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FRICTIONAL EFFECTS ON THE RENORMALIZATION 

OF PROPAGATOR IN TURBULENT PLASMAS 

By M. KONO, H. SANUKI+ and J. TODOROKI* 

It is shown that there are two kinds of effects of fluctuations on the 
particle trajectries in a weakly turbulent plasma; diffusive effect and fric­
tional one. The new propagator including the frictional processes is obtain­
ed, which is different from the Dupree type one, by summing up the most 
secular terms of iterative series in particle orbit. The propagator takes the 
following form; 

(v-v') 2 ) 
2.J . 

The set of kinetic equations is also obtained. 

1. Introduction 

Recent advances in the theory of plasma turbulence have been based on 
the inclusion of diffusive effects on particle trajectories in phasespace 1

,
2
). 

In this regard several authors have studied the saturation mechanism of 
linearly unstable waves and anomalous resistivity and so on 3~3

). All of them 
paid their attention to the Dupree type effect of fluctuation on the particle 
trajectries. However there are two kinds of effects of fluctuation on particle 
trajectries in weakly turbulent plasmas. In order to see this situation, we 
shall consider the problem of the stochastic acceleration of particles in a 
prescribed random electric field. As is well-known, the motion of such 
particles is described by the equation; 

(1) 

where A is the dynamical friction, which is related to the diffusion coeffi­
cient in the following way 9) 

A(v) = :V •D(v). (2) 

If we put v(t) =v0 + .Jv(t) and linearize eq. (2), provided the electric field 
is small, we have the equation of .Jv(t); 
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( d l ) e -+- Jv(t)=--E(t) 
dt rs m ' 

where r,=[(8/8v) 2 :DJ-1• 

From eq. (3), we have 

and the simultaneous correlation function 

(3) 

(4) 

If <E(t1)E(t2)> is assumed to be a function of time difference lt1-t2 I, the 
following two cases should be distinguished to estimate eq. (4). 

For the case r,>rc, re being the correlation time, we evaluate the cor­
relation function as following 

(5) 

which reduces to the propagator derived by Dupree first 

(6) 

For the case r,<rc, the frictional process is important to determine the 
behavior of the system. In this case we have 

(7) 

and the propagator 

dt<e-ik•r(t) +i"'> ~--- ____ z_ --Joo • 

0 w-kv+zrs'kk:D (8) 

Furthermore in this case the propagator takes the Gaussian form in velocity. 
The purpose of this paper is to clarify the above situation and to derive 

the new propagator. In the next section we give the outline of the method 
to obtain the propagator. In Sec. 3, the asymptotic solution of the equation 
for the particle orbit is obtained by summing up the most secular terms in 
the iterative series. The average propagator is evaluated in Sec. 4 with the 
aid of cumulant expansion. The set of kinetic equations is discussed on the 
basis of the new propagator in Sec. 5. Some remarks are made in the last 
section. 
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2. Basic Concept 

The distribution function Fa(r, v, t) in a prescribed electric field in pla­
smas satisfies the Klimontvich equation 

where a denotes species of particles. The electric field 

E(r t) =f_!}J£_f dm E(k m)eik•r-iwl 
' (2n-) 3 2n ' 

(9) 

(10) 

is assumed to have a random nature and be specified statistically by <E(k, 
m)>, <E(k, m)E(k', m')>, etc., where < · • • > stands for the statistical 
average over the ensemble of the initial phases of the field. For simplicity 
of the following analysis we assume the homogeneity of the ensemble with 
respect to space and time especially 

<E(k, m)>=O, 

<E(k, m)E(k', m')>=<\.b\ 2>kw(2n-)48(k+k')B(m+m'). (11) 

By introduction of the Green function Ga 

Ga(r, v, t \ r', v', t') =B[r-Ra(t; r', v', t') ]B[v- Va(t; r', v', t') ], (12) 

we can write the solution of eq. (5) in the form 

Fa(r, v, t) = f dr' f dv'Ga(r, v, t\ r', v', t')Fa(r', v', t')-==Ga(t\t')Fa(t'), (13) 

where Ra(t; r', v', t') and Va(t; r', v', t') satisfy the equations 

:t Ra(t;r', v', t')=Va(t;r', v', t'), 

:t Va(t;r', v', t')= ~: E[R(t;r', v', t'), t], 

with the initial condition 

If we put 

Ra(t'; r', v', t') = r', 
Va(t'; r', v', t') =V'. 

