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FINITE ELEMENT ANALYSIS WITH IMPROVED ACCURACY 
FOR RECTANGULAR PLATE BENDING_ ELEMENT 

By Jiro SUHARA* and Nobuyoshi FUKucm** 

1. Introduction 

A number of methods of analyzing a structure consisted of plates with 
stiffners have been proposed up to present. 

One of the most universal and powerful method is finite element method. 
However, this method has a few inconvenient points as follows : 

(1) Extensive calculation is usually needed to solve the simultaneous equations 
with a large number of unknowns. 

(2) It is difficult to get continous values of stresses at the interjacent bound­
aries except by a few particular cases together with increasing the accu­
racy of the results as a whole. 

To lighten the volume of calculation, the finite strip method was proposed by 
Y. K. Cheung11 to analyze a kind of plate structure using a limited number of 
approximate polynomials as displacement functions. This paper presents a meth'­
od of increasing the accuracy of the finite strip method by using general solu­
tions which satisfy the equilibrium equation, of plate bending as displacement 
functions. Some examples are shown for the cases of analyzing bending of 
plates without and with stiffners of which all edges are clamped correspond­
ing a severe ones to analyze analytically. 

2. General 

This study is concerned with structure consisted of continuous plates with 
stiffners. 

The plate is treated by separating into a number of strips, the thickness of 
each strip is assumed ·to be constant and may vary for each strip. 

The local coordinates (x, y) in each strip are taken as shown in Fig. I.*** 
Considering any strip, let sides (!) and ® corresponding respectively for x=con­
stant with arbitary geometrical and mechanical boundary conditions and side @ 
and CD corresponding y=constant supported by specified condition, i. e. clamped, 
free or simply supported. 

* Professor, Faculty of Engineering, Kyushu University 
** Lecturer, Faculty of Engineering, Nagasaki University. 

**"Seepage 61 
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56 J. SUHARA and N. FUKUCHI 

And for the case of plate structure with stiffners in y-direction, the loca­
tion of plate sides is assumed to be coincided with the sides corresponding 
x=constant. 

3. Displacement Function 

3. 1. Plate bending analysis 

It is assumed that the direction of load q acting on a plate is normal to its 
surface and that the deflection is small compared with thickness of the plate. 

The equation of equilibrium in terms of deflection w at the middle plane 
of the plate during bending is given by 

o'w o'w o 4UJ q -+2---+-=·­ox' · ox'oy' oy' D 

where D is the bending rigidity of plate. 

(1) 

The load q is assumed to be constant in x-direction or to be represented by 
power series with respect to x, provided that it may vary arbitrarily in y-direc-
tion. 

And it can be expressed as 

in which suffix s means symmetric and suffix a means anti-symmetric with re­
spect to x-axis. 

Accordingly, the deflection of plate can be expressed as follows : 

W=W 5 +Wa. 

We use following _series as the displacement functions, which satisfy exactly 
the homogeneous equation of (1) : 

(2. a) 

= = 
Wa = Lj k,,(x)sina.y + Lj Fm,J;-m(y)cosf3mx (2. b) 

n=l m=1 

where 

k (x) _ A cosha,,x + B sin_llanx 
" - "sinha,, a "cosha,,a 

+ C,, a,..X: sinh a,,x + D a.x cosh a"x 
smh a,,a " cosh a"a 

(jJ (y) = f3mb cosh __ftmY _· f3mY sinh f3mY 
m cosh f3mb sinh f3mb 
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FINITE ELEMENT ANALYSIS WITH IMPROVED ACCURACY 

Then, A,., Bn, Cn, D,., Em and Fm are unknown constants to be determined by 
boundary conditions of the plate. Provided that both second terms in the right 
hand sides of equation (2. a) and (2. b) should be dropped for special case of 
both @ and CD sides being simply supported. 

Hereafter, the case of symmetrical bending with respect to x-axis is shown 
as examples. 

Anti-symmetrical case can be treated similarly as the procedure of sym­
metrical case and general case can be treated by superposing the results of the 
both case. 

