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THE HIGH FREQUENCY SPECTRUM OF WIND­

GENERATED WAVES* 

Hisashi MITSUY Asu** and Tadao HON.DA*** 

The high frequency part (10 Hz---..,.,50 Hz) of the one-dimensional wave 
spectrum was measured in a wind-wave channel under accurately controlled 
conditions. The results are compared with the spectral forms for the 
capillary range that have been proposed recently by PIERSON and ST ACY 
(1973) and TOBA (1973). In a general sense, fairly good agreement is 
found between the present results and those of PIERSON and STACY 
(1973) and of TOBA (1973). The spectrum in the capillary range is clearly 
wind speed dependent, and the spectral density in that range increases 
with increasing wind speed. 

However, closer examination shows systematic deviations of the present 
results from those previously proposed, particularly for high speed winds. 

1. Introduction 

The energy of ocean waves is distributed continuously with regard 
to various frequencies and also various directions. Therefore, ocean waves 
can be described by the two dimensional wave spectrum. Although a great 
many studies have been done on the one-dimensional frequency spectrum of 
the ocean waves, many of them, were concerned with the dominant part 
of the wave spectrum which is in the gravity wave range (NEUMANN 1 >, 
PIERSON and MOSKOWITZ 2

\ BRETSCHNEIDER 3 >, MITSUYASU 4>). This 
is due to the fact that most of the wave energy concentrates in the dominant 
part of the spectrum with a relatively narrow frequency range where the 
gravitational acceleration, g, is a main controlling factor. 

However, the high frequency part of the ocean wave spectrum, which 
is almost in the gravity-capillary range and the capillary range, is also 
important for various problems, though the spectral energy in these range 
is relatively small. For examples, the high frequency wave spectrum has 
an important role in the following problems; 1) water surface roughness 
(MUNK 5>), 2) momentum transfer from the wind to the wave (LONGUET­
HIGGINS 6>), 3) nonlinear interactions among gravity-capillary waves (MC­
GOLDRICK 1 >, VALENZUELA and LAING 8>), 4) backscatter of electro­
magnetic waves from the sea surface (PIERSON, et al 9>, PIERSON and 

*This paper was originally presented in Journal of the Oceanographical Society of 
Japan Vol. 30, 1974. Some data are added at this time. 
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328 H. MITSUYASU and T. HONDL 

STACY 10>). 
In spite qf '1:he increasing need for accurate informatiGn on -high frequency 

wave spectra, reliable da:ta are very. few except for the slope spectra of 
laboratory wind waves measured· by COX a, an~ several pioneering studies 
(PIERSON and STACY 10>, TOBA 12>). In a recent paper, PIERSON and 
ST ACY proposed a spectral form for very wide frequency ranges using a wide 
variet of reports and data sources. They also showed that the capillary 
range of the wave spectrum is strongly wind speed dependent and that there 
is no equilibrium capillary range, at least for winds up to 30 m/s. Independ­
ently; TOBA also proposed a high frequency wave spectrum which gives 
freqtiertcy and wina speed dependentes as u*f-4, where f is the frequency of 
the spectral component and u* is th,e friction velocity of the wind. Although 
the results of these studies were very ·imp~rtant for shedding light on the 
high frequency wave spectrum, their data of the wind-generated waves were 
unfortunately .not necessarily best for a study of high frequency part of the 
wave spectrum. That is, the frequency response of the wave recording 
systems was not clearly checked, and the frequency .ranges of the measured 
wave spectra did not cover suffidentiy high frequenci&. 

The present study is designed mainly to clarify the high frequency part 
of the one-dimensional spectrum of wind-generated waves, where the effect 
of the surface tension becomes increasingly dominant. Therefore, the 
frequency response of the wave recording _system was carefully checked first, 
and one-dimensional frequency spectra of wind waves _generated in a labora­
tory_ tank were meas_ured under various controlled conditions 

· ~- . : Equipment and techniques 

· ' 2. 1 Wind-'wave· ehannel 

Wind waves were generated in a wind-wave channel, S<.hematically shown 
in fig'. 1. The channel consists -of a wind blower section: a glass-enclosed 
test rSection and an -exhaust section. The inside dimensionr of the test 
section are 60 cm wide, 80 cm high and 8. 51 m long· At the wind-blower 
side of the channel a transition plate with· artificial roughness was inserted to 
.thick~n ,the. bo1:1:ndary layer of the air flow above the water surface The 

~VE , GE··":, ! RANS IT I O ~ p LA TE 

~ 

_ 1. , ., u T .L"' "T i Lu 7 i u -'r I u_NIT IN 

5 3 2 1 

Fig. 1 General scheme of the wind-wave facility. 
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wave generator and the transition plate at the exhaust section have no rela­
tion to the present experiment; Five wave gauges were installed .at measu-a. 
ring stations No. 1, No. 2, No. 3, No. 5, and No. 7. The corresponding fetch 
of each station is as follows: 

Station No. 1 . 2 --3 .. 5 7 
_ Fetch F (cm) -_105 225 345 -585 825 

A standard Pi tot-static tube was set 20 cm above the transition plate at the 
wind-blower side to monitor the reference wind speed in the channel. - The 
wind speed measured by this Pitot-static tube will be refered as the reference 
wind speed Ur, which corresponds approximately to the mean wind speed in 
the test section. The following five wind speeds were used in the experiment: 

Ur: 5, 7.5, 10, 12.5, 15.:m/s 

The water depth was set to be 38 cm before the start of the measurem~nt. 
Wind-generated waves propagated in the test section growing gradually. and 
were absorbed by wave filters at the_ exhaust section. 

