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PARAMETRIC INTERACTION OF LASER BEAM
WITH INHOMOGENEOUS PLASMAS

By Mitsuo KoNO* and Nobuo YAJIMA**

Parametric instability of electrostatic oscillations in a semi-infinite pla-
sma subjected to electromagnetic radiation is studied. The possibility of
the parametric decay of evanescent photon is pointed out. The threshold
power of the incident radiation for this process is obtained by using the
reductive perturbation method.

1. Introduction

In plasmas, electromagnetic wave with the frequency @, and the wave-
vector k, can feed its energy into electron plasma wave with (w,, k;) and
ion acoustic wave with (w,, k,) if the following conditions hold,

w0y =, + g, K=k, +k, @
[oo| >y, |l 2

This phenomenon is wellkown as the parametric interaction of decay process
of electromagnetic wave into electron plasma wave and ion acoustic wave
and has been a subject of absorbing interest in recent years =%, It has been
already pointed out that electrostatic oscillations become unstable and grow
in amplitude when they gain energy from electromagnetic radiations at a rate
faster than they can dissipate it by their damping mechanism, collisional
damping or Landau damping; that is to say, when the amplitude of the
incident radiation exceeds a critical threshold, the parametric instability
occurs.

In this paper we investigate the decay process of electromagnetic wave
incident upon a semi-infinite plasma, which is in an overdense state w.(pla-
sma frequency)>w, The electromagnetic wave cannot propagate through
such a plasma and only penetrates it by a depth of c¢. (we(we—w,)) "%, being
called an evanescent mode. It will be shown that electrostatic oscillations
can become unstable through the parametric interaction with the evanescent
electromagnetic field though the condition (2) does not hold, that is, though
|we]<|w,|. This may be interpretted as follows: A finiteness of the life-
time of evanescent mode yields a broadening in its frequency due to the
uncertainty relations. In the present case, the frequency broadening, |dw,|,
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is estimated as (we(we—w,))”2 The condition (2) is now made a little
looser,

o+ | dwy | >~ we.

Thus, the parametric instability can be possible when we/(we—w,)>1.

In Sec. 2, we derive the basic equations to be solved using the hydro-
dynamic description of the system. We assume the amplitude of the incident
electromagnetic field and the frequency difference, w.—w, to be small
enough, so that the reductive perturbation method ® can be applied. The
equations so obtained are the ntreated in Sec. 3 as the eigenvalue problem
by imposing appropriate boundary conditions. The threshold value is obtain-
ed for the parametric instability of the decay process of the evanescent ele-
ctromagnetic wave into electrostatic oscillations. Section 4 is devoted to the
discussions and concluding remarks.

2. Derivation of the Basic System of Equations

We shall apply the reductive perturbation method to derive the coupled
equations for plasma waves interacting each other. The following hydrody-
namic and Maxwell equations applies

%nmLV (nsus) =0 6))
0 _ €& 1 rsTs
Wl&a“‘ (us'V)us— s (E+ TuEXB) —Vsls — MsNs Vns. (4)
V‘E=4ﬂ'2nses, V°B=0,
1 6B B 1 9E 4x ®)
— of TPXE=0, PXB—-_- —r=-" Zneu,

where subscript s denotes particle species, s=i for ions and e for electrons,
and e, m, v, n and u are respectively the electric charge, mass, collision
frequency, number density and flow velocity. The vector E and B are the
electric  field and magnetic flux density, respectively.

All the physical quantities are divided into three parts corresponding to
electromagnetic oscillations which is called photon in what follows, electron
plasma wave (plasmon) and ion acoustic wave (phonon):

1 » —_— —
ns=n0+7{ns,;e togl 4 g5, p@" KE=0D gy @t RX=2D L ¢ ¢}, (6)
1 =tawgt i (kx=ot) T (kx=2t)
us=—2—{us,;e o0¢ + U, p€ o) U g +c.c.}, D

E=—{Eieioo'+ Epet®==ot) + Eogt =20 1-¢. ¢}, ®)
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B=% (Bt 4c.c.}, ©)

where n, is unperturbed plasma density, subscripts {, » and a denote the
photon, plasmon and phonon parts respectively and c.c. is short for complex
conjugate. The electric fields E;, E, and E, satisfy the condition

VE,=0, PXE,=FXE;=0.

