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STABILITY OF A LAMINAR FLOW ALONG
A FLEXIBLE BOUNDARY (III)

By Masaki TAKEMATSU*

The stability of a plane laminar flow along a flexible boundary" is in-
vestigated by a direct numerical method using a digital computor. With the
known asymptotic solutions as a guide, machine solutions are sought for
moderate or small Reynolds numbers whlch are beyond the limit of applica-
bility of the asymptotic theory.

Numerical results are presented, together with asymptotic ones, in sta-
bility diagrams, which provide a reasonably complete picture of the stability
characteristics of the combined fluid-flexible 'boundary system. There are
two distinct families of stability curves; one which forms an island of in-
stability represents the modification of the Tollmien-Schlichting instability,

" and the other which extends to the inviscid limit does the inviscid types of
instability — the Kelvin-Helmholtz (instability clearly belongs in this cate-
gory——. Stability curves of the latter family exhibit as well a typical
feature of ‘free surface waves’. The present investigation tends to confirm
‘the belief that flexible boundaries always destabilize rather than stabilize the
boundary-layer flow.

1. Introduction

The stability problem of a laminar flow along a flexible boundary is not
only of interest in practical applications; it is also of theoretical interest asa
typical example of the composite stability problems which involve two or more
distinct types of instability,

Since Kramer’s publication on boundary-layer stablhzatlon this problem
has attracted in the past a certain amount of attention®~®. As far as is known,
however, no attempt has been made to give a complete mathematical treatment
of the problem,

In a recent paper® we have reconsidered this problem with an intention
to account for the three possible types of instability directly from a standpoint
of ordinary stability theory, and developed an asymptotic method of solution
for large Reynolds number, It is demonstrated that not only the Tollmien-
Schlichting instability but also such inviscid types of instability as the Kelvin-
‘Helmholtz instability can be accounted for directly by solving asymptotically a

* Lecturer, Research Institute for Applied Mechanics, Kyushu University.
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complete viscous eigenvalue problem; somehow this has been passed over by
previous authors, A numerical example presented therein indicates that unstable
regions of the both types are likely to extend to fairly small Reynolds number,
Within the framework of the asymptotic analysis, however, no definite informa-
tion is obtained as to the third possible type of instability, This type of in-
stability is essentially a resonance effect and may take nearly the same phase
velocity as that of free surface waves of the flexible boundary®. Landahl® has
shown that, in fact, this type of instability occurs at rather small Reynolds
numbers which are clearly beyond the limits of ordinary asymptotic theories,
His calculations are incomplete and correct only qualitatively, so that they

“illustrate no more than the possible existence of the type of instability., The

connection between this and the other types of instability is. still an open
question,

The purpose of the present paper is to examine the stability characteristics
at moderate or smaller (if necessary) Reynolds numbers. This task is feasible

“only by a direct numerical method. The numerical method employed here is

essentially the same as that originally deveIOped-by Thomas”, For the sake of
completeness, we begin with formulation of the problem, Taking the asymptotic
results® as an indication, computations are extended to smaller Reynolds num-
bers. A detailed investigation is made especially for a typical flexible bound-
ary which admits the simultaneous existence of the three types of instability.
A brief description is also given of the outline of the asymptotic results,

A classical problem closely related to the present one is the generation of
Water waves by wind. This problem has been treated by many investigators,
though not in any great detail owing to the mathematical complexity involved
(cf. e.g. Lock?, Miles-0) : Miles has conjectured that the third type of in-
stability mentioned above is responsible for the initial formation of water waves,
and that the Kelvin-Helmholtz instability is significant for an air-oil interface.
It may be interesting to reconsider this problem in the light of the present results,

2. Formulation of the problem

Consider a steady plane parallel flow along a flexible boundary (located at
rest at y = 0) with velocity profile U(y) of the boundary-layer type. We super-
impose on this basic equilibrium flow an infinitesimal wave-like disturbance
whose stream function has the form

TP, y, D) = d(n)etren, 2.1

where a (>>0) denotes the wave number in the x-direction, R,[c] =¢, the
phase velocity, and «al,[c] = «c, the amplification factor of the disturbance. The "
perturbation velocities (u, v) are then given by

u= ¢y = ¢"‘E’ . v =— ‘l"x = —id¢'E, (2'2)

where E denotes the (x, ¢)-dependence of the disturbance. Substituting (2.2)
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in the Navier-Stokes equations and neglecting second order quantities, we are
led to the well-known Orr-Sommerfeld equation

