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SHOCK-WAVE STRUCTURE IN A SINGLE 

COMPONENT MONATOMIC GAS 

By 

Katsunori MURAOKA* 

The one-dimensional, steady, neutral shock wave structure was theore­
tically investigated by expanding the distribution function of the Boltz­
mann equation in terms of the Hermite polynomial, where the downstream 
equilibrium distribution function is taken to be the weighting function. 
The resulting non-linear coupled differential equations are numerically 
integrated and various thermodynamic variables are calculated. Then the 
reasonable results are obtained for low (where Navier-Stokes approxima­
tion is thought to be correct) and high (where Mott-Smith treatment is 
seen to be appropriate) Mach numbers. The thermodynamic backgrounds 
of the present treatment have thoroughly discussed and the criticisms to 
the various other theoretical methods have been done. 

I. Introduction 

Energy dissipation mechanisms play the dominant roles in the problem of 
the shock wave structure in gases, so much as in the case of the boundary 
layer. While the complex interactions of the gas phase with the solid surface 
make it difficult for the boundary condition to be taken into the formulations 
for the problem of boundary layer, the boundary conditions are very clear 
for the shock structure problem as they can be specified as the thermodynamic 
equilibrium states at the up- and down-stream infinity points of the shock 
wave. Further, the Navier-Stokes equations, formulated on the ground of 
linear dissipations, would give. fairly good descriptions of the phenomena for 
the boundary layer, but we must resort to the kinetic theory to express the 
shock structure problem, as the temperature and velocity gradients may be­
come very steep, especially so at high Mach numbers, and it would become 
insufficient for us to assume the linear dissipations. 

Many theoretical investigations1i-,i have been made for the one-dimen­
sional, steady shock structure, and at the same time, experimental studies, 
centering mainly on measuring the density profiles across the shock front, have 
been performed using various techniquessi-m. As the results, the following 
is believed to be true for the monatonic gas shock structure without the ex­
citation of the internal degrees of freedom; i.e., for low Mach numbers (1< 
M < 1. 5) the Navier-Stokes formulation 2i gives fair description, while the 
Mott-Smith bimodal distribution function method3i expresses the phenomena 
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properly for higher Mach numbers (M ~ 2. 0). Furthermore, the bimodal dist­
ribution function of Mott-Smith cannot be expressed by the Navier-Stokes 
approximation and vice versa12>. Then, the author proposes a more reasonable 
assumption to the distribution function than that of Mott-Smith and tries to 
express well the state within the shock wave in the whole range of Mach 
numbers covered by the above two theories. 

The kinetic states of the perfect gas are expressed, from the upstream, 
in the shock wave, to the downstream, by the Boltzmann equation which will 
be written for the problem of the one-dimensional, steady state as follows13>; 

~ :{ =ff f (Ji' f' - fif) gbdbdedc1 , (1) 

where! (r, c, t) denotes the distribution function, r the space coordinate (the 
orthogonal three components are denoted by x, y and z), c the velocity (u, 
v and w will represent the x, y and z component of c, respectively), g the 
relative velocity, b the impact parameter, and e the azimuth angle. The 
right-hand side of Eq. (1) expresses the change of f due to the collisions 
where the primed quantities represent the values after the collisions. Here, 
the y-z plane is taken on that of the shock wave and the x axis perpendicular 
to it. And we adopt the shock coordinate (i. e. , the shock wave is fixed in 
the space), the flow being from x= - oo to x= oo. 

It is difficult to exactly solve thisBoltzmann integro-differential equation 
under the given boundary conditions, which are 

f=n,J,,=n,,G1.}T,) 3
/

2 exp {- (cz~f'; 2
} at x=-oo, l 

f=ndf,L=nd(21.kT}/2 exp {-<c2~Zf/; 2
} at x=oo, 

(2) 

where R is the gas constant, n,,, n<J, u,,, ud, T,, and Td denote, respectively, 
the number density, velocity, and tempereture of the up-stream and down­
stream equilibium states of the shock wave, and i is the unit vector in the 
x-direction. Therefore, some appropriate approximation should be introduced. 
It may be said that the validity of _the theory of the one-dimensional neutral 
shock wave structure depends on how well one approximates Eq. (1) to the 
physical situations. 

