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SHOCK-WAVE STRUCTURE IN A SINGLE
COMPONENT MONATOMIC GAS

By

Katsunori MURAOKA™

The one-dimensional, steady, neutral shock wave structure was theore-
tically investigated by expanding the distribution function of the Boltz-
mann equation in terms of the Hermite polynomial, where the downstream
equilibrium distribution function is taken to be the weighting function.
The resulting non-linear coupled differential equations are numerically
integrated and various thermodynamic variables are calculated. Then the
reasonable results are obtained for low (where Navier-Stokes approxima-
tion is thought to be correct) and high (where Mott-Smith treatment is
seen to be appropriate) Mach numbers. The thermodynamic backgrounds
of the present treatment have thoroughly discussed and the criticisms to
the various other theoretical methods have been done.

I. Introduction

Energy dissipation mechanisms play the dominant roles in the problem of
the shock wave structure in gases, so much as in the case of the boundary
layer. While the complex interactions of the gas phase with the solid surface
make it difficult for the boundary condition to be taken into the formulations
for the problem of boundary layer, the boundary conditions are very clear
for the shock structure problem as they can be specified as the thermodynamic
equilibrium states at the up- and down-stream infinity points of the shock
wave. Further, the Navier-Stokes equations, formulated on the ground of
linear dissipations, would give fairly good descriptions of the phenomena for
the boundary layer, but we must resort to the kinetic theory to express the
shock structure problem, as the temperature and velocity gradients may be-
come very steep, especially so at high Mach numbers, and it would become
insufficient for us to assume the linear dissipations.

Many theoretical investigations”~* have been made for the one-dimen-
sional, steady shock structure, and at the same time, experimental studies,
centering mainly on measuring the density profiles across the shock front, have
been performed using various techniques®~'Y. As the results, the following
is believed to be true for the monatonic gas shock structure without the ex-
citation of the internal degrees of freedom; i.e., for low Mach numbers (1<
M < 1.5) the Navier-Stokes formulation® gives fair description, while the
Mott-Smith bimodal distribution function method® expresses the phenomena
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properly for higher Mach numbers (M =>2.0). Furthermore, the bimodal dist-
ribution function of Mott-Smith cannot be expressed by the Navier-Stokes
approximation and vice versa'?. Then, the author proposes a more reasonable
assumption to the distribution function than that of Mott-Smith and tries to
express well the state within the shock wave in the whole range of Mach
numbers covered by the above two theories.

The kinetic states of the perfect gas are expressed, from the upstream,
in the shock wave, to the downstream, by the Boltzmann equation which will
be written for the problem of the one-dimensional, steady state as follows';

;,ﬁf__f j J (f'F'—f.f) ghdbdede, @

where f(r, ¢, t) denotes the distribution function, r the space coordinate (the
orthogonal three components are denoted by x, y and 2), c¢ the velocity (,
v and w will represent the x, ¥ and z component of ¢, respectively), g the
relative velocity, » the impact parameter, and ¢ the azimuth angle. The
right-hand side of Eq. (1) expresses the change of f due to the collisions
where the primed quantities represent the values after the collisions. Here,
the y-z plane is taken on that of the shock wave and the x axis perpendicular
to it. And we adopt the shock coordinate (i.e., the shock wave is fixed in
the space), the flow being from x=—oc0 to x=00

It is difficult to exactly solve thisBoltzmann integro-differential equation
under the given boundary conditions, which are

f=nufu=%u(g-ﬂ—lle—fu)a/2 exp{ (c2 1;2‘3‘) } at x=—oo,

@
3/2
f=ndfd=nd<§'n.11?—7‘d) exp{ (021;7‘?: } at x=co,

where R is the gas constant, #,, #4 %, #; T, and T, denote, respectively,
the number density, velocity, and tempereture of the up-stream and down-
stream equilibium states of the shock wave, and i is the unit vector in the
x-direction. Therefore, some appropriate approximation should be introduced.
It may be said that the validity of the theory of the one-dimensional neutral
shock wave structure depends on how well one approximates Eq. (1) to the
physical situations.

For the state of small departure from the local thermodynamic equilib-
rium, the usual Navier-Stokes equations (with the values of the viscosity
coefficient # and the thermal conductivity 1) may be obtained by the Chap-
man-Enskog expansion of f about the local equilibrium states and by taking
the first approximation, which are written as follows;

dapu) _

~dx 0, &)
dw) , dp _de _,
dx + dx dx =0, @
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_;Tiu(e +%zﬁ+%>}—%l+%=0, ®)

where p represents density, p the pressure, ¢ the specific internal energy
(e=c,T), v= ,u—%:— and g= —l—‘é—;. The profiles of density, temperature, velocity,
pressure etc. across the shock wave are obtained by taking into consideration the
appropriate temperature dependencies of z and 2, and by numerically integrat-
ing Egs. (3)-(5)®. Recently, the numerical calculations!® have been carried out
by assuming the more appropriate temperature dependencies of 2 and 4, but
the results do not give any qualitative change from those obtained in Ref. 2.

The experimental values cannot be sufficiently reproduced by the Navier-
Stokes approach for higher Mach numbers. Therefore, Mott-Smith® resorted
to Eq. (1) and made the calculation assuming that the distribution function
within the shock front would be expressed by the superposition of the equilib-
rium distribution functions at the up- and down-stream of the shock wave.
Namely, ‘

f(x, ) =b,(x) futa,(x) o (6)

where b,(c0) =a,(—o0) =0, b,(—o0)=n, and a,(c0) =7, by the boundary con-
ditions given by Eq. (2).

Substituting Eq. (6) into Eq. (1) and calculating the proper moment equa-
tions, one can determine b,(x) and @,(x), and with that the number density
n(x), for example, will be obtained by

n(x) =ff (%, ©)de=b,(x) +a, (). | G

While this method gives good results judging from the comparison of them
with the experimentally measured density profiles for Mach numbers greater
than about 2,4, errors become appreciable for lower Mach numbers.

Recently, several proposals have been made to improve the Mott-Smith
method at low Mach numbers, e.g., to superpose Eq. (6) some additional
proper Gaussian distribution functions'®, or to adopt the ellipsoidal distribu-
tion function'®»”, or to expand f by taking the bimodal distribution function
Eq. (6) as a weighting function'®.  Furthermore, various other methods
have been proposed, including two fluid model theory'® and the method to
numerically calculate the distribution function by the Krook model?”:?¥, But
in the latter method, the dissipation mechanisms seem not to be correctly
taken into considerations!”.

Anyway, the.generalized discussions have not been exercised of each
method so far, and these and related topics will be discussed in VI after
the present treatment will be shown. ,

The present author expanded the distribution function f in terms of the
Hermite polynomial, the downstream equilibrium distribution function taken
to be the weighting function. By properly truncating the expansion, the
shock wave structure has been investigated.
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II. Distribution Function and Fundamental Equations

Boltzmann equation Eq. (1) is used to describe the one-dimensional, steady
neutral shock wave structure under the boundary conditions of Eq. (2).