(14) 

(15) 

(16) 

where r 0 and v0 are constants, then Bra(t) =Bra(t; r 0 , v0 ) and Bva(t) =Bva(t; r 0 , v0 ) 
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satisfy the following equations 

gt lJra,(t)=ava,(t), (17-a) 

gt lJva,(t) = :::~ E(r0 +v0 t+iJr.,(t), t) 

(17-b) 

The equations (15) are the constraint condition to determine r0 and v0 ; 

r' = r0 +v0t' +lJr(t'; r0 , v0 ), 

v'=v0 +/Jv(t';r0, V 0) 

Here we assume that iJr and iJv vanish at t--'>-oo i.e. 

lim lJr(t; r0, v0 ) = 0, 
t ➔ -00 

lim oV(t; ro, Vo)= 0. 
t-+-00 

(18) 

(19) 

Since the Jacobian a(r', v')/8(r0 , v0)=l, we can write the Green function in 
the form 

GaCr, v, t Ir', v', t') 

= I dvo I dro iJ[r-ro -Vot-ar(t) ]o[V-Vo -av(t) ]J[r' - ro -Dot' -or(t') J 

Xa[v'-V0 -oV(t')] 

= f dvo f dro-(.2~) 12 f dkdk'dq1dq2 exp {ik• (r- r0 )-ik' • (r- r 0 ) 

+ iq1 • (v-v 0)-iq2 •(v' -v0)-ik•v0t + ik' •v0 t' 

-ik•or(t) + ik' •or(t')-iql •av(t) + iq2 •av(t')} (20) 

Now we express G in terms of <G>. Noting the Green function satis­
fies the equation 

(21) 

with G(t'lt')=O, and putting G=<G>+aG, we get the equation for JG; 

{i-+v•_!!__ +_!!._-E·_!!__}oG(t It')= _ _!__E._!!__<G> + ~e~ _f}_<EaG>. 
at or m av m av m av 

(22) 

The formal solution for /JG is easily obtained by means of eq. (21); 
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aG(tJt')=- ! f dt1GCtlt1){ECt1)· %v <GCt1lt')>-<ECt1)o'GCt1ln>} 

=- ! f dt1GCtlt1)ECt1)· :V <GCt1lt')> 

-( ! }f dt1dt2GCt I t1) a: •<ECt1) GCt1 I t2)ECt2)> • 

a -
av<GCt2 It')>+···. 

Then, the nonlinear integral equation for G is following 

-(-! Yf dt1dt2GCtlt1) %v ·<ECt1)GCt1ltJE(t2)>· a: <GCt2lt')>+···. 

(23) 

If this equation is iterated, we (Obtain the expression of G in powers of E 
· and <G>. As is pointed out by Dupree, above expansion converges rapidly, 

and it is sufficient to retain up to the second order with respect to E; 

G(tJt')=G(tJt')--::i f d-r G(tJ-r)E(-r)• %v G(-rlt'), (24) 

where G(t It') =<G(t It')>. Hence we restrict our consideration to getting the 
average propagator on the present work. 

3. Frictional Process due to the Wave-Particle Interaction 

In this section we solve eq. (17) with the initial condition (18), using 
the perturbation expansion and summing up the most seclar terms. 

If the magnitude of the fluctuating electric field is small, we can regard 
the quantities o'r(t) and o'v(t) as small and expand them with respect to the 
smallness of the fluctuation. Hence expanding the right hand side of eq. 
(17-a) with respect to the smallness of the fluctuation, we can solve eq. (17) 
formally by the successive approximation. Each term of the iterative series 
corresponds to taking into account the successive scattering of the particle 
by the fluctuation. In our case it is sufficient to seek the asymptotic solu­
tion of eq. (17) to evaluate the cumulative effect of the wave-particle inte­
raction. As is well-known, it is performed by summing up the most secular 
terms so long as the sum converges. 

