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ABSTRACT ARTICLE HISTORY
In model selection problems, robustness is one important feature for Received 5 January 2022
selecting an adequate model from the candidates. We focus on statis- Accepted 30 November 2022

tical divergence-based selection criteria and investigate their robust-
ness. We mainly consider BHHJ divergence and related classes of
divergence measures. BHHJ divergence is a representative robust diver- di .
2. . R . ivergence; JHHB
gence measure that has been utilized in, for example, parametric esti- divergence: C
mation, hypothesis testing, and model selection. We measure the divergence; robustness
robustness against outliers of a selection criterion by approximating
the difference of values of the criterion between the population with
outliers and the non-contaminated one. We derive and compare the
conditions to guarantee robustness for model selection criteria based
on BHHJ and related divergence measures. From the results, we find
that conditions for robust selection differ depending on the divergence
families, and that some expanded classes of divergence measures
require stricter conditions for robust model selection. Moreover, we
prove that robustness in estimation does not always guarantee robust-
ness in model selection. Through numerical experiments, we confirm
the advantages and disadvantages of each divergence family, asymp-
totic behavior, and the validity for employing criteria on the basis of
robust divergence. Especially, we reveal the superiority of BHHJ diver-
gence in robust model selection for extensive cases.

KEYWORDS
Model selection; BHHJ

1. Introduction

Divergence measures, indices of farness (dissimilarity) between two probability distribu-
tions, have been applied to such tasks as parametric estimation, hypothesis testing, and
model selection. In model selection, two representative methods for evaluating statistical
models are Akaike’s information criterion (AIC, (Akaike 1973; Akaike 1974)) and
Bayesian information criterion (BIC, (Schwarz 1978)). AIC is an approximation of
expected log-likelihood (e.g., (Akaike 1973; Akaike 1978)), and we can regard AIC as
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being built upon the Kullback-Leibler divergence (KL divergence, (Kullback and Leibler
1951)) between the probability distribution of the true data-generating structure and
that of a model. The derivation process of BIC was not the same as that of AIC: BIC
selects a model that maximizes the Bayesian posterior probability from among candi-
dates, and BIC was derived on the basis of the logarithm of marginal likelihood. A not-
able advantage of BIC over AIC is the property called consistency of model selection,
that the probability of selecting the ‘adequate’ model (the model coinciding with the
true data-generating structure) tends to one as the sample size goes to infinity. AIC and
BIC each have an additive form of (—2) times the maximum log-likelihood and a pen-
alty term, and we use the maximum likelihood estimator (MLE), which minimizes the
KL divergence between the empirical distribution based on observations and the distri-
bution of a model, as the estimator of unknown parameters in a statistical model.

To date, many families of divergence measures that generalize KL divergence have
been introduced, such as power divergence (Cressie and Read 1984), f-divergence
(Csiszar 1967; Morimoto 1963; Pardo 2005), and alpha divergence (Amari 2009; Amari
and Nagaoka 2000). In this paper, we mainly focus on the BHH] divergence (or density
power divergence) family proposed by (Basu et al. 1998), a generalization of KL diver-
gence specialized on robustness in parametric estimation. BHH] divergence achieves
robust estimation by down-weighting outliers (distinctive, unusual, or mistaken data
that are distant from other data) in the observation set. Each divergence in the BHH]
family is characterized by a tuning parameter that controls the tradeoff between efficiency
and robustness in estimation. Some studies have applied this divergence family to hypoth-
esis testing (e.g., (Basu et al. 2013; Toma 2010)) and model selection (e.g., (Kurata and
Hamada 2019; Mattheou, Lee, and Karagrigoriou 2009)), and confirmed that BHH]J diver-
gence-based methods also performed robustly in testing and model selection problems.
(Kurata and Hamada 2018) derived an AIC-type family of model selection criteria from the
BHH]J divergence family, and showed that their proposed method selects the adequate
model even if some outliers are mixed in the observation set. Moreover, (Kurata and
Hamada 2020) proposed RCC, a BIC-type family of criteria based on the BHH] divergence
family that have both consistency and robustness of model selection.

In the present paper, we consider the question of whether criteria based on divergence
measures other than KL and BHH] divergence have robustness. There are some wide fami-
lies of divergence measures that include not only KL divergence but also BHH] divergence.
(Jones et al. 2001) proposed the JHHB divergence family, which generalizes BHH] diver-
gence by an additional tuning parameter. The JHHB family includes the gamma divergence
family, that has been used in the field of robust parametric estimation (Fujisawa and
Eguchi 2008). Moreover, (Vonta, Mattheou, and Karagrigoriou 2012) and (Maji et al. 2019)
independently expanded the BHH] divergence family via a class of convex functions. This
wide family, referred to as the C divergence family, also includes the f-divergence family.