As the convergence is not sufficient if a distribution function is expanded
within the shock front about the local or the upstream equilibrium distribu-
tion function'®, we expand it about the downstream equilibrium distribution
function. As the equilibrium distribution function is the Gaussian, it will be
appropriate to expand f in terms of the Hermite polynomial as follows:

f—fd a.”l‘v(x)HP/“H (8)

plll

where H,,, represents the three-dimensional Hermite polynomial, i.e.,

e, (2520 () (2),

ar

—(—1)? pt272 % __,=¢2/2

H,(&)=(=1)*e d$"e , (10)
and v,=+/RT,.

As Eq. (8) is the expansion of f about the downstream distribution func-
tion, it becomes very complicated form when the upstream boundary condi-
tion will be taken into this expansion. Therefore, instead of f, the function
S—bgoo (%) f is expanded about the downstream equilibrium distribution func-
tion f, and the boundary conditions are made to be easily taken into the
formulation, namely;

f— booo(x)fu fd PI‘v(x)HﬂI“v‘ 1)

With this formulation, the boundary conditions of Eq. (11) become

bygo (—o0) =n, byoo(0) =0 -,

. 12
Qpu, (—o0)=0 , @pyu, (00)=0 besides aooo(oo)=nd.} a2

In order to determine the coefficients of expansion Eq. (11) under these
boundary conditions, the moment equations of Eq. (1) is used, which describe
the transport of some arbitrary dynamical variable @(c);

jum(c) of 4 j j J j 0(c) (f, F'—f.f) gbdbdede,de. (13)

First, the conservation equations are obtained by taking @#(c)=1, #, v, w,
and ¢ which are conserved at the collision;

dbyy, day, da,y,
Uiy +uy dx +v4 dx =0, (14)
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(u5+RTu)5‘%jf9+ @i+ RT,) G0y 0y p, 9% 4 3 B,

dx dx dx
(15)
Ug dg;m +v4 d:il;m =Uy dsgc(n +v4 dg;m =0,
sy (W% +5RT)) dzgg" + 1ty (U3+5RT,) dZEE" g Bui+5v) ‘dgioo
(s o ) (S ),

Integrating Eqgs. (14)-(16) under the given boundary conditions, Eq. (12), one
obtains,

Ug@y1+Valy10=Uglyoy +V 16, =0, 17

byo0 (%) oo (%) | Vg, Groo(X) _
bogo (—00) +aoo(i) (e0) +_u% aoloo (o0) =1 (8)

bogo (%) 4 Zowo (€9) 2Ug¥q_, @10 (%) v Gy (%) =1 19
Bogo (—00) ~ oo (00) ~ #f 4% @gee(00) ~ uf+0E @gee(e0)

oo (%) 4_ Qoo (%), +”d (Buf+50%) | @0 (x)
bogo (—00)  @gge(00) ~ ua(uZ+50%)  @hp(o0)

v 3300 (X) + oz (X) + T2 (X)

- uf+5v¢ @yg0(0)
v} @300 (%) + 130 (X) + @102 (%) _
g (u+50%) ANC) =1, (20)

In the following, we set by (%) =0,(%), @0 (%) =@, (%), and a4 (x) =a,(x), as
@101 (X) =410 (X) =4y () =a,,, (x) =0 which will be shown later.

By putting @, () =a@,g (%) =+++-++ =0 in Eq. (11), the usual Mott-Smith bimo-
dal distribution function® is obtained, and in this sense the present method
may be thought of as the extension of Mott-Smith’s treatment. By putting
a,(X) =@y (x) = ------ =0, Egs. (18)-(20) become the indentical form,

bo (x) + @, (x) _1

By(—o3) Tap(o0) @1

then the characteristics of the mass, momentum and energy transports are not
independently taken into this formulation, while Egs. (18)-(20) are independent
set of equations in the present method. '

Using the boundary conditions of Eq. (12), in Egs. (18)-(20), one obtains,

by (— 00) =14a, (o),
(3 +RT ) by(— ) = (% +RT,) a, (c0), (22)
%, (U2 +5RT,)by(—00) =y (i +5RT ;) a,(c0),

and from these equations, the following usual Rankine-Hugoniot relations are
obtained for the equilibrium values at the up- and down-stream of the shock



300 K. MURAOKA

wave:
gy _by(—o0) 1 3\
Uy, a@(0) 4 (1+M2>_€’ (23)
Ty_e(d—e)
T, 4e—-1 °
in which we put
2
M=, (24)
—§RTu v

assuming a monatomic gas.

The method described below is to make the necessary moment equations
from Eq. (13) to determine the coefficients of the expansion Eq. (11), and
from it the state within the shock front will be known. It is, therefore,
necessary to truncate Eq. (11) by some physically meaningful method -in
order to close the formulation. While, it is easy to show that at least three
terms should be added to the Mott-Smith approximation to make Egs. (18)-
(20) independent. In the following, five terms are retained among those
appearing in Egs. (18)-(20). Two more equations are needed for the five
undetermined coefficients and three equations are given by Egs. (18)-(20).
As the two equations, @(c)=#’ and #* are taken. The dissipation mechanisms
within the shock front are determined by the moments of the collision terms
of these dynamical variables which are not conserved at the collisions.

It is difficult at this stage to determine which of the coefficients in Egs.
(18)-(20) should be retained. First, @,(x) and a,,,(x) must be taken to make
Egs. (18) and (19) independent. The calculations are carried out by retaining
as one more additional term, @gp (%) -+ (%) (one can put @y, (X) =ag, (%) With-
out the loss of generality) or as,(x). The physical meaning and the
effects of these choices on the results will be discussed later.

For these two types of truncation, @,y,,(¥) and @, (x) +ag(X) Or a,0,(%)
and a;,(x) are given as a function of a,(x), from Eqgs. (18)-(20), as follows;
(i) case of adopting @y, (%) +ay,(%):

a0y (%) = — u v, al(x) ﬁ@e‘)—)ax(x)’
-3 4(2¢—3 @)
o2 o) =308 1 = =R,
(ii) case of adopting @;q,(x):
a0 = =22V, () = T,
(26)
Q300 (%) = us—3vi a,(x) = 4(28 3)0 ().

v
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III. Calculation for Maxwell Molecules

In calculating the collision term of Eq. (13), the Maxwellian repulsive
force is assumed as the interparticle force (F=K/7®*). In the following are
shown the fundamental equations for the cases in which @y, (%) +ag,(x) or
Q30 (x) is retained in the formulation. (For the collision moments, see
Appendix. ) , . '

(1) @oao (%) + a4, (2):
D(c) =u?;

uu(u5+3RTu)%l’7°+ud (3+3RT,) ‘f;j;

da, dazg,

+3udv¢ dx

+3vg(ul+ va)
=2V byan — As (ui+ut =2, }+ boa{2A0s (ta— 1)}
Byt @r) (= o+ 22 0002) (A,08) + (@) (Ad) ), @n

o(e) =u;

(3(RT,)? +6ut RT.+ut}-90o 4 (3 (RT)*+6ut RT,+uty Lo

+4u,04 (1% +302) da‘ +60 (uf+v?) | dam

=7z(%§~)1/2|:boao {%Az (=t (~3+ui=2RT, 4 2RT) }
+bya, {%szd (48 — 303 + 201,004+ 2R Ty —2RT) }
+Bylag0 {%szﬁ (t0,—31t4) }
By (@gzo +os) {%szz (w109}
+ @o@y00{ —3A,003} + o (@oz5+Aoo2) {% Azudvé}
(@) {BA, 1103} + ayians {%szs}

+a;(@g20 + @go2) {%szﬁ}], (28)
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(i)  @s0(x):
O (c) =u?;

uu(uu+3RTu) by +ud (ui+3RT,) da“

da dam

+3vd(ﬂa+v¢) —l—Sudv.z d2°°+ vi v

=r <~2m£)1/2[b0a0 {—A,(u2+ud—2u,uy) }+bya, {24,v,(w,—ugz)}

+ (B89 o {— A7)+ (@) (AD) ), (29)

0 (c) =u?