For the state of small departure from the local thermodynamic equilib­
rium, the usual Navier-Stokes equations (with the values of the viscosity 
coefficient µ and the thermal conductivity ..l.) may be obtained by the Chap­
man -Enskog expansion of f about the local equilibrium states and by taking 
the first approximation, which are written as follows; 

d(pu) _ 0 
dx - ' (3) 

(4) 
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(5) 

where p represents density, p the pressure, e the specific internal energy 

(e=cvT), ,=µ ~; and q= -X ~;. The profiles of density, temperature, velocity, 

pressure etc. across the shock wave are obtained by taking into consideration the 
appropriate temperature dependencies of µ and X, and by numerically integrat­
ing Eqs. (3) - (5) 2i. Recently, the numerical calculations14 i have been carried out 
by as.suming the more appropriate temperature dependencies of µ and X, but 
the results do not give any qualitative change from those obtained in Ref. 2. 

The · experimental values cannot be sufficiently reproduced by the Navier­
Stokes approach for higher Mach numbers. Therefore, Mott-Smith3i resorted 
to Eq. (1) and made the calculation assuming that the distribution function 
within the shock front would be expressed by the superposition of the equilib­
rium distribution functions at the up- and down-stream of the shock wave. 
Namely, 

(6) 

where b0 (oo)=a0 (-oo)=0, b0(-oo)=n,, and a0(oo)=nd by the boundary con­
ditions given by Eq. (2). 

Substituting Eq. (6) into Eq. (1) and calculating the proper moment equa­
tions, one can determine b0 (x) and a0 (x), and with that the number density 
n(x), for example, will be obtained by 

n (x) = J f (x, c) dc=b0 (x) +a 0 (x). (7) 

While this method gives good results judging from the comparison of them 
with the experimentally measured density profiles for Mach numbers greater 
than about 2, 4, errors become appreciable for lower Mach numbers. 

Recently, several proposals have been made to improve the Mott-Smith 
method at low Mach numbers, e.g., to superpose Eq. (6) some additional 
proper Gaussian distribution functions15 >, or to adopt the ellipsoidal distribu­
tion function 15 i ,m, or to expand f by taking the bimodal distribution function 
Eq. (6) as a weighting function18i. Furthermore, various other methods 
have been proposed, including two fluid model theory19 > and the method to 
numerically calculate the distribution function by the Krook modeF0l ,2ll. But 
in the latter method, the dissipation mechanisms seem not to be correctly 
taken into considerations11>. 

Anyway, the. generalized discussions have not been exercised of each 
method so far, and these and related topics will be discussed in VI after 
the present treatment will be shown: 

The present author expanded the distribution function f in terms of the 
Hermite polynomial, the downstream equilibrium distribution function taken 
to be the weighting function. By properly truncating the expansion, the 
shock wave structure has been investigated. 
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II. Distribution Function and Fundamental Equations 

Boltzmann equation Eq. (1) is used to describe the one-dimensional, steady 
neutral shock wave structure under the boundary conditions of Eq .. (2). 

As the convergence is not sufficient if a distribution function is expanded 
within the shock front about the local or the upstream equilibrium distribu­
tion function15>, we expand it about the downstream equilibrium distribution 
function. As the equilibrium distribution function is the Gaussian, it will be 
appropriate to expand / in terms of the Hermite polynomial as follows: 

1 f=f<1.~-P' 11 app,(x)H.,,., 
P µ • .µ.v. 

where HPP• represents the three-dimensional Hermite polynomial, i.e., 

HPP•=Hp (u-;d.ud. )Hp(:)H.(~). 

and v<1.=✓ RT<1.· 

(8) 

(9) 

(10) 

As Eq. (8) is the expansion of f about the downstream distribution func­
tion, it becomes very complicated form when the upstream boundary condi­
tion will be taken into this expansion. Therefore, instead of /, the function 
/-b000 (x)/,.. is expanded about the downstream equilibrium distribution func­
tion /<1. and the boundary conditions are made to be easily taken into the 
formulation, namely; 