2. 2 Wave measuring techniques 

Wind-generated waves were measured by resistance-type wave gauges 
of two different kinds. One was a single platinum wire with a diameter 
0.1 mm, and the other was two parallel platinum wires wJt,h the same dia­
meter and 2 mm separation.. Because the linear range of the calibration 
curve was not as wide for the wave gauges of the single-wire type, they 
were used at stations No.1, No. 2, and No. 3, where the wave heights were 
relatively small. The wave gauges of the parallel-wire type had a sufficienty 

1---- 3 9cm ------i 
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48cm 

45cm 

Strain Gage 

Strain Meter 

Wave Recorder 

Oscillator 

Photocorder 
l------..i Y.E,W.2915 

Fig. 2 Schematic diagram for the measurements of response of 
wave gauges. 
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wide range for linear calibration curve, and they were used at the stations 
No. 5, and No. 7. As electronic circuits for the wave gauges, a 6 channel 
dynamic strain meter of a standard type, which consists of bridge circuits, 
an oscillator (5 KHz), carrier amplifiers and discriminator, was used. 

Since the high frequency part of wind-generated waves was being studied, 
the frequency response of the wave gauge must be uniform up to sufficiently 
high frequencies. The frequency response of the wave gauge was tested by 
using the calibration setup shown schematically in Fig. 2. 

Fig. 3 shows the frequency response of the wave gauges. It can be 
seen from the results shown in Fig. 3. that the amplitude response factor is 
approximately unity up to 40 Hz for the parallel-wire wave gauge and up to 
80 Hz for the single-wire wave gauge. The small peak of the response of 
the parallel wire at near 30 Hz is considered, from the time history of the 
recorded signal, to be due to the oscillation of a mass of water that climbed 
up between the probe wires because of surface tension effects. 

As a prewhitening technique for the measurement of the high frequency 
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Fig. 3 Amplitude response factors of the wave gauges. 
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Fig. 4 Differentiation circuit. 
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wave spectrum, the electronic differentiation circuit shown in Fig. 4 was used. 
The differentiation circuit is also convenient for visualizing the tiny ripples 
superimposed on the dominant wind waves, because as will be shown later 
in Fig. 10, it amplifies greatly the high frequency components of the wind 
waves. Low-pass filters with cut-off frequency 56 Hz were used to eliminate 
the noise related to the power source at 60 Hz. 

Examples of the frequency response of the differentiation circuit combined 
with low-pass filters are shown in Fig. 5. 
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Fig. 5 Calibration of the differentiation circuit. 

In a frequency range below the cut-off frequecy the differentiations are 
shown to be almost complete. 

2. 3 Experimental procedures 

Fig. 6 shows the general scheme for the measuring system. Waves 
were measured simultaneously at the five stations. The outputs of the wave 
gauges at the stations No. 1, No. 2 and No. 3 were sent respectively to the 
differentiation circuits to obtain the vertical velocity, iJ(t), and vertical 
acceleration, fJ(t), which were recorded simultaneously with the surface 
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,·-·-· St.ati~n No.i·-·-·-·-·-·------·---·---------- -.~----. 

I ==----, (fc=56Hz) r;,:-,,;c===== (fc=56Hz) T) t . I I Probe Wave Low-Pass Differentiator Low-Pas~ Differentiator . ( ) 
1-----·Recorder _____ Filter ______ . Filter - (t) ! 
I __ Station No.2 _____ ---------.~Fj-l_~)_J 
L __ Station No .. 3 ______ . 

Station No,s 
Wave 
Recorder 
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Wave 
Recorder 

Differential 
Pressure 
Transducer 

Fig. 6 General scheme of measuring system. 

elevation, n(t). In order to monitor the wind speed during the wave mea­
surement, the Pitot-static tube shown in Fig. 1 was connected to the dynamic 
strain meter through a differential-pressure transducer, and an electronic 
signal which was proportional to the dynamic pressure pUr2 /2 was recorded. 
All signals were recorded simultaneously on a 14-channel data recorder and 
were monitored by means of two chart recorders; one is 8-channel and the 
other is 6-channel. 

The wind speed was changed stepwise from O to Ur=I5 m/s as shown in 
Fig. 7, and the wind-generated waves were measured continuously during 
this course. Therefore, the wave record included both the transition parts 
that occurred a little after the time when the wind speed changed to the 
next speed and the statistically stationary parts that were caused when the 
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Fig. 7 Time history of the wind speed in the wind~wave channel. 
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wind of constant speed continued to blow. The wave gauges were carefully 
calibrated before and after the wave measurement. 