We investigate the robustness of model selection problems of criteria derived from such
generalized divergence measures. Since outliers are distant from other observations, they
often have a bad influence on values of estimates and model selection criteria. Thus, we
need to evaluate the perturbation of the estimator and criterion. In parametric estimation,
influence functions and gross error sensitivity provide measures of damage caused by an
outlier to an estimator (e.g., (Hampel et al. 1986; Huber 1983)). Here we consider the
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sensitivity of a criterion to outliers by exploring the difference between populations with
and without outliers. We generally assume that observations are drawn from a (true) popu-
lation distribution, and we can interpret that outliers are drawn from a probability distribu-
tion differing from the true distribution. Therefore, we investigate the robustness of a
criterion by evaluating the difference of its values between contaminated and non-contami-
nated data-generating distributions. If the difference of values of the criterion is not
bounded for a perturbation of the data-generating distribution, we can regard the corre-
sponding divergence measure as not having robustness of model selection. We introduce
the sufficient conditions to have robustness for each divergence family.

This paper is organized as follows. We review divergence families related to BHH]
divergence in Section 2, and introduce a general form of the model selection criteria
considered in this study, including AIC, BIC, and RCC, in Section 3. We then investi-
gate the robustness of the criterion based on each divergence family, from the viewpoint
of when the data-generating distribution is contaminated, in Section 4. We verify the
performance of criteria by numerical experiments in Section 5. We conclude this paper
in Section 6. Proofs of theorems and additional results of numerical experiments are
presented in the supplemental material.

2. Divergence measures and model selection criteria

In this section, we first introduce some families of divergence measures. We mainly
focus on BHH]J divergence, which has robustness against outliers in parametric
estimation. (Kurata and Hamada 2018) and (Kurata and Hamada 2019) showed that an
AIC-type criterion based on BHH] divergence performs robustly in model selection
problems, and (Kurata and Hamada 2020) proposed a BIC-type criterion that has con-
sistency of model selection as well as robustness. We also introduce wide families that
include BHHJ divergence. Let G be a probability distribution, and F’ be a parametric
model with respect to G, with a p-dimensional parameter 6 € ®. We assume that G
and F? have probability (density) functions g(-) and f(- | 0), respectively.

2.1. BHHJ divergence family and KL divergence

As a measure of ‘farness’ (not mathematical distance) between two probability distribu-
tions G and F’, (Basu et al. 1998) introduced the BHH] divergence family,

DG, FY) = J{f(y|0)“+l - f10) g) +§ g(y)”'“} dy, (D

where o is a positive tuning parameter that controls the tradeoff between efficiency and
robustness. As o — 0, Equation (1) tends to the following form:

a+1
o

DKL(G; F0> _ DBHHI(G; FO) —_ Jg(y) IOg g()/) dy,
’ fy10)
corresponding to KL divergence (Kullback and Leibler 1951), which has efficiency in
parametric estimation. On the other hand, when o is large, this divergence has robust-
ness in estimation.
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2.2. JHHB divergence family

(Jones et al. 2001) generalized the BHH]J divergence family via an additional tuning par-
ameter ¢ > 0 as follows:

pin(: 1) = {1077 oy

sl el

We refer to this as the JHHB divergence family. Obviously, this family coincides with
the BHH]J divergence family when ¢ = 1. Additionally, Equation (2) has the limit

pLs(Gs 7 = tog{ [ 110 =2 g { [ 010" 50
+é log“g(y)“+1 dy}>

as ¢ goes to 0. This divergence is also known as logarithmic density power divergence
or gamma divergence (e.g., (Fujisawa and Eguchi 2008; Jones et al. 2001)). The JHHB
family has robustness in parametric estimation for any « > 0 and ¢ > 0, but it only
has exact unbiasedness when ¢ is equal to 1 or 0 (Jones et al. 2001). Additionally, the
parametric estimation based on JHHB divergence is the M-estimation only for ¢ =0
or 1.

a+1
@ o

{ro10r 0} N

3)

2.3. C divergence family

(Vonta, Mattheou, and Karagrigoriou 2012) and (Maji et al. 2019) independently
derived a wide class of divergence measures including BHH] divergence. Let N be an
element of N, the set of strictly convex functions on [—1, + co) that are three times
continuous differentiable and satisfy N(0) =0, N'(0) =0, and N”(0) > 0. For a >0
and the above function N € N, the C divergence family is defined as follows:

. _ g(y) a+1
DE(G: F) = [N (8 1) g0 . @
When we use
(0+1) (z4+1) N (z+1)""