Fourier transforming o'r(t) and o'v(t) as 
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we obtain the following expression for i'Jr(O)) 

i'Jr(O))= _ _1_ _!!_f___M_E(k O)+kv )e"k•ro 
0)2 m (2,r)S , 0 

+ 1 ( e ) 2J dk1 f dk2 f d0)1 E(k k ) i(k +k )•r 1 o,2 m (2,r)S (2,r)3 ~ i, 0)1 + 1Vo e l 2 0 (0)-0)1)2 

X ik1 °E(k2 , 0)-0)1 +k2•V0)-

(25) 

_l( e ) 3 1 f dk1 f dk2 J dks Jda>ifd0)1 E(k 0) +k •V )e•c1:1+"2+ka>•ro 
. 2 \ m 0)2 (2,r)s (2,r)s (2n-)s 2n- 2n- i, i i o 

x_.;-ik1 •E (0)2+k2•V0) ( l )2 ik2 •E(k3, O)-a>1 -0)2+ka•V0)+ ·•·, 
~ 0)-~-~ 

(26) 

We notice that the diagramatic representation introduced below has the 
definite advantage in analysing the higher order effects of the series. In 
Fig. 1, a thin line represents the propagator 1/ 0)2 and a dotted line stands 
for the electric field E(k, O)+kv0). With the aid of these diagrams, the first 
four terms of the expansion, the analytic form of which are given in eq. 
(26), can be illustrated as shown in Fig. 2. 

_,_ 
w2 

E<R.W) 

e f dk f dw . 
m)c21Cl3]IT · 

_________ ,,,_ ______ _ 

• 

Fig. 1. Elements of diagramatic representation. 

i __. + 
I I 
! I 

-----+-----◄ + l ! !+---¼1+ ... 
Fig. 2. First four terms of expansion, given in eq. (19) 

Now let us consider the process in which the wave emitted by a particle 
at the i-th vertex is absorbed by the particle at the subsequent vertex. 
When this process takes place between the two neighboring vertexes, the 
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third order process with respect to Eis expressedas in Fig. 3. 

2 
a 

Fig. 3. Third order processes with two identical propagation lines 

In these diagrams the propagation lines on the two sides of a loop turn 
out to be identical (we shall call this a diagonal fragment), thus leading to 
the appearance of a four-fold pole with respect to m. The self-energy part 
shown in Fig. 4, however, is proportional to m. Hence sum of the third 
order diagrams (we shall call this a basic diagonal fragment) is characterized 
by a triple pole with respect to m, which corresponds to secularity of t 2 in 
t-trepresentation. 

z 
Fig. 4. Basic diagonal ftagment 

There are thirty kinds of diagonal fragments in the fifth order which 
are not identical topologically. Among them four diagrams which are com­
posed of combination of two kinds of basic diagonal fragments are summed 
up to give the time secularity proportional to f 3

• The other diagrams con­
tribute to the time secularity as proportional to t 2 at most. In the higher 
order processes, diagrams composed of repetition of the basic diagonal frag­
ments give the most secular contribution, and the other diagonal fragments 
give less secular. Thus it is sufficient considering only the process of the 
repetition of the basic diagonal fragments to sum up all contribution of the 
higher order processes having the highest secularity in every order. 

The operation to pick up the basic diagonal fragment is carried out, in 
our case, by taking the statistical average with respect to two neighbouring 
waves. Then we obtain the diagramatic expression for Br(m) as expressed 
in Fig. 5, which can be written explicitly as 

and 

I 

+ --o---o-J +----

Fig. 5. Diagramatic expression for ~r(m), composed of repetitions 
of the basic diagonal fragments 

(27) 
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(28) 

where 

(29) 

and J denotes the unit dyadic. Since we have summed up the partial series 
which dominates after long time interval to obtain eqs. (27) and (28), it 
may be justified to put a>=O in <D(a>;v0 ). Then we have the expression 

<Da(V0)=_j___=i ,;:if} / Da(Vo), 
't"s,e uV0 uV0 

(30) 

with 

(31) 

This agrees with the consideration given in Sec. 1. From eqs. (27) and (28) 
we have 

i /Jra(w) =-/Jv,.(w) 
(0 

where u-1(w) is the inverse dyadic of U(w). 
Here we should emphasize that the effect of the renormalization of 

wave-particle interactions plays an important role only when the behavior ·of 
u-1(w) near w=O is examined, i.e. when the long time behavior of the 
system is investigated. On the contray, if we are interested in the short 
time evolution of the system, the effect of the renormalization .of wave­
particle interactions can be neglected and u- 1(w) reduces to w-1, and rJr(w) 
has a double pole with respect to w. 