With this formulation, the boundary conditions of Eq. (11) become 

booo(- 00) =n,, , 

aPP•(-oo)=O , 

booo(oo)=O ' 

aPP•(oo)=O besides a000 (00) =n<1..} 

(11) 

(12) 

In order to determine the coefficients of expansion Eq. (11) under these 
boundary conditions, the moment equations of Eq. (1) is used, which describe 
the transport of some arbitrary dynamical variable (l)(c); 

f u@(c) :~ dc=f fJf@(c) (fi'f'-fif) gbdbdedc1dc. (13) 

First, the conservation equations are obtained by taking @(c) =1, u, v, w, 
and c2 which are conserved at the collision; 

(14) 
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+u v 2 ( 3 da200+ da020+ daoo2)+d (daaoo+ da120+ da102)=0. 
d d dx dx dx dx dx dx 

(16) 

Integrating Eqs. (14)-(16) under the given boundary conditions, Eq. (12), one 
obtains, 

booo (x) + aooo (x) +~. a100 (x) 1 (18) 
hooo ( - 00) aooo ( 00) Ua aooo ( 00) ' 

booo(X) + aooo(X) + 2ud,vcl • a1oo(X) + va • a2oo(X) 1 (19) 
b000 (-oo) a 000 (00) u~+va a 000 (00) ua+va a 000 (00) ' 

b000 (x) + aooo (x)_ + Va (3u~ +5vD • a100 (x) 
booo(-oo) aooo(oo) ud(ua+5v.a) aooo(oo) 

+ V~ 3a2oo(X) +ao2o(X) +aoo2(x) 
ua+5va aooo(oo) 

+ ~~ 
2 

a300 (x) +a120(X) +a102 (x) =l 
ud(ud+5va) aooo(00) ' 

(20) 

In the following, we set b000 (x) =b0 (x), a 00o(X)=a0(x), and a100 (x)=a1 (x), as 
a 101 (x) =a110 (x) =a001 (x) =a101 (x) =0 which will be shown later. 

By putting a 1(x)=a200 (x)=······ =0 in Eq. (11), the usual Mott-Smith bimo­
dal distribution function3> is obtained, and in this sense the present method 
may be thought of as the extension of Mott-Smith's treatment. By putting 
a 1(x)=a200 (x)= ······ =0, Eqs. (18)-(20) become the indentical form, 

(21) 

then the characteristics of the mass, momentum and energy transports are not 
independently taken into this formulation, while Eqs. (18)- (20) are independent 
set of equations in the present method. 

Using the boundary conditions of Eq. (12), in Eqs. (18)-(20), one obtains, 

Uub0(-oo)=uda0(00), } 

(u!+RT,.)b0(-=) = (u~+RTd)a0(00), · 

Uu (u! +5RT u)b0 ( -oo) = ud (u~ +5RTc1)a0 ( oo), 

(22) 

and from these equations, the following usual Rankine~Hugoniot relations are 
obtained for the equilibrium values at the up- and down-stream of the shock 
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wave: 

U,t _b0 (-oo) 
u;:- a0(00) 

Td_ e(4-e) 
T,,- 4e-,-l ' 

in which we put 

assuming a monatomic gas. 

K. MURAOKA 

(23) 

(24) 

The method described below is to make the necessary moment equations 
from Eq. (13) to determine the coefficients of the expansion Eq. (11), and 
from it the state within the shock front will be known. It is, therefore, 
necessary to truncate Eq. (11) by some physically meaningful method • in 
order to close the formulation. While, it is easy to show that at least three 
terms should be added to the Mott-Smith approximation to make Eqs. (18)­
(20) independent. In the following, five terms are retained among those 
appearing in Eqs. (18) - (20). Two more equations are needed for the five 
undetermined coefficients and three equations are given by Eqs. (18) - (20). 
As the two equations, rD(c) =u2 and u3 are taken. The dissipation mechanisms 
within the shock front are determined by the moments of the collision terms 
of these dynamical variables which are not conserved at the collisions. 