(i) Boundary conditions for sides @ and CD 

For the case that the both edges of the plate in x-direction are built in, 
we have following conditions for both edges: 

Ws=O, OW5 =0 
oy 

Substituting expression (2. a) into (3), we obtain 

We expand k,,(x) in the form of following Fourier series 

then, we have 

(3) 

(4) 

(5) 

X I (-l)m+l{A 20m h c2an0m( 2ctn th)} 
mn = n- 2---0,cot Cina+ ,,---,--+Dz a- z+Dz CO ct,.a 

a an+JJm an Pm an Pm 

(-l)•n+l 
= a Xmn 

Substituting (5) in ( 4), we obtain 

where 

The cases for other boundary conditions can be treated similarly. 

(ii) Boundary conditions for sides CD and @ 

(6) 

We expand the deflections at the sides CD and @ an<l'the slopes perpendicular 
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58 J. SUHARA and N. FUKUCHI 

to them in following series. 
® 

f deflection : 2J a,. cos any 
For (I) side, i ":' 

\ slope: 2J 8,n cos any 
n=l 

~ 

{
deflection: 2J akn cos any 

For ® side, •~• 
slope: L} B•n cos a.y 

n=l 

From the deflections for sides (I) and @, we obtain the following equations by 
using (2. a) and the above expressions 

(7) 

(8) 

Similarly, from the slopes for sides (I) and ®• we obtain 

i} o •• cosa.y= i} ~k·I cosa.y- i} (-l)m+lEm¢,,,(y)0m (9) 
n•l n=l vX x=a m-l 

~l o,.cosany = t, ~~ I .<=-a cosa.y+ t, ( -l)"'+'Em</Jm(Y) 0m (10) 

Then, we expand cp,,,(y) in following Fourier series : 

(11) 

from which 

Substituting (11) in (9) and (10), we obtain 

B +D (l+a atanha a) =Bkn+B,,, 
n n n n 2a. (12) 

A.+c. (1 +a,.a coth a.a) 

(13) 

We can determine the unknown constants A~, B., Cn, Dn and E 111 from the equa­
tions (6), (7), (8), (12) and (13). 

3. 2. Approximate matrix representation of displacement functions 

To calculating the deflection of the plate strip by finite terms (n, m) in 
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FINITE ELEMENT ANALYSIS WITH IMPROVED ACCURACY 

the series in (2. a), we write the solution of uquation (1) as follows 

(2)' 

where F is 4n+m row matrix. 

From 3.1 the relation between unknown constants (A 1A,A, ... y and the bound­
ary displacements at sides CD and @ can be represented in following form: 

where S: (4n+m, 4n) matrix (refer to Appendix 1.) 

JV: 4n column matrix representing boundary displacements 

TVi= (Ou, Bu, Ok;, Ok1Y, (j=l, 2, ... n) . 

Combining (2)' with (14), we obtain 

w=FSTV. 

4. Potential Energy and Equilibrium Equation for Each Strip 

The curvatures of the strip are given by 

x= 

where T is (3, 4n+m) matrix. 

o'w 
ax' 
0 2W 

ay' 
2- 32~ 
axay 

=TSW 

( see Appendix 2.) 

(14) 

(15) 

(16) 

And the bending and twisting moments for isotropic material are represented 
in following form: 

Mx 1-Dx Di 0 a'w I 
-ax' I 

lYl= M, Di Dx 0 a'w -~r 
i 

2 a'w J 
!"Mxy j lo 0 D,, oxoy 
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60 J. SUHARA and N. FUKUCHI 

=Dx=DTSW 

in which 

1-v 
Dx,=-2-Dx 

t=the thickness of plate strip, 

£=Young's modulus . 

v=Poisson's ratio , 

The potential energy of each strip element is given by 

1 fa fb fa (b 
Up= 2 -a -b AfTX dxdy- -a J _, wTqdxdy. 

The normal load q can be expressed by following cosine series 

q= 2J qn cos any=qC, 
" 

where q= [q1q, ... q,,] : n row matrix 

(17) 

(18) 

(19) 

C,= {cosa1Y, ... , cosanYY: n column matrix. 