(3 (RT,)*-+6u? RTu+u,‘;}—Z~Zi+{3(RT,,)2+6u5RTd
A, 430052 d“l 603 (12 +2) %‘%’Jr Ay %ﬁf
1/2
==(2K) [boao{fAz(uu—ud)(—u£+u§—2RTu+2RT¢)}
+bya, {%Azud(ug—aud2+2uuud+2RTu—2RTd)}
3, )
+bo0 {7*42”4 (uu_sud)} +ayay0{ —34,10 4}
2 2 3 3

(@) H3AmE) + 0ty Aw]

(bt a) e |42} ) (30)

where A,=0.436 for the Maxwell molecules'. ‘

Eliminating @,y (%) and @y, (%) +@o02 (%) or a,,(x) and a.,(x) by using
Eq. (25) or (26), respectively, and making use of Eq. (18), one obtains the
equations describing «, and 3, Here the following dimensionless quantities
are introduced besides Eq. (23);

_ @) = to(®)

¢ ay () by(—o0)

X _ Uy m \V?
§=—7—> l“_nbo(—oo)(ZK) '

With the above dimensionless expressions, it is easy to see that a,(—o0) =0,
Bo(—o0) =1 and a,(c0) =1, B,(c0) =0, and I, is related to the upstream mean
free path A(—oco) based on the viscosity by

@D




SHOCK-WAVE STRUCTURE 303

2{2 (de—1) } i

K s ar(l)

32)

The equations for @, and B, are as follows:

(1) Aoz () +a4p2 (%) :

(—110¢* +300¢° — 33022 + 200 — 60) ‘fj‘?

—154, (2 + 12— 14)
+a0(—30A2%+86_8)+ B, {—15A2 (18¢° — 4562 + 56¢ — 31)}

4 A3 2 .
a8, {15}1275 4e lis +28¢ 17}

tad {15 Az7s3—22626+30€—15} + B {15/12(1853—4652+44s—17)}, - (33)

da,

—e(—110e* -+ 300¢® — 330=* 200 — 60) a2

=54, (16e*+9¢*—30e+2)

+ ao(loAz - 964 + 283‘—382 + 12e+ 1)

&

+ Buf =5 A; (B1e'— 1880+ 2525 168+ )}

A 4e5455e* — 14863+ 1822 — 112+ 7)
2

e

+aBy (‘g‘

ta? (5A2234— 136% -+ ?;652—265——2)

82 {%A2 (81e" —220¢* -+ 234¢? — 1085-1-7}. (34)

(i) @y (®):

—2(2—1)

Cég_o ___5A2+a0(_4A25-:1)+BO{_4A2(5+1)}

+af (- 458 ) a3 (4,2 14,1, (35)

&
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da,

a =b5A4,(—22¢*+54¢*—6e—7)

2e(e?—1) (—29¢* 472 —24)

+a0{—2A2(€+1) (—41%+96¢? —155—2)}

€

B, {% (e-+1) (179 —399e +45¢+ 23)}

+ o2 - 5655—499:-:4+824e3—184ez—165+47}

e

tad { 4,69 (2853—4852+1)} ,
&

B2 {512_2 (—179¢* + 4406 — 186¢—8e +47) } (36)

By solving these non-linear differential equations Egs. (33), (34) or Egs.
(35), (36), one obtains «,, B,, and from it the distribution function f. By the
way, (a, B,)=(0,1) and (1, 0), corresponding to the up- and down-stream
equilibrium state, respectively, are the singular points for both Egs. (33), (34)
and Eqgs. (35), (36). While both singularities are the saddle points for Egs.
(33), (34) at M=>2.05 and there is no integral curves joining these singular
points, for Egs. (35), (36) is (1,0) the stable nodal point and (0,1) the
saddle point for 1<<M<(2.26 and the types of the two singularities are
reversed for M>2. 27, but the solutions exist for any Mach number M>1. 0.

To show the state near the singular points and the solution curves, the
integral curves are shown in Fig. 1 for M=2.0 and Fig. 2 for M=5.0 which
are obtained by integrating Eqs. (35) and (36) by the usual Runge-Kutta-Gill
method. The curves labelled A and B in these figures are the zero points
of A and B respectively when we put dB,/da,=B/A. Several solution curves
are given in Fig. 3 joining the two singular points for the case of @, (x).
The straight line joining (1,0) and (0,1) is obtained by putting @, (x) =a,,, (%)
e =0 in Eq. (11), and it is the Mott-Smith result. It is easy to see the
degree of the correction of the distribution function from the Mott-Smith
bimodal one.
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Fig. 1. Integral curves, aso, M=2.0.

\ S
M=50 \\—\

Fig. 2. Integral curves, asyp, M=5.0.
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(3o

1.0

M=1.5
Mott-Smith

N ao
0 , 10

Fig. 3. Solution curves, azy.

IV. Definition of the Thermodynamic Variables and Their Profiles

The dependencies of «, and B, on & are known from one of Eq. (35) or
(36), and the solution curves like Fig. 3. Then by using Egs. (18) and (26),
it is possible to know the dependency of the distribution function f on &.
The process is indentical for the case of adopting @y, (%) +ay,(x) by using
Egs. (18), (25), (33) and (34). With this knowledge of f, it is possible to
know local thermodynamic variables by taking the proper moment of this
distribution function.

The local number density n(x), flow spead u,(x), temperature T(x),
pressure tensor P(x) and heat flux ¢g(x) are defined as follows;

n(@) =[x )de=b,(0) +, (), 37)
u, (%) = n(x) Juf(x ¢)de
e by () 114y (1) + 04 € )} 38
"W(x_){u“ o () +2q@y (%) +vga, (%)}, (38
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T() =gpl — ()H iuo(x)}zf(x,c)dc
=y L@ (o (0) — )+ 3RT)
+ 0 (%) { (1t (x) —4g)*+ 3RT)
—2a, (%) {1y (x) —tt4} vy
{200 (3) + Byan () +onz (D} 02 ), (39)
P () = [m{e ity (1)} {e— it (1)} F (3, ©)de, 40)
9 ()= [T (e —iuy)*w—1) F (5, ©)de

=28 {— =) =5 RT (te— )}

o (8) {— (o — 1) —5RT 5 (1o — 1) }

+ay (0) {3ty —1a)*+5RT 3} vg

— {3300 (1) + Qg0 (%) + ooy (1) } (o —145) 0

+ 500 ()23 ) | (41)

where Eq. (11) is used to get the last expressions.