Experimental conditions monitored before and after the measurements 
are as follows; 

Air temperature Ta; 14. 0------13. 0°C 
Water temperature Tw; ll.0°C 
Atmospheric pressure Pa; 765. 7------764. 0 mmHg 
Water depth d; 38. 5,...__,37. 8 cm*> 

2. 4 Spectal analysis of the wave data 

The wave data recorded on the magnetic tape were reproduced and 
digitized by using a high speed A-to-D converter ( DAT AC-500). The 
spectral analysis of the data was done on a FACOM 270-20 computer using a 
standard program based on fast Fouier transform procedures. 

In the analysis, only the wave data corresponding to the statistically 
stationary parts were used. A stationary part of the wave record, 102. 4 sec 
long, was picked from 10 minut long wave record corresponding to each 
wind speed, and it was divided into segments (samples). The spectral 
analysis was done using the wave data from each segment of 10. 24 sec long 
(data points 2048). Fig. 8a shows an example of raw spectra. Then, mean 

lQl.,.----~---,---,----------r--,-,~~-~---,--~~~ 

: ~ {f) 
lo nL 1} , / I / I I I / / / / I I I I 

E(cM2•sEC) I Iii 1111 

10~10 0 10 l 

f {Hz) 
10 2 

Fig. 8a Raw spectrum of one sample of wave data. 
(F=585 cm, Ur=12. 5 m/s) 

*Slight decrease of the water depth was found after the experiment. This is due to 
the fact that a small amount of water was blown out of the tank by the high speed 
wind. 
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was taken by using ten sample of the raw wave spectra corresponding to 
each experimental condition. An example of the mean spectrum is shown 
in Fig. 8b. Finally, the following average was computed for the mean 
spectrum; 
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three line moving average; /=0"-'10 Hz, 
eleven line moving average; f = lO"-' 100 Hz. 

In the high frequency region of the spectrum, the change of the spectral 
density is relatively smooth except for irregular zigzag form due to the sta­
tistical errors. Therefore, the width of the spectral filter ( the number of 
the spectral lines for moving average) was increased as compared with that 
used for the low frequency range. An example of the spectra finally obtained 
is shown in Fig. 8c. 

The conditions relating to the data analysis are summarized as follows: 
Sampling frequency; 200 Hz 
Nyquist frequency; 100 Hz 
Data length (per one sampl); 
Data point (per one sample); 
Number of sample; 10 samples 

10. 24 sec 
2048 

Spectral analysis; FFT method 
Spectral filter; moving average of successive three line spectra for 

the frequency range /=0"-'10 Hz, moving average 
of successive eleven line spectra for the frequency 
range f = 10 Hz""' 100 Hz. 

Equivalent degrees of freedom; k=?60 for f =0"-'10 Hz, k--;-220 for 
f = 10...__, 100 Hz. 

I 00 c-------------------

Z(cm) -50 
Ur- · 

F•345 cm 

7.5 10.0 15.0 

10 

U Cm/sec) 

0 2 4 6 8 10 12 14 16 

Fig. 9 Wind profiles over the water surface. (F=345 cm) 
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3. Results of the preliminary analysis 

3.1 Wind profiles 

The wind profiles at the wave measuring stations were measured for 
each reference wind speed, Ur, by using a standard Pitot-static tube and a 
Gottingen type manom tere. In almost every cases, the wind profiles near 
the air-water interface were found to follow a logarithmic distribution 

U(z)=~ln~ 
IC z0 ' 

(1) 

where U(z) is the wind velocity at an elevation, z, over the mean water 
level, u* is the friction velocity of the wind at the surface, IC is the von 
Karman constant, and z 0 is the roughness parameter. As examples, the 