(U—=0) (§"—a2p)— U"$ = (iaR) (¢ —2a?¢" +a'p). 2.3)

Here R is the Reynolds number U.§/v defined by the free- stream velocity
U.. and the thickness of the boundary-layer 5

The boundary conditions to- be satisfied at infinity are the usual ones, i.e.
¢'(0) = ag(e) = 0. 2D,

The remaining two conditions on. ¢(y) are specified at the flexible boundary in
motion, Let the normal displacement of. the flexible boundary be 7, whlch may
be expressed in conformity with (2.1) as

¢

Vﬂ(x, )y =9-E(x,t), 2.5

with the-infinitesimal amplitude 7. The tangential displacement will be neg-
lected. Hence the kinematical and non-slipping conditions on the boundary are

o7

=B

u+U=0; y =7(x, o). (2.6)
In ‘the: linearized approach, these are equivalent to

$0) =ci;  FO = -U©2 @7
To complete the problem formulatlon a dynamical condition relating the nor-
mal component (F,) of the sinusoidal forces exerted by the fluid and the corre-
sponding surface displacement is requisite in addition, which may generally be
expressed as

Zy=F,, (28)

by means of a complex stiffness Z, The right-hand side of (2.8) can be eval-
uated as the sum of the perturbation pressure ( p), the normal stress, and the
normal component of the tangential stress at the boundary, i.e.

F, = —p + 2R, + R U7,
Within the linear approxithation, this can be- written as:
—— [ e#/©®) + U/ (©)#(0) + (iaR) (' (0) 3¢ (0)
| +U'(0)a277}']-'E<x, n. (@29)

where p is calculated from the x-momenfum equation, Substituting' (2.9) in’
(2.8).and eliminating # from the resultant equation and (2.7), we have

cg'(0) + U'(0)(0) = 0, (2.10)
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@B)4"(0) - [ gidgy + 4a* (@B | #/©) = 0. @11

The Orr-Sommerfeld equation (2.3) together with the four homogeneous
boundary conditions (2.4),,,, (2.10) and (2.11) constitute a conventional eigenvalue
problem ; the usual secular determinant leads to a relation of the form A(c, «,
aR; Z) = 0. If the mechanical property of the boundary ( Z) is specified, then
the eigenvalue ¢ can be determined-as functions of the real parameters « and
aR for a prescribed profile U(y). The criterion for stability is that I,[c] <0,
while if I,[c]>0 the flow together with the boundary is unstable.

For numerical examples we consider a rather simple flexible boundary char-
acterized by an effective mass ( m ), a damping coefficient (£ ) and a free wave
velocity (a). In this case, the complex stiffness Z takes the following form

Z = Ma¥(a® — ¢*) — iacK, (2.12)
where M, a and K are dimensionless parameters defined respectively by
M = m/(pd), a = a/U, and K = k/(oU..).

For numerical solution of the problem, it is particularly convenient to
divide the whole flow field into two regions; i.e. the outer region, say y > y,,
where the basic flow is supposed to be substantially constant and the inner region,
At the boundary point y = y, of the two regions, however, the following matching
conditions must be fulfilled:

[$]=[¢1=[¢"1=["]=0, @.13)

the symbol [¢] being used for lim{¢(y,+e) — ¢(y,—e)]. In the outer region,
&0 .
the Orr-Sommerfeld equation (2.3) simplifies to -

’ dz dZ
(=) (G —7)8 =0, @19
where
7 = (& + iaR(1—c)}" (2.15)

Then if we choose R,[r] >0, the general 6uter-region solution satisfying the
boundary conditions at infinity (2.4),,, can be written as

¢ = Ade+ e, (2.16)

where the A’s are unknown coefficients. Substituting (2.16) in (2.13) and eliminat-
ing the A’s from the resultant expressions, we have the following two boundary
conditions for the inner-region solution:
" (o) + (@ + 1)' (o) + ard(y,) =0, }
¢"'(y0) + 19" (o) — @’¢'(y0) — @®r¢'(30) = 0.

2.17)
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Now that the behaviour of the outer-region solution has been replaced by the
above two conditions, we are only to deal with the finite inner-region under
the boundary conditions (2. 10), (2. 11) and (2. 17).

