
九州大学学術情報リポジトリ
Kyushu University Institutional Repository

A CONSIDERATION ON THE FINITE ELEMENT METHOD
FOR CALCULATING STRESS INTENSITY FACTOR K_I
USING THE J-INTEGRAL METHOD

SHIMIZU, Shigetoshi
Faculty of Engineering, Yamaguchi University : Professor

KAWANO, Shunichi
Faculty of Engineering, Yamaguchi University : Research Associate

https://doi.org/10.5109/7173157

出版情報：Reports of Research Institute for Applied Mechanics. 22 (69), pp.47-54, 1974. 九州大
学応用力学研究所
バージョン：
権利関係：



Reports of Research Institute for Applied Mechanics 
Vol. XXII, No. 69, 1974 

NOTE 

A CONSIDERATION ON THE FINITE ELEMENT METHOD 

FOR CALCULATING STRESS INTENSITY FACTOR K1 

USING THE J-INTEGRAL METHOD 

By Shigetoshi SHIMIZU* and Shunichi KAW ANO** 

(Communicated by K. KAWATATE)*** 

Introduction 

A number of studies on the stress intensity factors have been inves­
tigated by various investigators1J- 12 J. But it is so difficult to obtain analyti­
cally the stress intensity factors on the complicated boundary conditions that 
the finite element method is applied to the numerical analysis of ones. As 
Anderson et al13). showed the numerical solutions of the direct displacement 
method were poor accuracy compared with the energy method barring fine 
mesh. But the energy method14 J is very complicated process for calculation 
by using the finite element method. 

Rice'5l has shown a formula for-what he called the ]-integral, 

I au 
]= (Vdy-Taxds) 

r 
(1) 

where I' is an arbitrary contour surrounding the crack tip, V is the strain 
energy density, and T and u are traction and displacement vector. 
He also showed the following relation as 

J = KI2 / E (Plane stress) 

(Plane strain) } (2) 

where KI is the stress intensity factor for the mode I, E and )) is Young's 
modulus and Poisson's ratio, respectively. Levy, et al16 l. and Leverenz17 J 

have used the ]-integral to the calculation of the stress intensity factor by 
finite element method. 

On the other hand, Y. Yamamoto and et al. !8)-zl) suggested an effective 
technique called the method of superposition of analytical and finite element 

* Professor, Faculty of Engineering, Yamaguchi University, 
** Research Associate, Faculty of Engineering, Yamaguchi University. 

*** Associate Professor, Research Institute for Applied Mechanics, Kyushu University. 

47 



48 FEM FOR STRESS INTENSITY FACTOR USING ]-INTEGRAL 

solutions, and they obtained the agreement with the analytical results; 
In this paper the authors make an application of the method of super­

position: to the ]-integral for calculating the crack tip stress intensity factors. 
The results agreed sufficiently with the analytical ones in spite of using 

extremely rough meshes in the vicinity of crak tip. 

General Procedure 

If the thin plate with a crack is subjected to the load uo'' along the 

boundary S, the stress vector u°' in the vicinity of crack tip of the plate can 
be defined as 

(3) 

where u00 is the stress vector in the infinite plate with a crack acted by a 
load u 0 at infinity, and the value of u00 may be obtained by an analytical 
method. 

While the stress vector uF in Eq. (3) is calculated by the finite element 
method for the plate which has the same boundary Sand the crack, subjected 
to a load u0F along the boundary. 

The load u/ is obtained by the following consideration; cutting out the 
plate, wh:ch boundary is same as S and including crack, from the previously 
considered infinite plate, we find the load distribution along the boundary 
S, then subtracting the load which should act along the boundary of the 
plate treated by the method of finte element. . 

Using the superscripts a, F and oq for the stress intensity factor Kr, 
coresponding to the stress vector u°', uF and u 00

, respectively, at a point 
(r, 0) which is a small distance from the crack tip, u°' is generally ex­
pressed as 

u°'=[Kr00 /(21erl/2 °F(a/W)]f°'(r, 0) } 
F(a/W)=l+KrF/Kr00 

(4) 

where F(a/ W)is the correction factor, W and a is the half breadth of rec­
tangular plate and crack length, respectively. 

From the second of Eqs. ( 4) Kr°' is obtained as 

. Kr°'=K100 [l+KrF / K100
]. (5) 

Substituting Eq. (5) into the first of Eqs. (2), the following equation 
for a plane stress condition is obtained . 