N(z)=1-

as the function N, Equation (4) coincides with the BHH]J divergence family. This family
also contains generalized power divergence (Maji et al. 2019; Vonta, Mattheou, and
Karagrigoriou 2012) and S divergence (Ghosh et al. 2017), which have been utilized in
robust parametric estimation. In addition, C divergence becomes f-divergence (e.g.,
(Csiszar 1967; Morimoto 1963; Pardo 2005)), which includes power divergence (Cressie
and Read 1984) and alpha divergence (Amari 2009; Amari and Nagaoka 2000), as o —
0. Note that, although both the JHHB and C divergence families contain BHH]J diver-
gence, these two families have no inclusion relation.
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Since parametric estimation based on C divergence is generally not M-estimation and
each element in the C divergence family is generally not a decomposable pseudo-dis-
tance (Broniatowski, Toma, and Vajda 2012; Broniatowski and Vajda 2012), we cannot
estimate parameters by replacing the true distributions G with either empirical distribu-
tions or relative frequencies if we consider continuous distributions. In such cases, we
need to estimate G via histogram density estimation, kernel density estimation, or the
like (Maji et al. 2019). We hereafter denote the estimated distribution of G by G,
regardless of the method (e.g., empirical distribution or kernel density). We assume that

G uniformly converges to the true cumulative distribution function.

3. Model selection criteria based on divergence measures

Hereafter, we consider the case where not all of the observations have the same distri-
bution. Let G = (Gj, ..., Gk) be the set consisting of the ‘true’ distributions. We assume
that n; observations follow Gj independently for each k = 1,...,K, and let G =
(G1, ..., Gk) be the estimated distributions with respect to G (such as empirical distribu-
tions) based on #n; + - - - + ng = n observations. When K =1, this situation is the inde-
pendent and identically distributed (i.i.d.) setting, and when n; = 1 for all k (ie,
K=n), this is the non-homogeneous setting, which includes the generalized linear
model (see, e.g., (Ghosh and Basu 2016; Kurata and Hamada 2018)). In this paper, we
consider the following measure of overall farness between G and the model distributions
F' = (F0,..,F%):

K
— nk
D(G; F') =) — D(Gi; FY), (5)
=
where D is a divergence measure such as KL and BHH] divergence introduced in
Section 2. When estimating unknown parameter 6, we obtain the divergence-based
estimates by minimizing D(G ; F?). We denote the minimum divergence estimator

by 0p, and define the ‘best fitting parameter’ as the value of 0 that minimizes
Equation (5).

In this paper, we discuss the following form of model selection criteria based on
divergence measures:

2n H(Y;0p) + B, (6)
where the main term,
H(Y; 0p) = 2 Hi(Gi; F),
= "
is composed of Hy (k=1,...,K) obtained by subtracting parts independent of the

model from D(Gk; FZD) (see also Section 2 and Equation (5)), and B is a bias term. For
example, Hy (k=1,..,K) for BHH] divergence (including KL divergence) are as
follows:
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— [ g(y) logfi(y|0)dy (x=0),

AN
PG iy oy ay -2 Aoy gy (> 0).

The form of criteria given in Equation (6) includes most of the information criteria
such as AIC, BIC, GIC (Konishi and Kitagawa 1996), GBIC (Konishi, Ando, and Imoto
2004), criteria for the regularization method (e.g., (Ninomiya and Kawano 2016; Umezu
et al. 2019)), and divergence-based criteria (e.g., (Kurata and Hamada 2020; Mattheou,
Lee, and Karagrigoriou 2009; Toma 2014)).

Hereinafter, we assume the following conditions:

(A1) The support of the model Y = {y | fi(y|0) > 0} does not depend on either k =
1,...K or @ € ©, and the probability (density) functions {g;} also have the same
support V.

(A2) Hk(Gk; Fz) is six times continuously differentiable with respect to 6 € ® for
any k.

(A3) Positive constants ¢;, ¢,, and ¢; exist such that, if 0 € B, (éD),

OH(Gy; FY)
00;, --- 00,

< as.

holds for any k and ji,...,j; € {1,....,p} with 0 < g <6, and
0cO\B., (0p) = H(y; 0) —H(y; 0p) > c3 as.,

for any y € ()", where B, (0p) is the open ball of radius ¢, centered at the min-

imum divergence estimator 0p.

(A4) There exists an open set @, C O containing the best fitting parameter such that,
for any k, the probability (density) function fi(y|®@) is bounded with respect to
y €Y and 0 € O, (e, sup,.ysupyce lfi(y|0)] < 3 ¢4 < +00), and independent
of n.

(A5) The Hessian matrix of H, %, is nonsingular for any y € ())" and 0 € O,.

(A6) For each k = 1, ..., K, there exists a constant value g € (0, 1) such that ny/n — gy
as n — +o0.