Table-1 Wind data 

Urm/s I Station [ F cm / u* cm/s [ u* cm/s [ z0 cm [ U10 m/s [ r 2
10 

5.0 1 105 14.9 14.9 2. 24x 10-4 5. 7 6. 85x 10-4 

2 225 22.2 18.5 2. 40x 10-3 7.2 9. 59x 10-4 

3 345 21. 6 19.6 2. 94x 10-3 6.9 9. 9lx 10-4 

5 585 21. 6 20.l 3. 05x 10-3 6.8 9. 97x 10-4 

7 825 25.9 21.2 1. 47x 10-2 7.2 1. 29x 10-3 

7.5 1 105 29.4 29.4 l.19x 10-3 10.0 8.63x 10-4 

2 225 34.3 31. 8 4. 79x 10-3 10.5 1. 07x 10-3 

3 345 44.9 36.2 2. 97x 10-2 11. 7 1. 48x 10-3 

5 585 49.6 39.5 4. 28x 10-2 12.5 1. 59x 10-3 

7 825 50.5 41. 7 7. 49x 10-2 12.0 1. 77x 10-3 

10.0 1 105 36.9 36.9 4. 07X 10-5 12.9 8.16x 10-4 

2 225 51. 2 44.0 1. 06 X 10-2 14. 7 1. 22x 10-3 

3 345 66.9 51. 7 4. 95x 10-2 16.6 1. 63x 10-3 

5 585 64.5 54.9 3. 99x 10-2 16.3 1. 56x 10-3 
-

7 825 66.9 57.3 4.19x 10-2 16.8 1. 58x 10-3 

12.5 1 105 47.8 47.8 1. 67 X 10-3 15.9 9. 05x 10-4 

2 225 64.2 56.0 1. 53x 10-2 17.8 1. 3lx 10-3 

3 345 77.1 63.0 4. 41x 10-2 19.3 1. 59x 10-3 

5 585 80.9 67.5 5. 33x 10-2 19.9 1. 66x 10-3 

7 825 83.5 70. 7 7. 50x 10-2 19.8 1. 78x 10-3 

15.0 1 105 79.6 79.6 1. 08x10-2 22.7 1. 23 X 10-3 

2 225 109.0 94.3 8. 76x 15-2 25.4 1. 84x 10-3 

3 345 126.4 105.0 1. 63x 10-1 27.5 2. llx 10-3 

5 585 157.2 118.0 3. 83x 10-1 30.9 2. 59x 10-3 

7 825 179.6 130.4 6.15 X 10-1 33.2 2. 93x 10-3 
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measured wind profiles a t sta tion No. 3 (F=345 cm) for fi ve reference wind 
speeds, Ur = 5, 7. 5, 10, 12. 5, and 15 m/sec, are shown in Fig. 9. 

The friction velocity u* and the roughness parameter z O were determined 
by fitting the logarithmic distribution (1) to the measured wind profiles . 
The measured values of u* and z 0 are summarized in Table- 1, where u* is 

.:: 

1 • , ·, T ~' I ; r;--~lTl!7 ··i'rr'7" : ,:- --:-r- , . 
. ,wi ..... 1-- 1-N4!!1\ rl! ~,r~- _, :-~~, ,, 

1 ti , I . ., ~ 
1 

f , --j\ :' i
1

:t· n·:-
1
: .:j.j.,: : l ~ 

1
• j:-:-. · ·· ~:i• i:!. i 111 i. c-> !. I i 

- . . - I . I . . I ' I • : i I ; . - -·---····· _· ;_'._!_ ~ LL I 

Fig. 10 Wave records n (t ), ~ (t) and ;j(t). 
(F = 105 cm, 225 cm, Ur= lO m/ s) 
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the mean value of the local friction velocities which were measured at the 
stations within a fetch. For example, u* at the station No. 3 is the mean 
value of the friction velocities measured at the stations No. 1, No. 2 and 
No. 3. In Table-1, U10 is the wind speed at z=lO m which is estimated 
from the logarithmic distribution of the wind, and r 10 is the drag coefficient 
of the water surface, i.e, r10 =u*2/ U1/. 

3. 2 The differentiated wave signals 

Fig. 10 shows a part of the wave record monitored on the chart recor­
der, which contains records of the surface elevation tJ(t), its single differen­
tiation, 1/(t), and its double differentiation, f;(t) at station No. 1 (F = 105 cm) 
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and those at station No. 2 (F=225 cm) respectively for a reference wind 
speed, Ur=lO m/s. It can be seen from Fig. 10 that the high frequency 
ripples superimposed on the dominant waves are greatly amplified in iJ(t) 
and even more in ii(t). Fig. 11 [(a), (b) and (c)] shows the surface 
elevation spectra, rf>~(f); the vertical surface velocity spectra, rf>,(f) and the 
vertical surface acceleration spectra, </>,(/). It shoud be mentioned that, in 
Fig. 11, the rapid decrease of the spectral densities of <1>;(f) and rf>,(/) in 
the frequency rage />50 Hz is due to the effect of the low-pass filters and 
not the sharp cut-off due to the viscous effects (COX 11>). 

For ideal conditions, where the differentiations are performed perfectly 
and the spectral computations contain no errors, the following relationships 
are satisfied. 

<l>i I) =</>,U) I (21t/) 2 

~(f) =rf>,(f) I (211:/) 4 

(2) 

(3) 

In order to check equations (2) and (3), the measured spectra, rf>,(f), <1>;(/) 
and</>,(/) are compared in Fig.11 (d) where r/>1 =</>,(/)/(211:/) 2 and <f>a=r/>,(/) 
/(211:f)'. As can be seen from Fig. 10 (d), equations (2) and (3) are 
satisfied almost perfectly execept for slight differences in the high frequency 
range and in the low frequency range. Therefore, discussion of the high 
frequency wave spectra will be based only on the spectral data for <J>~(f) in 
this report. 

3. 3 · Growth of the wave spectrum 

Figs. 12a and 12b show the series of change of the one-dimensional wave 
spectrum at fetches of 345 cm and 825 cm when the wind speed was changed 
respectively for Ur: 5 m/sec~15 m/sec. The following characteristics can 
be seen clearly from the figures; (1) the successive increase of the total 
spectral energy, (2) a shift of the frequency of the spectral maximum toward 
lower frequencies, and (3) a remarkable increase of the specral energy in 
some high frequency region. 

