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A CONSIDERATION ON THE FINITE ELEMENT METHOD
FOR CALCULATING STRESS INTENSITY FACTOR Ki
USING THE J-INTEGRAL METHOD

By Shigetoshi SHIMIZU* and Shunichi KAWANO**
(Communicated by K. KAWATATE)***

Introduction

A number of studies on the stress intensity factors have been inves-
tigated by various investigators®™'®, But it is so difficult to obtain analyti-
cally the stress intensity factors on the complicated boundary conditions that
the finite element method is applied to the numerical analysis of ones. As
Anderson et al*®. showed the numerical solutions of the direct displacement
method were poor accuracy compared with the energy method barring fine
mesh. But the energy method’ is very complicated process for calculation
by using the finite element method.

Rice™ has shown a formula for-what he called the J-integral,

ou
J=[ vay-1gds) )
r
where I’ is an arbitrary contour surrounding the crack tip, V is the strain

energy density, and 7 and u are traction and displacement vector.
He also showed the following relation as

J=K?/E (Plane stress)

=0 K3/ E (Plane strain) } @
where K; is the stress intensity factor for the mode I, E and » is Young’s
modulus and Poisson’s ratio, respectively. Levy, et al'®. and Leverenz'®

have used the J-integral to the calculation of the stress intensity factor by
finite element method.

On the other hand, Y. Yamamoto and et al.’®~2 suggested an effective
technique called the method of superposition of analytical and finite element
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" solutions, and they obtained the agreement with the analytical results:

In this paper the authors make an application of the method of super-
position to the J-integral for calculating the crack tip stress intensity factors.

The results agreed sufficiently with the analytical ones in spite of using
extremely rough meshes in the vicinity of crak tip.

General Procedure

If the thin plate with a crack is subjected to the load ¢,* along the

boundary S, the stress vector e in the vicinity of crack tip of the plate can
be defined as

6*=0"+a" 3
where o> is the stress vector in the infinite plate with a crack acted by a
load @, at infinity, and the value of ¢ may be obtained by an analytical
method.
' While the stress vector ¢F in Eq. (3) is calculated by the finite element
method for the plate which has the same boundary S and the crack, subjected
to a load e,7 along the boundary.

The load a,F is obtained by the following consideration; cutting out the
plate, which boundary is same as S and including crack, from the previously
considered infinite plate, we find the load distribution along the boundary
S, then subtracting the load which should act along the boundary of the
plate treated by the method of finte element. .

Using the superscripts @, F and oo for the stress intensity factor Ki,
coresponding to the stress vector ¢% oF and o%, respectively, at a point
(r, 6) which is a small distance from the crack tip, o® is generally ex-
pressed as .

o*=[Kr°|Crar*/?<F(a/W)If*(r, 6) }
Fla/W)=1+K/"/|K;”

where F(a/W)is the correction factor, W and a is the half breadth of rec-
tangular plate and crack length, respectively.
From the second of Egs. (4) K;* is obtained as
.I{Ia'zlflu° [1+K[F/K1w]. (5)

Substituting Eq. (5) into the first of Eqgs. (2), the following equation
for a plane stress condition is obtained.

@

Je=J14 (JF ()T | 6
Likewise, the correction factor F(a/W) is shown in _
F(a/W)=1+J" /] D)

Thus, calculating J* and J¥ for the analytical and finite element re-
sults, respectively, the correction factor F'(a/W) of the plate containing a
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straight crack with the boundary of arbitrary contour S is obtained from
Eq. (7).

By using the Westergaard’s stress function ¢?»; we can solve the prob-
lem of a stress free crack at -e<x<a, y=0 and with the boundary con-
ditions of uniform biaxial stress g, at infinity,

$=002/(2°—a)'?, z=x+iy ®

where ¥ and y are cartesian coordinates.
Defining the components of traction vector as ¢, ¢, and 7~ at the
imaginary boundary S, they are expressed as

6:°=0o[% c0s(0/2)+y sin(B/2)—ya* sin(36/2)/R]/ R l
oy =0,[x c0s(0/2)+y sin(0/2)+ya* sin(30/2)/RIR* (9)
Tay =0,ya% c0s(30/2)/R*?

in which R=(X?+Y?)%, @=tan (Y /X), X=x*—y?*—a? and Y=2xy.