(A1)-(A6) are conditions to establish the asymptotic properties of the minimum
divergence estimators and to derive the model selection criteria described in the lat-
ter half of this section. In the conventional investigations regarding statistical diver-
gence and model selection, similar or related conditions have been discussed (e.g.,
(Basu et al. 1998; Ghosh and Basu 2013; Kass, Tierney, and Kadane 1990; Kurata
and Hamada 2020)). Conditions on robust selection will be discussed in the
next section.

Now, we derive BIC-type criteria based on a wide class of divergence measures. We
consider a divergence measure having the form given in Equation (5), and define a
quasi-marginal distribution based on a divergence measure D, mp, as follows:
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mp(Y) = J exp{—n H(Y;0)} n(0)d0.

Let (@) be a proper, independent of the sample size, and four times continuously dif-
ferentiable prior probability (density) function. In the same way as (Kurata and
Hamada 2020), we can prove

—2 logmp(Y) =2 n H(Y; 0p) +p logn+ Op(1),

by using the Laplace approximation (e.g., (Kass, Tierney, and Kadane 1990)). Thus, we
can obtain a divergence-based Bayesian criterion (DBBC) by ignoring small-order terms
with respect to n:

DBBCp =2 n H(Y; 0p) +p logn. (7)

Clearly, this has the form of Equation (6) with B = plogn. (Kurata and Hamada 2020)
showed that, when we use BHH] divergence with o > 0 as D, the corresponding DBBC-
type criterion (named RCC) has consistency and robustness of model selection simultan-
eously. In analogy with RCC, we can prove that DBBC-type criteria for other divergence
measures have consistency of model selection under the conditions (A1)-(A6).

4. Robustness of model selection

An influence function has often been used to assess the damage caused by a perturb-
ation in data-generating distribution (e.g., (Hampel et al. 1986; Huber 1983)). When
using an influence function, we regard an estimator as a functional of the probability
distribution that the observations follow. We can find that a model selection criterion is
also a functional of the data-generating distribution since it depends on observations
and the estimator. When the data-generating distribution is G = (Gj, ..., Gx), we denote
the functional form of the best fitting parameter and estimator by T(G) and T(G),
respectively. Additionally, we define the functional form of a criterion having the form
in Equation (6) as follows:

K
() — Mk . T(G))
6= “*H (G - FH9)
H(G) Z . Hie\ G Fy
We assume that, for each k = 1,...,K (1 <K < n), the data-generating distribution
(hereafter, denoted by €) is a mixture of the true population distribution Gy and Y%, a
distribution differing from G:

Q= Qk(Gk, Y4, r) = (l — 1’) Gy +r Y, (8)

where r> 0 is the contamination rate. Let Q = (Q;,...,Qx) be the data-generating dis-
tributions, and let vy be the probability (density) function corresponding to distribution
Yy (k = 1,..,K). To measure the sensitivity of a model selection criterion, we now
evaluate the difference between contaminated distribution € and non-contaminated dis-
tribution G:

(G, Y, r) = H(Q) — H(G). )
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If a criterion fluctuates intensely due to the influence of contamination, the absolute
value of 7 will be unboundedly large. By contrast, if a criterion is hardly affected, Z will
be bounded for the outlier-generating distribution Y. Hence, we can utilize Equation
(9) as an indicator of the sensitivity of the criterion. We consider evaluating Z to assess
robustness of a criterion.

4.1. Regularity conditions for robustness of model selection

In this subsection, we list conditions for proving robustness of model selection criteria.
Note that the sufficient conditions are different according to the underlying divergence
family: each divergence-based criterion requires some of the following conditions.

(B1) For some o > 0, [fi(y]0)" vk(y)dy is finite for any k and any 0 € O,.

(B2) For some o> 0, || ak)gf"(y'o [fc(y10)* vi(y)dy is finite for any k and any 6 € ©,.
(B3) For some o > 1, the followmg terms are finite for any k and any 0 € O, :

[0 woray, [ao107 6t wind.
|02 s 10 ) )y

4.2. Measure of influence from contamination of data-generating distribution

Since the mixture distributions Qy, ..., Qx depend on contamination rate r, we represent
H (L) as follows:

K K
@) = B0 E@) = 3 % M)
k=1

k=1

Using the first-order Taylor expansion of H(2) around r =0, we obtain
K
M
I(G Y, r)=r Y ~ M, (0) + o(r) .
k=1

Now, we evaluate M;(O) for each of the divergence measures introduced in Section 2,
to examine robustness of model selection criteria from the viewpoint of whether the
first-order approximation term of 7 is finite in the presence of contamination of the
data-generating distribution.