It is difficult at this stage to determine which of the coefficients in Eqs. 
(18)-(20) should be retained. First, a 1 (x) and a 200 (x) must be taken to make 
Eqs. (18) and (19) independent. The calculations are carried out by retaining 
as one more additional term, a 020 (x) +a002 (x) (one can put a 020 (x) =a002 (x) with­
out the loss of generality) or a 300 (x). The physical meaning and the 
effects of these choices on the results will be discussed later. 

For these two types of truncation, a 200 (x) and a 020 (x) +a 002 (x) or a200 (x) 
and a 300 (x) are given as a function of a 1 (x), from Eqs. (18)- (20), as follows; 
(i) case of adopting a020 (x) +a002 (x): 

u~-va 4-6€ l ll2oo(X) =- U,1Vr1, a1(X) ✓5e(4-e:)a1(X), 

ua-3va 4(2e-3) 
a 020 (x)+a002 (x)= udvd a1(X)= ✓5e(4 -e:)a1(x), 

(25) 

(ii) case of adopting ll300 (x) : 

(26) 
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III. Calculation for Maxwell Molecules 

In calculating the collision term of Eq. (13), the Maxwellian repulsive 
force is assumed as the interparticle force (F=K/r5). In the following are 
shown the fundamental equations for the cases in which a 020 (x) +a002 (x) or 
a300 (x) is retained in the formulation. (For the collision moments, see 
Appendix.) 

ID(c) =u2; 

u.,(u~+3RT.,) ~~ +ua(u~+3RT,i) ~a_; 
+3v (u2+v2) da1 +3u v2 da200 aa "dx ,iadx 

=:ir( 2,;;)v2(b0a0{ :.___A2 (u~ +u~-2u,.u,i) }+b0a1{2A2V,i(u,.-u,i)} 

+ (b0 +a0) (-a200 + a 020!a002) (A2vD + (a1) 2 (A2d) ), (27) 

ID(c) =u3; 

{3(RT,.) 2+6u~ RT,.+u!} ~~ +{3 (RTa) 2+6u:RTa+~H !a_: 

=:ir( 2,;; )vtb0a0g A 2(u,.-u,i) (-u~+u~-2RT.,+2RTa)} 

+b0a1 { ~ A 2va(u~-3u~+2u,.ua+2RT,.-2RTa)} 

+b0a200 {~ A2v~ (u.,.-3ua)} 

+b0(a,020 +a002) {! A2vHu,.+ua>} 

(28) 
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(ii) a300(X): 

<D(c) =u2; 

uu(ut+3RTu) ddbo +ua(ua+3RTa) ddao 
X X 

+3v (u2+v2)_da1 + 3u v2 da2oo+v3 da3oo 
d " " dx d a dx " dx 

(l)(c) =zt3; 

{3 (RTu) 2+6u~ RTu+ut} ~!0 +{3(RTa) 2 +6uaRTa+ut} <;t; 
da da da 

+4udvd(ua+3vD--a;,:'--+6vHua+v~) dt+4uav~ /_:° 

=n( 2,: )1/lboao{ ~ A2(Uu-Ud) (-u'f, +ua-2RTu+2RTa)} 

+boa1 { ~ A2va(u~-3u/+2uuud+2RTu-2RTd)} 

-r-boa200 { ~ A2vHuu-3ud)_} +aoa200{ -3A2udva} 

+ (a1) 2{3A2udva}+a1a200{ ~ A2v!} 

+(b0 +a0 )a3oo{- ~A2v~}J, 

where A 2 =0. 436 for the Maxwell molecules131 • 

(29) 

(30) 

Eliminating a200 (x) and a 020 (x) + a 002 (x) or a200 (x) and ll3 00 (x) by using 
Eq. (25) or (26), respectively, and making use of Eq. (18), one obtains the 
equations describing a 0 and p0• Here the following dimensionless quantities 
are introduced besides Eq. (23); 

a0 (x) b0 (x) 

l 
a--- So= bo(-c,0 ' o - ao (oo) ' 

u ( m )v2 

(31) 
X 

t; =-z--, la=nb0 (:::_oo) 2.K · a 

With the above dimensionless expressions, it is easy to see that a 0 (-oo)=0, 
So(-oo)=l and ao(oo)=l, 00 ( 00)=0, and la isrelatedtotheupstream mean 
free path }. ( - oo) based on the viscosity by 
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The equations for a0 and /30 are as follows: 