The amplitudes with subscripts, £, and @ in egs. (6)-(9) are the slowly
varying functions of (#,x) which describe spatial variations created by the
presence of evanescent photon and changes in frequencies due to the parame-
tric interactions. In egs. (6)-(9), w, (w, K) and (2, K) denote the frequency
and wave-vector of photon, plasmon and phonon, respectively.

Introducing a small parameter ¢, we write

[ Nyt né,';”
Us,t oo u(m)
=3 om | Wk (10)
E; m=1 E,m™
. B B,
— - (m)
ns,p ns,p
oo
Us,p | = ™ (m) 1
m=1 us,,,
E
— » _J L E’p(’m.)_‘
- —  (m) T
 Nsya Nsa
o
Usyw | = ™™ (m) 12)
m=1 us,u.
L Ea, _J Ea(m)
L J

Since the plasmon-part and the phonon-part are induced by the incident
photon, their amplitude are assumed to be of the order of magnitude lower
than that of photon, i.e., p,a<<l in egs. (11) and (12). The stretched
variables are introduced,

§=cex, v=et (13)

to describe the slow variation of amplitudes. Suppose that the photon fre-
quency o, is less than the plasma frequency we, ws= dmn.es®/ms)*/?, by the
quantity of the order ¢* and ys is of the order ¢, that is,

wozwe_Ezz and s =¢vs, (14)
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Substituting eqgs. (6)-(13) into egs. (3), () and (5), taking into acco-
unt the resonant condition,

w=w,+ 2, 15)

and equating coefficients of like powers of ¢ for the same harmonics, we get
the basic system of equations to be solved. The contribution of ions to the
photon-part and the plasmon-part is neglected because of its large inertia;
ie.

ni,t=ni,p=0, ui:3=ui71’=0 (16)

In the lowest order, we then obtain

né,lz) =V, ué,lt) = "i ¢ Eg(l),
mew® an
B.®=0,
*=w (1+ K?%4,?),
(1 . 18)
u,=Ko/(nK)n,®, Ep,P=iigK/K?n,"
.Q2=K26‘s2/(1+K2/1p2), Csz=7'e Te/mi,
né}é:wyweznmm’ E. Y= —idneKip*n. Y, 19

uls =K'/ (nK’we)n.V, uili=K2/nK)n.",

where np=ng, n.V=ng, Ao=(reTe/4nn.e?)'/*=Debye length and ion is

assumed to be cold, 7:=0.
In the next order, we have

OB 5o o OEY

ot =2 BT T =0

1 aE(l)
(2) (2) e 20
Pow =0 Uest =fomee ~ OF 20
E®=0, B®=—i(c/ww) - xE®.

0¢

Proceeding to the third order of ¢, we finally obtain

DB 201 e B =ierons Kz”e;"{g( +2)m,Oma ¥, (21)

8we ]

do_ 0 5% 2
(et R o m®+ g m= o (1o JEEOm®,  (22)
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0 42 0N\ o, b, a_, 4 (@N(1, 2\ g pa .
Qﬁ*maﬂm”&”*JMAmwakKEmm”@”

In deriving above equations, the terms including the factor (m./m;) are
neglected compared with terms of the order unity and (me/m:)ve<y; is assu-

med. The quantities%‘% and Z—I‘Q{ in egs. (22) and (23) are the group velo-

city of plasmon and phonon, i.e.,

dK = meo > dK = m2

do _ r.T. d2 _ veTe [ we \*
K (w>K (24)
Equations (21), (22) and (23) with (24) are the coupled equations which
describe the parametric interaction of the decay process, photon — plasmon

+ phonon, and is solved in the next section.

