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PARAMETRIC INTERACTION OF LASER BEAM 

WITH INHOMOGENEOUS PLASMAS 

By Mitsuo KONO* and Nobuo YAJIMA** 

Parametric instability of electrostatic oscillations in a semi-infinite pla­
sma subjected to electromagnetic radiation is studied. The possibility of 
the parametric decay of evanescent photon is pointed out. The threshold 
power of the incident radiation for this process is obtained by using the 
reductive perturbation method. 

1. Introduction 

In plasmas, electromagnetic wave with the frequency m0 and the wave­
vector k0 can feed its energy into electron plasma wave with (o>1, k1) and 
ion acoustic wave with (w2, k2) if the following conditions hold, 

(1) 

(2) 

This phenomenon is wellkown as the parametric interaction of decay process 
of electromagnetic wave into electron plasma wave and ion acoustic wave 
and has been a subject of absorbing interest in recent years 1J- 5 >. It has been 
already pointed out that electrostatic oscillations become unstable and grow 
in amplitude when they gain energy from electromagnetic radiations at a rate 
faster than they can dissipate it by their damping mechanism, collisional 
damping or Landau damping; that is to say, when the amplitude of the 
incident radiation exceeds a critical threshold, the parametric instability 
occurs. 

In this paper we investigate the decay process of electromagnetic wave 
incident upon a semi-infinite plasma, which is in an overdense state o>e(pla­
sma frequency)>w0 • The electromagnetic wave cannot propagate ·through 
such a plasma and only penetrates it by a depth of c. (we(we-w0))-v

2
, being 

called an evanescent mode. It will be shown that electrostatic oscillations 
can become unstable through the parametric interaction with the evanescent 
electromagnetic field though the condition (2) does not hold, that is, though 
I w0 I< I o>1 j. This may be interpretted as follows: A finiteness of the life­
time of evanescent mode yields a broadening in its frequency due to the 
uncertainty relations. In the present case, the frequency broadening, I .dw0 I, 
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1s estimated as (a>,(a>e-a> 0))V2• The condition (2) is now made a little 
looser, 

Thus, the parametric instability can be possible when a>e/(cu.-cu0)>l. 
In Sec. 2, we derive the basic equations to be solved using the hydro­

dynamic description of the system. We assume the amplitude of the incident 
electromagnetic field and the frequency difference, a>e-a>0, to be small 
enough, so that the reductive perturbation method 5) can be applied. The 
equations so obtained are the ntreated in Sec. 3 as the eigenvalue problem 
by imposing appropriate boundary conditions. The threshold value is obtain­
ed for the parametric instability of the decay process of the evanescent ele­
ctromagnetic wave into electrostatic oscillations. Section 4 is devoted to the 
discussions and concluding remarks. 

2. Derivation of the Basic System of Equations 

We shall apply the reductive perturbation method to derive the coupled 
equations for plasma waves interacting each other. The following hydrody­
namic and Maxwell equations applies 

(3) 

o ( ) e, (E 1 B) y., T, ··"'-t-Ue + Us• /7 Us=~ + -u, X -v,u,---.. Fn,. 
u m., c m,n, (4) 

/7•E=4n~n,e,, V•B=O, l 
1 oB l oE 4n 

C m+VXE=O, vxB-c m= -c- ~n,e,u,, 
(5) 

where subscript s denotes particle species, s=i for ions and e for electrons, 
and e, m, v, n and u are respectively the electric charge, mass, collision 
frequency, number density and flow velocity. The vector E and B are the 
electric field and magnetic flux density, respectively. 

All the physical quantities are divided into three parts corresponding to 
electromagnetic oscillations which is called photon in what follows, electron 
plasma wave (plasmon) and ion acoustic wave (phonon): 

U =-l-·{u e-iwot+u ei(kx-wn+u ei(kx-flt)+c C } s Z s,t s,p s,a, • • , 

(6) 

(7) 

(8) 
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(9) 

where n 0 is unperturbed plasma density, subscripts t, P and a denote the 
photon, plasmon and phonon parts respectively and c. c. is short for complex 
conjugate. The electric fields Et, EP and Ea, satisfy the condition 

The amplitudes with subscripts, t, P and a in eqs. (6)-(9) are the slowly 
varying functions of (t, x) which describe spatial variations created by the 
presence of evanescent photon and changes in frequencies due to the parame­
tric interactions. In eqs. (6)-(9), a>0, (a>, K) and (SJ, K) denote the frequency 
and wave-vector of photon, plasmon and phonon, respectively. 

