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FOR RECTANGULAR PLATE BENDING. ELEMENT

By Jiro SumaArA® and Nobuyoshi FukucHI*™

1. Introduction

A number of methods of analyzing a structure consisted of plates with
stiffners have been proposed up to present.

One of the most universal and powerful method is finite element method
However, this method has a few inconvenient points as follows:

(1) Extensive calculation is usually needed to solve the mmultaneous equatxons
with a large number of unknowns. '

(2) It is difficult to get continous values of stresses at the interjacent bound-
aries except by a few particular cases together with increasing the accu-
racy of the results as a whole.

To lighten the volume of calculation, the finite strip method was proposed by
Y. K. Cheung? to analyze a kind of plate structure using a limited number of
approximate polynomials as displacement functions. This paper presents a meth-
od of increasing the accuracy of the finite strip method by using general solu-
tions which satisfy the equilibrium equation. of plate bending as displacement
functions. Some examples are shown for the cases of analyzing bending of
plates without and with stiffners of which all edges are clamped correspond-
ing a severe ones to analyze analytically.

2. General

This study is concerned with structure consisted of continuous plates w1th
stiffners.

The plate is treated by separating into a number -of strips, the thickness of
each strip is assumed to be constant and may vary for each strip.

The local coordinates (X, y) in each strip are taken as shown in Fig, 1.***
Considering any strip, let sides @ and (k) corresponding respectively for x=con-
stant with arbitary geometrical and mechanical boundary conditions and side @
and D corresponding y=constant supported by specified condition, i. . clamped,
free or simply supported.

* Professor, Faculty of Engineering, Kyushu University
#* Lecturer, Faculty of Engineering, Nagasaki University.
#* See page 61
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And for the case of plate structure -with stiffners in y-direction, the loca-
tion of plate sides is assumed to be coincided with the sides corresponding
X =constant,

- 3. Displacement Function

3. 1. Plate bending analysis

It is assumed that the direction of load g acting on a plate is normal to its
surface and that the deflection is small compared with thickness of the plate.

The equation of equilibrium in terms of deflection w at the middle plane
of the plate during bending is given by

o'w o'w o'w

=42
ox T2 Bx%y’ "oy ~ D M

where D is the bending rigidity of plate.

The load g is assumed to be constant in x-direction or to be represented by
power series with respect to x, provided that it may vary arbitrarily in y-direc-
tion.

And it can be expressed as

g=qs+q,

in which suffix s means symmetric and suffix ¢ means anti-symmetric with re-
spect to x-axis.

Accordingly, the deflection of plate can be expressed as follows :
w=w,+w, .

We use following series as the displacement functions, which satisfy exactly
the homogeneous equation of (1) :

= 33 ku (00507 + 3 Enhu(3)c05Bux Q. a)
= 31 ka(OSING,Y + 33 Futra(7)c0sBax . b)
@n—Dz  _ _nm _@m-D=
where ay=""pts A= Bn="";
cosha,x sinhe,, x
k (x) = Ay sinha,a B, cosha,a
LC a,x sinh a,x a,x cosh a,x
" sinh a,a " cosh a,a

_B.bcosh B,y B,y sinh B,y
= () cosh B,b = sinh B,b
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_ Bab sinh B,y B,y cosh B,y
V(¥ == Gnn .6~ cosh B.b

Then, A4,, B,, C,, D,, E, and F, are unknown constants to be determined by
boundary conditions of the plate. Provided that both second terms in the right
hand sides of equation (2. a) and (2. b) should be dropped for special case of
both @ and @) sides being simply supported.

Hereafter, the case of symmetrical bending with respect to x-axis is shown
as examples.

Anti-symmetrical case can be treated similarly as the procedure of sym-
metrical case and general case can be treated by superposing the results of the
both case.