Examples

We try to calculate the correction factors of rectangular sheet contain-
ing three kinds of situation of crack, that is, (i) a straight centre crack,
(ii) a single edge crack and (iii) double-symmetric edge cracks, they are
subjected to uniform tension along the edges parallel to the crack, and the
aspect ratio L/ W is adopted 1.4 for each case. The number of meshes used
in this calculation are 35,110 and 215 as shown in Fig. 1.

To examine the convergency of solution used the J-integral on the finite
element method, the results of two kinds of calculation method, one is the
direct application of /-method to the results of finite element method and
the other is the application to the superposition method using Eq. (7), are
compared with the analytical solution of centre crack (a/W=0.4) obtained
from Isida™.

By taking the ratio of the length of integral path I’ to minimum length
of mesh is @, Fig. 2 shows the relation between the values of percent error
to a.

We find that the convergency is bad for the former method, especially
the value of a is smaller than 20 and the converged values are about 3% er-
rors for each number of meshes. '

On the contrary, we can expect the good convergency such as error less
than 1% for each number of mesh by using the latter method.

The calculated values of the correction factor F(a/W) by using Eq. (7)
are plotted against a/W for the case of centre crack, single edge crack and
double-symmetric edge cracks, in Fig. 3,4 and Fig. 5, respectively.

Each results are compared with analytical ones of Isida’s"’, Gross™?
and Irwin’s®.

Using the present superposition method, the calculated results of the cor-
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rection factors F(a/W) are coinside with the analytical ones less than 1%
in spite of the extremely rough mesh, say number of meshes is 35 for each
crack situation.

It is difficult to expect to the good agreement with the analytical solution
using the direct application of J-integral to the finite elment results with the
extremely rough mesh, but we can improvement the error of correction factor
by calculating the finite element method with not so fine mesh.

Conclusions

We have the following conclusions from the preceding numerical ex-
amples;

i) Appling directly the J-integral to the results obtained by the finite
element method, the values of correction factor F (a/W) are almost coin-
cided with the analytical ones for each case except the extremely rough
mesh, say 35.

ii) For the application of J-integral to present superposion method, the
values were fairly well agreed with analytical ones for each case, in spite
of the rough mesh.

iii) In general, the value of J, which is calculated by the finite element
results, has a tendency to give an accurate result taking the integral path
sufficiently remote from the crack tip.

References

1) Irwin, G.R., Analysis of Stresses and Strains Near the End of a Crack Travers-
ing a Plate, J. Appl. Mech., Vol. 24, 1957, pp. 361-364.

2) Sih, G.C. et al., Crack-Tip, Stress-Intensity Factors for Plane Extension and
Plate Bending Problems, J. Appl. Mech., Vol. 29, 1962, pp. 306-312.

3) Paris, P.C. et al., Stress Analysis of Cracks, ASTM, Vol. 381, 1964, pp. 30-81.

4) Williams, M.L., On the Stress Distribution at the Base of a Stationary Crack,
J. Appl. Mech., Vol. 24, 1957, pp. 109-114.

5) Server, W.L. et al., The Use of Pre-Cracked Charpy Specimens to Determme
Dynamic Fracture Toughness, J. Engineering Mech., Vol. 4, 1972, pp. 367-375.

6) Bowie, O.L., Rectangular Tensile Sheet with Symmetric Edge Cracks, J. Appl.
Mech., Vol. 31, 1964, pp. 208-212.

7) Thresher, R. W. et al., Stress-Intensity Factors for a Surface Crack in a Finite
Solid, J. Appl. Mech., Vol. 39, 1972, pp. 195-200.

