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SOURCE DISTRIBUTION AND CONFORMAL
TRANSFORMATION

A contribution to the slender body theory in ship hydrodynamics

By Hikoji YAMADA,* Jun-ichi OKABE,**
and Hirakazu ToRir***

It is well-known that a solution of Neumann’s problem with respect to
flowfield prevailing outside an arbitrary closed curve may be yielded by
distributing sources along that contour. In this paper, a method is pres-
ented of constructing in practice a solution with the aid of a transformation
through which the domain exterior to the closed curve given on the phys-
ical plane is mapped conformally onto the domain exterior to the unit
circle on the image plane. During this procedure, special regard must be
paid to the many-valuedness of the transformation function. Image sources
would necessarily give rise to image flowfield, and the essential point of
our method lies in expressing explicitly the fact that the summation of
contributions from all these image sources should satisfy the boundary
conditions imposed on the image plane. The technique and the formulas
thus acquired are applied to the slender body theory in ship hydrodynamics,
and it is attained not only to improve the accuracy of the approximation
method but also to understand a thin ship and a flat ship as’ particular
idealizations in the slender body theory.

1. Introduction

Legitimacy of a mathematical procedure in which a ship is to be replaced

by sources (and sinks) distributed on its surface, in order to produce the
flowfield of an inviscid fluid around the ship form, can be proved by making
use of Green's formula in the theory of potential functions.
involved in dealing with the source distributions are quite laborious, however,
and for the procedure of computations a number of variations were devised
according to the degree of accuracy required. As a means powerful but still
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comparatively simple among them, we may mention the slender body theory,
invented originally for theoretical treatments in aerodynamics of aircrafts? and
applied later for ship hydrodynamics.?~® The vital point of this method lies in
solving a plane potential problem of determining a linear density of source
distribution ‘along a contour in such a way that a given distribution of the
normal velocity may be realized eventually at every point on an arbitrary
sectional curve (a plane closed curve) of a ship (or speaking strictly, a double
ship). ' '

Since this source distribution is one of the forms of the solution of
Neumann’s problem concerning a plane potential, its properties are well-known.
However, carrying out numerical computations in practice for a given contour
is sometimes quite laborious, and for the purpose of determining the source
distribution a technique is used of mapping the original contour onto the unit
circle by means of a conformal transformation. This is underlain by the fact
that the appropriate source distribution on the circumference of a circle may
be worked out without difficulty.>¥ The present paper is concerned with this
computation procedure, and its purpose is to improve the accuracy of the
approximate solution adopted up to the present by removing its shortcomings
in particular which ceases to be mnegligible when a sectional contour of a
double ship deviates largely from a circle.

2. Theoretical Considerations

Let a given closed circuit C on the physical plane z (= x-+iy) be described
as z = z(s), where s denotes the arclength measured along C from an arbitrary
origin situated on that curve, and is nothing more than the coordinate for a
point lying on it. Let n(s) give the distribution along C of the normal velocity
of an incompressible fluid flowing -outward across C. The flowfield prevailing
exterior to C is determined by the distribution of the normal velocity, and let
us write the complex potential of the field as W = W(z). Letting further m(s)
represent the linear density of sources, which should be distributed on C in
such a way that the same flowfield may be established outside, then obviously
we have

W(z) = % 35 m(s) In(z—z2(s))ds, 2.1)

where m(s), the strength of the source distribution, is defined in terms of the
efflux of the fluid per unit time. How to evaluate m(s) out of a given n(s);
this is the central part of the problem we are now going to deal with.

As stated before, with a view to employing a conformal transformation
in order to solve the present problem, let us introduce so-called Bieberbach’s
transformation function, F say, such that

z=F(C)=p<C+%+%+---), 2.2)
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i.e. a function which maps with one-to-one correspondence the domain -exte-
rior to C on the z plane onto that exterior to the unit circle on the ¢ plane
and the point at infinity of one plane onto that of the other.  The correspond-
ence through the medium of this function between the contour C and the
unit circle I'(€ = exp(ic)) may be expressed in terms of a relationship between
s and ¢, i.e. s = s(0), or inversely ¢ = o(s), where ¢ denotes the argument of
a point lying upon I'. One or the other of the last two equations makes it
possible for us.to put

z(8) = x(s) +iy(s) = F(exp(is)). - 2.3)