Theorem 1. Assume conditions (A1)-(A6), (B1), and boundedness of the influence func-
tion for the corresponding divergence. Then, criteria based on BHH] divergence with
o >0, JHHB divergence with o> 0 and ¢ >0 (including gamma divergence), and C
divergence with o > 0 satisfy that | M} (0)| is finite for arbitrary X .

Furthermore, we examine the second-order approximation of Z in Equation (9) to
verify the robustness of a model selection criterion in more detail. Using the second-
order Taylor expansion of H around r=0, we obtain
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2

K K
G Y, =rY % M) + =3 % ML0) + olr?).
k=1 k=1

,
2
The following theorem gives the conditions for the boundedness of the second-order
approximation term of 7 for each divergence family.

Theorem 2. Assume conditions (A1)-(A6), (B1), (B2), and boundedness of the influence
function for the corresponding divergence. Then, criteria based on BHH] divergence with
o > 0 and JHHB divergence with o > 0 and ¢ > 0 (including gamma divergence) satisfy
that |MZ(O)| is finite for arbitrary Y. This holds also for C divergence if we further
assume (B3).

The proofs of Theorems 1 and 2 are found in the supplemental material. To guaran-
tee the boundedness of the second-order approximation for all elements of the C diver-
gence family, we need to assume o > 1. Note that, without assuming o« > 1 and the
boundedness of v} for all k, we can not generally prove the boundedness of the first
term in (B3), even if f; = gx almost surely. However, in general, making o in the C
divergence family larger increases the asymptotic variance of the estimator, and thus a
too-large o is not desirable from the viewpoint of efficiency of estimation (e.g., (Basu
et al. 1998; Maji et al. 2019)). BHH]J divergence is an exception, in that it requires only
o > 0 to guarantee the boundedness of the second-order term, as well as the first-order
term. Therefore, Theorem 2 shows the superiority of BHH] divergence in the C diver-
gence family. Additionally, for the JHHB family including BHH] and gamma diver-
gence, we need not assume o > 1 and specify the form of probability function of the
outlier-generating distribution (vx) for robust model selection.

4.3. On JHHB divergence family: Case of non-homogeneous setting

In the previous subsection, we assumed K groups of distributions where the k-th group
has ny ii.d. observations. Under condition (A6), even if some observations in a group
are outliers, we can conduct robust estimation and model selection based on robust
divergence families, using other (non-outlying) observations drawn from the true distri-
bution G;. However, we often face situations that observations are independent but not
identically distributed (non-homogeneous setting, see also, e.g., (Ghosh and Basu
2013)). In the non-homogeneous setting, each group has only one observation (ie.,
K=n and n; = 1), and (A6) no longer holds since nx/n — 0 as n — +oo. Thus, if the
observation is an outlier (generated from Yy), this observation can have a bad influence
on model selection.

We here focus on the JHHB divergence family (including BHHJ and gamma diver-
gence). Using our definitions (Equations (2) and (3)), we replace the true unknown dis-
tribution G, by the empirical distribution based on only one data point Yj to estimate
parameters and to derive model selection criteria as in (Ghosh and Basu 2013) and
(Kurata and Hamada 2018). To evaluate robustness of model selection criteria, we con-
sider the following term:
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H(Y; 0) == z”: Hi(Yk; 0)
Pt

n

DI [é{fﬁc(ylﬂ)““ dy}’ — 21 mww’“} (0>0),

X

L5y Jlog {01077 dy} - @+ 1) togh¥il0)] (9 =0).

Since observation Y, may be an outlier, we now consider the expectation of the above
formula based on the mixture distribution, Q = (Qy, ..., Qk), defined in Equation (8):

1 n

~ Y Eveo[Hi(Y; T(Q)].
n

k=1

Using this, we can evaluate Z (Equation (9)) in the non-homogeneous setting via
Taylor expansion, as in the previous subsection.

Theorem 3. Assume conditions (A1)-(A5), (B1), (B2), and boundedness of the influence
function for the corresponding divergence. Then, criteria based on BHH] divergence with
o > 0 and JHHB divergence with o. > 0 and ¢ > 0 satisfy that both the first- and second-
order approximations of I are finite, but criteria based on gamma divergence do not.

We describe the proof in the supplemental material. It is remarkable that criteria
based on gamma divergence have robustness when condition (A6) holds, but lose their
robustness in the non-homogeneous settings. By contrast, criteria based on BHH]J diver-
gence maintain robustness of model selection whether (A6) holds or not.