8) Kobayashi, A.S. et al., A Numerical Procedure for Estimating the Stress Inten-
sity Factor of a Crack in a Finite Plate, Trans. ASME, Series D. Vol. 86,
1964, pp. 681-684.

9) Wilson, W.K., Numerical method for Determining Stress Intensity Factors of
an Interior Crack in a Finite Plate, Trans. ASME, Series D, Vol. 93, 1971,
pp. 685-690.

10) Rice, J.R. et al., The Part-Through Surface Crack in an Elastic Plate, J. Appl.
Mech., Vol. 39, 1972, pp. 185-194.

11) Isida, M., Effect of Width and Length on Stress Intensity Factors of Internally
Cracked Plate under Various Boundary Conditions, Int. J. Fracture Mech.,
Vol. 7, 1971, pp. 301-316.

12) Gross, B. et al., Stress Intensity Factors for a Single Edge Notch Tension Spec-



13)

14)

15)

16)
17)

18)

19)

20)

21)

22)

S. SHIMIZU and S. KAWANO

imen by Boundary Collocation of a Stress Function, NASA TN D-2369, 1964.
Andersvn, G.P. et al., Use of Finite Element Computer Programs in Fracture
Mechanics, Int. J. Fracture Mech., Vol. 7, 1971, pp. 63-76.

Dixon, J.R. et al., Determination of Energy Release Rates and Stress-Intensity
Factors by the Finite-Element Method, J. Strain Analysis, Vol. 7, 1972,
pp. 125-131.

Rice, J.R., A Path Independent Integral and the Approximate Analysis of Strain
Concentration by Notches and Cracks, J. Appl. Mech., Vol. 35 1968, pp. 379-
386.

Levy, N. et al., Small Scale Yielding Near a Crack in Plane Strain, Int. J. Frac-
ture Mech., Vol. 7, 1971, pp. 143-156. )

Leverenz, R.K., A Finite Element Stress Analysis of a Crack in a Bi-Material
Plate, Int. J. Fracture Mech., Vol. 8, 1972, pp. 311-324.

Yamamoto, Y. et al., Stress Intensity Factors in Plate Structures Calculated
by the Finite Element Method, Journal of the Society of Naval Architects of
Japan, Vol. 130, 1971, pp. 219-233.

Yamamoto, Y. et al., Accurate Determination of Stress Intensity Factors in
Cracked Plates, Journal of the Society of Naval Architects of Japan, Vol. 132,
1972, pp. 349-360.

Yamamoto, Y. et al., Stress Intensity Factors in a Cracked Axisymmetric Body
Calculated by the Finite Element Method, Jounal of the Society of Naval Archi-
tects of Japan, Vol. 133, 1973, pp. 179-187.

Yamamoto, Y. et al., Finite Element Treatment of Singularities of Boundary
Value Problems and its Application to Analysis of Stress Intensity Factor, Adv-
ances in Computational Methods in Struct. Mech. and Design, Y. Yamada and R.
H. Gallagher, Eds. Univ. of Tokyo Press, 1973, pp. 75-90. .
Westergaard, H.M., Bearing Pressures and Cracks, J. Appl. Mech., Vol. 6,
1939, pp. A49-A53.

(Received December 1, 1973)

51



FEM FOR STRESS INTENSITY FACTOR USING T-INTEGRAL

HENNEEEREEE

[TTTTTTTY

No. of mesh 35 No. of mesh 110

IENNEERERENI
INNNERE |
No. of mesh 215
Fig. 1 Finite element idealization for one-quater or half of plate.
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Fig. 2

the ratio of the length of integral path to minimum length of mesh.

Fig. 3
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Convergency of correction factor F (a/W) (a/W=0.4).
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Correction factor F (a/W) for a straight centre crack.
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Fig. 4 Correction factor F (a/W) for a single edge crack.
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Fig. 5 Correction factor F (¢/W) for double -symmetric
edge crack. .