On transformation of quantities appearing in equation (2. 1)’ into those' depend-
ing upon £, W(z) may be defined also on this plane. Writing it .as W(¢),
we can evaluate it in the form

2:

" () In (F(&) — Fexp (io))) 4. 2.4

0

Let us take up first the function F(¢)—F(exp(is)) contained in the inte-
grand on the right-hand side. Since on the z plane this reduces to z—z(s), this
is found not to vanish at a point z lying outside C, namely at a point exterior
to the unit circle I'. It is clear, therefore, that this function does vanish
only at points lying on or interior to I'. Writing down its form in full, we
should have : :

& —Flexp(io) =p(e—¢o) (1-2) (1= %) @5

The zeros of the function F(§)—F(exp(io)) are &o(=exp(is)), €i(a), £:(0),-,
and they satisfy the conditions |£,]<{1 (/=1, 2, ). Introducing equation (2.5)
into (2.4), we have ’

27

W(&) = const.+ %;J' un(a)In(€—E&,(0))do

0

; @27

{=exp(io)

d
dg

where #(e) = m(s(a)) o = m(s(e))

thus out of an unknown m(s), another one defined as x(s) has' been derived.
The expression (2.6) clarifies the many-valuedness of the transformation
function (2.2). Namely, in contrast with a single contour C (z = z(s)) lying
on the z plane, a number of contours { =¢,(¢) ((=0,1,2,-) are given rise
to on the ¢ plane, along each of which sources are distributed with the density
#(o) aside from an isolated point source situated at the origin. The flowfield
exterior to I' results out of all these sources. Although, in some computations
already published, approximation was made ‘use of that the outer field was
created simply out of the source distribution along the unit circle, accuracy of
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this approximation becomes deteriorated as the form of the contour C deviates
from a circle, as'shown in the next section.

If the logarithmic functions are expanded, equation (2. 6) is found to
become

W(C) = const.+ A lnC——c———%——%—---, 2.8)
where A, = (o),
and 4, = %(Ca(ﬂ))’ﬂ(ﬂ) (G=1,2,-); 2.9

an overbar on the right-hand side means that the average value with respect
to ¢ over the range (0,2x) should be taken. Although the value of A, (or )
is always real, those of 4; (j=1) are generally complex.

Let us examine properties of the function W(£) defined by equation (2.4).
This function gives the flowfield outside the unit circle, and provided the
distribution of the normal component of velocity on the unit circle is given,
v(o) say, this Neumann’s problem can be solved without difficulty. In the
present case, as is well-known, with the aid of the functional relationship in
the conformal transformation, v(¢) may be computed out of n(s) as a known
function of ¢ in the following way:

v(6) = n(s(0)) 3> = n(s(0)) | -3

(2.10)

L=exp(la)

Let us write down its Fourier expansion in a form
v(a) = 2‘, vicos(ko) + E u‘s’sm(ka). 2.11)

Incidentally, it should be noticed that the relationship between v(o) and n(s)
is the same as that between u(o) and m(s), and that accordingly any linear
relationship between u(o) and y(¢) is to be found identical with that existing
between m(s) and n(s) without regard to a particular transformation function
F(€). This fact will be made use of later. '

On the other hand, v(¢) can be evaluated also out of equation (2.8).
Namely, substituting rexp(is) for £ in this expression and taking the real
part, we can readily show that ¢(r, ¢), the velocity potential of the flowfield,
may be expressed in the form

¢ = const.+A4,Inr— —1’7 (A4,"cos g+ 4,"sin o)

—2—1ﬁ (4,:7¢08(20) + AOSin(2 ) —++,  (2.12)
where the superscripts (r) and (i) denote the real and the imaginary part,
respectlvely From this, we have

9(0) = (BY/BF),m1 = Ao+A;¥cos o+ A, ®sin o
4+ A;Ycos(20) +A:Vsin(2 o) ++-. (2.13)
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Since equations (2.11) and (2.13) -should be identical to each other, by
comparing coefficients of corresponding terms in both of these expressions, we
obtain :

v = Ay, YO =AP, and »P =AY (k=1,23), (214)

or we may put them in alternative forms which follow:

2

Y'9 = A4, = ZLJ' #(o)do,

24 :
and WP = A= Do [ GO =123, 219
i=0 0

By solving equation (2..14) or (2.15) with regard to u(s), the unknown, we
might evaluate it in terms of v(o).