4. Average Propagator Taking Account of the Frictional Process 

Now we can evaluate the average propagator Ga by using the expressions 
for IJr(t) and IJv(t) obtained in the preceding section. If we put q1 =q+Q/2, 
q2=q-Q/2 and · 

~=k•[IJr(t)-IJr(t')J+q•[IJv(t)-IJv(t')J + ~ [IJv(t) +av(t')J, 

then the average propagator takes the form 
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Ga(r, v, t Ir', v', t') 

= (2t)9J dv0J dkf dq f dQ exp{ik•(r-r') + iq•(v-v')-ik•v0(t-t') 

-iQ•(v0 - v~v')} x<exp(-i~)>. (33) 

Here we have carried out the integration with respect to r0 and k', using 
the fact that <exp(-i~)> does not depend on r0 • 

The following cumulant expansion holds exactly to all order in ~; 

where Cn is the n-th cumulant of ~-
First, we estimate the second order cumulant <~2>c• It is convenient 

to introduce the symmetric dyadic 

cu-1(w) •k)a*(U- 1(m) •k)p+ cu-1(m) •k)p*(U-1(m) •k)a< IEI 2> -ia,t 
(m+io)2k2 k,.,+kvoe , 

(35) 

where suffices a, S denote the component. Then, we have 

<~2>c=kk: [2A(O)-A(r)-A( -r)]-qq: [2Ai0)-Air)-Ai -r)J 

1 - 4 QQ: [2A2(0)+A2(r) +A2( -r)J-2kq: [2A1(0)-A1(r)-A1 ( -r)J 

(36) 

with -r-=t-t' and Ai(-r-)=(; YA(r). With the aid of the relations which 

are easily examined; 

Aap(-r-)-Aa/-r)=+I i: <ava8Vp+8vp8va>[cmJi0)2 (m!io)2]e-ia,r 

~ 2 dAa/0) 
- r dr ' 

dAa,s(O) 7C I dm ( ) dr -2 27C <ava8Vp+8vp8Va>wa m , (37) 

A1 ( r) + A1 ( - r) = 2A1 ( 0), 

Ah·)-Ai--r-)=0, 
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eq. (36) can be reduced to 

<i;2>c=2kk: [A(O)-A(-r) +-r A1 (O)J-2qq• [AlO)-Ai-r) J 

1 - 2 QQ: [AlO) +Ah)]+ 2kQ: [A1(0)-A1(-r)]. (38) 

Since A(-r) tends to zero for sufficiently large time, we can drop Ai(-r) in 
eq. (38) to obtain the asymptotic form 

Here it should be noted that Ai(O)>O and Ai(O) '=' -C<O. 
We proceed to evaluate the first order cumulant. Since the expression 

(32) gives no contribution to <f>c, we are forced to use the second order 
solution as shown in Fig. 6, and obtain 

Fig. 6. Second order solution for ctr((!)) 

<f>c-::: -(k-r+Q) •B, 

B-(-~)2J_i<Q__f~ Jc_ k,U-l(O)kk:U-l(a>)* <IEl2> 
- ma, 2n (2n) 3 a> k2 k,.,+kvo, 

The higher order cumulants do not give any more contribution compared 
with first and second order ones. For example, third order contribution is 
proportional to t; at the same time it is forth order of smallness of the 
fluctuations. Thus, this term can be neglected. The similar discussions 
hold for the other higher cumulants. 

Now, we can write down the expression of the average propagator. 
Integrations with respect to Q and q are carried out in eq. (33) to give 

Ga(r, v, t Ir', v', t') = (2~) 6 I detC I -3 J dkf dv0 exp{ik,(r-r')-ik,v0-r 

-kk: Al (0)-r + ik,.Br-+ c-1 : (v-v') 2 -c-1 : [Vo_ v ~ v' + ik • AiCO) + B]2 }. 