In a previous study, MITSUY ASU 3> proposed the following relations for 
the growth of the dominant part of the wave spectrum using the wind and 
wave data measured in a wave tank and in a bay: 

..; E =l. 31 X 10(.F)0•504' 

i.,.=l. OO(F)-o.aao, 

where..; E is the dimensionless wave energy 

..; E =g../ E /u 2*, 

E= J:¢(/) df 

(4) 

(5) 

(6) 

(7) 
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Fig. 12a Growth of the wave spectrum with wind speed. 
(F=345cm, Ur=5, 7.5, 10, 12.5, 15m/sec) 
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Fig. 12b Growth of the wave spectrum with wind speed. 
(F=825 cm, U,.=5, 7. 5, 10, 12. 5, 15 m/sec) 
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ft is the dimensionless fetch 

F=gF/u*2
, 

and j m is the dimensionless frequency of the spectral maximum 

[m=U*fm/g, 

341 

(8) 

(9) 

In the above relations, u*, the mean value of the local friction velocities, 
is used instead of the local friction velocity u*. This was done for the fol­
lowing reason. As previously shown in Table-1, the local friction velocity, 
u*, changed with fetch, and the use of the local friction velocity in the fetch 
graph increased the scatter of the data. 

Recently almost the same relations were obtained by the wave observa­
tions in the North Sea (HASSELMANN, et al 14 l). 

In order to verify the relations (4) and (5) by using the present data of 
laboratory wind waves, those dimensionless quantities and their interrela­
tions were determined as shown in Fig. 13a and Fig. 13b. It can be seen 
from these figures that the present data on ✓ E, im and F satisfy quite 
well relations (4) and (5), though several points for ✓ E are inconsistent 
with relation (4). The data for ✓ E enclosed by the dot-dash line, which 
disagree with relation (4), correspond to the wave spectra measured at a 
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very short fetch (F=105 cm) and those measured for the low-speed wind 
( Ur=5 m/s). Such spectra may be considered to be a kind of undeveloped 
(unsaturated) spectra., Therefore, it can be said that fully developed spectra 
of fetch-limited wind waves follow quite well the relataions (4) and (5), 
but undeveloped spectra do not neccessarily follow relation (4). Relation (5) 
seems to be satisfied even in the undeveloped wave spectra. 

The growth characteristics of the wave spectra at the high frequency 
region (/: 10~50 Hz) will be discussed separately in the next section. 
In Fig. 12, the complicated zigzag forms of the spectra at the very high 
frequency range (/>60 Hz), are considered to be due to electronic noise. 

Since the low pass filters were not used in the measuring circuit for 
r;(t), as seen in Fig. 6, the noise which was mainly due to the power supply 
with a frequeney 60 Hz, might be induced in the electronic circuit. 

4. Growth of the high frequency spectra of wind-generated waves. 

As already shown in Fig. 12a and 12b, spectral density for high frequency 
region increases remarkably with increasing wind speed. The existence of 
such a strongly wind speed dependent region in the high frequency wave 
spectrum was discussed recently by PIERSON and ST ACY10>. They proposed 
a wave number spectrum of fully developed ocean waves, S(k), which consists 
of the following five regions; 
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1) the gravity wave-gravity equilibrium spectral range. 

S1 (k) =4. 05 x 10-3k-3exp [-0. 74 g 2 /{U19,5(u*) }4k2
], 

for 0<k<k1 ( =k2U*m2 /u*2). 

2) the Ki taigorodskii spectral range 

Sz(k) =4. 05 X 10-3k1-V2k-5
/

2, 
for k1<k<kzC-;~0. 359). 

3) the Leykin-Rosenberg spectral range 

S 3 (k) =4. 05 x 10-3 D(u*)k3 -Pk- 3+P, 
for k2<k<k3 (~0. 942). 

4) the capillary spectral range 

S4 (k) =4. 05 x 10-3D(u*)k-3
, 

for k3<k<k,. 

5) the Cox viscous cut-off region 

S 5 (k) =l. 473 x 10-4u*3km6k-9, 
for k,<k<oo. 

(10) 

(11) 

(12) 

(14) 

(14) 

where U19 , 5 (u*) is the wind speed at 19. 5 m for the friction velocity u*, u*m 
=12cm/sec. km=(gfr)V2 =3.63(r=a/pw; a is the surface tension and Pw is 
the density of water), 

D(u*) = (1. 247 +0. 0268u*+6. 03 X 10-5u*2
)

2
, 

P=log1o{D(u*) I (u*/u*m) }/log10 (k3/ k2), 

k,=0. 5756u*V2{D(u*) }-V5km. 

(15) 

(16) 

(17) 

The wave spectrum in the first range S1 (k) is essentially the spectrum 
proposed by PIERSON and MOSKOWITZ, the high frequency part of which 
tends to the Phillips equilibrium form (PHILLIPS 15 >) 

S1 (k) =4. 05 x 10-3k- 3 (18) 

The wave spectrum in the fourth range S4 (k) is strongly wind speed depen­
dent and the second and third ranges can be considered to be the spectral 
range that connect the first range and the fourth range. The fifth range 
was determined from slope spectra measured by COX 11>. 