Substituting (15), (16), (17) and (19) in (18), we obtain 

(20) 

where 

l( ell el 2 • • • • • • el.4n+m 

E= e11 e,2 ..... . 

e:n+m, l•••• .. e4n+m, 4n+m 

4n+m square matrix 

P= {P1P2 ...... P,n+mY: 4n + m column matrix 
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Double integrations in each strip of E and Pare able to be obtained analytically 
as shown in Appendix 3 and 4. 

According to the principle of minimum potential energy, 

(2I) 

Thus, we can obtain the simultaneous equation with 4n unknown generalized 
displacements, 

(22) 

in which, square matrix k=STES corresponds to stiffness matrix and column 
matrix f=STP corresponds to load matrix in usual structural analysis like 
finite element method. We can obtain total equations for the whole strip 
by repeating and superposing above mentioned procedure for every finite 
strips. 

5. Stiffness Matrix on Stiffners 

Let us consider the stiffners in y-direction as shown in Fig. 1, fitted at 
the sides of y-direction for each finite strip. 

Curvature and torsion of the stiffner are given by 

T ffi 
.D C 

'-t-
N :t::: 

1 '-----'----'--CD~____.__(f) __,_, 

!--2 a4 
Fig. I Plate structure and local coodinates. 

- ~~ lx-•J :ts= =RSW. 
a2w I ' 

OXOY:r-a 

(32) 

in which R is (2, 4n+m) matrix. (refer to Appendix 5.) 

And the bending moment and twisting moment on stiffner are represented in 
the form: 

(24) 
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62 J. SUHARA and N. FUKUCHI 

where 

R: (2, 4n+m) matrix (see Appendix 5) 

then, Elx is the bending rigidity of stiffner and GJ is the twisting rigidity of 

stiffner. 

The strain energy of each stiffner can be given by 

l fb 
Us=2 -b l'Jfxsdy 

(25) 

Then, the stiffness matrix of stiffner is represented in following form : 

(26) 

where 

[

gllgl2 ",.,, g,, 4n+m ] 

Gs= g,1g2, .............. . 

K4n+m, l•••g4n+m. 4n+m 

(4n+m) square matrix 

and 

Each element in Gs is able to be integrated analytically as shown in Appendix 6. 

For the case of plate attached with stiffners in x-direction instead of 
y-direction, the stiffness matrix can be obtained by similar manner as the case 
of plate with stiffners in y-direction, but it is not necessarily advantageous 
to use exact displacement functions satisfying homogeneous equation of (1) for 
the aim of increasing accuracy and it is recommendable to use approximate 
functions such as polynomials for simplicity, sacrificing the high accuracy of 
the result. 

6. Examples 

(a) Square plate 

For investigating the accuracy of solutions by using expressin (2. a) as dis· 
placement function in finite strip method, we have calculated uniformly loaded 
square plate on the boundary condition of all edges clamped. 

Numerical results on bending moment Mx and twisting moment Mn are 
given in Fig. 2 (a) and Fig. 2 (b). 

We cannot almost find the discontinuity of moment M, and M,, on the inter• 
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0.04 (EXACT 0.0231) 
0.02316 
0.02312 

0.02 
0.01913 

/0.01981 

0.00653 
,o.00613 

--+-t~--11--~....--r--'<--.-.-,-----, ~XI a 
0 OJ 02 0.3 0.4 0 5 

-0.02 

-0.04 

-0.06 

-0.02298_,..,, 
-0.02248 

-0.04679 
(EXACT -0.0513) 

Fig. 2 (a) Bending moment M, at y=O (15 strips, 4 terms) 

Mxy/Pa2 I 
0.004 0.002848 

0.002843\ 

0.004041 
0.004039 
I 

0.002557 
I 0.002559 

---1~--...._,~--~,__.____.-------+ X/a 
0 02 OJ DA O! 

Fig. 2 (b) Twisting moment M,, at y=O (15 strips, 4 terms) 

strip boundary. 

For different number of strips keeping to take 4 terms of the series for 
every cases, the change of maximum deflection of plate is shown in Fig. 3. 