(41) 

As A is a function of v0, generally speaking, the integration with respect 
to v0 is complicated one. However, noting that the integrand has a peak 

about v0~(v+v')/2 with the half-value width +TrC, we may approximate 

the above integral, in the case of low fluctuation level, in the following form, 
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Ga(r, v, t Ir', v', t') 

-n:s/2 J { v+v' =(2n-)6 ldetCJ-3/ 2 dk exp ik•(r-r')-i(k•-2--ikk:A1(0)-k•B}r: 

-+c-1 :(v-v')2}, (42) 

where v0 in A and B should be replaced by (v+ v') /2. As I detC I 1/2 measures 
the change of particle velocity in the interval -r:,, it is reasonable that the 
propagator has the Gaussian distribution in velocity space. This means that 
particles diffuse in velocity space due to the cumulative wave-particle scat­
tering resulted in the increase of particle temperature. It is also worth 
noting that eq. (42) does not change the form when v and v' are interchanged. 

Until now we restricted consideration to the case -r:c>-r:,. On the oppo­
site case -r:.<-r:,, we can ignore the frictional term in eqs. (27) and (28), and 
find the propagator 

Ga(r, v, t Ir', v', t') 

= (2~) 3Jdk exp{ik•(r-r')-ik•v-r:- ~ kk:D}c,(v-v'), (43) 

where D=( ::i )2J cf~aJ i: <IEl 2>k,.,cl(a>-k•v). We shall not get with this 

in detail here, since it has been investigated by several authors. 
Before concluding the section, we consider the Fourier transformation of 

the propagator. Noting that the propagator depends on r, r; t and t' only 
through differences r-r' and t-t', we introduce 

Ga(k,a>;v,v')=r=d-r: ei••fdRe-ikRGa(r,v,tJr-R,v', t--r:), (44-a) 

(44-b) 

Then from eq. (42), we have 

(45-a) 

Ga(k, a>;v, v') 1Ja 14 d t _, 1-a/2 [ I _, -1. ( ')2] 
( v+v' )2 1C e -"a exp -4-"a . v-v , 
a>-k•-2-+cla>a +1}a2 

(45-b) 

where 1Ja=kk:.d1(0)+Imk•B 

clw=R.k•B 

.da=C 
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5. Kinetic Equations 

In this section we derive the set of kinetice quations by using the pro­
pagator obtained in the preceding section. 

If we put fa,(V, t)=<Fa,(r, v, t)> and 

F~(r, v, t)=fa,(V, t)+ f (~3Fa(k, v, t)eik••, (46) 

from eqs. (13) and (24) we have 

F.,(k, v, t) = f ~: f dv' e-iw <t-t')Ga(k, {J): v, v')Fa,(k, v', t') 

x f dvf dv' Ga.(k, cv;v, v')E(k, cv')•at,Ga(O, a/';v', v")f.,(v", t). (47) 

Here we have retained the first two terms in the expression of F, becauce 
the expansion of G converges rapidly. Using the relation 

(48) 

and noting that 

Jd , 1-e-icw-w')<t-t') 
Gu/(k,cv;v,v')= lim 2cv ·c , ) Ga,(k,aJ';v,v'), 

t-tf-400 7r z {J) -(J) 
(49) 

we find that 

F (k t) -J daJ fd ' -iw <t-t') G (k . ')F (k , t') (L ,v, - 2n- ve ·a, ,cv,v,v a ,v, 

Substituting eq. (50) into Poisson's equation, we have 

where 

(52) 

From eq. (51), we can derive the wave kinetic equation in a similar fashion 
as is shown in ref. 10. In order to do so, we must relax the restrictions 
eq. (11) and allow the weak inhomogeneity of the ensemble. Then we mul· 
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tiply the both sides of eq. (51) by E(k'a/) e-ic"'+m')t and take the ensemble 
average. Then, the wave kinetic equation becomes 

(53) 

Here we have assumed that the particle correlation is zero at t=t1 and used 
the relations 

and 

Ga(-k, cv;v, v')Ga(v, cv';v", v')::::::Ga(O, cv+cv';v'', v')Ga*(v, cv';v, v''). (55) 

Next we derive the particle kinetic equation. Averaging eq. (9) over the 
statistical ensemble, we have 

a 
f)tfa,(V, t) 

_ ea a f dk f dk' f dcv' <E*(k' ')F. (k t)> -iro't - - ma 8v (2n-)3 (2n-)3 2n 'a> a, 'V, e . (56) 

After substituting eq. (50) into the right hand side of eq. (56) we follow the 
same procedure as derivation of eq. (53). Then we obtain 