However, in order to carry out.this calculation, it would be necessary to
re-examine here the computation scheme for 4,’s. In their definitions shown
as (2.9), €,(s)’s are employed, which are rather difficult to evaluate. Returning
to equation (2.5),

F(©) = F(€) = p(E—C0) {1— ¢ — £ (C+E) — g (GGt —- ]

C(l—%){l— é (Co+c2+c3+c4+ )

1 (@, e,
cz(c tatgT )= (@) =)
By virtue of this relation, we are led to

In(F(&)~F(¢0)) = const.-+1n -+ 1n (1 %)

“n{ 1(%+c2+c3+c‘+)

() )

=°°n§t’+ln?fkil%[(%)k+{H_c +c2+c3+ i)

=cdnst.+lnC—B—‘—@—£2—(Q—"-, (2.16)

where all of B,(¢)’s may be expressed as linear combinations of exp(iks), k
being an integer, positive or negative. Suffice it to notice this fact for the
time being; forms B,;(¢) will be exemplified in the next section. Provided
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equation (2.16) is introduced into the right-hand side of (2.4), W({) may be
given explicitly, and since it should be identical with (2.8), we can formulate
a computation procedure for 4;:

| A=B@Oa@ =123 @17)
Finally, the Fourier series representation of x(o), i.e.
u(o) = kE_O,uff’cos(ka) + kzly,‘f’sin(ka), (2.18)

may be introduced into equation (2.17). The right-hand side of this equation
yields an expression linear and homogeneous with regard to 4 and u{® (i =
0,1,2,++, and j=1,2,-), and provided 4, (k =1,2,-) in equation (2.15) is
expressed in a similar manner, a system of simultaneous linear equations of
2 and 4 can be derived. When they are solved, ui®, 4 and accordingly,
#(0) can be determined in terms of »,©@, v, and v (k=1,2, ).

In order to arrive at the final result by inverting 4(s) into m(s), we have
only to use equation (2.7) inversely, namely

(2.19)

z=2(s)

M@ = wo() 55 = o) |5

3. Illustrative Examples

The contour of a cross section of a ship might be regarded as symmetrical
right and left. Furthermore, since for a ship advancing with a uniform speed,
the surface of water might be replaced by its mean position to the first
approximation,® the flow around a ship body can be approximated, as well-
known, by the lower half of that taking place around a so-called double ship.
(In what follows, the term ‘a double ship’ will be abbreviated simply as ‘a
ship’ unless confusion is possible.) Thus C, the contour of a cross section of
a ship, is found to be symmetrical right and left as well as up and down, and
accordingly also the flow around it has the same property. This symmetry
simplifies the computations considerably as shown below.

Namely, in the first place, correspondence between the z plane and the ¢
plane may be written as

2= F© =p(c+ G+ 5+ E+), G.1)

where p >0 and a,, a,, as,--- are all real numbers. Next, at this time, n(s),
the distribution of normal velocity on C, is found.to have the same property
of symmetry for the behavior of a ship presupposed in the slender body theory,
and eventually m(s) also has the same symmetry. It results from this fact that
the following special type of Fourier cosine expansions is valid for both of
#(o) and p(o), the distributions of the source and the normal velocity, respec-
tively, on the circumference of the unit circle on the ¢ plane:

po) =3 14,€08(2 i), (3.2)
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and ~v(o) = auucos(z Jjo). (3.3)