The each quantity in the right-hand side of Egs. (37)-(41) has the dif-
ferent value depending on which of @gy, (%) +@,0, (%) or @iy, (x) is retained and
it is possible to write them only by a,(x) and b,(x) by using Egs. (18), (25)
or Egs. (18), (26) for each case.

Using the non-dimensionalized expressions of Egs. (23) and (31) Egs.
37), (38), (39) and (41) may be written as follows (the pressure tensor,
given by Eq. (40), will be described in the next section);

(1) @20 (%) + @02 (%)

et = (@) + Ly @), (12)
o uy(x) _n(—o0) 1

e=""u,  ~ ux 7’ “3)
~ _TG) _ RT _ ui _ 5 ~

Te=—p =" T =1 D @9
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T o RT@)
Uy
a ~ ~
3ne {(ue-—l) +2u5+1} 2 {(ug-—s)’+ 25%;-!—3(4—35)}
2 (6e—4 -
S A= e}, 45)
Goms q(x)

“mn(—oco)u/2

=B~ @e—1)"— Ue—1) @e—1) — (3@ — ) +26(@e—) +c(A—)} |
+i—°[— (fhe—e)*—e(d—e) (e —e) —e{3(f —e)*+2e(ll —e) +s(4—e)}]

+ {3 —e)?+2e(flc—e) +e(d—e)}. (46)

(1) @z (x):

fle, Te agd T. take the same forms as Egs. (42), (43) and (44), respec-
tively, and 7 and g. are given as follows;

T:Rigﬂ
=3, {“‘G*D ane+2 Ty S {@e—er+ 2em, 42 (ZTe 8]
+33; et e, 7)
Je= q(x)

mn(—oo)ud/2
=B8] = @ —1)°= e—1) e —D) —F@e-3) ~2E=2 @1, o]
5 5
+ %o f @e—) e —e) (e —e) =4 2e—3) 026D (7, )|
€ 5 5
(e o o L 6(3e—2) -
+{?(ze 3)+8Ge=2 g, e)}. 48)
Furthermore, the gradient of the average velocity #; can be calculated by

diie _ 1 die 1 dfs . a
7 A R T d5(8°+ so)

—— 2 B 8 M) + LA 8 WD}, 9
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where we put
da,
ds

=M 8, 2 —B(a, 8, M),

to express Egs. (33) and (34) or Egs. (35) and (36). The gfadient of tempetature
‘fl"gf may similarly be obtainable but becomes to a more complicated form.

As these macroscopic variables are easily obtained from the distribution func-
tion f, the numerical calculations are easy and the physical meanings become
very clear.

A. Density Profiles

The experimental studies of the shock front structure have been limited
to the measurements of the density profiles so far, because of the experi-
mental difficulties to measure other quantities. Therefore, the theoretical
density profiles are to be compared with those of the experimental observa-
tions in order to test the validity of theories. Then, in this section, the
results for the density profiles will be described among the thermodynamic

T T B T T

1'1 5 aozo+a°02
Navier-Stokes }

a300

present theory

ul T ) Mott-smith |
105} .
=11
10}
Z40 220 0 20 40
X/A(-00)

Fig. 4. Density profiles normalized to the upstream -equilibrium value.
The distance is measured in unit of the upstream mean free path.
M=1.1.
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variables defined above. As the thermodynamic states in the shock front
are not wholly specified only by the density profiles, we cannot conclude, as
will be discussed later, that the theory is correct in every respect only by
the reason of the coincidence of the density profiles for the theoretical and
experimental results.

In Figs. 4 and 5 are shown the density profiles for M=1.1 and 5. 0 res-
pectively, which were obtained from Eq. (42) using Egs. (33) and (34) or
Egs. (35) and (36). In these figures are taken for the abscissas the distances
along the shock passage normalized by the upstream mean free path defined
by Eq. (32) and for the ordinates the number densities normalized by the
upstream equilibrium value. The results using Mott-Smith #? and #® transport
equations (for brevity, these will, hereafter, be denoted as M-S(«#?) and M-S
(#®) respectively) and using Navier-Stokes equations (‘N-S approximation’
will be used for this) are also shown in Figs. 4 and 5.

If the maximum-slope shock thickness based on the density profiles is
defined by

#(c0) —7(—00)
A= a8 e €0

the relationship between A(—o0)/A and M can be obtained by the similar
calculations performed for getting Figs. 4 and 5 for each Mach number. The

41
—— present theory, e
——— Navier-Stokes
al - u,] Mott-Smith |
7l
2 L
M=50
il -
=T 5 0 5
XIA(-) 10

Fig. 5. Density profiles, M=5.0.
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results are shown in Fig. 6 for I<M<1.2 and in Fig. 7 for 1<M<10. As
pointed out before, there is no solution for M=2.05 for the case of adopting
@20 (X) + @y, (%), then this is not shown in Fig. 7. The results of Salwen et
al. *® are shown in Figs. 6 and 7 besides those of the present treatments, M-
S (#*), M-S(#*) and N-S approximation.

As the shock profiles are different for each interparticle force law assu-
med, every result in Figs. 6 and 7 is calculated assuming the Maxwell mo-
lecules and the results for N-S approximation are obtained assuming that the
viscosity has the linear relationship to temperature which is obtainable for
the Maxwell molecules and which will be shown later. Meanwhile, Maxwell

0.10} 1
present theory
Navier-Stokes
—---— Salwen et al.
________ UZ}M tt-Smith
0075} ——— wJ I
o0+ Qoo
A v/
005} / //
0.025} .
O : A
10 1 12 13

M

Fig. 6. Maximum-slope shock thickness (1<M<1.2).
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present theory, @sx,
Navier -Stokes b

—---—Salwen et al.
_______ W '

}Mott-Smith

0 i N " "
10 25 50 75 © 100 125
M

Fig. 7. Maximum-slope shock thickness A<M<LI10).

repulsive force does not correctly describe the interparticle forces for the real
gases like argon or helium, then it is impractical to directly compare the
above calculations with the experiments and to know the validity of each
approximation. On the other hand, as the N-S approximations give good
results for low Mach numbers (1<M<1.5) and M-S (#?) for higher Mach
numbers (M=2.0) by judging from the comparisons of the theories assuming
a more realistic interparticle force law with experiments, these become one
of the standards of comparison. In the following are shown the results for
these two regions.

i 1<M<L1.5:

From Figs. 4 and 6, it is seen that the results of Salwen et al.!® and
@0 (%) +@ge2 (%) of the present treatments almost coincide with those of the N-S
approximation and these theories may be thought of as to give a good des-
cription of the phenomena for these low Mach number ranges. The results
of a3,(x) of the present treatments have been substantially improved from
those of M-S(«#?) and M-S(#®) but differ from those of the N-S approximation.
(i) 2<M<10:

As has been already mentioned, M-S(#?) may give good results for the
density profiles and it is seen from Figs. 5 and 7 that the results of @, (%)
maintain the good feature of M-S(#%). The results of N-S approximations and
M-S(#*) give too thin shock thicknesses and those of Salwen et al. too thick.



SHOCK-WAVE STRUCTURE 313

Further discussions will be given after other thermodynamic variables
are shown.

