)
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t>0

]
]

i
i
!
g

AN

>0

FIG. 1. Typical behavior of flux at t < 0 and
t>0. Even when the flux converges and
the energy accumulates in space at t<0,
the direction of the flux is inverted and the
accumulated energy is redistributed.

where K = v/fiA3 /o is the amplitude-dependent wave number of
the envelope. The periodic boundary condition requires K2rr = 27p,
where p is an integer. This constraint gives the parameter v in terms of
physical variables, such as the wave amplitude, dispersiveness, and
nonlinear coefficient. Then, the nonlinear spatiotemporal pattern of
the envelope, also known as the Akhmediev breather, is given by

U(ty) = At
. <ﬂvzcosh(ﬁAéw) + iv2osinh(pAfot) 1)- (28)

V/2cosh(BA3at) — /2 — 12 cos (Ky)

The solution exists only for 1* < 2. Thus, the nonlinear wave can be
excited only when

2,2
20pA2 > % (29)
Note that the above condition is consistent with the excitation condi-
tion for the modulational instability. Thus, when the modulational
instability is triggered, the nonlinear solution exists. It is then likely
that modulationally unstable wave would evolve into the nonlinear
wave described by Eq. (28).

The excitation of the nonlinear wave leads to the amplification of
the background wave amplitude. As discussed above, this maximum
value will be at = 0. In this case, the wave amplitude is amplified as

Y(t=0y) Va2 . (30)

Ao V2 —V2—12cos (Ky)
This also gives the location for the maximum amplitude, which is at
cos (Ky) = 1. Depending on the system size and plasma parameters,
modulations grow at multiple locations in space. At these locations,
the amplification factor is given as

VBRI VI P
ieviei

For0 < 12 < 2,F, ranges from 1 to 3. For the special case of F4 > 2,
the nonlinear wave is called a rogue or freak wave. In principle, rogue
waves can increase the transport flux by the factor ranging from 4 to 9.
Even for the amplification below that of rogue waves, transport flux
may be doubled in fusion plasmas. In this sense, while the excitation
of rogue waves is a serious concern for fusion plasmas, even mild
breather will have a visible impact on the transport flux. In this work,
we use a general name of breather, or a drift breather to indicate the
transient increase in wave energy described by Eq. (28), including the
case of rogue waves.
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FIG. 2. The spatial-temporal landscape of the wave energy in the wave frame (a)
and in the laboratory frame (b). The amplification of the wave energy is localized in
space. In the laboratory frame, the condensation appears at each spatial location
and each event propagates at the group velocity.

The spatiotemporal behavior described by Eq. (28) is illustrated
here. Normalized coordinates are used as Ky — y, A2t — t,
/Ay — . v = 0.5 is used as a typical example. This gives the ampli-
fication factor F4 = 2.87, or in terms of the wave energy F? = 8.24.
The spatiotemporal landscape of the wave energy surface is given in
Fig. 2. The wave energy accumulates at three locations. At each location,
the wave energy grows and then disappears. Since NLS is formulated in
the wave frame, the pattern in the laboratory frame is also shown in
Fig. 2(b). In the laboratory frame, the excitation is along the trajectory
of the wave propagating at the group velocity. This pattern in the labo-
ratory frame is later used to compare against other nonlinear waves
excited in the system.

We can have a closer look at the wave evolution by slicing
the landscape [Fig. 2(a)]. We start by describing the temporal
evolution at fixed spatial points, as shown in Fig. 3. The wave
envelope is initially uniform, and the modulation starts growing.
Then, the wave energy enters the nonlinear stage of the evolu-
tion. At this stage, the wave energy saturates at a maximum value

ARTICLE scitation.org/journal/php

FIG. 3. The time evolution of the energy at fixed spatial points. The amplification of
the wave energy (at y=0) is made possible by accumulating energy from other
spatial locations (y = —3.12) via modulational instability. The spatial averaged
energy is conserved during the entire evolution.

and then decays. Thus, the excitation of the nonlinear wave is
localized in time and appears as a transient event. In this excita-
tion process, the energy needs to be conserved. The wave enve-
lope at y =0 grows by condensing energy from other locations.
For example, the energy at y = —3.12 is depleted, as shown in
red. This is a typical symptom of the modulational growth. The
total energy integrated over the space, | dy||*, is conserved dur-
ing the entire evolution, as indicated by the yellow curve.