In order to compare our measured spectra with those proposed by Pierson 
and Stacy measured frequency spectra ¢(/) were transformed into the wave 
number spectra S(k) by using the relations 

d(J) 
S(k)dk=¢((J)(k)) · dkdk (19) 
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(20) 

and by assuming the dispersion relationship 

(21) 

where cv( =2n:f) is the angular frequency. 
Fig. 14 (a) shows several examples of our measured wave number spectra 

normalized in the form 

(22) 

It can be seen from Fig. 14 (a) that there exists a wave number range (k> l) 
where the normalized spectra show roughly a constant value irrespective of 
the wave number k and that this constant value increases with increasing 
wind speed. Although these results are considered to support the spectral 
form (13) proposed by PIERSON and STACY for the capillary spectral range, 
closer examination of our present data shows that the normalized spectra are 
not actually constant with respect to wave number, k. They depend, in some 
cases, on k; that is, H(k, u,,:) decreases slightly with increasing k for the 
cases of low wind speed, H(k, u*) shows approximately a constant value for 
certain wind speeds, and beyond that wind speed H(k, u*) increases with k. 
The increasing rate is greater for higher wind speed. These characteristics 
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Fig. 14 Normalized wave spectra H(k; u*) and H(k); (a) F =825 cm, 
Ur=5, 7. 5, 10, 12. 5, 15 m/ sec, (b) F=825 cm, Ur=5 m/ sec, 
(c) F=825_cm, Ur=lO m/ sec, (d) F=825 cm, Ur=15 m/ sec. 
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can be seen more clearly in Fig. 14 (b), (c) and (d) which show typical 
graphs of H(k, u*) selected from those shown in Fig. 14 (a). 

These facts show that the spectral form (13) is not strictly satisfied for 
the capillary spectrum. In this connection, it should be noted that our 
measured spectra were frequency spectra instead of wave number spectra, 
and the latter were obtained from the former by using the dispersion rela­
tionship (21). If the dispersion relationship is slightly different from (21), 
say due to a drift current, da>/dk changes and thus the form of S(k) be­
comes slightly different from the present results. However, this problem will 
not be discussed further at this time, because we have no information on the 
properties of the drift current and its effects on the dispersion relationship. 

In order to determine the new form of D(u*) in (13) from the present 
data by neglecting tentatively the trend in H(k, u*), mentioned adove, the 
quantity D(u*) was computed as 

l Ike D(u*) k _ 3k' H(k, u*) dk, 
c m 3k'm 

(23) 

345 

where 3km' is a wave number corresponding to the frequency, 3lm, and kc 
is the wave number corresponding to the cut-off frequency le which was 
taken tentatively as 50 Hz for the data at stations No. 1, No. 2, and No. 3 
and as 40 Hz for the data at stations No. 5 and No. 7. These cut-off fre­
quencies were selected as the upper limits of the frequency ranges where 
the amplitude response factors of the wave gauges are almost unity and also 
the effects of noise are negligible. The wave number 3km' was selected as 
the lower limit of integration, because the non-linear effects of the frequency 
components near the frequency of the spectral maximum Im produced a 
secondary and tertiary peaks of the spectrum near frequencies, 21 m and 
3lm, and they introduced some difficulties for the accurate determination of 
D(u*). Therefore, the frequency range 3lm<I <le was selected so that the 
spectral density in that range could not be affected by such nonlinear effects. 
Accrding to PIERSON and ST ACY the capillary spectral range was defined 
as 

k 3 ( =0. 92)<k<k,. (24) 

Within a range of our presnt data, 3km' was always greater than ka(=0. 92). 
The value of k, estimated from (17) was greater than kc for every cases 
Ur> 10 m/s, but it was a little smaller than kc for some cases Ur<7. 5 m/s. 
However, sharp fall of the spectrum was not found even in the latter cases. 
Therefore, the wave number range (23) is considered to be well included in 
the capillary spectral range defined by PIERSON and ST ACY. 

Fig. 15 shows a plot of D(u*) versus u* on a logarithmic scale, where 
the functional form of D(u*) proposed by PIERSON and STACY is shown 
by a full line. The experimental data surrounded by the dot-dash-line cor­
respond to the spectra for which "k- 3 law" is not strictly satisfied. It can 
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Fig. 15 D(u*) versus u* for the capillary spectral range. 

be seen from Fig. 15 that the functional form for D(u*) proposed by PIE­
RSON and STACY is fairly consistent with our present data except for 
several points that do not follow the "k- 3 law". However, if all of the 
present data are used for determining the functional form of D(u*) its form 
can be given approximately by 

D(u*) =1. Ox 10-3u*9
/

4
• (25) 

Fig. 15 also shows that there are no definite relations between D(u*) and 
fetch F, though it is difficult to conclude that D(u*) is independent of F. 