(i) Boundary conditions for sides @ and @

For the case that the both edges of the plate in x-direction are built in,
we have following conditions for both edges:

w,=0, F%-0 ©

Substituting expression (2. a) into (3), we obtain

F 3 (D", () £ 3320 cos Bax=0 O
n=1 m=1 y y=b
We expand k,(x) in the form of following Fourier series :

k,(x) = f‘__,lX’,,,,, cos B,x ©)

then, we have

_ (=™ 23, 2a,,B,,_( __2a, )}
Xy = 2 {An altpe coth a,a + C”ocﬁ—i—ﬁ,i a ait Bz cotha,a

_ (—1D)m+
a

mn

Substituting (5) in (4), we obtain

ELABH) = 50 0 x,, ©

a
where _

A(Bnb) =1+ B,b(coth B,b—tanh B,b).
The cases for other boundary conditions can be treated similarly.

(ii) Boundary conditions for sides @ and ®
We expand the deflections at the sides @ and ® and the slopes perpendicular
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to them in following series.

{ deflection: >3 6y, cos a,y
n=1

For @ side, ! "
slope : E} 0., cOs 0,y
deflection : ﬁ‘, Okn COS QY
For @® side, »=
slope : 2'1 0., cos a,y

From the deflections for sides (i) and @), we obtain the following equations by
using (2. a) and the above expressions

A,cotha,a+ C,a,a= 5@2‘_% -

B,tanha,a+ D, a,a = %%é‘«_» @
Similarly, from the slopes for sides () and @, we obtain
> = ok, o .

2} Omcosa,y = 33 F8|  cosayy — 33 (=)™ Enu() Bn )

glﬂmcosany= fi}l%’? L. cosay+ %1(—1)"‘“Em¢m(y)3m . a0

Then, we expand ¢,(») in following Fourier series :

¢m(y) = f;itl Y’mncosany (1 1)

from which

b CIERDE 5 Y
Substituting (11) in (9) and (10), we obtain

Y, — (=" 4a,Bicoth B,b _ (=1

B,+D,(1+a,atanh @,a) = ﬂ”—”zgﬁ 12)
A,+C, (1+oa,acotha,a) _
- had (_1)m+” Bm _akn—ﬂm
2:_)1 — E, o Y= o, 13)

We can determine the unknown constants A4,, B,, C,, D, and E, from the equa-
tions (6), (7), (8), (12) and (13).

3. 2. Approximate matrix representation of displacement functions

To calculating the deflection of the plate strip by finite terms (n, m) in
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the series in (2. a), we write the solution of equation (1) as follows

(A

w=F {f?“’ } @
E,

where F is 4n+m row matrix.
. {cosh AX oo y cosh LZE sinh o, x cos a
sinh a,a ¥ sinh a,a 2Yreer oosh a,a AN
a,x sinh o, x cos o, x cosh a‘xcos o $.() cosBux. }
L] Sinhala 1Vyeens CQSh oa 1Yy eeey 1 A 17by e .

From 3.1 the relation between unknown constants {4,4,4;...}7 and the bound-
ary displacements at sides @ and @ can be represented in following form:

A, w, '
{1‘2 }= S {W |_sw (14)
where S: (4n-+m, 4n) matrix (refer to Appendix 1.)

W: 4n column matrix representing boundary displacements
W,= {6, 0.5y Ors 0:}7. (=1, 2,...1n) .

Combining (2)’ with (14), we obtain
w = ESW . (15)

4. Potential Energy and Equilibrium Equation for Each Strip

The curvatures of the strip are given by

ézw h
“ox?
_o%%w
oy
ofw |
ox0y
where T is (3, 4n+m) matrix. (see Appendix 2.)

- TSW (16)

And the bending and twisting moments for isotropic material are represented
in following form: ’

T Tox?

o%w
0 —_ow
4 oy*
| o%w
| W
‘\Mny 0 0 ny,J 2 axay

M,l (D,Dlo“ *w ]
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=Dy=DTSW an
. in which
. D,—Er/12(1—»?), Di=yD,
1_
ny = 2 Y -Dx
t=the thickness of plate strip, v=Poisson’s ratio ,

E=Young’s modulus .

The potential energy of each strip element is given by

U,,=Lr J'b_,, MTX dxdy— r r wTqdxdy. 18)

2 -a -a)-b

The normal load g can be expressed by following cosine series

9=314, cos a,y=qC, (19)
where q=[q.9, ... q9,] : n row matrix
C,= {cosa,,y, ..., cosa,y}”: n column matrix.