With a view to investigating in this section qualitative characteristics,
above all, appearing in practical problems, we take in the first place a
Joukowsky transformation

z=F(c>=p(c+%), ‘ '(3-‘4).-

where p >0 and a, < 0. As easily verified, we have

d d . .
%= 712— =pll—aexp(—2i0)|
C=explio)
_ 2\1/2 (1 2a, 12
= p(1+a}) (1 1+a§‘cos(20)) , (3.5
and In(F(&) —F(5o)) = const.—lnC+ln(C—Co)+ln( —?) (3.6)
0
or expanding the right-hand side,
_ - s L (e (@) L
In(F(O) ~F@&) = const. +In¢— 3¢ {co+ (Co) }Ck. G.7)
With the aid of (3.6), therefore, (2.6) is found to become
_ 21
W(£) = const.—uIn¢ +717?J un(@)In(€—exp(io))de
0
2
_t Z—IEJ 2(D1n(€ —aexp(—is))ds , (3.8)
0 .
and likewise with the use of (3.7), equation (2.8) reduces to
W() = const.+uIn¢
0 2r .
- 27—1,??[ 14(0) (exp(iko) +at exp(—ika))do. (3.9
k=1 L 0 .

If we take notice that the last term on the right-hand side of (3. 8) can
be written ‘

717?[ ZK”@I“(‘ —aexp(io))do

by virtue of the symmetry relation u(o) = p(—o), it is readily understood that
equation (3.8) shows clearly the construction of the flowfield around the unit
circle I': the source distributed on a single contour C on the z plane turns out
to be decomposed, when we pass to the & plane, into the source distributed
on two circles I'(¢ = exp(is)) and I’ (¢ = a,exp (is)) together with an isolated
point source of the strength —z situated at the origin. The flowfield generated
outside I' out of all these sources corresponds in a manner of conformal
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transformation to that prevailing outside C on the z plane.

In computing u(s) in practice, however, it is rather simple to stand at the -
viewpoint represented by equation (3.9), or in other words the interpretation
that the flowfield is made up by the assembly of an infinite’ number of
multipoles superposed at the origin. Namely, upon substituting the expression
shown as (3.2) for u(s) in equation (3.9) and making use of the integral
formula

1" . 1
—2?'[0 cos(ko)exp(+ilo)de = 33“ , (3.10)

where % and [ denote integers and Sk, is Kronecker’s delta, we find

3.1

B o 14at s 1
W) _const.+ﬂoln‘:b ; 2 2k &%

On the other hand, the flowfield having the normal velocity distribution as
indicated by equation (3. 3) on the umt ‘circle may be expressed w1thout
difficulty: .

W(&) = const.+v,In&— | Vor 1 (3.12)
k

= 2k %
Both of the flowfields shiown as equations (3.11) and (3.'12) become identical
provided the following condition be satisfied:

so=v, and gy, = (k=1,23,+). B (3.13)

2
Thap”s

The source distribution on the circumference of I'" has been thus determined.
Combining equations (3.13) and (3.2), we have

2(0) = vo+ Zl 2,txJz,ecos(Z ko), (3.14)
k=1 +
and throughv transformn}g it back onto ‘the_ contour C, we are led finally to
the source distribution which has been aimed at:

2 2 1/2
nK@=={ur+Z;TIZ?wwoujkﬁ}ﬁK1+aﬁm(L—lfzcoﬂZU»;.(11D

Let us examme the characteristics of the distributions (3.14) and (3.15)
in more detail. Since the contour C which we are now dealing with is an
ellipse and may be expressed in terms of the rectangular coordinates as

x—p(1+a1)cosa and. y= p(l-—al)sma,

p(1+a1) and p(1— a) are the prmmpal radu of that elhpse Confining our-
selves for the present to an oblate one, we put —1 <a; <0. Wr1t1ng the ratio
of the two radii as e, we have

[

&= (1‘*‘“1)/(1 a:) (3.16)
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our next step will be to scrutinize the mode of change of the flowfield -due to
variation of e.

(i) In the cise when ¢=1: —we have a, =0, and consgquently Cis
found to be a circle. Equation (3.14) becomes

u(o) = uo+2k2=lv2kcoé(2 ko) = 2v(0) —vo = 2v(0) —v . (3.17)

This is in fact the expression of u(¢) used frequently as an approximation in
a general case. Namely, after it is multiplied by de/ds for a particular
problem in question according to equation (2.19), the result is taken as m(s).
This is exact only when C is a circle, of course, and then from ds/de¢ = p,
we have u = pm, v = pn according to equations (2.7) and (2.10), and therefore
from (3.17) we obtain

m(s) =2n(s)—n, : (3.18)

where n is the value of n averaged with respect to s over the range 0 through
27p. Equations (3.17) and (3.18) are found to satisfy the general rule concern-
ing the relationship between (m, n) and (g, v). However, since C itself is
a circle, (3.18), the resulting equation, is quite natural.