Introducing a small parameter e, we write 

ns,t 

lls,t = 
=2J 

Et m=l 

Bi 

l ns,J>J 
U.~,P 

Ev 

n<m) 
s,t 

en' 
u<m) 

s,t 

Etlm) 

Btlm) 

s,v 

ep+m (ni) l n<mi J 
lls,JJ 

E Im) 
1' 

(10) 

(11) 

(12) 

Since the plasmon-part and the phonon-part are induced by the incident 
photon, their amplitude are assumed to be of the order of magnitude lower 
than that of photon, i.e., P, a<l in eqs. (11) and (12). The stretched 
variables are introduced, 

(13) 

to describe the slow variation of amplitudes. Suppose that the photon fre­
quency a>0 is less than the plasma frequency a>e, a>s=(4n:n0e,2 /ms)V2, by the 
quantity of the order e2 and JJs is of the order e, that is, 

(14) 
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Substituting eqs. (6)-(13) into eqs. (3), (4) and (5), taking into acco­
unt the resonant condition, 

and equating coefficients of like powers of e for the same harmonics, we get 
the basic system of equations to be solved. The contribution of ions to the 
photon-part and the plasmon-part is neglected because of its large inertia; 
i.e. 

(16) 

In the lowest order, we then obtain 

nJ;l =0, u<il - -z·_e_E O) 
e,t - m•af t , 

B,Cl)=0, l (17) 

(18) 

J2 2 =K2cs"/(l+K2Jw 2 ), c,'=re Te/mi, 

nI;~=o>' I O)e 2na, (l), Ea, (1) = -i4n:eKJ.n2na, Cl\ } 

ui;~ =KJJoJ' / (n0K 2oJe 2)na, ell, uJ;~ =HJJ / (n 0 K')na, 0 >, 

(19) 

where 1tp=nJ;1, na, Cl) =nJ:~, tln= (r, Te/411:n 0e') V2 =Debye length and ion is 

assumed to be cold, Ti=0. 
In the next order, we have 

"'E c1> -u __ '---~Eo) at - 2 ' , 
8E,c 1) 

ay-=0, 

(20) 

Proceeding to the third order of e, we finally obtain 

( L+ do> •~f)_-)n c1 ) + __fJ_e__n <1 l = __ e_(l + __.!2_-)CK•E,< 1>)n <1l (22) 
8r: dK 8f v 2 J) 4mcoJe oJ a, ' 
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In deriving above equations, the terms including the factor (m,/mi) are 
neglected compared with terms of the order unity and (m,/mi)µ,<f;;yi is assu-

med. The quantities ;'; and ;; in eqs. (22) and (23) are the group velo­

city of plasmon and phonon, i.e., 

(24) 

Equations (21), (22) and (23) with (24) are the coupled equations which 
describe the parametric interaction of the decay process, photon ___,, plasmon 
+ phonon, and is solved in the next section. 

3. Decay of Evanescent Photon into Plasmon and Phonon 

We take the coordinate system that the x-axis is perpendicular to the 
boundary surface between semi-infinite plasma and vacuum, the region x>O 
being filled by a uniform plasma and x<O vacuum. We now assume that the 
amplitudes of induced plasmon and phonon are sufficiently small so that the 
r. h. s. of eq. (21) can be neglected; that is p+a>3. In this case, the spa· 
tial variation of the evanescent photon is given by 

~E (l> _ 2a>•~(1-----2L)E (1) =0 for .~>O a~2 t c2 8a>e~ t <;; ' 

When D,2<8me~, the solution vanishing at ~== can exist, 

where ,., is the attenuation coefficient of evanescent photon field. 
Suppose now the "-dependence of n1,'1) and n,,,' 1 ) as 

(25) 

(26) 

(27) 

(28) 

Substituting eqs. (26) and (28) into eqs. (22) and (23) and usingeq. (24) 
yields 

dna,<1) + md2 (__!Q__)4(r+ Di )na,(1)= ea> (1+~)CK·Eo*)e-''no(l) 
d~ re TeKx a>e 2 4re Tea>eK., a> 

(30) 
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where K:,: is the x-component of K. We eliminate n a (l) or np (l) from eqs. 
(29) and (30), to get 

_ _lip_+ (l-2a)- ....!!:.J,___ + o2+ a2- µ+ n <1) =0 d2 (I) 1 d {1) ( 2) 
dz 2 z dz JJ z 2 P ' 

d2 (!) 1 d (!) ( 2 2) 
_!/,rJ,_+ (l-2a) -- ~+ 02 +~ - µ_ n (')=0 

dz 2 z dz µ z 2 a ' 

(31) 

(32) 

(33-a) 

(33-b) 

(33-c) 

µ" 2 = _l, { miQ (-(1)-)4
([' + Di )- meo> (r + De__)± K } 

2
• ( 33_d) 

41,; Ye TeKx o>e 2 Ye TeKx 2 

Imposing an appropriate boundary conditions to eqs. (31) and (32), we ob­
tain the eigenvalue µ" 2 which determines the growth rate f' of the paramitric 
excitation of the electrostatic oscillations. We will not, however, go into 
details of this problem beyond this point and only give the threshold value 
of photon amplitude to bring about the parametric instability. 