5. Numerical results

In this section, we verify the performance of model selection criteria based on BHH]
and its related divergence families through some numerical experiments. As N € N of
the C divergence family excluding BHH] divergence, we use the following function:

(z—i—l)”l_ z+1 oz
L(O+1) A (A+1) i+1°

N (z) = i # -1, 0. (10)
This function N$¥ is used for generalized power (GP) divergence (e.g., (Maji et al. 2019;
Vonta, Mattheou, and Karagrigoriou 2012)). When o — 0, GP divergence coincides
with power divergence as proposed by (Cressie and Read 1984). We here consider the
DBBC-type criteria defined in Equation (7).

5.1. Selection of normal models using real dataset

In the first experiment, we consider a selection problem of continuous distributions using a
real dataset consisting of the parallax of the sun (Short 1763). I randomly split the dataset

with sample size n =158 into K=2 groups (n; = n, = 79) and assumed that the observa-

iid.

tions independently followed normal distributions: Y{,..,Y; '~ G; = N(u, s ) and
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Figure 1. (a) Boxplots of the two groups of raw data of the parallax of the sun (in seconds of a
degree). (b) Boxplots of contaminated data. The k=1 group (left) is the same as that in (a), while the
k=2 group (right) is contaminated.

Yi,.., Y, Hig- G, = N(u,, s2). Figure la shows the boxplots of the two groups. For this
dataset, we compare the following four models:

Model T : pu = 1y, s = 82,
Model II ' pu; = Wy, $1 # s,
Model TII @  uw # W, 51 = s,
Model IV '  wy # W, s1 # 8.

I employed DBBC-type criteria based on KL, BHHJ, JHHB (including gamma), and GP
divergence. As the tuning parameter o, I used 0.50 and 1.25 in this experiment, to verify
the difference between o < 1 and o > 1. I also used other tuning parameters as follows:
¢ = 050 for JHHB divergence (Equation (2)), and 4 = 1.25 for GP divergence
(Equation (10)). As we need to estimate the probability density functions of the G’s for
GP divergence, I utilized the Gaussian kernel density (e.g., (Silverman 2018)). As a con-
sequence, all of DBBC-type criteria selected Model I. This result agreed with the box-
plots in Figure la.

Next, I replaced 5% (4 of 79) in the second population with twice their original value,
and conducted the selection problem for the synthetic contaminated dataset. Figure 1b
shows the boxplots of the contaminated observations. As a result, BIC selected Model
IV, and criteria based on GP divergence with o = 0.50 selected Model III. By contrast,
the criterion based on GP divergence with o = 1.25 selected Model I. Criteria based on
BHH]J, JHHB, and gamma divergence with both o = 0.50 and 1.25 selected Model I.
These results supported Theorem 2: criteria based on the C divergence family (excepting
BHH]J divergence) require o > 1 to guarantee the boundedness of the second-order
approximation of Z, the difference of the value of a criterion between the contaminated
and non-contaminated data-generating distributions. On the other hand, those of the
JHHB divergence family (including BHH] and gamma divergence) require o > 0. In
this experiment, I also verified for another values of the tuning parameter of BHH]J and
gamma divergence: o = 0.001, 0.01, 0.10, 0.20, ..., 1.40, and 1.50, consequently, BHH]
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divergence-based criteria with o > 0.01 and gamma divergence-based ones with o >
0.10 selected Model I in both of the experiment.

Note that, the optimal value or range of the tuning parameter has previously been
investigated. For example, (Mantalos, Mattheou, and Karagrigoriou 2010) showed that
o = 0.25 is relatively suitable as the tuning parameter of their proposed model selection
criterion based on BHH] divergence, in auto-regressive models. (Kurata and Hamada
2018) and (Kurata and Hamada 2020) pointed out that AIC- and BIC-type criteria
based on BHH] divergence with some large a (for example, « > 0.50) perform well in
heavily contaminated cases. (Riani et al. 2020) proposed an estimation procedure via
the approach of S-estimation. (Basak, Basu, and Jones 2021) developed an iterated algo-
rithm to determine one optimal value of o for parametric estimation from the observa-
tions, by expanding the methods in (Warwick and Jones 2005) and (Ghosh and Basu
2015). It has been pointed out that parametric estimation and model selection with
large o can become unstable when the sample size is not sufficiently large (e.g., (Basu
et al. 1998; Ghosh and Basu 2013; Kurata and Hamada 2019)). Actually, asymptotic
variance of an estimator increases with increasing o (e.g., (Jones et al. 2001; Ghosh and
Basu 2016)). For the above reasons, several studies have assumed o < 1 in order to con-
duct stable estimation (e.g., (Basak, Basu, and Jones 2021; Fujisawa and Eguchi 2006;
Maji et al. 2019)). Thus, from the viewpoint of efficiency, it is preferable to employ o <
1 as the tuning parameter of C divergence; however, use of o > 1 is required to guaran-
tee robustness in model selection problems (Theorem 2).