3. Numerical solution of the eigenvalue problem

Finite difference technigne : To obtain machine solutions, we now re-
place the continuous problem in differential form by finite difference approxima-
tions,. We subdivide the inner-region 0 <y <y, into n intervals and let 2 ( =
¥o/n) be the incrementin y, The value of ¢ at y = jk is then labeled ¢, If % is
small enough, derivatives may be expressed in central differences of the discrete

fe,1 0 0 1 0 0] [¢] [0
1 1
he/ 0 =3 0 3 0 |da| |0
R = 0 1 =2 1 0 o; + | O(h) (GB.D
1 1 |
h’3¢,’" —> 1 0 —1 >3 D41 o)
;h4¢li‘~'J 1 —4 6 —4 1] L ¢1+zd \O(hz)q ’

variable* as the truncation errors being of order A2, According to Thomas?,
the truncation errors can be reduced to O (#*) on all derivatives except the third
derivative by introducing the new independent variable
B 1,,d |1, d
g—(l—?ha?—+%hay—,)¢. G
In the present case when the third derivative appears in the boundary condi-
tions, the transformation (3.2) can not necessarily be expected to be effective,

Nevertheless, we shall adopt the transformation because it may scarcely affect
the machine time, In terms of g the derivatives are expressed as follows:

Fo )] [ 55 2 o & 0] [&=] [0 @]

he/ 0 —% 0 % 0 &1 0 (h")

per = & = -5 2 Llle |+]|om 33
ryas __% 1 0 —1 % g1 o (B |
gy ] | 1 —4 6 —4 1] | &) LO@9]

Applying (3.3) to the Orr-Sommerfeld equation at each grid point, we have

* cf. e.g. Booth®
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0.'g;» + Orgi + 08 + 8rg + Q)8 =0, B4
where

4
Q)=1— =5 (oc + E,) + 320 (a*E; + iaRU™),
0/ = —4— _g: W(at + E) + & W (a"E; + iaRUM,

Q/ =6+ % h(a? + E) + ;% 1 (a?E, + iaRU"),

E, = a* + iaR(U; — ¢), U; = U(hj).

Similarly, the boundary conditions (2.10) and (2.11) at the boundary are re-
duced to

Bi1g_; + Bi2g-1 + By3g + Bugi + Bisg: =0,

(3.5
B85 + Byg-1 + Biagy + B8y + Bisge =0,
and the matching conditions (2.17) at y =y, are
Eugn—l'l“-élzgn+Elsgh'ﬁ'i'éugnu'l‘ﬁlsgma =0, "
(3.6)

szgn—z‘*‘-ABzzgn +-Bzagn+1+l}24gn+z+ézsgn+3 =0. ;

The B's and B's are given in the Appendix, _

The continuous problem has now been reduced to a set of linear homogeneous
algebraicﬂ:\':r‘equations, for which a non-trivial solution exists only if the deter-
minant of the coefficient matrix vanishes; i.e.

D(c, a, aR; Z) = 0. GBI

The eigenvalues are then ‘determined as the zeros of the determmant which is
developed also in the Appendix.

Technique for obtaining eigenvalues: The task is now to determine
such combitations of the stability parameters «, aR and ¢ that make the determi-
nant (A.1) zero for a prescribed velocity profile U(y) and mechanical property
of the boundary, In the present approach, a trial-and-error numerical method
was used. '

For each choice of « and «R, the deterininant values were computed at
appropriate grld points in the complex c-plane, A possible location of-a zero
in the complex c-plane was then determined by interpolation from those de-
terminant computations*, = The search for zeros was initiated from the' region
of large aR where possible eigenvalues can be guessed with fair accuracy by

* In cases when ¢; and o or R were chosen arbitrarily, the search for zeros was
carried out in the (¢,—aR) or (¢,—a) plane.
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means of the asymptotic theory developed in a previous paper®,

For the computations - of the determinant (generally of large size), the
sweeping out method was used; in passing we note that this is essentially
equivalent to solving the set of linear equations (3.4), (3.5) and (3.6) by an
elimination method. Exploiting the peculiar form of the matrix such that non-
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zero elements are concentrated only in the vicinity of the main diagonal, we -

designed an efficient computor program which does not operate on zero ele-

ments, To secure a sufficient digit accuracy in the final results, about 18
decimal digits were retained in all the computations (double precision com-
putation), The increment % in the independent variable y (i.e. the size of the
matrix) was selected in each computation tentatively with reference to the an-
alytical nature of the Orr-Sommerfeld equation, The question of whether those
selected values of & (n) were small (large) enough was settled a posterzorz
by spot checks,

4, Results and concluding remarks

A:_In all the numerical examples presented below, we take

U(y) = tanh(2y), “4.1)

as a model of 'velocity proﬁleé of the boundary-layer type, Then the resulting

stability characteristics may differ quantitatively from those for the exact.