3. Decay of Evanescent Photon into Plasmon and Phonon

We take the coordinate system that the x-axis is perpendicular to the
boundary surface between semi-infinite plasma and vacuum, the region x>0
being filled by a uniform plasma and x<{0 vacuum. We now assume that the
amplitudes of induced plasmon and phonon are sufficiently small so that the
r.h.s. of eq. (21) can be neglected; that is p+a>3. In this case, the spa-
tial variation of the evanescent photon is given by

82
0&*

E5<1)_20?22(1~8£:22)E5”’=O for £>0, (25)

When 5.2<8w.>), the solution vanishing at §=o0 can exist,

E®=Ee <, (26)

k=s/2we2(1—5/ (BweX))) / c* @7

where & is the attenuation coefficient of evanescent photon field.
Suppose now the r-dependence of #,™ and n.™ as

1D, e V~exp(I7). (28)

Substituting egs. (26) and (28) into egs. (22) and (23) and usingeq. (24)
yields

dnp(1)+ Mew (f_'_%)npm:_ﬁ(l-{-%)(lfolfg)e':mmmy

dS TeTeKw

(29)
dna™ . mi8 (o (s, b _ ew &2 K gty (1)
TdE +nﬁKiw)(P+2>mm_4nﬂmKALkw)ur%)e *

(30)
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where K, is the x-component of K. We eliminate # o or zn, from egs.
(29) and (30), to get

R () WIS
. el (- et g P 32)
p (33-a)
a =g T (P 5 )+ (P + 5 )+, (33-b)
(i) (1o 5

1 m2 (o A, U Mew (= , De 2
ﬂ*2=4_ICZ{ TeTeKz(?e) <F+T)_ TCTer(P—Jr—Z_)iE} ’ (33_d)

Imposing an appropriate boundary conditions to egs. (31) and (32), we ob-
tain the eigenvalue u.? which determines the growth rate I” of the paramitric
excitation of the electrostatic oscillations. We will not, however, go into
details of this problem beyond this point and only give the threshold value
of photon amplitude to bring about the parametric instability.

We now estimate the order of magnitude of u,. By applying egs. (14),
(18) and (19), the resonance condition (15) reduces to

&>V wp=1A+a/me/m:Kip) —[1+ (Kip)*]*/2
Since 31>0 (overdense plasma), this yields
K2p<2(me/m:) %, &¥23 | we<the | M. 34

Noting that ve >y, ve==w;, we obtain

mz.Q( @ \* bi __( mi\'? Vi

Mewr Cl)e) Ve _( me) Ki» Ve <1,
FT&Ter,\, Ve @; m; e’
v, cos @ . K2, oy ‘/278 e o L1,

where 6 is an angle between K and the x-axis and ve=(Te/m.)/2. We sub-
stitute this into eq. (33-d) to get

i p =0,

“ 22(206;‘3;/%)825 0)2270:'32{ 2172) +<1W“/m KAD) ? } (35)

Similar caluculation gives

~
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_ ccoz/a)ez e Ve e r
g Sl 2_762{ Lot (1 mefmaKin ). (36)

The two independent solutions to egs. (29) and (30) are readily obtained,
1D, ngM~z], . (B2), 22Ny, (B2). 37

Let I be positive. This is true for the present case that the parametric
instability occurs. If so, a4:|u| is positive for cos >0 and negative for
cos 6<C0. The solution (37) with positive I", therefore, vanishes at £=>(z2=0)
only when cos6>0. The boundary condition, that #,™ and #. must be
zero at the plasma boundary £§=0(z=1), is now imposed; i.e. J ., (8) =0,
N, (B =0. The condition that at least one discrete eigenvalue exists gives
the threshold value of the amplitude of incident photon for the parametric
excitation of electrostatic oscillations. It follows from eq. (35) that for

Kip</me/m: the minimum value of || is given by

o cat/wlt “we Ve
| i =g Kt cos 0 e o) (38)

at '=0. The parameter g must be larger than the first zero of the Bessel
or Neumann function of the |gmin|-th order; that is to say,