(i) ao20 (x) + aoo2 (x) : 

(-110e'+300e3 -330e2 +200e-60) f/ 
= 15A2 (e2 + 12e-14) 

= 5A2 (16e3 + 9e2 -30e+ 2) 

+ /30{- ~ A2 (8le'-188e3 +252e2 - 168e+ll)} 

(ii) aaoo (x) : 

-2(e2 -1) ~o =5A2+a0(-4A/~1)+00 {-4A2(e+l)} 

303 

(32) 

(34) 

(35) 
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da . 
2e(e:2-l) (-29e:2 +72e-24) d/ =5A2 (-22e3 +54e2-6e-7) 

+ao{-2A 2 (e+l) (-4le:3 ~96e2 -15.:-2)} 

+00 {12 (e+l) (179e3 -399e2 +45e+23)} 

(36) 

By solving these non-linear differential equations Eqs. (33), (34) or Eqs. 
(35), (36), one obtains a0, So, and from it the distribution function /. By the 
way, (a0, /10) = (0, 1) and (1, 0), corresponding to the up· and down-stream 
equilibrium state, respectively, are the singular points for both Eqs. (33), (34) 
and Eqs. (35), (36). While both singularities are the saddle points for Eqs. 
(33), (34) at M>2. 05 and there is no integral curves joining these singular · 
points, for Eqs. (35), (36) is (1, 0) the stable nodal point and (0, 1) the 
saddle point for 1 <M:::;;:2. 26 and the types of the two singularities are 
reversed for M:2::2. 27, but the solutions exist for any Mach number M>l. 0. 

To show the state near the singular points and the solution curves, the 
integral curves are shown in Fig. 1 for M=2. 0 and Fig. 2 for M=5. 0 which 
are obtained by integrating Eqs. (35) and (36) by the usual Runge-Kutta-Gill 
method. The curves labelled A and B in these figures are the zero points 
of A and B respectively when we put d'90/da0 =B/A. Several solution curves 
are given in Fig. 3 joining the two singular points for the case of a 300 (x). 
The straight line joining (1, 0) and (0, 1) is obtained by putting a1 (x) = a200 (x) 
=······=0 in Eq. (11), ~nd it is the Mott-Smith result. It is easy to see the 
degree of the correction of the distribution function from the Mott-Smith 
bimodal one. 
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"M:2.0 

Fig. 1. Integral curves, a800, M=2. O. 

M:5.0 

Fig. 2. Integral curves, a800 , M=5. 0. 
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Fig. 3. Solution curves, asoo-

IV. Definition of the Thermodynamic Variables and Their Profiles 

The dependencies of a0 and 00 on f are known from one of Eq. (35) or 
(36), and the solution curves like Fig. 3. Then by using Eqs. (18) and (26), 
it is possible to know the dependency of the distribution function f on f. 
The process is indentical for the case of adopting a 020 (x) + a 002 (x) by using 
Eqs. (18), (25), (33) and (34). With this knowledge of f, it is possible to 
know local thermodynamic variables by taking the proper moment of this 
distribution function. 

The local number density n(x), flow spead u 0 (x), temperature T(x), 
pressure tensor P (x) and heat flux q (x) are defined as follows; 

n(x) = f f(x, c)dc=b0 (x) +a0 (x), 

u0 (x)= nfx) f uf(x,c)dc 

(37) 

(38) 
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T(x) BR: (x) f {c - iu0 (x)} 2/(x, c)dc 

+ {a200 (x) + a0 20 (x) + a 00, (x)} v;;), 

P(x) = f m{c- iu0 (x)} {c-iu0 (x)} / (x, c)dc, 

q(x) = J; (c-iu0 ) 2 (u-u0) f (x, c)dc 

+ ll300 (X) V ~ J. 
where Eq. (11) is used to get the last expressions. 