Substituting (15), (16), (17) and (19) in (18), we obtain
1 a b
U=+ WSt (J J_b TTDT dxdy) SW

a

- WTST(J' rb FqC, dxdy)

- _;_WTSTESW— WISTP (20

where

€11 €13 eennns Crin+nm
E= | % G2 : 4n+m square matrix

e4n+m. lecceee e4n+m. dn4+m

e[ [ (T"DTaxdy
-a J-b
P={p,p; ...... Dinsm}? : 4n+m column matrix

p=[" [ aracyaxay .
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Double integrations in each strip of E and P are able to be obtained analytically
as shown in Appendix 3 and 4.

According to the principle of minimum potential energy,

oU, _

=0 . @n

Thus, we can obtain the simultaneous equation with 4n unknown generalized
displacements,

(STES) W—S"P—0 @)

in which, square matrix k=S7ES corresponds to stiffness matrix and column
matrix f=STP corresponds to load matrix in usual structural analysis like
finite element method. We can obtain total equations for the whole strip
by repeating and superposing above mentioned procedure for every finite
strips.

i

5. Stiffness Matrix on Stiffners

Let us consider the stiffners in y-direction as shown in Fig. 1, fitted at
the sides of y-direction for each finite strip.

Curvature and torsion of the stiffner are given by

A
@

« &

[a})
>
stiffner

IE
1

@
2a-1

Fig. 1 Plate structure and local coodinates.

otw
- ayz t=a
oLs= =RSW . (32)
w| -
ox0y

X=a

in which R is (2, 4n+m) matrix. (refer to Appendix 5.)
And the bending moment and twisting moment on stiffner are represented in
the form:

M, —{ AA;} — Dy,—D.RSW (24)
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where

EI, 0
Dsz[ 0 GJJ

R: (2, 4n+m) matrix (see Appendix 5)
then, EL. is the bending rigidity of stiffner and GJ is the twisting rigidity of

stiffner.
The strain energy of each stiffner can be given by

b
U= [ Miysdy
-

— WrST (j"b R™D;R dy) SW . (25)

Then, the stiffness matrix of stiffner is represented in following form:

ks=STGsS (26)
where
811812 ceeeee 81, anm
Gs =1 831822 cvererereaeaens : (4n+m) square matrix
insm, 10+-8tnsm, dnim
and

b
&= [, R"D;R)dy .

Each element in Gy is able to be integrated analytically as shown in Appendix 6.

For the case of plate attached with stiffners in x-direction instead of
y-direction, the stiffness matrix can be obtained by similar manner as the case
of plate with stiffners in y-direction, but it is not necessarily advantageous
to use exact displacement functions satisfying homogeneous equation of (1) for
the aim of increasing accuracy and it is recommendable to use approximate
functions such as polynomials for simplicity, sacrificing the high accuracy of
the result.

6. Examples

- (a) Square plate

For investigating- the accuracy of solutions by using expressin (2. a) as dis-
placement function in finite strip method, we have calculated uniformly loaded
square plate on the boundary condition of all edges clamped.

Numerical results on bending moment M, and twisting moment M,, are
given in Fig. 2 (a) and Fig. 2 (b). )

We cannot almost find the discontinuity of moment M, and M,, on the inter-
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M,(/PaZf
0.04 {(EXACT 0.0231)
0.02316
002312 401013
0.02| - 001981
0.00653
~0.00613
0 01
—0.02 1
—0.04
(EXACT —0.0513)
—0.06
Fig. 2 (a) Bending moment M, at y=0 (15 strips, 4 terms)
Mxv/ P""ZI 0004041
0.004039
¥
00047 o9p2848
10002843, 0002557
Y 0002559
0.002-
T T T T 1—*X/a
0 01 02 03 04 05

Fig. 2 (b) Twisting moment M,, at y=0 (15 strips, 4 terms)

strip boundary.
For different number of strips keeping to take 4 terms of the series for
every cases, the change of maximum deflection of plate is shown in Fig. 3.