(ii) In the cise when ¢=0: —we have a, = —1 and accordingly C
becomes a segment of a vertical line (a flat plate). Equation (3. 14) reduces to
u(o) = vo+ Z uncos(2 ko) = v(o), (3.19) ¢

and we have readily
m(s) = n(s); (3.20)

this also is a well-known property, and at the same time is very significant
for a thin ship, as will be shown in the next section. Difference between
(3.18) and (3.20) is quite sensible.

(iii) ~In the cise when e =0.2: —we get a; = —2/3 and C becomes an
ellipse elongated in the direction of the y axis. Roughly speaking, it might
be regarded as a representative example of a cross sectional form of a ship
near the bow. Then, since we have '

2
1+4-a?

2
1+a

= 1.38, -2 T 1.6,

Tta Tiar=1-84, @(3.21)

the ratio u,, vs. v, (B =1,2,+) approaches a valué a little larger than 1,
which is pertinent for a flat plate, as we go to small values of &, and tends
to 2, that for a circle, as we go to large values of k, on the contrary. This
fact might have a considerable effect in:accuracy of .estimating the intensity of
the ship wave generated at the shoulder. Approximate estimation adopted up
to the present, in which the source distribution corresponding to a circle is
assumed, would yield an exaggerated value, from a theoretical standpoint at
least. In transforming necessary quantities back to the z plane, we have to
make use of equation (3.15), since.no simple relation such as (3.18) or (3.20)
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is valid any longer.
Modifying computations for an ellipse a little, we can arrive at four-term
approximation put to practical use sometimes: namely, instead of (3.4) we write

2=FQ&) =p (C+c+ca+ ); (3.22)

our next step will be to examine the problem for this case in more detail.
Expansion formula corresponding to equation (2.8) will be obtained through
the same technique as employed in (2.16): after somewhat laborious computa-
tions, we are led to.

W(C) = const.+zInC— %f"u@ [ 3 % (C5+ kS (o)) ] do, (3.23)

where ' S,,(¢) and S,,..,(¢) denote, respectively, linear homogeneous expressions
of even and odd powers of exp(—is). However, as seen in equation (3.2),
u(o) is a linear expression of even powers (positive and negative) of exp(is),
and in the integrals with respect to ¢ shown above, only (%*42£kS,(s) can
have a contribution toward integration. So that writing only S,.(¢) in full,
we have

Syx(0) = ;azk.zlco_ﬂ (@op2t = Qrze) s (3.24)

forms of the first several members of the numerical coefficients a,,, are given
in Table 1.

Table 1 Forms of aj,s

2 4 6
21
2 -:12—012‘_1'03 a,a3+as alas-f-%aaz
4 | amaztas %a14+alzaa+a1as+% ag’ a*az-tay’as+2 a,a5°+-3 azas

—é—ax6+a14as+a13as+ %axzaaz
6 | aas+ %aa2 a*ayfa,’a;+2 a,a;°+-3 azas
+6 a1a305+%—a33+—;-a52

Upon substitution of equation (3.2) for u(s), the integral shown as’(3.23)
will be evaluated in the following way. Employing the integral formulas
given by equation (3.10), we have

W(C) = const. +M,1nc S ( e S a, 2,,,(2,) /2 RCE (3.25)

k=1
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Comparing this with equation (3.12), we have a system of linear equations

Mo = Vo,
and Yo +2 k gazk.zrﬂzt =2V (k=1,2,3 ), (3.26)

which is nothing but equation (2.14). If these equations are solved, g, will
be evaluated accordingly. When a, = a; = a; = 0, we are led to the case of a
circle, and if @, = —1, a3 = g, = (0, the problem reduces to the case of a flat
plate.