B>jl#m7.nl or nl/‘minh

Noting |umia| >1 and using the asymptotic formula ., #.~v at large vy, we get

BV L (Y e
(47'L'neTe) — 2 ( 2 ) (1‘FQ/CO)KZD|COS S[)| =4y (39)

where ¢ is the angle between K and E,. The growth rate is obtained from
egs. (35) and (39)

=, _ 1 Kp|cos ¢| 2 |Ey |2
Ifee= 2 l_N/Mi/MeKlz)(l—}— w ){ dzn, Te Al}. (40)

For Klp>«/mi/me |u| can vanish at

o=y 2| G mafr. Kin—1). )
In this case, thethreshold power is determined by the first zero n,, of

Ny (%), i.e.,

[ B, |® \? Ve (27>, _ 7
( 471_”0,[8) >4|tan | % / 2re2ly, = 4, (42)
In deriving eq. (42), we assume the normal incidence of photons upon the
plasma boundary to use the relation |cosf|=|sin¢g|, In this case the growth
rate is geven by eq. (41).
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4. Discussions

In this paper, we have shown the possibility that the interaction of the
electromagnetic radiation with a semiinfinite, overdense plasma gives rise to
the parametric instability if the difference between frequency of incident
photon and plasma frequency is sufficiently small. Finitemess of the life
time of evanescent photon in a semi-infinite plasma brings forth broadening
in frequency of photons and makes the decay process of photon into electro-
static oscillations feasible. We mention that the possibility of the parametric
instability accompanied with an evanescent photon has not been yet pointed
out.

The results involve the two cases, a) Kip<(m./m:)*/? and b) Kip>(me.
/m:)'7?, where K is the wavenumber of induced plasmon and phonon. For
case a), plasmons have a group velocity smaller than that of phonons and
are found in the vicinity of the plasma surface more than phonons. The
incident photons feed their energy into plasmons near the plasma surface.
Therefore the threshold powers for the instability depends mainly on the
damping rate of plasmons. This circumstance is seen in eq. (39). The
results show the threshold power is

o M [ Ve \?

A ~ (o)
For case b), the group velocity of phonons becomes smaller than that of
plasmons and, therefore, motion of phonons determines the threshold of in-
stability: phonons escape from the interactin region near the plasma surface
after the period (xc¢s)~*. Therefore we may replace the collision frequency
ve in the above expression by (xcs), to get

- Ve )2 Me
2 28
4z ( c ) my’

which is equivalent to eq. (42). It should be noted that /4, is sufficiently
small compared with 4,.

1t follows from eq. (34) that the decay of the evanescent photons through
the parmetric interaction is possible only for the small frequency range, we
>y >(1—me/ms)we. Therefore, in real plasmas with a smooth boundary
the parametric interaction of evanscent photon can only occur very close to
the cut-off point (w,=we). Nevertheless, this process may become of im-
portance because the threshold power is very small. The detailed calculation
is needed by adopting a more realistic profile of plasma density than the
present case.

At last we point out that for metal plasmas which are always overdense
for the electromagetic wave to propagate, a new type of the parametric
instability discussed in this paper may play a role.



PARAMETRIC INTERACTION OF LASAR

References

1) Silin, V.P., Parametric Resonance in a Plasma, Sov. Phys. JETP, Vol. 21,
1965, p. 1127.

2) Dubois, D.F. and Goldman, M.V., Radiation-Induced Instability of Electron
Palsma Oscillations, Phys. Rev. Letters, Vol. 14, 1965, p. 544.

3) Lee,Y.C. and Su, C.H., Theory of Parametric Coupling in Plasmas, Phys. Rev.
Vol. 152, 1966, p. 129.

4) Jackson, E.A., Parametric Effects of Radiation on a Plasma, Phys. Rev. Vol.
153, 1967, p. 235.

5) Nishikawa, K., Parametric Excitation of Coupled Waves Iand II, J. Phys. Soc.
Japan, Vol. 24, 1968, p. 916 and p. 1152.

6) Taniuti, T. and Yajima, N., Perturbation Method for a Nonlinear Wave Modula-
tion, J. Math. Phys., Vol. 10, 1969, p. 1369.

(Received November 30, 1974)

125