(b) Rectangular plate with two stiffners 

The deflection of rectangular plate with two stiffners loaded uniformly and 
with all clamped edges is shown in Fig. 4. 
It is difficult to obtain highly accurate solution for the case of thin plate with 
very rigid stiffner. For such case, it is recommendable to use exact solutions of 
governing equations for the deflections of stiffners instead of using exact solu­
tions for plate bendings. 

7. Consideration 

It has been made clear by many examples" that we cannot necessarily 
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64 J. SUHARA and N. FUKUCHI 

EXACT 0.0126 

0.010 

O,OC6 

0 
5 8 10 

no. ot stnps 
Fig. 3 The relation between maximum deflection and number of strips. 

y 

:i~·· 
061 
,,o·r 

Fig. 4 Deflection of rectangular plate with two stiffners at y=O 
(6 strips, 6 terms) 

obtain the numerical solution with satisfactory accuracy even assuming by trial 
functions considered to be approximate in usual displacement method of finite 
element method, especially it is often ture for the values of stresses. And this 
stiuation is supposed to be same in the finite strip method. 

For the sake of arising the discontnuity of the obtained stresses at inter­
element/strip boundaries, we have generally no guarantee of accuracy of results 
for practically admissible size of finite element/strip mesh as far as using 

· assumed approximate functions as displacement functions. 

If minimum mesh size is limited by practical reasons, we have to find 
any mean of increasing accuracy of obtained values ( especially stresses) without 
changing the mesh size. 

This paper suggests a method met with such situation. 

Authors used conforming functiom satisfying exactly the governing equation of 
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FINITE ELEMENT ;,J.NALYSIS WITH IMPRQVED ACCURACY 

plate bending in the form of expanding in the finite terms of seri~s. 

Therefore we can generally expect to get the solution tending to exact value 
by increasing the number of terms in finite strip/element method according to the 
principle of minimum potential energy for plate bending problem. And.thus 
we get- the· ~~merical s~lutio~ with practically ailowable co~timilty ;f stre~s'es · at 
the interjacent boundaries, this solution is considered to be guaranteed the 
accuracy, because the solution satisfies the governing equation in each finite 
strip/element. 

It has become clear that the increasing number of terms in the series of 
such solutions is -Qlqre 'effective to increase the accuracy than to increase 
the number of strips in the case of_ finite strip method. This situation is con­
sidered to be similar for the case of finite element method. 

Practical examples for square plate being all edges clamped without and 
with stiffners are given. For the former case we got satisfactory results by 
using over 10 strips and 4 terms. 

8. Conclusion 

A method of increasing accuracy of results by meai:is of finite strip me­
thod by using the exact general solutions as . displacement functions is pre­
sented. 

To save the computing time and necessary memory size of computer and 
to get the sofotfon \'vith improved accuracy than that obtained by the former 
numerical methods, this approach is powerful tool for the numerical stress anal­
ysis of plate structure. 
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Appendix 

A 1. Matrix-S 

The relation between unknown constants and boundary displacement can be 
represented in the following form : 

(Al) 
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From (A 1), we obtain 

where E 1 is (4n+m) square matrix and consists of following submatrices 

(E1)11 = 

in which 

1 0 µ 1tanhµ 1 0 
0 SJ(µ1)tanhµ1 0 0 

0 0 A(µ,) 0 
0 0 0 SJ(µ1)tanhµ 1 

0 0 -y,, 0 

t1().) = l+J.(cothJ.-tanh).) 