B. Shock Profiles of Other Thermodynamic Variables

The calculated results for Eqs. (42), (43), (44), (45) and (47) are shown
in Figs. 8 and 9 for M=1.1 and 5.0, respectively. For the abscissas are taken
the same values as those of Figs. 4 and 5 and the origins have been chosen to
be the points where each density profile has the maximum-slope.

It is seen from Figs. 8 and 9 that, while profiles of 7., #. and T, of
every theory for M=1.1 and M-S and N-S for M=5.0 are almost symmetrical
about the origin, the present treatment gives an appreciable asymmetrical
profile for M=5.0. Salwen et al'®. introduced Asym. based on the density
profile to quantitatively compare the degree of the asymmetry, namely,

_{(n(xg) —n(—00) J—(7(c0) —7(x¢) I}
Asym. = ¢ n(oo) _n(__oo) e ] (51)
where x, refers to the point of maximum-slope of the density profiles.
12 I . t 1 1 1
present theory .
______ 2 dpp+a ~
¥ JMott-smith "7} A,
-—u
uE M=11 3 ]
10F .
oS} i
u,
720 20 ' 20 %0
XA (~o0) '
Fig. 8. Profiles of density, velocity and temperature across the

shock wave normalized to the respective values at the
upstream equilibrium state, M=1.1.
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1 T - 1 T T
present theory, a,, :
—Navier-Stokes _ i,

“““ ~ Y IMott Smith

U

710 5 0 ~ 5 10

Fig. 9. Profiles of density, velocity and temperature, M=5.0.

The values of the Asym. for M=10 are as follows;

Salwen et al. Liepmann et al, 29 present result azy(x)

Asym. 3.5% ~209% 5.3%

While the profiles of 7, #., and 7. have the maximum-slopes at the
origin for M=1.1, the maximum-slope points of 7T precede those of #. for
M=>5.0, which is outstanding for the present result.

As there have not yet been done the detailed studies about these points,
we cannot know how these effects would actually occur in the real situations.
Therefore, further experimental studies about the density profiles (not only
the maximum-slope thickness) and the positions of the density and the tem-
perature profiles at high Mach numbers are deeply desired.

The present theory gives the results that the temperature within the
shock front becomes greater than that of the downstream equilibrium value
for M=>3, (temperature overshoot), the effects which have been already found
and discussed by Salwen et al.'® and Holway!®'”, This effects will be dis-
cussed in some details in Section VI
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V. Thermodynamic Considerations
A. At Low Mach Numbers

As has been mentioned, the N-S approximation gives good descriptions to
the phenomena for low Mach numbers. The most characteristic feature of
this N-S approximation is that the dissipation mechanisms are taken to be
linear, namely, that the local stress is proportional to the velocity gradient
and the local heat flux to the temperature gradient. Then, the apparent,
non-dimensional shear viscosity # and heat conductivity 1 are introduced by
calculating the macroscopic variables by the distribution function f, as follows;

_ _3G/4
= dii./de ’ (52)
¥y —Ge
1= aTidE (53)

where dii./d&, dT/de are calculated by the equations like Eq. (49), and Ge
is obtainable from Eq. (46) or (48). T instead of T has been used in Eq.
(53) for the convenience of the comparisons of the treatment with the N-S
approximation.

The relation of Eq. (52) is introduced between the lateral stress and the
velocity gradient as follows. The pressure tensor, defined by Eq. (40), be-
comes the diagonal matrix, and among the components of the velocity gradient

‘fi‘;ﬂ +_‘f1‘%‘9— (where — denotes the conjugate tensor), only 2du,/dx given
by Eq. (49) does not vanish, for the assumption of the distribution function
of the present theory and M-S. Then the phenomenological linear relation
of defining u

tensor

de, , dc 2
P — (G + GV - (T ) L1, (54)
becomes
,_ 4 du .. 2 d
imbulhe, oimoi==Tule e

where I is the unit tensor, p the static pressure

PZ%‘(PN“‘PW +p“) Z%(X) RT(x)’ (56)
and we put
Dzz— D= _‘71"!

Dyy— D= —ay, (B7)



316 K. MURAOKA

By calculating Eq. (40), one obtains,

14

0= = 2By (=) + 4 (b — 1)+ 8,20, (1 — 1)
+ @000 “%‘ (aozo’l‘aooz)vﬁj’ (58)
oy =az’_—_—%m[b0 (s —10) >+ @ (g —15) >+, 204 (g —u,)

+ 0% — '%‘ (@y20+ @o02) 1)5]. (59)

0. for the M-S treatment will be obtained by putting a,(x) =as, (%) =ay, (%)
+a,,,(x) =0 in Eq. (58). For the present treatment, the values of ¢, become
different by which of @gy (%) +@002 (%) Or @s0,(x) is retained in the formula-
tion, then the results are shown for each case expressed only by @,(x) and
b, (%) ﬁsing Eqgs. (18) and (25) or Egs. (18) and (26), respectively, and non-
dimensionalized by using Egs. (23) and (31) as follows;

i M-S:

= Oz __2 Boa _
—0= =3 - eﬁ: (1-¢)?, (60)
(1) @oz0 (%) + @42 (%)
—5=4{ B a9 +20-7) O-a—80), 6D)
(i) @ (x): -
G20 B (]_g2y (4 —9% — —
o= 3[ eﬁ: (1=e) +{5 (1+e) ZME} (1-aq B")]' (62)
Equation (52) is obtained by non-dimensionalizing x thereby using Eq. (55).

On the other hand, # and A of the N-S formulation for the Maxwell
molecules (F=K/7°) are given as follows®";

T\ 20T\

() CR)

p=3 T Azr(_;) , (63)
1 =5 ne,= 53,’;2( 8 jng %I){ ) : 64y

where A,=0.436, 2 the Boltzmann constant (¢/m=R), m the mass of the
molecule, and c, the specific heat at constant volume. By the definitions of
7 and 1 in Eqgs. (52) and (53), respectively,
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- —_2 F_153F
=mby(=oyudy 34, L1587, 5)

N

_— 2 5 a ~
A= FLb (—oo)a, A= A, T'=11.5T. (66)

Namely, # and 1 of the N-S formulation have the linear relationship with T
defined by Eq. (45) or (47). These relations are shown in Fig. 10.

201 ; :
1.5} /'z 115
1.0F 110
A
05F 15
% 35 10 0
’.i.’

Fig. 10. Temperature dependencies of the viscosity coefficient
£ and thermal conductivity A in the Navier-Stokes
approximation.

Each value of the right-hand side of Egs. (52) and (53) has been calcu-
lated for M-S(#?), M-S(#*) and for the present treatments, and shown in Figs.
11~14. Figs. 11 and 12 are for M=1.1 and Figs. 13 and 14 for M=1.5.
Further, in Figs. 11 and 13 are taken d#:/d¢ for the abscissas and —34/4
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for the ordinates, then the gradients at each point give Z from Eq. (52),
and in Figs. 12 and 14 are taken dT/de for the abscissas and —g. for the
ordinates and the gradients give 1 from Eq. (53).