5.2. Selection of discrete distributions

Next, we consider the problem of selecting an adequate probability distribution from
three discrete distributions, the geometric, Poisson, and negative binomial distributions,
which have the following probability functions:

fE@) =0=p) p,

Po 'u}’ -
O =rpm < (11)
o To+R) N K\
) - T(y+1) I'(x) (,u—l—x) <u+x> ’
where p € (0, 1), £ > 0, and x > 0 are the parameters in the respective probability dis-
tributions, and I' is the gamma function. Hereafter, we use the notation Y ~
Ge(p), Y ~ Po(u), and Y ~ Nb(y, x) to indicate that a random variable Y has f°¢, f°,
and fN°, respectively, in Equation (11) as its probability function. It can be confirmed
immediately that the negative binomial distribution includes the other two distributions:
when Y ~ Nb(y, k), Y has a geometric distribution Ge(1/(u+1)) if x = 1, and
Nb(u, k) converges to a Poisson distribution Po(y) if k — +oo. In this experiment,
I assumed that »=10000 samples were Poisson distributed with parameter u=>50:
Y ,..., Y, iid. Po(50). This is an ii.d. setting (K=1 in Equation (5)). To generate out-
liers, I chose some of the observations randomly and doubled their values. As the
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Table 1. Selection rates (%) of the DBBC-type criteria based on KL, BHHJ, JHHB, gamma, and GP
divergence for different contamination rates in the selection problem of discrete distributions. ‘Ge’,
‘Po’, and ‘Nb’ indicate the geometric, Poisson, and negative binomial distribution, respectively.

0% 1% 10 %
Contamination rate Ge Po Nb Ge Po Nb Ge Po Nb
KL 0 100 0 0 0 100 0 0 100
BHHJ (o = 0.50) 0 100 0 0 100 0 0 88 12
BHHJ (x = 1.25) 0 100 0 0 100 0 0 100 0
JHHB (x = 0.50) 0 100 0 0 100 0 0 82 18
JHHB (o« = 1.25) 0 100 0 0 100 0 0 97 3
Gamma (x = 0.50) 0 100 0 0 100 0 0 93 7
Gamma (o = 1.25) 0 100 0 0 29 1 0 29 1
GP (a2 = 0.50) 0 100 0 0 0 100 0 0 100
GP (o« = 1.25) 0 100 0 0 100 0 0 100 0

tuning parameters of each divergence measure, I used the same values as in the previ-
ous experiment (Subsection 5.1).

Table 1 shows the selection rates of 1000 trials of the DBBC-type criteria derived
from each of the divergence measures. From Table 1, we confirm that criteria based on
KL divergence selected the adequate model (Po) in non-contaminated cases, but they
did not cope well with outliers. By contrast, criteria based on BHH]J, JHHB, and gamma
divergence performed well in all three settings regardless of whether a <1 or a>1 was
used. Additionally, the criterion based on the C divergence family (GP) with o« < 1 was
negatively influenced by outliers, but that with o > 1 maintained accuracy even in con-
taminated cases. As with the previous experiment, these results agreed with Theorems 1
and 2.

5.3. Case of non-homogeneous setting: Negative binomial regression model

To verify the performance in cases of the non-homogeneous setting (see also Subsection
4.3), we finish by showing the result of an experiment using the negative binomial
regression model, which is a generalized linear model and is suitable for cases where
the response variable is a non-negative integer (e.g., (Allison and Waterman 2002;
Kurata, Kuroda, and Komaki 2022; Lawless 1987)). Let y; and xx = (1, Xk 1,...,Xkp) be

the response variable and the (standardized) explanatory variable vector related to the

indep.
k-th individual, respectively (k = 1,...,K). I assumed some sample sizes #n, and Yj v

e = Mi(xx5 B) = exp (I’Txk) .

The expectation, uy, depends on the explanatory variables and regression coefficient
vector B = (By, PBi,.... 3,). Since the value of y differs by k, this is the non-homoge-
neous setting, ie., n, = 1 for all k. In this experiment, I supposed four candidate
explanatory variables generated by random numbers, and further assumed that two of
the four explanatory variables were unnecessary. I set the true coefficient of two of the
four explanatory variables equal to zero: " = 1.50, '™ = 0, By =0, B3¢ = 0.50,

and ;" = —0.50. In this subsection, we refer to models with some of the necessary
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Figure 2. Accuracy rates of DBBC-type criteria (Equation (7)) based on BHHJ and gamma divergence
(with & = 0.1,0.5,0.9) in the selection problem of negative binomial regression models for different
sample sizes and contamination rates.

