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NOTE

VIRTUAL MASS ASSOCIATED WITH MARINE
PROPELLER BLADE VIBRATION

By Toyoji KUMAI

The virtual mass of water in the flexural vibration of a planetary
ellipsoid is applied to that of the marine propeller blade vibration as an
approach. The theoretical results of the reduction factors are compared
with that of model propeller experiments.

1. Introduction

Since it is a hard task to calculate the three-dimensional virtual mass of
water surrounding vibrating marine propeller blade, so the three-dimensional
reduction factor of a planetary ellipsoid which vibrating with similar distribu-
tion of pressure as that of the propeller blade is calculated as an approach
in the present note. There are some mathematical investigations into the
virtual mass of the circular plate with symmetric or antisymmetric mode of
bending vibration in water®?® by using different method from that of the
present note. The results of the present calculation of the factor J versus
span-breadth ratio of the blade are compared with that obtained from pressure
measurements of vibrating blade of model propellers.

2. Pressure Distribution

The co-ordinates of the planetary ellipsoid or oblate spheroid are given
by
x=aut,
y=a(l—p) A+t sin o,
z=a(1——u2)’}(1+cz)%cosw. (€))
The equation of continuity, in which using the above co-ordinates becomes
0 { s 6¢} 0 { 2 aqﬁ} ui+ e 0% _
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The solutions of the equation in tesseral harmonics® are written by

b= Pi(n) 4:(O) ] 500 3

The motion of the planetary ellipsoid is assumed to be of flexural vibra-
tion and whose pressure distribution is similar to that of the propeller blade
vibration, in which the tip of the blade is coinside with a point of the perip-
heral of given ellipsoid as shown in Figure 1. After some trial computations,
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Fig. 1 Co-ordinate of planetary ellipsoid and propeller blade.

the flexural mode of vibration of the blade mentioned above is near to that
assumed to be the cube of length co-ordinate that,

X=0(y,+5)% (€))

Now, put »=y/a and 7,=y,/a, where a is the radius of the ellipsoid, since
the maximum breadth b, is approximately equals to 2a, so the relation bet-
ween 7, and the span-breadth ratio //b, is written by

770=b_1_1- , ®)

The distribution of the velocity of fluid induced by the vibration of the
ellipsoid is given by -

U=2(n,+7) 3— cos 2t, (6)

where, £ is:circular frequency. Since the veloc1ty component in :y-direction
is considered to be small compared with normal velocity, the term of tan-
gential flow is ignored as shown in the above equation.

The normal velocity at the surface of the ellipsoid given by (6) is repre-
sented by Legendre’s P-functions that,
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U=al (r+-3m0) P () =370, (1)
{(v02+-> P —3 PAwlsino
-4 1 P2 cos 20— 2P (1) sin 3o ) cos 2t, ™

provided that the following relations are used in the coefficients of sine and
sin®w respectively, for all the terms are to be the solutions of the equation
of continuity, that

,u(l “%) *~—P () ——P (»),

u(1- /zz)?——P H(pg) 2P (). 8

Since the thickness-breadth ratio of the blade considered is so small com-
pared with uity, so the ellipsoid may be replaced by a circular disc, that is
presented by {=¢, — 0 in the above equation.

As the boundary condition at the surface {=¢,, the velocity U should be

given by
_( 0¢
U_< o¢ )C___Co, ®

so that, the velocity—potential satisfied the above condition is written by

— 3y %(C) _ %(C)

2 1 4 (C) 3 1 R :
0 P o PO ke )3}5““"

_ 1 2 q;* (%) 3 4 (%)
Pty 420P4 (u)—~—~[q43 & )],sm3a)]cos.9t. (10)

where, dash denote the derivative with respect to ¢, 'and g-functions are
calculated as follows®

(&)= 1 —Ccot™¢,

2:(5) =%(3:2+1) cot“C—%C,

G () =— {l (5¢3+3¢) cot;ic-%(scz + 3)},

,COS 20—

_ 507 s
4.0 == (2c4+15c2 2)cot 1 4<2C +3c),
g5 =1+c)z di;—qn(c). , (11)

The pressure distribution is obtained from the above velocity-potential, that
po(22) - a2
{=Clo—0-
The spanwise. distribution of the pressure is shown provided that o= +x/2
and .the chordwise that @=0 and = in equation (10). The spanwise distribu-
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tion in the case I/b,=1.25 is shown in Figure 2 comparing with that of
measurements as an example,
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Fig. 2 Spanwise distribution of pressure along centre line
of the blade.