In Figs. 11~14 are also shown Z and 1 of the N-S approximation at the
up- and down-stream equilibrium corresponding to each temperature by the
straight lines which are obtained from Egs. (65) and (F6) or Fig. 10. The
lines labelled ‘up’ correspond to the values for the upstream temperature, and
‘down’ for the downstream, and the intermediate gradients may be taken
within the shock front.

The every curve in Figs. 11~14 loops from right-bottom to left-top as one
proceeds from the upstream to the downstream of the shock wave, then the
temperature dependencies of Z and 1 for these treatment are almost the
same as those for N-S approximation.

It is seen from Fig. 11 that all except for M-S(#®) have the same ten-
dency and coincide with #Z at the down-stream but have slightly small values
at the up-stream than N-S approximation. From Fig. 12, the result for
oz (%) +agp2 (%) is seen to almost coincide with that of N-S, while ay,(x)
gives too small value and M-S(#?) and M-S(#®) too large. It is expected
that the N-S approximation gives good descriptions to the phenomena for M=
1.1 and the result for @, (x) +@y.(x) is near to the N-S formulation, then

1 T T 1
present theory
L 2 & ]
0.003 T IMott-smith g
M =1'1 Agz20+Agp2
300
0002} ]
33
4 77
0.001} /// T
O , 1 Il 1 1
0 0.001 0.002 . 0003 0004
__du,
dg

Fig. 11. Viscosity, M=1.1.
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we can readily expect that @, (%) +a..,(x) would gives reasonable result for
these low Mach number range and this has been partly verified by the density
profiles in Figs. 4 and 6. Further, it can be said that the differences in the
density profiles of M-S(#?) and @, (x) (Figs. 4 and 6) from N-S approxima-
tion are due to the poor descriptions of the heat flux shown in Fig. 12 and
that M-S(#®) does not properly express both the viscosity and heat flux.

Z and 1 shown in Figs. 13 and 14 for M=1.5 are larger for the present
treatments than those of the N-S approximation but still nearer to N-S than,
M-S.

002+ ' present theory .
_____ 112
4, }Mott-Smith
-—u
0015} 7
. M=1.1
-qg
0.01 | T
Ag20+30g; ao®
» ®
:// 300
0-005 ’— /’I/:/// T
s
0 00005 0001 _ 00015
ar
dg
Fig. 12. Thermal conductivity, M=1.1.
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present theory

0.01

______ 2
T Mott-smith
o 4 —t L A
0 002 004 ~ 006 0.08
_du
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Fig. 13. Viscosity, M=1.5.
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Fig. 14, Thermal conductivity, M=1.5.
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B. At High Mach Numbers

There is no standard of comparison for higher Mach numbers, like N-S
approximation for low Mach numbers, and as has been already mentioned,
only the experimental density profiles (mainly the maximum-slope shock thick-
ness) have been found to be properly described by M-S(#?). Consequently,
after being proposed a new theory of the shock structure, it,has become a
usual way to compare the theoretical shock thicknesses with those of M-S (#?).
But, as the detailed non-equilibrium state in the shock front are not wholly
described only by the density profiles, further considerations are needed in
order to get clearer insight into the phenomena and this will be discussed in
some details in the next section.

In order to compare the present treatments and M-S with the linear
dissipation theory (N-S approximation), Z and 1 defined in A are shown in
Figs. 15 and 16 for M=5.0. It is seen from these figures that the results
of M-S and @y, (%) give larger values of # and 1 and, further, the roundings
at the right-side become appreciable. These latter effects correspond to the
facts that the maximum points of the velocity and temperature gradients do
not coincide with those of the lateral stress and heat flux, and these do not
appear in the formulation based on the linear dissipation.

T T T T

present theory, a,y

015

005

up

OO ' 02 04 : 06 08

_du,
dg
Fig. 15 Viscosity, M=5.0.
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present theory, a;,
L 2
Y JMott-Smith
—-—u

04

1 i

0 0.05 01 015

- dT
dg
Fig. 16. Thermal conductivity, M=5.0.

There is portion in Fig. 16 where the temperature gradient takes the
negative values and it is the consequence of the temperature overshoot refer-
red to in Section IV-B.

VI. Discussion

Energy dissipation mechanisms determine the shock wave structure.
Density, velocity and temperature may change stepwise for the case of no
dissipation, but in reality, the dissipative forces act to flatten these steep
gradients and the steady shock front is maintained at the balanced states
between these actions. When the Mach number is small and the shock wave
seems to be near to the sound wave, the gradients of the temperature and
velocity are small, then the heat flux and the lateral stress may be treated
as proportional to, respectively, the temperature and velocity gradiénts. The
formulation based on this idea is the N-S approximation and the results
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obtained from this formulation give the reasonable results for 1<M<(1.5 jud-
ging from the comparison of the results with the experimental observations.
While, as the Mach numbers become larger, the gradients of temperature and
velocity become steeper and the formulations based on the linear dissipations
insufficient. Furthermore, the velocity distribution function may be appre-
ciably skewed from the\‘ \Gaussian, then the temperature, for example, may
lose its meaning as the' state variable at the thermodynamic equilibrium, if
one artificially extends the definition of the temperature as the average of
the kinetic energy of particles in the velocity space. Mott-Smith® overcame
these difficult situations by resorting to the kinetic theoretical viewpoint
rather than the thermodynamic one, but his method gives the results which
differ from the phenomena at low Mach numbers, and further there is no
justification that the other thermodynamic variables than density may be
described by his method. - No detailed, quantitative discussion has been done
on these points so far. While the present method may be thought of as the
extension of the M-S method, it gives reasonable results for both of low and
high Mach number ranges.

The macroscopic thermodynamic variable <<@> is given as the mean
value of the dynamic variable Q(c) as follows:

<@>=—1-[Q@Fx o de. G

n( )
Substituting expansion Eq. (11) into this form and calculating some moments of
low order, one obtains Table 1 in which the thermodynamic meaning of each
moment and the coefficients which remain in <@Q>> are given, (cf. Sec. IV).
Here, as the average velocities in the y and z directions are zero, a,,(x)=
@41 (x) =0 are obtained, which were used in Eq. (15) to get a;,(x) =a,, (%)
=0.

Table. 1.

<Q> thermodynamic meaning ?gfg;gf?ﬁs gg; are
<I>=n(x) particle density ‘ bo, @y
<v>=uy(x)n(x) average velocity in x direction | &y, @, a;
<v>=o0 average velocity in y direction | a4 0=0
<w>=0 average velocity in z direction | @y =0
< (c-iug)?>/3Rn(x) temperature bo, @o, @1, @300, Ao05 Agos
2< (e-iug) 2 (u-ug) >/m heat flux in x direction bo, @y, @1, @300, @305 Aoozs A300
2 (c-iup)w>/m heat flux in y direction o
2< (e~iug) 2w>/m heat flux in z direction o

In the present method, the unknown coefficients of expansion Eq. (11)
are determined by substituting Eq. (11) to the moment equations of the
Boltzmann equation, Eq. (13). . In' order to make the formulation within the
finite numbers of moment equations, Eq. (11) should be truncated at some
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proper terms. The different results are obtained for each method of trunca-
tion (M-S treatment may be seen as the O-th approximation of the present
treatment), the physical meaning of the choices of terms should be clarified
by referring to the considerations based on Table 1, etc.