!J(µ) = 1-µ(cothµ-tanhµ) 

4(-1)1+1/3,cothJ., 
x11 = b( a/+ 0/)'-~ 

4(-1) 1+1 a!cothµ1 
Yu= a(al+/3/)2 

0 

0 
-xi/ 

0 
t1(,l,) 

and E2 is (4n+m, 4n) matrix and consists of following submatrices 

tanhµ1 0 
tanhµ 1 

0 
2 I 2 

l+µ 1tanhµ 1 a 1+µ,tanhµ, a 
2 -2 2 -2 

(E,)11= 
tanhµ, 1 tanhµ 1 1 

2 2a1 
--2- 2a, 

1 tanhµ 1 1 tanhµ, 
2 2a1 

-2 2a, 

(-l)1+1a1 0 
(- l) 1+1a 1 0 (a/+0/)a (a/+0,2)a 

A 2. Matrix-T 

where t:11 (i= 1, 2, 3 ; j= 1, 2, ... , 5) is row matrix of n or m order in which each 
element is shown as follows : 
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(t ) 2an'cosha.x+a,,'x sinh a.x 
" • = - si:nh a.a cos a,,y 

(t ) 2a,," sinh a,,x+a,/xcosha,,x 
14 • = - cosh a,,a cos a.y 

( ) a.' cosh a.x t,, .= . h cosa.y, 
Slll a,,a 

a.3x sinh a.x 
(t,,)., = . h cos a.y sin a.a 

(t ) __ r., , cos r., x (0~b co~h 0mY _ 2cosh 0mY+0,,,y sinh 0,,,y) 
25 m - Pm Pm cash 0mb sinh 0mb 

(t ) _ 2 , cash a.x+ a,,x sinh a.x . 
" n - - a,, cosh a,,a sin a.y 

(t ) = _ 20 , · 0 ( 0mb siph 0mY _ sinh 0mY+ 0mY cosh 0mY) 
35 

flt m sm mX cosh 0mb sinh 0mb 

A 3. Matrix-P 

where p, (i= I, 2, ... , 5) is column submatrix of order n or m and each element 
is shown as follows : 

(Pi).= 2!!• 
(p,).= 0 

(p,).= 2bq. (a.a coth a 11a-1) 
a. 
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A 4. Matrix-E 

ell 0 eu 0 e15 

.e22 0 e2, 0 

E= eaa 0 ea. 

SYM. e,. o· 

where e,, (i= 1, 2, ... , 5; /,;;, 1: ~ •.... ;sf is squ~re matrI~' of ·order ~ or m, then 

.-r· e,m. ll.. e,m. 2) • • • • •• • • • elJ(l. n) •• 

em2. u em2. 2> • • • • • • •;; • • • • ••• • .'. e,,= . 
- ········.···························· 

e,iin. 1) ell(,;. 2,·-........ ,. eiJ(n, n,:·:. 

and each elemel!t 9f sub_matri~ ~-s shown a~ fpllovy-s_ 

! o . (k-=/=l) · 

e22c1r, I)= a,.3b{(~1+4D.,,,)sinh2a,. a-2(in:=-D1-4D.,,,)a,.a) 
cosh2a,.a+L 

.(k=l) 

(k=l) 

ei3c1r. 1> = {a,/b~(~1 +2D.,,~:~:,.a cosh2a,.a+siili2~.a). +4(l>;=D,-2D..,,)a,.a) 
· · · · cosh2a,.a-1 · · 

(k=l) 

! 0 ~-=l=l) .· 

e24 ck, I)= a,.3b((n:=n,+2D.,,,)(2a,.acosh2a,.a+sinh2a,.a) -4(15;=15i-2D.,,,)a,.a) 
cosh2a,.a+l 

(k=l) 
0 ~-=l=l) .. 

east1r. 1> = { si~::,.a[D.,,(4a,.a+2sinh2a,.a)+(D/-D1) (2~,.acosh2a,.a-sinh2a,.a) 

(k=l) 

o (k;f.,l) · . . · 

eu<J,, ll = { ah? [» ... (2sinh2~,.a_:._4a0a)+(~,,-D1) (2~,.acosh2a,.a-sinh2a,.a) 
cos a,.a 
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o (k=/=l) 

e,s(k. o = {(D -D) (J 'a [ ( 2/3,2b2 
" 1 Pt cosh2 {3,b 

_ . 80,b ) (!3 b + sinh 2/3,b) 
smh 2/3,b 1 2 

- (sin~~i,b - sinh~ fJ,b) (2/3,b cosh 2/3,b-sinh 20,b)] 

•··· •· •· 4/3/a ·( · sinh 2{31b) 
+D,. sinh2 {31b {,,b+ 2 

D (J 3 [( /3,b 1 ) 2 (sinh2/3,b (J b) + 4 x,Pz a cosh{31b - sinh /3,b 2 - Pt 

l !( 0/b' 1 ) . h2/Jb fJ,b h2fJb l fJ'b'}] + sinh2 0,b) -2- +4 sm Pz -Tcos .·. ' +3P1 . 