307 

(39) 

(40) 

(41) 

The each quantity in the right-hand side of Eqs. (37)-(41) has the dif­
ferent value depending on which of a 020 (x) + a002 (x) or a;00 (x) is retained and 
it is possible to write them only by a0 (x) and b0 (x) by using Eqs. (18), (25) 
or Eqs. (18), (26) for each case. 

Using the non -dimensionalized expressions of Eqs. (23) and (31), Eqs. 
(37), (38), (39) and (41) may· be written as follows (the pressure tensor, 
given by Eq. (40), will be described in the next section); 

(i) a020(X) +aoo2(x): 

__ n(x) 
n,=n(-oo) 

1 
f3o (f) +~ao (f), (42) 

u, c:c 
u 0 (x) =n(-oo) 1 (43) 

Uu n(x) · fi, ' 

7\= T(x) RT u 2 5 - (44) •~"-=--T 
Tu u~ RTu 4e-l ' 
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- - q(x) 
q,= mn(-oo)u!/2 

+ {3 (u, -e) "+2e (u, -e) +e (4-s) }. 

(ii) a300 (x): 

(45) 

(46) 

ii,, 17 1 and f, take the same forms as Eqs. (42), (43) and (44), respec­
tively, and f and ij I are given as follows; 

f RT(x) 
u~ 

= f;, { (u, -1) 2 + 217 1 + Se·t} + s:A, { (u, -e) 2 + 2eu, +e(-7;+8)} 

+ st H-(e+l) -u,}, 
- q(x) 
q 1 = rnn(-oo)u!/2 

(47) 

(48) 

Furthermore, the gradient of the average velocity u, can be calculated by 

dl7, = __ 1_ dfi, = __ l _ _!l,_(s +_§__) 
d~ iif d~ fi~ df O e 

(49) 
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where we put 

~~• =A(a0 , 00M), ~o =B(a0 , 00, M), 

to express Eqs. (33) and (34) or Eqs. (35) and (36). The gradient of tempetature 
dT, 
~ may similarly be obtainable but becomes to a more complicated form. 

As these macroscopic variables are easily obtained from the distribution func· 
tion f, the numerical calculations are easy and the physical meanings become 
very clear. 

A. Density Profiles 

The experimental studies of the shock front structure have been limited 
to the measurements of the density profiles so far, because of the experi­
mental difficulties to measure other quantities. Therefore, the theoretical 
density profiles are to be compared with those of the experimental observa­
tions in order to test the validity of theories. Then, in this section, the 
results for the density profiles will be described among the thermodynamic 

1.15 

1.1 

1.05 

1.0 

M:1.1 

-40 -20 o 20 40 
X!> .. (-oo) 

Fig. 4. Density profiles normalized to the upstream ·equilibrium value. 
The distance is measured in unit of the upstream mean free path. 
M=l.1. 
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variables defined above. As the thermodynamic states in the shock front 
are not wholly specified only by the density profiles, we cannot conclude, as 
will be discussed later, that the theory is correct in every respect only by 
the reason of the coincidence of the density profiles for the theoretical and 
experimental results. 

In Figs. 4 and 5 are shown the density profiles for M=l. 1 and 5. 0 res­
pectively, which were obtained from Eq. (42) using Eqs. (33) and (34) or 
Eqs. (35) and (36). In these figures are taken for the abscissas the distances 
along the shock passage normalized by the upstream mean free path defined 
by Eq. (32) and for the ordinates the number densities normalized by the 
upstream equilibrium value. The results using Mott-Smith u 2 and u 3 transport 
equations (for brevity, these will, hereafter, be denoted as M-S(u 2) and M-S 
(u3) respectively) and using Navier-Stokes equations ('N-S approximation' 
will be used for this) are also shown in Figs. 4 and 5. 

If the maximum-slope shock thickness based on the density profiles is 
defined by 

I\ n(oo) -n(-oo) 
u. (50) (dn/dx)ma,:c ' 

the relationship between J. ( - oo) / ,6,. and M can be obtained by the similar 
calculations performed for getting Figs. 4 and 5 for each Mach number. The 

4 

--present theory, a,,. 