.Ja=r[l+(JF/r)l/2]2. (6) 

Likewise, the correction factor F( a I W) is shown in 

(7) 

Thus, calculating r and JF for the analytical and finite element re­
sults, respectively, the correction factor F(a/W) of the plate containing a 
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straight crack with the boundary of arbitrary contour S is obtained from 
Eq. (7). 

By using the Westergaard's stress function ¢ 22), we can solve the prob­
lem of a stress free crack at -a<x<a, y=0 and with the boundary con­
ditions of uniform biaxial stress 6 0 at infinity, 

<J1=1J0Z/(z'-a2)V2, z=x+iy (8) 

where x and y are cartesian coordinates. 
Defining the components of traction vector as 1J,,00

, 1Jy00 and r,,y00 at the 
imaginary boundary S, they are expressed as 

G,,00 =G0[X cos(8/2)+y sin(B/2)-ya' sin(36J/2)/RJ/RV2 ~ 

Gy00 =G,[X cos(8/2)+y sin(8/2)+ya' sin(38/2)/RJRV2 f 
7::ny00 =G,ya2 cos(38/2)/R3/' 

in which R= (X2+ Y2)V2, B=tan-1( Y/ X), X=x'-y'-a' and Y =2xy. 

Examples 

(9) 

We try to calculate the correction factors of rectangular sheet contain­
ing three kinds of situation of crack, that is, (i) a straight centre crack, 

(ii) a single edge crack and (iii) double-symmetric edge cracks, they are 
subjected to uniform tension along the edges parallel to the crack, and the 
aspect ratio L/ W is adopted 1. 4 for each case. The number of meshes used 
in this calculation are 35, 110 and 215 as shown in Fig. 1. 

To examine the convergency of solution used the ]-integral on the finite 
element method, the results of two kinds of calculation method, one is the 
direct application of ]-method to the results of finite element method and 
the other is the application to the superposition method using Eq. (7), are 
compared with the analytical solution of centre crack (a/W=0.4) obtained 
from Isida11J. 

By taking the ratio of the length of integral path I' to minimum length 
of mesh is a, Fig. 2 shows the relation between the values of percent error 
to a. 

We find that the convergency is bad for the former method, especially 
the value of a is smaller than 20 and the converged values are about 3% er­
rors for each number of meshes. 

On the contrary, we can expect the good convergency such as error less 
chan 1 % for each number of mesh by using the latter method. 

The calculated values of the correction factor F(a/ W) by using Eq. (7) 
are plotted against a/ W for the case of centre crack, single edge crack and 
double-symmetric edge cracks, in Fig. 3, 4 and Fig. 5, respectively. 

Each results are compared with analytical ones of Isida's11l, Gross'12 J 

and Irwin's3l. 
Using the present superposition method, the calculated results of the cor-
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rection factors F(a/ W) are coinside with the analytical ones less than 1 ¾ 
in spite of the extremely rough mesh, say number of meshes is 35 for each 
crack situation. 

It is difficult to expect to the good agreement with the analytical solution 
using the direct application of ]-integral to the finite elment results with the 
extremely rough mesh, but we can improvement the error of correction factor 
by calculating the finite element method with not so fine mesh. 

Conclusions 

We have the following conclusions from the preceding numerical ex­
amples; 

i) Appling directly the ]-integral to the results obtained by the finite 
element method, the values of correction factor F (a/ W) are almost coin­
cided with the analytical ones for each case except the extremely rough 
mesh, say 35. 

ii) For the application of ]-integral to present superposion method, the 
values were fairly well agreed with analytical ones for each case, in spite 
of the rough mesh. 

iii) In general, the value of J, which is calculated by the finite element 
results, has a tendency to give an accurate result taking the integral path 
sufficiently remote from the crack tip. 
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Fig. 1 Finite element idealization for one-quater or half of plate. 
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Fig. 2 Convergency of correction factor F (a/W) (a/W=O. 4). 

a is the ratio of the length of integral path to minimum length of mesh. 
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Fig. 3 Correction factor F (a/W) for a straight centre crack. 
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Fig. 4 Correction factor F (a/W) for a single edge crack. 
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Fig. 5 Correction factor F (a/W) for double -symmetric 
edge crack. 