3. Reduction Factor

The three-dimensional kinetic energy of the water is calculated by the
use of the velocity-potential mentioned above, that

2T=— pajl jz x(q& 94 dods (13)

=1 [}
in which,

n+l (n—s)!’

[ltPﬁ(u)szﬂ= 2 (n+s)!
1

1
and | Pu(Pu(wdp=0, mcn,

LS

On the other hand, the two-dimensional energy of the water in the

vibration of the circular disk with the same mode as mentioned above is
obtained from the following equation;,

1
2Ta=pr@ia| 2*(n,+n)’dn, (14)
L1
where, 22=a*(1—17%.
From the above equations (13) and (14), the three-dimensional reduction
factor J under consideration is thus obtained, that

1 4 46 43
JoT _2 IS e s a5
T: = 1 3 1

R S
In the above expression, since 7, is replaced by span-breadth ratio I/b, from
equation (5), so J-values are obtained for various values of //b,. The expe-
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riment results obtained from five model propellers with different I/b; are
compared with that calculated by the present theoretical approach. Both
results are shown fairly good agreement as seen in Figure 3.
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Fig. 3 Three-dimensional reduction factor of the propeller
blade vibration.

4. Ratio of Natural Frequencies of Blade Vibration in Water and in Air

“The natural frequency of the propeller blade in water f, may be apprais-
ed from that in air f. using the ratio of the energy of the blade vibration
in water to that in air e, that

Sfo 1
fo A+t

1
]Lﬁhfzdm — ]”Pbo

(16)

provided that e= J:mlézdm dcopt, ,
Jigyen
(g an

where, m. and m, denote two-dimensional virtual mass and mass of blade
both in unit length of the blade respectively, r is evaluated value proportional to
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b,/b, that r=2.61b,/b, for the range 1<b,/b,<<2 in general type of existing
marine propeller®, %, is the length co-ordinate with the origine at the root
of the blade, § is the mode of vibration of the blade, b, and ¢, are breadth
and the maximum thickness of the blade at 7,=0 respectively, and c. is the
area coefficient of the cross section of the blade.

The numerical values except p/p; in the above terms are assumed to be
almost constants or that to be estimated for given value of b,/b, and [/b,
including J-value. Now, we put I/b,=1.25, b,/b,=8/5, by/t,=5, ¢a=0.75 and
p/py=1/7.5 as an example of the ideal propeller blade of a cargo ship, J
takes 0.55 from the present theory and the ratio of energy and of frequen-
cies are obtained, that

e=1.64 and _f,ﬂ—o 60 . an

The frequency ratios in actual ship’s propellers measured by some re-
searchers”»® are shown almost nearly to the above value.

The empirical expression of the theoretical results of /-value is shown by

J=1—-0. 485( by ) (18)

The approach will be conveniently used in practice.

5. Conclusions

The three-dimensional reduction factor, J-value of the virtual mass asso-
ciated with vibrating planetary ellipsoid considered a circular disk is calcu-
lated and the results are applied to that of the marine propeller blade. The
theoretical values are confirmed by the results of measurements of pressure
of the vibrating blade of model propellers. The reduction factors under
consideration show J=0.5 to 0.6 for span-breadth ratio 1.0 to 2.0 of the
propeller blade respectively. The thoretical results of J-values are also con-
firmed by the experiments. It is to be noted that the /-value is considerably
small, however the effect of span-breadth ratio of the marine propeller blade
upon J-value is not so conspicuous.
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