The dynamics of the spatial pattern is shown in Figs. 4(a) and
4(b). Here, the case with three growing locations is shown. At the ini-
tial stage, the wave envelope is slightly modulated [the blue curve in
Fig. 4(a)] and grows (the red and yellow curves) through modulational
instability. Here, the growth happens at the three different spatial loca-
tions. The condensation of the wave energy discussed above is clearly
shown. At the later stage, the growth saturates and decays subse-
quently [Fig. 4(b)]. Interestingly, we note that when the amplitude
reaches the maximum, the wave energy is depleted to zero at some
locations. It appears that no more energy is available for the growth at
this point and the modulational growth stops. Once the wave energy
attains the maximum value, the energy condensed at each location is
redistributed.

Having discussed the spatiotemporal behavior of the breather
energy, we now turn to the analysis of the energy flux associated with
the excitation of breather oscillation. In the case discussed here, the
flux can be calculated as

J= 2\/§A(2)aca\/2 — 12K
" sin (Ky)sinh(cA3t)
(v/2cosh(BA2at) — V2 — V2 cos (Ky))*

The flux is explicitly odd in time. The typical behavior is plotted in Fig.
5. For t < 0, the flux converges into several points (y = 0, =6.28). The
wave energy accumulates in these points and grows. This is consistent
with the spatial evolution discussed in Fig. 4(a). The flux becomes zero
at t=0, and the wave energy reaches maximum. At the later stage

(32)
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FIG. 4. The spatial pattern of the nonlinear breather. The wave energy is con-
densed via Modulational instability at three locations in this example. Once the
energy reaches the maximum value at t=0, the energy is redistributed over the
space.

(t > 0), the flux has diverging pattern. Spatially condensed wave energy
is then distributed over the space, which is consistent with Fig. 4(b).

The excitation of drift breather leads to the transient increase in
the amplitude, as discussed above. This amplification reaches up to 3
and may be visible in the time series. While this is one aspect of drift
breathers, another important feature is that the drift breather excita-
tion involves the modulation of phase as well Writing
W = Aexp (i), NLS reduces to the coupled nonlinear PDE for ampli-
tude and phase as

OA + 200,00,A + 2Ad}) = 0, (33a)
ADy) — PA® — 0D} A + 0A(9,0)° = 0. (33b)

The amplitude and phase are related to the function u and v intro-
duced above via

A= AgVu? + v, (34a)
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FIG. 5. The spatial pattern of the energy flux associated with the breather excita-
tion. At t < 0, the flux has a converging pattern, and hence, the wave energy grows.
When the wave energy reaches the maximum at { =0, the flux is zero and inverted
att>0. Att>0, the energy flux has a diverging pattern and the condensed energy
decays.

tan () — BA2t) = g (34b)

The phase of the envelope indeed provides several kinds of useful
information. For example, the inhomogeneous phase field drives the
wave energy flux as

] = 20A%9,9. (35)

Since 0,A is small at the location with the maximum amplitude, the
phase curvature determines whether the location acts as a source or
sink of the wave energy, that is, @,] o 8)%19. Note also that the flip of
the energy flux is due to the phase evolution. This leaves a direct foot-
print in the time series. As an illustration, we consider the modulated
drift wave with the frequency of the carrier 5 times faster than the
envelope. The entire time evolution, including the phase of the carrier
and the envelope, is shown in Fig. 6. The amplitude modulation is
quite visible. At the same time, the phase of the oscillation is also mod-
ulated. For the reference, the underlying harmonic oscillation is
depicted in red. The time series oscillates in phase initially. After the
excitation of the drift breather, the phase of the time series is shifted.
The simultaneous modulation of the envelope amplitude and phase is
a useful footprint of drift breather excitation. This feature may be used
to distinguish the excitation of drift breathers from other intermittent
bursts in fusion plasmas. We provide the evidence of the simultaneous
modulation in experiments later.