-D 32(-I)k+'ak50,3 coth 0,b coth aka 
X> (ak 2 +0,') 3 

e35(k, I)= 

A 5. Matrix-R 

f" 12 ,.13 1'14 1'15] 
r,2 r,, r,. r,, 

(k=l) 

(k=l) 

where t"lf (i=l, 2; j=l, 2, ... , 5) is row matrix of order n or m and element 
is .shown as follows : 

(ru)n = -an2 coth ana cos any, (r.,)n= -an' sin a.y 

(r12)n = --,-,a/ tanh ana cos any, (1·2,)n=-a,,2 sin a,,y 

(r1,)n = -an'(2 coth ana+ana)cos any, (r,,)n=-an2(l+anacoth ana)sin any 

(r;,)n = -an2 (2 tanh ana+ana)cosa~y, (r")n= -a"2 (1 +ana tanh ana)sin a"y 
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A 6. Matrix-Gs 

gll g1, g13 gl4 g15 

g,, g,, g,1 g,, 

G,= g,, g,, g35 

I SYM. g., g,s 

I~_ gs, 

where g,; (i= 1, 2, ... , 5; j= 1, 2, ... , 5) is square matrix of order n or m, then 

and each element of submatrix is shown as follows : 

gll(k,I) = { 0 (k~l) 

Elxa.'b coth aka+GJ a,'b (k=l) 

{ 0 (k~l) 
g!Z(k. ll = Elxa.'b+GJ a,'b (k=l) 

g13(k, I) = { 0 (k~l) 
Elxa.'b(2coth a.a+ a.a)coth a.a+GJa,'b(l +a.a coth a.a) (k=l) 

gll(k, l) = { O (k~l) 
Elxa.'b(2+a.a coth a,,a) +GJa,'b(l +a.a tanh a.a) (k=l) 

g23(k, /J = 

4(- l)k+'GJ a. 2{3,' coth {3,b 
(a.2+/3,')' 

(k=l) 

{ 0 (k~l) 

Elxa.'b(2+a.a tanh a.a) +GJa,'b(l +a.a coth a.a) 

{ 0 (k~l) 

g,m." = Elxa/b(2 coth a.a+a.a) 2 +GJa,'b(l +a.a coth a.a)' 

(k=l) 

(k=l) 

(k=l) 

library
ノート注釈
library : None

library
ノート注釈
library : MigrationNone

library
ノート注釈
library : Unmarked

library
ノート注釈
library : None

library
ノート注釈
library : MigrationNone

library
ノート注釈
library : Unmarked
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g34(k, I)= { 0 (k~l) 
El,, a.'b(2 coth a.a+a.a)(2 tanh a,a+a.a) 

+GJ a.•b(l +a.a coth a.a) (l +a.a tanh a.a) (k=l) 

_ 4(-I)•+1GJ a.20z5(1 +a.a coth a.a)coth 0,b 
g35(k, I) - (a.2+0,')' 

g44(k, I)= { 0 (k~l) 
Elx a.4b(2tanh a.a+a.a)"+GJa. 'b(l +a.a tanh a,a)' (k=l) 

_ 4 (-l)H'GJa,'0z5(1 +a.a tanh a,a)c~!h 0,b 
g45(k, I) - (a.2+0,2) 2 

O (k~l) 

g55(k, I) =IGJ 0 3 [(-~,b ~- -
1 cosh 0,b 

1 ) 2 
( sin~ 20,b _ i9,b) 

sinh 0,b 

1 {( 0,'b' 1) . 0,b 0,3b3 
}] + sinh' 0,b - 2- + 4 smh 20,b- 2 cosh 20,b + _ 3_ 

(k=l) 