Blasius profile*., So far as their essential aspects are concerned, however, they
are expected to be true also of various other profiles of the boundary-layer
type including the exact Blasius profile.

Asymptotic results : Before presenting the results of numerical solution,
it may be well to give here an outline of the asymptotic results which are ob-
tained by means of the procedure proposed in the previous paper®.

As is readily seen from (2.8), the familiar case of a rigid boundary is in-

cluded in the present problem formulation as a limiting case of |Z| —co0. In
particular for the type of flexible boundary whose mechanical property is given
as (2.12), formally two limit processes are possible in goinm- over to the case
of a rigid boundary;i.e. M (or a®) - oo or K- co.Numerical examples shown
in Fig, 1, 2 and 3 are intended to illustrate the change in stability characteristics
to these extreme cases. The curve for a rigid wall is also included in each
figure for purpose of comparison. In Fig. 1 and 2 which have relatively large
mass-ratios and a small damping,.there appear two stability loops (A) and ®).
The loop (B) of the inviscid type is largely independent of the Reynolds num-

ber and is apparently indicative of the Kelvin-Helmholtz wave. On the othe;

* Recently Gotoh!? has shown that in the case of a rigid wall, the particular profile
(4.1) results in a considerably larger. critical Reynolds number than that for the
Blasius profile.
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Fig. 2. Neutral stability curves : M=15, K=0.05, a*=0.5.

hand, the loop (A) represents the modification of the Tollmien-Schlichting wave.
So long as ¢ is not too small, this loop shows the same trend as the correspond-
ing one for arigid wall. However, as « (and hence |Z|) decreases to approach
a value at which the other instability may occur, it assumes a quite different
feature ;. the both branches of the loop take certain maximum values of «R .and
then turn back to smaller R rather than extend to infinity, If .M is increased
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Fxg 3. Neutral stability curves.

with K kept small, the two ‘turning points’ of the loop (A) move to larger aR
along the curve for a rigid wall and the loop (B) shifts parallel to smaller «.
In the extreme case of M — oo, the loop (A) coincides with the one for a rigid
wall, while the loop (B) degenerates to the aR axis, To the contrary if we
choose M smaller and K larger, the unstable region enclosed by the loop (B)
expands to larger «, while the loop (A)V shrinks, Eventually the loop (A) disap-
pears completely and there remains only one loop of the inviscid type as (B).
This is illustrated in Fig. 3. In the figure M(a?>—c?) is chosen as a parameter
for convenience. For such large values of K, however, the stability curves are
rather insensitive to changes in the parameter and furthermore c? is very small
(<0.1) along the curves, so that the stability curves in Fig. 3 can be interpreted
approximately as those for fixed values of M and a?, say M —~=2 and a* =0.5. As
K is increased, the loop approaches -the one for a rigid wall. From these figures
it may be seen that the flexible boundary of the type under consideration alway
destabilize the boundary-layer flow. Further we note that within the framework
of the asymptotic theory, the stability diagrams in these figures cannot be
completed so successfully as in the case of a rigid wall.

Now it is obvious that those asymptotic results must be complemented by
means of the direct numerical method. For the particular velocity profile (4.1),
the outer edge of the inner region was taken to be y,=1.5; that is, the match-
ing conditions (2.17) were applied at y ='1.5, Fig. 4 shows an example of the
trend of ¢, and @R with increasing determinant size for a particular value of
¢; and . From the figure we can see whether the selected value of the incre-
ment 2 in y (A =1.5/n) was small enough. Similar spot checks were made
properly in the course of the computation,

95
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As ijllustrated in Fig. 3, a flexible boundary with extremely large damping
has a rather simple stability curve. We are only to examine its ‘lower branch’

mnumerically; along the ‘lower branch’, the important parameter c(aR)"* becomes

too small for the asymptotic method to determine the ‘lower branch’ correctly,
Results of computation for K=10 are already plotted in Fig. 3.