C. Other candidates for breather excitation

We have described the excitation of nonlinear breathers by using
an exact solution for NLS, Eq. (28). Other exact solutions can be
obtained, and here, for completeness we discuss some examples that are
used for the study of breather excitation in water tank experiment, etc.

We first introduce the Peregrine breather solution.”” This is
indeed a special class of Akhmediev breather solution discussed above.
By taking v — 0, Eq. (28) reduces to
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FIG. 6. The temporal evolution of the time series, including the carrier and the
envelope. Here, the carrier frequency is taken as the 5 times of that of the enve-
lope. The breather excitation is clear in the amplitude. The modulation of the phase
is also visible, as shown as the shift between the total and the reference.

4(1 + 2ipAZt) 3
1+ 2B A2 + 243 (B/o)y? 1)' (36)

\p()h t) N AoeiﬁAét (

The energy landscape is given in Fig. 7. Here, the same normalization
is used. The Peregrine breather is localized both in time and space.
The amplification factor is given by 3. The excitation of Peregrine
breather is reported for surface waves of fluids and observed in water
tank experiments.””

Another unique nonlinear breather is derived by Kuznetsov and
Ma.” This solution can be obtained by assuming

VKM p 2
==t Aspt 37
ud 112 an (BAgpt), (37)

where p = uy/2 + p?. This also corresponds to the case with v = iy,
where v is the parameter introduced for Akhmediev breathers. In this
case, Egs. (21a) and (21b) reduce to

Orugm + ﬁAéﬁtan (BAGpt) (uxar + 14 1%) (ugn + 1) = 0. (38)

This can be integrated to give

o cos(BAZpt)

Ugpm = —1, 39a
K= () — cos (BAZp) (39
sin (A2t
KM = . 39b
UM =P Con(y) — cos (BAZpt) (3%0)
Cka(p) is an integration constant and needs to satisfy
242, 20 )
7 CKM _ ﬂA—gpz (ayCKM) = 1, (40)
which gives
Cxm = \/_Lzﬂcosh(Kyy), (41)
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FIG. 7. The spatiotemporal landscape of the wave energy for Peregrine breathers.
The excitation is localized both in time and space.

where K,, = p1\/ A} /0. Then, the nonlinear envelope is obtained as

w(y, t) _ Aoei/fA(z,t
o (Y242 cos (BASpt) + iv2psin (BAZpt) | 42)
/2 + 12cosh(K,y) — v/2 cos (BA3pt) .

and the associated flux is given by

Jin = 2V 20A%p/ 12 + 2K,
" sinh(K,y) sin (BA}pt)
(/2 + 12cosh(K,y) — v/2 cos (BA2pt))*

The typical spatiotemporal behavior is plotted in Fig. 8. The same nor-
malization is used as before, and p = 0.7 is used. Here, we see the
accumulation of energy in space at around t = —5, 0, 5. This is due to
the accumulation of the flux, as shown in Fig. 8(b). Unlike Akhmediev
breathers, this solution is localized in space, and the amplification
repeats in time. As shown in the landscape (Fig. 9), this amplification

(43)
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FIG. 8. The contour for the wave energy (a) and the energy flux (b) for
Kuznetsov-Ma breathers. The flux accumulates in space, and this leads to the
amplification of the energy. The events are localized in space and repeated in time.

propagates at the group velocity. This nonlinear wave may be viewed
as a special case of stably propagating soliton, although its amplitude
oscillates in time.