Table 2. Selection rates (%) of the DBBC-type criteria based on KL, BHHJ, and gamma divergence
for different contamination rates in the selection problem of negative binomial regression models
with sample size n=500. ‘Under’, ‘Adequate’, and ‘Over’ indicate the selection rates of under-
specified models, the adequate model, and over-specified models, respectively.

0% 5% 20 %
Contamination rate Under Adequate Over Under Adequate Over Under Adequate Over
KL 0 98 2 25 60 16 100 0 0
BHHJ (o = 0.01) 0 98 2 22 63 15 100 0 0
BHHJ (x = 0.10) 0 99 1 0 96 4 99 1 0
BHHJ (o = 0.30) 0 100 0 0 100 0 0 100 0
BHHJ (z = 0.50) 0 99 0 2 97 1 4 95 1
BHHJ (o« = 0.70) 41 55 5 45 51 4 57 40 3
BHHJ (x = 0.90) 84 1 5 85 10 5 90 8 2
Gamma (x = 0.01) 0 98 2 24 60 16 100 0 0
Gamma (z = 0.10) 0 96 4 23 59 19 100 0 0
Gamma (x = 0.30) 0 95 5 18 58 24 99 1 0
Gamma (x = 0.50) 0 92 8 16 55 29 99 1 0
Gamma (x = 0.70) 0 90 10 14 53 33 98 1 0
Gamma (x = 0.90) 0 88 12 1 50 38 98 2 0

explanatory variables missing as under-specified models, and models employing
unnecessary variables as over-specified models.

Figure 2 shows the accuracy rates of 1000 trials of the DBBC-type criteria based on
BHH]J and gamma divergence, for some sample sizes and contamination rates. Table 2
also shows the detailed selection rates for n=>500. Additionally, in the supplemental
material, detailed results of model selection for various sample sizes are shown. We can
see that most criteria adequately selected the adequate model in the non-contaminated
cases when the sample size is large, due to the consistency of DBBC-type criteria, how-
ever, criteria based on KL and gamma divergence failed to select the correct model in
the contaminated cases. We can also confirm that BHH] divergence-based criteria with
too small o (e.g., 0.01 and 0.10) were negatively influenced by outliers. Moreover, when
the sample size is not sufficiently large, criteria with large o (e.g., 0.70 and 0.90) did not
perform well because parametric estimation with large « generally results in lack of effi-
ciency, as mentioned in Section 4. Criteria based on BHH]J divergence for middle o
recorded high accuracy in cases from non-contaminated to heavily contaminated. In the
case of n=>500, we can confirm that BHH] divergence with o =0.30 and 0.50 per-
formed stably for every contamination rate (Table 2).
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6. Conclusion

In this paper, we discussed robustness of model selection criteria having form of
Equation (6) based on divergence measures as evaluated by the approximate difference
between contaminated and non-contaminated data-generating distributions. We inves-
tigated sufficient conditions to establish robustness of model selection for several
divergence families, and thereby showed that the conditions are different depending
on the family. Although criteria derived from non-robust divergence measures (such
as KL and f-divergence) perform well in non-contaminated settings, such methods
tend to exhibit decreased accuracy if observations are contaminated by outliers. From
the viewpoint of the stability of the value of a criterion, we proved that the BHH]J
divergence family and most of the related divergence families have robustness against
contamination of the data-generating distribution under appropriate conditions. The
C divergence family, one generalization of BHH] divergence and f-divergence, inherits
the robustness of BHH] divergence in parametric estimation and hypothesis testing;
nevertheless, to guarantee robustness of the C divergence-based methods in model
selection, we must assume stricter conditions in addition to those for BHH]J diver-
gence (Theorems 1, 2, and experiments in Subsections 5.1, 5.2). The conditions for
the C divergence family require o > 1, but this restriction may induce unstable results
since parametric estimation via large « is generally inefficient. Additionally, when
using C divergence in continuous populations, we must replace the true (unknown)
distribution with some kind of estimated distribution such as kernel density, whereas
BHH] divergence-based criteria do not require such replacement. When employing
the JHHB divergence family, another generalized family of BHH]J divergence including
the gamma divergence family, we can prove robustness under fewer conditions than
those for the C divergence family; however, members of the JHHB family excepting
BHHJ and gamma divergence are disadvantageous in that they do not have exact
unbiasedness in parametric estimation. Moreover, we proved that criteria based on
gamma divergence are sensitive to outliers in the non-homogeneous setting (Theorem
3 and Subsection 5.3). Through the discussion and experiments in this paper, we iden-
tified that (i) generalized divergence families do not necessarily inherit the robust fea-
tures and conditions for achieving robustness in model selection problems; (ii) not all
divergence measures having estimation robustness have selection robustness; and (iii)
criteria based on BHH]J divergence can perform robustly under relatively weak restric-
tions in a broad range of settings.
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