For such combinations of the boundary parameters as used in Fig, 1 and’
2, the stability characteristics are rather complicated and unfamiliar as compared
with those found thus far in other stability problems, = It is of particular interest
not only to check those asymptotic results but also to extend them to smaller
values of ¢R. The numerical results plotted together in Fig, 1 are intended to
confirm the seemingly odd behaviour of the branch of the loop (A). A more
extensive computation was carried out for the same combination of the boundary
parameters as used in Fig, 2. The results are plotted in Fig, 5 together with
the asymptotic ones. Some of partial cross plots of Fig. 5 are presented in Fig.
6 and 7 (in Fig. 7 are shown only the eigenvalues related to the loop (A)).
From these cross plots, it is clearly seen that the loop (A) forms an island of
instability, The lower branch (with smaller «) of the curve (B,) was located
according to the indication of the asymptotic result, Although there is some
discrepancy*, this branch seems to be the counterpart of (B). Tracing this
branch carefully in the direction of smaller R, we found out the upper branch
(with larger ) of (B,), and then a detailed cross examination at aR = 10° .

~o0.181

Ci=0O
a=0.15 lo.180
Cr
12,000~ H0.179
o178
aR 1,000}
10,00 0 - L— 1 - 1 i
? 90 120 150 180 210

n

Fig. 4. Trend of aR and c, with increasing size of the matrix.

* The discrepancy may be due to the inaccu’racy of the graphical method employed
in solving the asymptotic eigenvalue equation. This may be true also of the results
in Fig, 1.
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. Fig. 5. Neutral stability curves: M =15, K =0.05, a*> =0.5.
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Fig. 6. Cross plots of Fig. 1 at three values of «R.
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Fig. 7. Cross plot of the unstable domain (A) of Fig. 1.

revealed the existence of the ¢urve (B,); of course (B,) belongs to the same
family of stability curves as (B,). Without the indication of the asymptotic
results, these branches would be missed. Now it should be emphasized ‘that
along both the curve (B,) and the upper branch of (B,) the phase velocity c,
of the disturbances is much the same as the propagation speed a of free
surface waves ‘of the boundary. The disturbances described by these branches
are then identified with ‘free surface waves’ mentioned in the .introduction,
These branches may possibly extend to the inviscid limit. In fact, the possible
existence of the corresponding inviscid eigenvalues can beyseen', though vaguely,
from the inviscid eigenvalue equation, For larger values of K, however, the in-
viscid eigenvalue equation has obviously no solution with ¢, = a; it is conjectured
that in this case (B,) and (B,) join together at a finite value of «R. For the
combination of the boundary parameters used m Fig. 5, the critical Reynolds
number is of order 1,

Throughout this study we have assumed: that the flexible boundary is not
free to move in its own plane. Hence the present problem formulation is
applicable only to a flexible, yet still solid boundary and to the air-oil interface
where surface current can effectively be neglected. As for numerical examples,
we have considered only a restricted type of flexible boundaries whose mechani-
cal properties are expressed as (2.12). However, the essential features of the
three types of instability illustrated in Fig. 5 may be true also of other various
boundaries. As far as is known, this is the first time that ‘free surface waves’
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has ever been definitely described in practice.
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‘ Appendix :

‘The coefficients of g's in (3.4), (3 5) and (3.6) form the f0110w1ng determinant :

D(c, a R; 2)
Bll Blz BlsBu 3150 0... . '-..AO
B,, By, B;3 By B;s 0 0 - - XK 0
Q20Q10Q00Q10Q2010 0--- ,...0
0 0,'0/0,/0,Q'0--- R _

= 0 0 002020020 ... 0 (A .
... - ' "0 QZhHané’l' Q,"* Q, " an'+1
0 Tt ~ 0 Bu E]Z El:i -él4 Bjs

0... 0 Ezl };’22 B’za éu 1}25
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Here Q's are given below (3.4), and
1 7
B = 355 U'(OA, B, =1,

1 7 iaRZ
sz=—76+ 4":5[]'(0)]1,- By, = — 2_hz(UI(0) +40.’)
By; = —U’(O)h By =0,

B 1 7 0 0V
14=—2—C+EU(), B,, = — B,
B = By, By = — 10,
~ 1 1
By, = 1z + 360 arh?,
- 2 .1 ‘ .
Bu= 2 Litrn) + e,
3 41
By = 3 + %0 arh?,
2 2 1 7
B, = 3 + 3 h(a +7) + 4_50[7,},2,
315 = Buy
A 1 1 1
B, = -7 + (ﬁ 360 ozzhz) rh,
Bt g ok o+ (3 ggen)oh,
5 41
'Bza = ( 3 + 60 zhz)')’h,

A
Bys

B“ = ézz _ 2a2h2,

=§21+1-