As discussed here, several nonlinear waves can be excited in the
framework of NLS (Table IT). Given their different nature, these waves
can be an origin of a rich variety of nonlinear evolution of plasmas. To
elaborate this point, let us consider the nonlinear dynamics of excited
patterns. Initially, the nonlinear interaction leads to the condensation
of energy to pump large-scale structures. What would be a fate of this
energy? One scenario is a realization of nonlinearly saturated, steady
state. This may be achieved, for example, by the balance between the
nonlinear driving force and stabilizing effect from wave dispersiveness.
In this state, stably propagating soliton would be excited. More
dynamical response is also possible. One case would be the oscillatory
behavior, as exemplified by the Kuznetsov-Ma breathers.
Accumulated energy is redistributed, and this process repeats in time.
This is somewhat analogous to the predator—prey oscillation reported

scitation.org/journal/php
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FIG. 9. The spatial~temporal landscape of the wave energy in the wave frame (a)
and the laboratory frame (b). Kuznetsov-Ma breathers propagate at the group
velocity. While propagating, the nonlinear wave “breathes” and changes its ampli-
tude several times.

from drift wave-zonal flow system. Finally, a very unique nonlinear
evolution is provided by the excitation of Akhmediev (and Peregrine)
breathers. In this case, the excitation is localized in time and appears
as a one-off event. The excitation of Akhmediev breather gives rise to
a transient behavior of plasmas. In the rest of this work, we focus on
this last example and provide an experimental evidence for its
excitation.

D. Drift breathers in physical coordinates

In this work, we use the theoretical waveform [Eq. (28)] to iden-
tify breather excitation in experiments. To do so, here we describe how
the wave appears for actual experimental parameters. We first note
that the breather solution is obtained in the wave frame moving at the
group velocity. The pattern in the laboratory frame is then recovered
by setting y — y — v,t, where vy, = 0w /0k, is the group velocity of
drift wave. We also note that the coordinates used for reductive pertur-
bation are those for slow evolution, and the original coordinates are
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recovered by setting y — ey and t — €*t, where € is a small parameter.
€ is typically on the order of normalized fluctuation amplitude. As an
example, we consider a case of basic experiment, such as linear magne-
tized plasma experiment (PANTA). In these plasmas,
o, ~ lem, w,./(2n) ~ 1 — 10kHz, the poloidal mode number
m=2-=3,n/ny~02—0.3, etc. For representative values on
PANTA, we have the coefficients for NLS as o = —10.1 m?/s and
p=-7.7x10° /s. Note that this is a modulationally unstable case,
ofp > 0. The spatiotemporal energy landscape is given in Fig. 10(a). In
this case, the accumulation of the wave energy appears at one location
in space. The excitation event propagates in the positive azimuthal
direction, which corresponds to the electron diamagnetic direction, at
the group velocity. This behavior is quite distinctive as compared to
the stably propagating envelope soliton, Fig. 10(b). Here, the envelope
soliton solution is obtained by seeking for steadily propagating solu-
tion of the form of A(y — ¢;t) and 0(y — c,t). Integrating NLS,” we
have

(a) |

WP

0.2

0.1

FIG. 10. The energy surface for typical parameters in basic experiments for
breather (a) and for envelope soliton (b).

scitation.org/journal/php

l// = Aodn (Ao\/;ﬁ;(y —( t), k>

2
X exp {i(;—;y+ (g( 2+b2)—i—;)t)] (44)

Here, dn is Jacobi elliptic function, a and b are the maximum and the
minimum amplitude of the envelope, and k* =1 — b?/a’. For
b — 0, dn(...) — 1/cosh(...), thus the well-known bright soliton
solution”® is recovered. Using the same parameters for Fig. 10(a), we
have a typical spatiotemporal pattern of envelope soliton, as shown in
Fig. 10(b). As compared to breather, the modulation amplitude is
modest. The modulation also stably propagates. The propagation
velocity ¢; can be determined from the periodic boundary condition in
the space, which leads to ¢; = vg + 20/L,. The propagation speed is
different from that of breathers and can be even opposite to the group
velocity, as is the case for the parameters chosen here. In this case,
while the carrier drift wave propagates in the electron diamagnetic
direction, the envelope soliton propagates in the ion diamagnetic
direction. A similar behavior is reported in experiments."* Envelope
solitons and breathers have very different features.