As an example of a sh1p form, let us take the numerical values

p=0.576; a, = —0.776, a3;= —0.025, and a, =0.015. (3.27)

These values were read roughly out Table 2 Values of ag,,s
of a graphic representation of p) k1 5 "4 P
these parameters in Fig. 2 of refer- 21

0. 276 0.034 | —0.011
0. 065 0.019
—0.011 0.019 0.024

ence 4), and may correspond more
or less to the contour of a cross
section of a ship at her shoulder
or thereabout. In terms of them,
a,., may be calculated as shown
in Table 2. Accordingly, by solving equation (3.26), we have

(= .
34
: [l
@
=~

Ho = Yo,

M2 = 1.296 v,—0.073 v,+0. 030 v+---,
= —0.145p,+1.632v,—0. 109 v+,
Hs = 0.089 v,—0.164 v,+1.761 yg-+---,

By comparing these expressions with equation (3.13), we find that the paral-
lelism is obvious apart from minor terms contained in the former. In this
case, therefore, the flow has a property quite similar to that prevailing around
a slender ellipse laying its major axis parallel to the y axis. Namely, the
coefficient of v, in the second equation is found to be less than 2, the value
pertinent for a circle, and in fact a little larger than 1, that for a flat plate.
As pointed out before, this fact may have a sensible effect in the accuracy of
estimating the bow waves and the stern waves.

4, Thin Ship as a Slender Body

Now, let us look back at the slender body theory. Writing L for the
length of the body, M for the maximum of radii of all cross sections perpen-
dicular to the length, then we may conclude that the slender body theory is
valid as long as M/L would be sufficiently small. Take the x axis in the
direction of the length, and the y and the z axes perpendicularly to it, for
there can be hardly any danger of confusing the above notations with those
employed in the preceding sections in the forms x, y, and z ( = x+iy). Now,
if non-dimensional quantities defined as '
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is introduced, ¢, the velocity potential of the flowfield, satisfies the equation
4¢ =0, or

0%
PE 8—7)2+8C2 =0, 4.2)

L

(M)2 o%’¢ | 0%

and, by virtue of the condition M/L <1, we have

0%

20+88=0; (4.3)

¢t

thus a plane potential equation is found to be valid approximately. In this
section, it is assumed that the ship is at rest and the water flows in the direction
of x increasing with a uniform velocity U. The y axis is taken horizontally in
the transverse direction, and z vertically downward. It is next supposed that
the ship form can be expressed by a pair of equations

y==£f(z; x), 4.4

and finally that n* denotes the length measured along an outward-drawn
normal, lying on the y-z plane, of the contour C of a cross section.
Rewriting equation (4.3) in terms of the old variables, we have

0%
oy?

o _, (4.5)

T o
and the boundary conditions to be imposed upon it should be: —at a great
distance, i.e. as |y| and/or |z|— oo,

o¢ _ 9¢

—a—;—‘az=0! (4-6)

and on C, the contour of a cross section of the ship,

20~ %{1+. (5™ @7

Although there exists one condition M <& L for M, the maximum value for
the transverse dimension of the body, no other restrictions are given to the
form of a cross section. Accordingly, provided M is sufficiently small compared
with L, a thin ship and a flat ship are both in the region of legitimacy of the
slender body theory. As a representative example, we take a thin ship, and
making use of a crude approximation that the contour of its cross section can
be regarded as a flat plate, we put Of/9z==0 in equation (4.7) corresponding
to the thin-ship-assumption. Then, on both sides of that plate, the following
condition for n(s) should be valid as the boundary condition:

26 _ gy of (4.8)

T

which is nothing but the assumption made by Mitchell.? As we saw in the
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preceding section, since the source density corresponding to the lateral velocity
n(s) is m(s) = n(s) on a flat plate, the source deﬁned as

m(s) = 2,{ 4.9

is to be distributed on the central plane of the ship. It is self-evident that by
substituting equation (4.9) in the general expression for wave-making resistance
of a source distribution, for example equation (4.1) of reference 4), we are
led to Michell’s formula for the wave-making resistance.

To sum up, as long as the condition M <L is valid, a thin ship and a
flat ship are distinctly idealized cases of a slender ship. So that the slender
ship theory in which the curvature of the contour of a cross section is taken
into consideration is expected to yield a more accurate result, from a theoretical
standpoint at least, provided we should be enabled to formulate the source
distribution correctly, than the rather extreme approximation in which the ship
is regarded simply as a flat plate.
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