Recently, TOBA proposed the following spectral form for the high fre­
quency side of the one-dimensional spectrum in the gravity wave range: 

<t>U; u*) =a0 (2n:)- 3gu*r4, (26) 

where ag( =0. 02) is a universal costant. 
Furthermore, as an extended form of the spectrum (26), in which the 
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capillary range is included, he proposed the spectral form 

(27) 

where 

(28) 

To compare our experimental data with the spectral form (27), measured 
spectra ¢( f) were normalized in the form 

(29) 

Fig. 16 (a) shows several examples of the normalized spectra G(/; u*) 
which were measured at the station No. 7 (F=825 cm) for the wind speeds 

Ur: 5, 7. 5, 10, 12. 5, 15 m/s 

Typical spectra are pid{ed from Fig. 16 (a) and are shown separately in 
Fig. 16 (b), (c) and (d). It can be seen from these figures that in some 
high friquency region 3fm< f < 60 Hz, the normalized spectrum G (/; u*) 
shows roughly constant values irrespective of the frequency /, though there 
exists "the overshooting effects", i.e., the excess energy accumulation near 
the frequencies f m, 2/m and 3/m. The complex zigzag form of G(/; u*) in 
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a frequency range f >60 Hz is considered to be due to the effct of noise. 
According to TOBA, G(f;u*) approaches to a universal constant ag (=0.02) 

in the high frequency region of the spectrum. However, present results 
show that ag in the expression (27) is not a universal constant but it depends, 
to a certain extent, on the friction velocity u*. To examine such characte­
ristics more quantitatively ag was determined from the measured spectra as 

1 ftc 
ag fc -3/ m 3f~( f; u*) df. (30) 

where the range of the integration, 3/ m,...._,fc, corresponds to that in (23). 
Fig. 17 shows a plot of ag versus u* on a logarithmic scale. It can be 

seen from Fig. 17 that ag increases with the friction velocity u*. Closer 
examination of the figure reveals that the increasing rate of ag with u* is 
fairly small for u*<50 cm/s, and it increases rapidly for u*>50 emfs, and 
that ag depends, to a certain extent, on the fetch F, though an exact rela­
tionship between ag and F is not clear at this time. 
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Fig. 17 ag versus u* for the capillary spectral range. 
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It should be noted here that, as can be seen from Fig. 16, G( /; u*) is 
not strictly constant even in the frequency range 3f m<f<fc, but it shows 
a trend that is similar to that shown in H(k, u*). That is, G(/; u*) 
decreases slightly with increasing / for the cases of low speed wind, G( /; u*) 
shows constant values for certain wind speeds, and beyond that wind speed, 
G(f;u*) increases with/. The experimental data in Fig. 17 enclosed by 
the dot-dash-line correspond to such spectra that show the trend in G(/; u*) 
mentioned above. However, comparing Fig. 14 and Fig. 16, we can say 
that the dependence of G(/; u*) on f is smaller than that of H(k; u*) on k. 

5. Discussion 

It should be worthwhile to add some comments on the definition of the 
capillary range of the wave spectrum. In a strict sense, it is fairly difficult 
to define the different spectral ranges, because the effects of the different 
controlling factors change continously with the frequency or wave number, 
and clearly there are no definite boundaries of the spectral ranges. 

Concerning the capillary specrtal range proposed by PIERSON and ST ACY, 
the wave number 

k3 =0.942, (/~5.0Hz), (31) 

which is defined as the lower boundary of the capillary spectral range, 
corresponds to the wave number at which the effect of the surface tension 
attains approximately to 10% of that of gravitational acceleration. In some 
cases the wave number, 

kgs= (g/r)l/2 =3. 64, (/g 8 ~l3. 4 Hz), (32) 

at which the effect of surface tension is equal to that of gravitational ac­
celeration, is used as an index for the capillary waves (PHILLIPS 16 l). 

If we define k~ as the wave number at which the effect of the surface 
tension is ten times as large as that of gravitational acceleration, it is 

ks= (lOg/r)l/2 =11. 5, Us=56 Hz). (33) 

In this case ks can be considered as the wave number beyond which the wave 
spectrum is conrolled mainly by the effect of the surface tension of the water. 
Consequently, the spectral range, 

k3 ( =0. 942)<k<k/ =11. 5), 

/s(~5. 0Hz)<f<fs(~56Hz), 
(34) 

can be considered as the gravity-capillary spectral range where both the 
gravitational acceleration and the surface tension are the controlling factors 
for the wave spectrum, though the weight of each factor changes with k or 
/. The high frequecy parts of our measured spectra are included approxi-
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mately in the spectral range (34). 
The spectral range, k>ks, correponds to the pure capil~ary range. 
Assuming 

g«:._rk2
, (35) 

the forms of the pure capillary spctrum can· be derived respectively from 
the PIERSON and ST ACY spectrum (13) and from the TOBA spectrum (27). 
That is, from (13), (19) and (21) the PIERSON and STACY spectrum for the 
pure capillary range is given by 