We now estimate the order of magnitude of µ". By applying eqs. (14), 
(18) and (19), the resonance condition (15) reduces to 

e22J/ o>p= (1 +✓me/miKl.v)-[l + (Kl.v) 2JV 2• 

Since 2J>O (overdense plasma), this yields 

(34) 

Noting that JJe)>v,, JJe'?:o>-,, we obtain 

where(} is an angle between Kand the x-axis and Ve=(Te/m.)V'. We sub­
stitute this into eq. (33-d) to get 

(35) 

Similar caluculation gives 
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a 2ve~;~~s ol2i~{ ;: +(l+✓mi/meKAn) ~ }. (36) 

The two independent solutions to eqs. (29) and (30) are readily obtained, 

(37) 

Let f' be positive. This is true for the present case that the parametric 
instability occurs. If so, a± jµ I is positive for cos O>O and negative for 
cos O<O. The solution (37) with positive f', therefore, vanishes at ~= 00 (z=0) 
only when cos O>O. The boundary condition, that np 0 ) and na OJ must be 
zero at the plasma boundary ~=0(z=l), is now imposed; i.e. ] 1µ, (0) =0, 
N,µ 1 (0)=0. The condition that at least one discrete eigenvalue exists gives 
the threshold value of the amplitude of incident photon for the parametric 
excitation of electrostatic oscillations. It follows from eq. (35) that for 
KAn< ✓me/mi the minimum value of JµI is given by 

J fl.min J (38) 

at f'=0. The parameter 0 must be larger than the first zero of the Bessel 
or Neumann function of the JµminJ-th order; that is to say, 

0>j I µmin I Or n I µm'in I • 

Noting I µmin I ~1 and using the asymptotic formula jv, nv"-'V at large v, we get 

JEoJ 2 )l/2 >__l_(_I_!__)l/2 Ve/(J)e 
( 4n-ne Te -- 2 2 (l +SJ/ (J))KAn I COSY' J 

(39) 

where <J-, is the angle between Kand E0 • The growth rate is obtained from 
eqs. (35) and (39) 

f'/(J)e=___!_ KJ~<J-,I (1+~){✓~-A1}. (40) 
2 1-✓mi/meKlw (J) 4n-n0 Te 

For KAv>✓m,;,/me, JµI can vanish at 

(41) 

In this case, thethreshold power is determined by the first zero n 0•1 of 
N0 (x), i.e., 

(42) 

In deriving eq. (42), we assume the normal incidence of photons upon the 
plasma boundary to use the relation I cos(} I = I sin<J-, I , In this case the growth 
rate is geven by eq. ( 41). 
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4. Discussions 

In this paper, we have shown the possibility that the interaction of the 
electromagnetic radiation with a semiinfinite, overdense plasma gives rise to 
the parametric instability if the difference between frequency of incident 
photon and plasma frequency is sufficiently small. Finitemess of the life 
time of evanescent photon in a semi-infinite plasma brings forth broadening 
in frequency of photons and makes the decay process of photon into electro­
static oscillations feasible. We mention that the possibility of the parametric 
instability accompanied with an evanescent photon has not been yet pointed 
out. 

The results involve the two cases, a) KJ..n<(m./m1.)V2 and b) KJ..n>(m. 
/m1.)v2, where K is the wavenumber of induced plasmon and phonon. For 
case a), plasmons have a group velocity smaller than that of phonons and 
are found in the vicinity of the plasma surface more than phonons. The 
incident photons feed their energy into plasmons near the plasma surface. 
Therefore the threshold powers for the instability depends mainly on the 
damping rate of plasmons. This circumstance is seen in eq. (39). The 
results show the threshold power is 

For case. b), the group velocity of phonons becomes smaller than that of 
plasmons and, therefore, motion of phonons determines the threshold of in­
stability: phonons escape from the interactin region near the plasma surface 
after the period (1'c,r1• Therefore we may replace the collision frequency 
11, in the above expression by (1'c,), to get 

J 2~(~)2 m. 2 C m,.' 

which is equivalent to eq. (42). It should be noted that J 2 is sufficiently 
small compared with J1• 

it follows from eq. (34) that the decay of the evanescent photons through 
the parmetric interaction is possible only for the small frequency range, a,, 
>a,0>(l-m,/m,)me. Therefore, in real plasmas with a smooth boundary 
the parametric interaction of evanscent photon can only occur very close to 
the cut-off point (a,0 =a,.). Nevertheless, this process may become of im­
portance because the threshold power is very small. The detailed calculation 
is needed by adopting a more realistic profile of plasma density than the 
present case. 

At last we point out that for metal plasmas which are always overdense 
for the electromagetic wave to propagate, a new type of the parametric 
instability discussed in this paper may play a role. 
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