The temporal evolution of breather, including the contribution
from the carrier oscillation, is shown in Fig. 11. Here, the modulation
of the phase is also shown as a shift from the reference oscillation. The
excitation of the breather leaves a footprint in the phase evolution, as
indicated in red. The simultaneous modulation of amplitude and
phase is visible for realistic experimental parameters, and we provide
experimental evidence in Sec. I11.

lll. SEARCHING BREATHERS IN EXPERIMENT

In this section, we provide experimental evidence that drift waves
can nonlinearly develop into breathers. Data are taken from the linear
magnetized plasma experiment, PANTA.”™® Figure 12(a) provides a
schematic view of the device. In PANTA, cylindrical plasmas are pro-
duced by the Helicon source at frequency of 7 MHz. The RF power
can be varied as 1-6 kW. The magnetic field is in the z direction, and
the strength is B = 300-1500 G. The discharge condition for the data
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FIG. 11. The time evolution of the amplitude (blue) and the phase (red). The refer-
ence (dashed line) oscillation without modulation is also plotted.
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FIG. 12. Experimental setup and typical data in PANTA.

used in this work is as follows: RF power is 3kW, B = 900 G, and the
working gas is argon. In this condition, typical plasma parameters are
as follows: the plasma radius ~5 cm, the plasma length ~4 m, the cen-
tral density n ~ 10" m—>, and the temperature T, ~ 3 eV, respec-
tively. In this condition, the density gradient builds up and drives drift
waves unstable. Multiple probes are installed to obtain fluctuation
data. In particular, a 64-channel probe array is installed at
z = 1.875 m, with 64 probes azimuthally aligned at r = 4 cm. The 64
probes provide the ion saturation current I;; and the floating potential
Vr sequentially. Figure 12(b) depicts a typical data obtained by the 64
channel probe. We seek for the breather excitation in these data. Note
that this provides a unique environment to seek for the breather exci-
tation in both spatial and temporal data. The flux associated with
breather excitation can be also evaluated by using ion saturation cur-
rent and floating potential. To complement the data obtained in the
previous work, we use the probe shifted by 180° for a reference.

We start by searching drift breather in spatial data. Figure 13
describes a snapshot of spatial pattern. Here, the predicted waveform
is given in blue, and the snapshot of experimental data is given in red.
The 2 cases are shown for poor (Expl) and good (Exp2) agreement,

FIG. 13. Comparison of the spatial pattern. Correlation between the spatial patterns
from theory and experiment is used to quantify the excitation.

respectively. More quantitatively, we can calculate the correlation
between the theory and experiment

J(d0/2n)¢(0, t = 0)(0,1)
\/J(dE)/Zn)q&Z(G, t=0) \/ J(d()/m)fi(@, ) '

Here, ¢ is the theoretical waveform (including both envelope and car-
rier) and I, is the fluctuating component of ion saturation current
(Iis = Iis — (Iis), — (Iis)g + ((Iis) ), where (--+), , is the time average
and the azimuthal average, respectively, and ((---)),, is the average
over both time and azimuthal direction.). This correlation quantifies
how the two spatial patterns resemble with each other. For the
case shown in Fig. 13, C(t) = 0.8051 for the good agreement and
C(t) = 0.0052 is for the poor case. In this work, we consider C(t) >
0.7 as a meaningful correlation.