While in the present method, five conservation equations are made inde-
pendent (Egs. (14)~(16)) and the two moment equations for @(c)=#* and
u® (Egs. (27) and (28) or (29) and (30)) are used, it can be shown that the
moment equations for @(c)=v? v°, w? w?, uv and vw are filled in’this formu-
lation (cf. Appendix). Consequently, the transport relations for the pressure
tensor and heat flow are independently taken into the formulation besides
those of the conservation relations for mass, momentum and energy. On the
other hand, in the M-S approximation, three conservation equations reduce to
the one independent equation, then the characteristics of each mode of trans-
port for mass, momentum and energy cannot be taken into the formulation.

By performing the calculations described above and comparing the obtained
results, it turned out that the differences in the distribution function them-
selves for every method at the fixed location in space are not large, then
comparisons should be made for the macroscopic variables which are given
by Eq. (67).

As has been frequently mentioned, N-S approximation gives good results
for low Mach numbers, the distribution function in this method is skewed
from the local equilibrium one to take the moments up to the heat flow into
the formulation. By referring to Table 1, it is seen that the formulation of
adopting @y, (%) +ay, (%) is very close to this N-S approximation in that the
moments from the lowest order up to the heat flow have been correctly
taken into considerations, only the approximation done is the fact that the
coefficients higher than a.,(x) are neglected in the conservation and #°
transport equations. Meanwhile, for the case of adopting @;,,(x), the descrip-
tions are incorrect for the pressure tensor which is a lower moment than
the heat flux, but each conservation relation, the pressure tensor and heat
flux are independently taken into the formulation. Compared with these
treatments, it is obvious that the M-S methods appreciably differ from N-S
approximation, especially so for M-S(#®) in which a lower moment (#?) is
neglected. Based on these considerations, we can see from Figs. 11 and 12
for M=1.1 the following facts: while M-S(#?), @y (%) + o2 (%) and @, (%)
give the same order of approximation for the viscosity (Fig. 11), the agree-
ment of the result of a@g,,(x)+ay,(x) with N-S approximation is fair for the
thermal conductivity, and the results of @, (x) and M-S (%?) appreciably deviate
from this (Fig.12). On the other hand, M-S(#®) in which the lower moment is
neglected, gives the results which considerably differ both for # and 1 from
the result of N-S.

Meanwhile, the treatments of Salwen et al.'® and Holway'®!” give the
results which almost coincide with that of N-S. In the former method, one
more Gaussian distribution function is superposed to the bimodal distribution
function of M-S, then five conservation equations are made independent, and
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two moment equations of #? and #® or #* and # (#*+v*+w?) are employed to
determine seven unknowns. The degree of the proximity of this method to
the N-S formulation at low Mach numbers seems to be the same order with
that of @00 (%) + @4, (x) of the present method, in that the heat flow was
taken into consideration as a small skewing of the distribution function from
the equilibrium one. In the latter, Holway made five conservation equations
independent by increasing variables from those of M-S by making the distinc-
tion of the temperature in the x and y-z directions and used seven moment
equations from the lowest order, as was done by the present author and
Salwen et al., and in this respect this method is seen to be (ilnproved from
that of M-S at low Mach numbers.

From these considerations, the thermodynamic contents of the methods
which are recently proposed as to improve the M-S method at low Mach
number become clear. Furthermore, it is easily known that the ‘two fluid
model’ method of Ziering et al.'® has improved that of M-S (in spite of the
same form of the distribution functions for-both cases) because they increa-
sed independent variables by introducing transition probabilities of various
modes and could make the conservation equations independent. In this re-
spect, it can be said that they could find the, so to say, hidden variables in
the different method from those of the present author, Salwen et al. and Holway.

At higher Mach numbers, it is expected that the contributions from
higher moments will become important and the present method to adopt
@y20 (%) + @y2(x) would not be possible to describe the phenomena in this
high Mach regions. Actually, there is no solution for M=>2.05. (The same
situations are found in the methods of, for example, Grad®.) Similarly, in
the method of Salwen et al., the contributions to the heat flow are deter-
mined by the positions and heights of the three Gaussians in the velocity
space, and the character proper to the heat flow may not be taken into the
formulation. The methods of Holway and ‘two-fluid model’ method would
be in the similar situation and it is thought that each of these will become
to a poor description to the phenomena at high Mach numbers.

On the other hand, the present method of adopting @, (x) is not a cor-
rect description in that the viscosity, which is the lower moment than heat
flux, is not correctly taken into the formulation (and this effect plays an
important role at low Mach numbers, cf. Figs. 11 and 12), but the term cha-
racteristic of the heat flow, @y, (%), are considered and this method is expe-
cted to give good descriptions of the phenomena at high Mach numbers. The
experimental measurements are performed only on the density profile across
the shock front so far, and it is admitted that M-S (#?) can reproduce these
experimental values properly and the result of @,,,(x) gives almost the same
order of approximation to the density profiles, while the various methods
cited above give fairly different results.

By the way, the reason why M-S(#?) can give the plausible result in the den-
sity profile is thought to be due to the fact that the term, which is proper to the
heat flow and is neglected in this formulation, may counterbalance the contri-
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butions from higher moments as to the effects on the density profile. This fact
is expected from the followings: in the heat flow, M-S(#®) gives rather similar
result to that of @,,,(x) at high Mach numbers (cf. Fig. 14) than that of M-
S(u*), and the distribution function of M-S itself appreciably deviates from
that of a;,(x) (cf. Fig. 3), and in spite of these facts, the density profiles
for M-S(u?) are almost the same as those of a,,(x) (cf. Fig. 4 and 6).
Consequently, the higher moments of the distribution function than density,
temperature for instance, are expected to become different from the results
obtained from M-S(#?) (cf. Fig. 9) or more generally, the true distribution
function may be different from that obtained by M-S(#?) but there is, so far,
no experimental confirmation on these points.

In the meanwhile, temperature overshoot is found for M=3, similar to
the results of Salwen et al.'® and Holway'®'”. There is no change in sign
of heat flux at this temperature maximum point, then this effect is impossi-
ble from the usual relations between heat flow and temperature gradient.
This fact suggests that the usual meaning of temperature has been lost at
this high degree of deviation from equilibrium when it is formally defined by
Eq. (39), or that higher terms than a,,(x) should be retained in the formu-
lation at this high Mach numbers. (For the latter, the effect of truncation
may reflect on the temperature, though the terms only up to @y, (%), @y, (%)
are retained in 7'(x), cf. Eq. (39) and Table 1. This similar effect was
found for the density n(x) in which the terms of only b,(x) and a,(x) are
retained in #(x) but the present treatment gives better results than those of
M-S.). While there is a proof?” that no temperatune overshoot is found for
monatomic gas in the M-S bimodal distribution function method, this does,not
necessarily show that the M-S method gives good descriptions of the pheno-
mena.

VII. Conclusion

The problem of the steady, one-dimensional shock wave structure of
monatomic single component gas has been treated by expanding the velocity
distribution function of Boltzmann equation by Eq. (11), and the thermodyna-
mic variables within the shock front calculated. . As the results, it becomes
clear why the various theoretical methods could be brought to the closer
approximations to the N-S method than M-S at low Mach numbers and that
the contributions from the higher moments become important for high Mach .
numbers but the density profiles could be properly expressed by M-S(u?).