(b) Rectangular plate with two stiffners

The deflection of rectangular plate with two stiffners loaded uniformly and
with all clamped edges is shown in Fig. 4.
It is difficult to obtain highly accurate solution for the case of thin plate with
very rigid stiffner. For such case, it is recommendable to use exact solutions of
governing equations for the deflections of stiffners instead of using exact solu-
tions for plate bendings.

7. Consideration

It has been made clear by many examples® that we cannot necessarily
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XACT 00126
(5) | —
- /Q’ -
0010 s 00114
/Q
0\005{

T T

8 10
no. of strips

(@]

Fig. 3 The relation between maximum deflection and number of strips.

0 ffimer Stifiner %4 15
02 '

04

06

“pa

10"

Fig. 4 Deflection of rectangular plate with two stiffners at y=0
(6 strips, 6 terms)

obtain the numerical solution with satisfactory accuracy even assuming by trial
functions considered to be approximate in usual displacement method of finite
element method, especially it is often ture for the values of stresses. And this
stiuation is supposed to be same in the finite strip method.

For the sake of arising the discontnuity of the obtained stresses at inter-
element/strip boundaries, we have generally no guarantee of accuracy of results
for practically admissible size of finite element/strip mesh as far as using

“assumed approximate functions as displacement functions.

If minimum mesh size is limited by practical reasons, we have to find
any mean of increasing accuracy of obtained values (especially stresses) without
changing the mesh size.

This paper suggests a method met with such situation.

Authors used conforming functions satisfying exactly the governing equation of
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plate bending in the form of expanding in the finite terms of series.

Therefore we can generally expect to get the solution tending to exact Value
by increasing the number of terms in finite strip/element method according to the
principle of minimum- potential energy for plate- bending problem And thus
we get the numerical solution with practically allowable continuity of stresses at
the interjacent boundaries, this solution is considered to be guaranteed the
accuracy, because the solutlon satisfies the governmg equation in each finite
strip/element.

It has become 'ciear‘ that the increasing number of terms in the series of
such solutions is more “effective to increase the accuracy than to increase
the number of strips in the case of- finite strip method. This situation is con-
sidered to be similar for the case of finite element method.

Practical examples for square plate béing all edges clamped without and
with stiffners are given. For the former éﬂase we got satisfactory results by
using over 10 strips and 4 terms.

8. Conclusion

A method of increasing accuracy of results by means of finite strip me-
thod by using the exact general solutions as displacement functions is pre-
sented. :

To save the computing time and necessary memory size of computer and
to get the solution Wwith improved accuracy than that obtainéd by the former
numerical -methods, this approach is powerful tool for the numerical stress anal-
ysis of plate structure.
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Appendix‘
A1, Matrix-S.

The relation between unknown constants and boundary displacement can be
represented in the following form:

'Al' . COnc °
E, JAf - E, iaf @an
E, i
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From (A1), we obtain
S=EE,

where E, is (4n+m) square matrix and consists of following submatrices

1 0 Mitanhyy 0 0

0 Q(u)tanhy, 0 0 0
(EDy= |0 0 A(w) 0 — Xy

0 0 0 £2(w)tanhy, 0

0 0 — Vi 0 4

in which
m=oa, A=pb
4(2) = 1+ A(cothd—tanhi)
2(u) =1—u(cothu—tanhy)

_ 4(—1)!**'Bothi,
S ICAE Ok

_ 4(—=1)" ajcothy,
SNICTEY O

and E, is (4n+m, 4n) matrix and consists of folloWing submatrices

tanhy, tanhy, h
( S 0 . S 0
1 +utanhy, a 1+ g tanhy, _a
2 2 2 2
tanhg, _ 1 tanhy, 1
o 20, 2 2a,
1 tanhy, .1 tanhy,
2 2e, 2 2a
—- (_I)H.ja] 0 . (—1)'+!a1 0
L (e +Ba (af+BHa J ‘

A2, Matrix-T

tu te tis b Iis
T == tzl tzz tza tu t25
st Py fa fas

where t,; (i=1, 2, 3; j=1, 2, ..., 5) is row matrix of n or m order in which each
element is shown as follows:
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e B oy (1 = SIS oy
(t1s), = — Zoz”zcosha;,gl-;t;:? sinh a,x cos a,y