A similar spatial pattern as breather can be detected by calculat-
ing the correlation. By repeating this for a given set of time series, we
can analyze how often the similar pattern is excited in the experiment.
Figure 14 describes the time series used for the analysis and how often
the similar spatial pattern is excited. The normalized ion saturation
current, I;;/((Ii)) ,» is plotted for the time window of 60 ms, which
corresponds to 6000 data points. The bottom graph shows the excita-
tion index, which is calculated to be 1 for C(¢) > 0.7 and 0 otherwise.
The vertical line corresponds to the timing when the similar spatial
pattern is detected. The excitation is randomly distributed, and thus,

c() = (45)
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FIG. 14. Timings of the breather-like events detected via the spatial pattern matching.
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the pattern is not due to the periodic propagation of a stable pattern.
There is an interval with frequent excitation, which corresponds to the
dense region, for example, around ¢t = 25 ms, and a quiescent interval
with scarce excitation (e.g., around t = 10,50 ms). In total, we have
detected 352 events.

The above analysis is based on the spatial pattern of the theoreti-
cal waveform and experimental data. More direct evidence of breather
excitation can be found in the dynamical evolution of the wave pat-
tern. To show the case of breather excitation in the time series, we
average the time series by taking the timings of the spatial matching as
a clock. Namely, when C(t) > 0.7, we take this time as an origin, f,.
By defining the time window —At/2 < t — ty < At/2, we correct the
data within this window and average the corrected data over the exci-
tation events. The result is shown in Fig. 15. Here, At = 1.2 ms.
Figure 15(a) shows the spatial pattern averaged over the entire excita-
tion events. The time evolution is given in Fig. 15(b). As discussed
above, breather excitation leaves a footprint in the phase evolution as
well. Evidence of this phase modulation is given in Fig. 15(c). While
the compared data do not match exactly, theoretical prediction and
experimental data do not contradict with each other. By providing the
comparison from several aspects, our results are indicative of the exci-
tation of drift breathers in actual experimental data.

We can evaluate more detailed features of drift breathers. While
the normalized ion saturation current is used to demonstrate the exci-
tation of drift breathers, we can also use floating potential to character-
ize breather dynamics. In PANTA, floating potential is measured by
the probes adjacent to the probe for ion saturation current. By averag-
ing floating potential data simultaneously, we can evaluate breather
excitation with both the ion saturation current and floating potential,
as shown in Fig. 16. Here, the normalized ion saturation current
I/ {(Iis)), and the normalized floating potential eV /T, are plotted.
The minus (plus) refers to the position in the negative (positive) azi-
muthal direction from the position for the I;; probe. First, we note that
the ion saturation current and the floating potential exhibit a similar
evolution. In terms of amplitude, the root mean square of the normal-
ized ion saturation current is 0.14, while that for the normalized float-
ing potential is 0.17. The amplitude is comparable, and hence, the
density response is close to Boltzmann response. This is a typical fea-
ture of drift waves, and this feature also holds at the nonlinear stage
that involves the excitation of breather. We also note that while the
phase of the envelope of each quantity is modulated in a similar man-
ner, there exists a finite relative phase shift between them. This gives
rise to particle flux, as shown in Fig. 17. The radial particle flux is eval-
uated from T, = (¥,71) oc (Eg1). The density fluctuation is obtained
from the fluctuating ion saturation current, and the fluctuating azi-
muthal electric field is calculated from the difference between the float-
ing potentials measured by the tips adjacent to the tip that is
measuring the ion saturation current. The flux associated with the
breather event (breather flux) is calculated by averaging the instanta-
neous flux over the excitation events. For comparison, we calculate the
ordinary averaged flux (total flux) by averaging over the time and azi-
muthal direction. As shown in Fig. 17, we see that the flux is amplified
during the breather excitation. The breather flux transiently exceeds
the total flux, and the amplification factor can reach up to the factor
of 6.