S(Q)) =2. 7 x 10-3 D(u*)r2
/

3Q)-7/3
, (36) 

and from (20), (27) and (28) the TOBA spectrum in that range is given by 

</J(Q)) =agu*rvaQ)-8/a. (37) 

Equation (36) is similar to the spctral form proposed by PHILLIPS 15
> on 

dimensional grounds, the PHILLIPS form of the pure capillary spectrum 
having been suggested originally by HICKS (see PHILLIPS 15>). However, it 
may be difficult to measure the pure capillary spectra in the form (36) or 
(37). Because the effect of viscosity of the water becomes increasingly 
important for the 'waves in the pure capillary range, and it will change the 
spectral form (36) or (38) into the other form like "COX viscous cut-off 
region" determined by PIERSON and ST ACY. 

We have so for neglected the discussion on the PHILLIPS equilibrium 
form of the wave spectrum in the gravity range. As shown in Fig. 16 the 
high frequency side of each spectrum is greatly affected by nonlinear effects 
due to the spectral components near the dominant peak of the wave spectrum. 
Such characteristics of the wave spectrum in the high frequency side of the 
spectral peak have been named "overshoot" and "undershoot". This effect 
can be frequently observed in the laboratory wave spectra. In our previous 
study, for example, the equilibrium constant 0 have been determined by 
taking a kind of smoothing of the spectral densities (MITSUYASU 11>). In 
order to check the PHILLIPS equilibrium form very accurately by using the 
spectral data of wind waves generated in the laboratory tank, the wind­
wave tank should be long enough to generate the wind -waves with a peak 
in a low frequency range. 

Let us consider next the equilibrium form of the capillary wave spectrum. 
According to the results shown in Fig. (15) or Fig. (17), it is difficult to 
recognize the existence of the equilibrium spectrum in the gravity-capillary 
range at least for the winds up to u*=180 cm/s (U10 =33 m/s). Even for the 
higher wind speed, it is difficult to expect the existence of the saturated 
spectrum in the high frequency r"ange of the wave spectrum as shown in the 
following discussion. According to the visual observation of the wind waves 
generated in our present experiment, the dominant waves and superimosed 
capillary waves begin clearly to break near at the friction velocity u*=50 cm/ 
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sec (Ur=lO m/sec), and the water surface becomes successively more irregular 
(c. f. Fig. 18). With increasing wind speed, the breaking of the waves 
becomes more and more violent, and air bubbles are carried below the water 
surface by the breaking of the waves of various scales and by the possible 
action of vorticity in the highly turbulent drift current. For the cases of 
very high wind speed, water particles are carried into the air above the 
water surface simultaneously with the entrainment of the air bubbles into 
the water, and the mixing processes of the air and water develop. For such 
situations it is difficult not only to define the water surface but also to give 
a physical meaning for the measured high frequency spectrum of the irre­
gular water surface where the air and the water are mixed. 

Finally, the quantity D(u*) in the PIERSON and STACY spectrum will 
be discussed. On dimensional grounds, D(u*) in (12) or (13) must be a 
dimensionless quantity. A simple way to satisfy this condition is to replace 
u* in D(u*) by a dimensionless velocity. 

A reasonable assumption for the dimensionless velocity u* is 

u* = ( .l!.s!_) v2 kv2 
Pw g*v2U*, (38) 

which represents the ratio of the wind action on the water surface to the 
restoring force for the water surface. If further D(u*) is assumed simply as 

D(u*)=Au*=A( ;: )V2g*-V2u*kV2, 

where A is a dimensionless constant, (13) reduces to 

S4(k) = 5. 05 x 10-3 A( ft) V 2g* -v2u*k-v2. 
Pw 

Denoting 

5. 05 X 10-3 A (A) V 2 = +ag, 
Pw 

(39) 

(40) 

(41) 

(40) reduces to the following wave number spectrum proposed by TOBA* 

1 <pkg =2 agg*-v2u*k-v2. (42) 

However, as previously shown, ag is not a universal dimensionless constant 
but depends on u*. This fact means that the assumption (39) for the form 
of D(u*) is not an appropriate one. The determination of a resonable 
dimensionless form for D(u*) is one of the subjects for future study. 

*The wave number spectrum (42) obtained by TOBA is not consistent with his fre­
quency spectrum (27), because the conversion relation (19) is not satisfied between 
(27) and (42). The corrected wave number spectrum is given by 

</>kg=½agg *-1/2 (1 +2rk2/ g*)u*k-5/2, 
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Fig. 18 Photographs of waves in a wind- wave channel for a fetch 
F=825 cm. Wind speeds are, from the top to the bottom, 
Ur : 5, 7. 5, 10, 12. 5, 15 (m/ sec). 
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(a) Side view of waves 
Arrow is 10 cm in length and shows the direction of 
wave propagation. 
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(b) Side view of waves (from obliquely upside). 
The scale of the figure is almost the same to that for 
Fig. 18(a). 
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(c) Bird's- eye view of waves (from obliquely down wind 
side). Wave direction is from upside to downside. 
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