)y = — 2a,” sinh Zzgasc};k ;‘,Zx cosh e, x cos @,y

= (BLEAEP — Bph e

(t2)n = a—'gﬁ?%cos @y, ()= %ﬁcos a,y
(t22) = %%&COS ay, ()= g1’%}:)802%64:05 a,y
(F25)n = — Ba? €O By (B»fo‘ggﬁ;& - 2eosh fay+ Bﬁ,,:zbsinh By
)y =— 2% sina,y , (fs2)p,=—2 a’goz?l%%’i{sin a,y
(F3), = — 20, sinh a,,);i—; ﬁz,:;cnzosh X i gy

(Fs)n = — 200, cosh a,,icc;l;l?,i‘szinh AnX o a,y
“@m=—2&%MBM(Bigﬂa?l_smh&ﬁaﬁa?mﬁﬂ)

A 3. Matrix-P

P={p, p. p: p: D5}

where p;, (i=1, 2, ..., 5) is column sutmatrix of order n or m and each element
is shown as follows:

2bq,
oy,

(p2)n= 0

D)= Zan,, (a,a coth a,a—1)

(pl)n=

(p4>n= 0

_ &, 8(=D*"a,B,
Ps)n= kZﬂ‘hmmz)z coth 3,6
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" A 4. Matrix-E

E= €3 0 e
SYM. T ey o
eSS

where e, (i=1, 2, ..., 5; j= 1',"2', 5) is séjuére matrix’ of “order n or m, then

A 1. €ijat, 2) eenneneee €150, ny ..
Ciin. 1y €2, 2) weveererreenerennn

€=
Ciitn. 1y Cijtn, 2y seereenrs Ciitn, m

and each element of submatrix is shown as follows

(kD)
Cuik. 1 {aksb{(zb D1+4D,,y)s1nh 2e,a+2(2D,— D, —4D;,) a,a) (k=D)
cosh 2a,a—1 N
(kD)
€22, 1 { a,*b((2D,—D,+4D,,)sinh 2a, a—2(2D,—1 Dl 4D,,) a,a) k=0)
cosh 2a,a+1 (k=
(kD)
G { ab{(D,=D D, +2D,,y) (2et,a cosh2d,a+-sinh2e,a) + 4(D —D,—2D,,)a,a)
cosh2a,a—1 ’
(k=0D)
(k~1)
€24n, 1 {ak3b{(D —D,+2D,,) Qaacosh2a,a+sinh 2c,a) 4(D —D,—2D,,)a,a)
cosh2a,a+1
Ctk=1)
o (k=£D) Co
= 3h . . .
€3, 1) 1-53_1%1:27,41 [D,,(4aka+281nh 2a,a) + (D, ~D,) (2e,a cosh 2a,a—sinh 2a,a)
+(D,—D,) { ( atal+ %) sinh 2a,a—a,a cosh 20.a— %zx,ﬁa“}
+2D,, { (a,}az + %) sinh 2a,a+a,a cosh‘z‘dka +% ala® — Zaka} } (k=0)
4 . (kD) .
= a’h . ’ “ .
€t 1 {_cgs};—akE[D"(zsmh 2a,a—4a.a) + (D,—D;) (2aa cosh 2a,a—sinh 2¢,a)
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-+ (D, —_—Db {(a{,}a2 +L) sinh 2aka—ka,,a cosh 2a,a +»£ atad }

2 3
242 1 H 2 3,43 .
+2D,, {2a,,a+ (ak a? -+ 7) sinh 2a,a+ a,acosh 2a,a— Fad } :I k=D
0 (ks£D) '
Esser, 1 = _ 2876 8B sinh 2[-2,
"0 {(Dx D) Bia| (255 55 — smnags) (B + )
b . .