While this work presents evidence that drift breathers can be
excited, this does not mean drift breathers are always excited. There
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FIG. 15. Comparison between theory and experiment for amplitude and phase.
Here, the evolution is averaged over the excitation events.

are cases that drift wave does not develop into breathers and other
nonlinear structures are excited. For example, we could not find a
meaningful correlation for the data used in the reference.'* The condi-
tion for the excitation may be related to the existence condition of the
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FIG. 17. Flux associated with breather event.

nonlinear waveform, 2 < 2. Rewriting this in terms of physical
parameters, the condition is given by

a K
Ao > \/%75. (46)

Thus, the background oscillation of drift wave needs to be strong
enough to exceed the critical value, which is determined by the compe-
tition between the nonlinearity and the dispersiveness of drift waves.
Using typical values for the data used in this paper, we find that
A =0.29. Since the typical amplitude of the fluctuation data is on
the order of Ay ~ 0.2-0.3, the condition can be satisfied and the exci-
tation of drift breathers is likely. On the other hand, if we use the value
from,"" we find A,;=0.93. This is too large to be overcome, and
indeed, we could not find a meaningful correlation in such a case.
These are consistent with the above condition, and thus, the drift

scitation.org/journal/php

breather excitation is likely when the background drift wave amplitude
is large enough.

IV. CONCLUSION AND DISCUSSION

In conclusion, this paper presents evidence for drift waves that
can nonlinearly develop into breathers, as reported from ocean and
optics. Its excitation is formulated by modulational analysis, which
describes the excitation of breathers via nonlinear Schrodinger equa-
tion (NLS) for envelope. The exact nonlinear solutions for NLS are
obtained and describe the various transient excitations of nonlinear
breathers. While the wave envelope grows via modulational instability,
this growth terminates and the accumulated wave energy is spatially
redistributed. This is a general consequence of the nonlinear time evo-
lution for 1D NLS without collapse and the sign of the wave energy
flux flips at the later stage of the nonlinear evolution. The entire
dynamics can be viewed as a transient increase in the wave amplitude.
The amplification ranges from 1 to 3. While the breather excitation is
often sought for in the amplitude modulation, the phase of the enve-
lope is modulated. The simultaneous modulation of the amplitude and
phase is used as evidence for the breather excitation in experimental
data. In this work, the excitation of drift breathers is confirmed in the
data obtained from the linear magnetized plasma experiment,
PANTA. The spatial pattern was used as an indicator for the excitation
of a similar pattern, and the excitation is quantified by calculating the
correlation between the theoretical spatial pattern and the experimen-
tally observed pattern by the multi-point probe measurement. A simi-
lar pattern randomly appears, and we have detected 352 events in
6000 data points (60 ms). By averaging over this, we have extracted
the typical time evolution for the wave amplitude and the phase. The
results indicate the excitation of drift breathers. Once excited, drift
breather transiently increases the transport flux. The excitation of drift
breather is likely when the existence condition for the nonlinear wave-
form is satisfied.

While this work discusses the excitation of drift breathers, there
are aspects that the present study does not address. In this work, we
have demonstrated the excitation of drift breathers by using Eq. (28).
NLS, however, admits other nonlinear solutions such as Eq. (42).
Super-rogue waves with even higher amplitude are also reported.”
The excitation of other types of nonlinear drift breathers [e.g., Eq.
(42)] may be possible, and this will be analyzed by using the different
spatiotemporal pattern for calculating the correlation between the the-
oretical waveform and experimental data. Here, the selection rule, that
is, why one solution is selected over the others, will be also studied. We
also note that application to fusion problems awaits further studies.
Although we have briefly discussed the impact of breather excitation
on transport flux, more studies are of course required. For example,
the transient feature of the breather excitation is amenable to the inter-
mittent feature of fusion turbulence.””** This point will be elaborated
further in the future. Breather excitation may be also related to the
sudden release of stored free energy.””*”* Detailed studies that
address the relevance of breathers as compared to other mechanisms
based on MHD instabilities will be discussed elsewhere. Finally, the
feedback of the excitation of drift breather on the background plasmas
is also an important issue. In experiments, while the excitation of
breathers relaxes the background density profile, the profile builds up
due to the finite plasma source. The profile dynamics feeds back to the
original model through coefficients. The simultaneous evolution of the
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wave amplitude and the background density profile may be formu-
lated in a similar manner that is developed for the front propagation.”
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