While there could be various other methods to this problem, it is thought
that qualitatively unified explanations could have been gained by the present
‘treatment. At higher Mach numbers M>>10, the excitations of the internal
degrees of freedom (excitations of the trapped electron energy levels from the
ground state and ionization etc.) would become important, and for this case
the treatment from the different aspects would become necessary.

The numerical calculations of this work have been performed by the
OKITAC-5090 H of the Computation Center of Kyushu University.
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Appendix

The Collison Moments for the Maxwell Molecules

It is often necessary to calculate the moments of the Boltzmann equation
for some dynamical variables, not only in the case of the calculations of the
shock wave structure problem shown in the text and elsewhere®’, but for
other problems like those in rarefied gas dynamics. Then, it would be of
value to summarize some lower moments for the Boltzmann collision term
for the case of the Maxwell molecules (interparticle force F=K/#®), in order
to eliminate the undue duplications of the same calculation procedures.

Al. Dynamics of collision

Fig. A-1 shows the relative coordinate system of binary collision among
the particles of mass m, and m,, m, being fixed in space, y the deflection
angle, and j the unit vector along the apse-line of the passage of the particle

—

Fig. A-1. Trajectory of molecule m, relative to molecule ;.
m,. Then, (cf. Ref. 13),
c,’—c¢ =—2ﬁ2—gcos 0§ (A-1)
1 1 m1+m2

where ¢ is the velocity of particle, g the initial relative velocity, the primed
quantities represent the values after the collision, and suffix 1 shows the value
for particle m,. Then, by referring to the notations in Fig. A2, we obtain

iz+j=cos ¢,=cos 8 cos ¢, +sin # sin ¢ cos ¢, (A-2)
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> X
VA
Fig. A-2 Spatial orientations of vectors g and j.
i,+J=cos ¢,=cos 0 cos ¢, +sin 0 sin ¢, cos ¢,
=cos 0 cos ¢, +sin 0 sin ¢, (cos ¢, cos w—sin ¢, sin w) (A-3)

where i, and i, are the unit vectors along x and y axis, respectively, and
use was made the following relations to obtain the last expressions in Eq.

(A.3):

cos% =c0s ¢ oS ¢, +sin ¢, sin ¢, cos w

. ___Cos ¢, cos Py .

S COS W=— i ), e (A-4)
py=2n—ps— . (A-5)

And further, the following relations are obtainable;
Uy — U V,— v

cos d)z:%,_ cos Py =—t——1 (A+6)
2=mr—20. (A7)

A2. Transport equation for @(c)
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The Boltzmann equation for the binary mixture may be written as follows'®:

_0fi 0f1 of, _(0f
Dfv=—Gj-+ev - +F-5¢ _( ot ')cou

=[[[ 7 =10 goavag.de+ [[[ (117~ F.1) gbdbdg.de,, (A-8)

where r=(x, 9, z), e= (%, v,w), F is the force acting on the unit mass, and
b is the impact parameter. The moment or transport equation for an arbi-
trary dynamical variable ®@(¢) is written as,

[orotcoie=f(3), otose
=[[[[cr 1.1 06 gbavas.dede,+ [[[[ (/£ ~fir) (e gbabdg.dede,

=|[[[1@e,)~ate)) £.f gvdbag.dede, + [ [[ [ 1ate, )~ 0te b1 Fugbdbd s de.de,

=Apn0(c) +A;,0(c). (A-9)
A3. Calculations for some lower moments

In the following the calculations are performed for some lower moments
which are of practical importance, and that for A,,@(¢) in Eq. (A-9). A,9(c)
will be easily obtained by merely changing the suffix 2 to 1 in the final
results.

(A3-i) O(e)=u:

2m
w/—u, = (6 ~) . =5 gcos 0(i,+3)
=2, gcosﬁ(cosﬁcosgb +sin 0 sin ¢, oS ¢..). (A-10)

If we put the contributions from the integrals of & and ¢, as I, and by
using the factor of v, of Chapman-Cowling notation'®,

1= j“ j“ (@ =)o,

#:=0
=2 g A =4
1/2N~1

(2 g, ) = [ [ R A fifdede,  (AID

where K,, is the force constant for the Maxwell molecules, m=m,/m,, and
A1=f:(1—cos 1) 0sdv,=0. 422,
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' (A-ii) O(c)=u:
Oberai** performed the calculations for this case and obtained
2, m1+m2 1/2N=1
Dzt [ ( mym, ) ‘2] ]
2
P ) (;—u,)?

I J {4‘1‘ T (e =) + (4A1—2A2)( 1T

+A ( o ) ((1)2—1)1)2+ (wz—w,)z)} fifuderde, (A-12)

where ° Az—J (1—cos?y) v,dv,=0. 436.

(A3-iii) O(c)=u:

By the similar calculation Procedures as for the above two cases, the follow-
ing results are obtained;

Auus,[ (MK )1/z]-1

m,m,
5 R
oY (44

+ (1__7_1‘"‘1‘)3 {3 (uy—2,) (Qtg—2,) *+ (0, —0,) *+ (W —wy) ?) (A, +A4,~A;)

fiz ((vz—vx)z'l‘ sz“wl)z)}

+ (”zv_u1)3(3A1—9A2 +.5A3)}]f1fzdcldcz: (A-13)

where As—J (1—cos®y)v,dv,=0. 532.

(A3-iv) O(c)=v:

2m, gcos b (iy+j) = 2m,

i m, ml_l_ngcosﬂcos Gy (A-14)

v,/ —v,= (e/—¢)y=
By the same procedure as to obtain Eq. (A.11), one gets

b3 o]
I"EL%:()J%:O( =) v,dy, d¢z—2’n:T( v, —v) Ay

.. Alz”'[ (m1+m2K )1/2]—1 JT T+m A, (v,—v,) fif.de,de,. (A-15)
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(A3-v) o(c)=0%:

2, my+m, )1/2 -
YANTY/ [71'( mym, K, ]

=HE 1%{—mm v, (v,—v,) A,

(A-16)

(A3-vi) O(c)=0?:

1/2N\~1
pun ({2 ) )

170¢2

ZJ I [3‘41 1%rmm (2, ~2)

+%(_1_2_{n7)2 {%Lvl ( (u, “u1) =2, —vy)*+ (w,—w,) 2) +2A4,0,(v,—0)) z}

(2 ) =Sty s

+3 A+ 4,-4) 0—0) (e —2) "+ @e—w)? )| ) fifdede, (A7)

(A3-vi) O (c) =uv?:

m m 172N=-1
A1zuvz'[ﬂ(—71£‘m-T2‘K12> ]

=J‘J[—lg—kﬁ7n_ 1 {2%101 (v, —vy) +0v,% (%, —u1) }

(2 A =00+ =) 2020+ (=)
+ (24, —%Az) Uy (uz —uty) (V,—0,) }

zm 3Al—2A2+A3 — _— 2
+(1+m){ : (s —y) (v,—,)

+A——~1 +g2 —4, (uy—uy) ( (st — 1)+ (W, —wy) z)} ]f]fzdc1dcz- (A.18)