- (sin%lelB,b — sinhlz a5 ) (28,6 cosh 283,b—sinh ZB,b)]

. - 4Bja sinh 28,6

+D;- smh2 B.b (B‘b+ 2 )

Bb 1 \[sinh2Bb
+4D.,B7a [(coshﬁ,b - sinh'B,b) ( 2 B'b)
b
— (sinleB, 2s1n112 b )(23 b cosh 28,b—sinh ZB,b)
+ sinliz 85 {( 8’2 + 4) sinh 23,6 — B’ cosh ZB,b + = Bﬁba}] (k=D
8(—1)**'a,* B (s’ — B¥)coth B,b coth ara
eisw, n = (Dy,—D)) (1), e (Ex(jkz +Bé12)cso . :
-D,, 32(—1D**a,5B,® coth B,b coth aa
(a* +B12)°
— k+1,,3 23

C5¢, p = 8( l%akf?_%;;th B, {(akz_ﬁlz) (Dx—Dl)aka

(ak4 +8) D, 42’8/ D,
at+ B¢t

coth aka}

A 5, Matrix-R
[rn Ty, th: T'u r:s]
T2 13 133 Ty 1y

where r; (i=1, 2; j=1, 2, ..., 5) is row matrix of order n or m and element
is shown as follows: '

(ru). = —a,? coth a,a cos a,y, (11),=—a,’ sin a,y
(ri), = —=a,’ tanh a,a cos a,y, (rn),=—a,’ sin a,y
(r13)y = —a,2(2 coth aa+a,a)cos a,y, (s).=—a,?(1+a,acoth a,a)sin a,y

(ri)s = —a,’(2tanh a,a+a,a)cosa,y, (r.),=—a,(l1+d,a tanh a,a)sin a,y
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n b sinh 3, sinh B,.y+B.ycosh 3,y
(ru=0 ()= = (-Drp (BB SR Byt By o Bey)

A 6. Matrix-G,

g1 Sz S g'u 215
222 B2z B B

G, = 833 83 s
| SYM. g g
L s

where g, (i=1, 2, ..., §; j=1, 2, ..., 5) is square matrix of order n or m, then

Gisa. v Kiitd, 2y eeeves 8iia. m 1

iz 1) i@ m) ceeerrerianne

8=

and each element of submatrix is shown as follows :

. _ { 0 (k=<l)
11 (k) = EI,ock‘b coth aka—i—GJak‘b (k:l)
_{ 0 (k=<D)
§2w 0 =\ Bl b+ GJ ' (k=D
. B { 0 (k<)
1k D EIxak4b(2C0th aRa+ aka)coth aka+GJak‘b(1 +aa coth aka) (k=l)
_{ 0 (k=<0
Sua n = ELa,'b(2+a,a coth a,a) +Gla,'b(1+ a,a tanh a,a) (k=D
&8sk, = 825k, 1y
A1\ k+I mth B.b
=4(—1)**"'GJ (i +B5)?
{ 0 (k<)
8z, n = ElLc,'b tanh? a,a+GJ ct'h (k=D
{ ()
82w » EI ak4b(2+aka tanh a,a) +GJe,'b(1+ a,a coth a,a) (k=D
{ (kﬁs;l)
Soake, n = E ,ak‘b(2+aka tanh aka)tanh aka_l_GJak‘b(l +aa tanh aka) (k=1)
(k=<l)
Baaw s {EI axb(2 coth a,a+aa)? -+ GJa,*b(1+ aa coth aa)? (k=D
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FINITE ELEMENT ANALYSIS WITH IMPROVED ACCURACY

¢ B { 0 (k=<l)
e EI, a,'b(2 coth a,a+aa) (2 tanh a,a+ a,a)
+GJ a,*b(1+a,a coth a,a) (1 + a,a tanh a,a) (k=D
’B,° th th B,b
. n = 4~ DGy WG LR Culcoh B
_ { 0 (k=<D)
Sua n= EI, a,*b(2tanh aa+ara)?+Gle,*b(1+ aa tanh «a)?
2B,°(1+ aa tanh coth 8,0
Bua n = 4 (~ 1y Gr B e tarh ) coth By
0 (k=<I)
55, 1 = B.b _ 1 2/ sinh 23,6 .
{G"B’s [( cosh 3,6 sinh 3,6 ) ( 2 B'b)
B.b 1 el
— (2 75— T b) (28,6 cosh 28,6 —sinh 28,b)

(k=1)

+;{(M +L) sinh Zsz—%COSh 285+ ﬁl;u_bi}]

sinh? 3,6 2 4

(k=D
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