:t la(v, t)= !: :v f ci:)3f i: J dv'{ik2;;(,;\fa(k, cv;v, v')/a(v', t) 

- !: t <IEl 2>k,roGa+(k, cv;v, v')k• a: ,fa,(v', t)}. (57) 

In eqs. (53) and (57), we separate the contribution of the collective mode 
from that of thermal fluctuaton. We put 

from eq. (53) 

= ~ k'[iJRee~t'::ij rI dvf dv'G.(k, w,;v, v')f.(v', t), 
8cv a>=a>k 

(59) 
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and from eq. (57) 

8 1 ( t) ea, 8 J dk Jd , {4,r2ea. k 1 ¥ 1 °' v, = ma {}v • (2,r) 3 V -2- T 8Ree*(k, a>) 
8a> a>=a>, 

Ga +(k, a>,;v, v')fa,(v', t)- ~ ;: ; <IEI 2> 0kG,.+(k, a>A:;v, v')k• :V fa(v', t)} 

+ !: :v •Jdkfda>Jdv'{ict:;~ ; e*(i,a>pa(k,a>;v,v')/a.(v',t) 

- ea. k "( 4,reb)2Jd "d ,,, 1 G (k . ,, "') .,_ ( ,,, t) m;: Vi;' (2,r)' V V le(k, a>) 12 b , a>,V , v Jb v ' 

(60) 

where the prime on the integral sign indicates to remove the pole of e(k, a>) 
at a>=a>k. 

The set of eqs. (59) and (60) obtained above is the renormalized quasi­
linear equation taking account of the particle discreteness. If we put Ga,(k, 
a>;v, v')=iJ(a>-k•v)iJ(v-v'), they become to familiar ones. 

6. Dicussions 

In this paper we have investigated the problem of the stochastic accele­
ration of particles in a prescribed random electric field and shown that there 
are two kinds of effects of fluctuations on particle trajectries in weakly tur· 
bulent plasmas. One of these is the diffusive process, which is pointed out 
by Dupree first and later examined by several authors. It characterizes the 
behavior of the system which satisfies the inequality relation -r:,>-r:., that is, 
in rather low fluctuation level. The other is the effect of frictional process, 
which is the subject of the present paper. This new process plays an im· 
portant role in the case -r:,<-r:., i.e. in rather large fluctuation level. 

There appear two characteristic times in our theory. One is the slowing 
down time which is tini:e for friction to become dominant in particle motions; 

't',-1=( :n YI c~sJ ~~ kk<IEl 2>k,m fj~2iJ(a>-kv). (61) 

The other is the damping time of the propagator; 

-1 _ _!__(_.!!_)2J dk' J d(l) <IEl2>, "(. -k' )(k•-r-,•k')2 
't',t - 2 m (2,r)3 2,r k o,U a> V k'2 • (62) 

Eqs. (61) and (62) show that the small scale fluctuations play an essential 
role in scattering. 

The new propagator leads to not only the damping of particle orbit but 
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also the diffusion in velocity space. These facts suggest that the scattering 
of particle due to the fluctuations gives important contributions to the ano­
malous transport phenomena. Application to the case of ion sound turbulenc 
will be made in a forthcoming paper. 

It is not easy to discuss the relation between the method used in this 
article and the conventional perturbation method 11 J. However, in order to 
formulate the plasma turbulence theory, it is important to interpret our 
method in terms of the conventional perturbation theory. In this regard, the 
recent work of Misguich and Balescu 12 J, which has shown the derivation of 
a similar propagator as ours by means of the operator algebra, is also not 
reponsible for the requirement that the plasma turbulence theory should give 
the total grasp of microscopic processes, i.e. resonance, scattering and so 
on, as well as the macroscopic phenomena such as anomalous transport. 

One of the characteristic features of the plasma wave phenomena is a 
formation of wave packets due to the dispersion. In this case trapped par­
ticles become important to determine the behavior of the system. Our method 
may be extended to treat the trapped particles using the diagramatic equa­
tion shown in Fig. 7. The construction of the kinetic equations in this stage 
is a interesting subject for the future. 

i f 
+ + ... 

Fig. 7. Diagramatic expression for o'r(cv) taking acount of trapped particles 
denotes the resonant condition of the wave and particles 
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