--Na vier-Stokes 

3 ~--= ~:} Mott-Smith 

2 

M=5.0 

1 

-10 -5 0 5 10 

Fig. 5. Density profiles, M=5. 0. 
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results are shown in Fig. 6 for l<M<l. 2 and in Fig. 7 for l<M<lO. As 
pointed out before, there is no solution for M~2. 05 for the case of adopting 
a020 (x) +a002 (x), then this is not shown in Fig. 7. The results of Salwen et 
al. 15> are shown in Figs. 6 and 7 besides those of the present treatments, M • 
S (u 2), M-S(u3) and N-S approximation. 

As the shock profiles are different for each interparticle force law assu­
med, every result in Figs. 6 and 7 is calculated assuming the Maxwell mo· 
lecules and the results for N-S approximation are obtained assuming that the 
viscosity has the linear relationship to temperature which is obtainable for 
the Maxwell molecules and which will be shown later. Meanwhile, Maxwell 

0.10 
present theory 

Navier-Stokes 
----- Salwen et al. 
·------- u2 

0.075 ---- u'} Mott-Smith 

020+ aooz 

;\.(-oo) 300 

Ll 

0.05 /// 
I , 

I 
I 

I 

, 
I 

I 

0.025 I 
I 

, 
I 

1/ 

o _________ ......, ____ _, 

to 1.2 1.3 

M 
Fig. 6. Maximum-slope shock thickness (lsMsl. 2). 
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---present theory, aio. 

3 ---Navier-Stokes 

-··--Salwen et al. 

=---~ ~:} Mott-Smith 

2 

-------
0 -:----:-'::-----~-----------------' 1.0 2.5 5.0 7.5 10.0 12.5 

M 
Fig. 7. Maximum-slope shock thickness (1:S:M:S:10). 

repulsive force does not correctly describe the interparticle forces for the real 
gases like argon or helium, then it is impractical to directly compare the 
above calculations with the experiments and to know the validity of each 
approximation. On the other hand, as the N -S approximations give good 
results for low Mach numbers (l<M<l. 5) and M-S (u 2) for higher Mach 
numbers (M>2. 0) by judging from the comparisons of the theories assuming 
a more realistic interparticle force law with experiments, these become one 
of the standards of comparison. In the following are shown the results for 
these two regions. 
(i) 1::::;:M<l. 5: . 

From Figs. 4 and 6, it is seen that the results of Salwen et al. is) and 
a 020 (x) + a 002 (x) of the present treatments almost coincide with those of the N-S 
approximation and these theories may be thought of as to give a good des­
cription of the phenomena for these low Mach number ranges. The results 
of a300 (x) of the present treatments have been substantially improved from 
those of M-S(u 2) and M-S(u3) but differ from those of the N-S approximation. 
(ii) Z<M<IO: 

As has been already mentioned, M-S(u2) may give good results for the 
density profiles and it is seen from Figs. 5 and 7 that the results of a 300 (x) 
maintain the good feature of M-S(u 2). The results of N-S approximations and 
M-S(u3) give too thin shock thicknesses and those of Salwen et al. too thick. 
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Further discussions will be given after other thermodynamic variables 
are shown. 

B. Shock Profiles of Other Thermodynamic Variables 

The calculated results for Eqs. (42), (43), (44), (45) and (47) are shown 
in Figs. 8 and 9 for M=l.1 and 5. 0, respectively. For the abscissas are taken 
the same values as those of Figs. 4 and 5 and the origins have been chosen to 
be the points where each density profile has the maximum-slope. 

It is seen from Figs. 8 and 9 that, while profiles of ii,, i'i, and 7\ of 
every theory for M=l.1 and M-S and N-S for M=5.0 are almost symmetrical 
about the origin, the present treatment gives an appreciable asymmetrical 
profile for M=5. 0. Salwen et al1 5'. introduced Asym. based on the density 
profile to quantitatively compare the degree of the asymmetry, namely, 

Asym. {Cn(xc)-n(-oo)J-Cn(oo)-n(xc)J} 
n(oo)-n(-oo) 

where Xe refers to the point of maximum -slope of the density profiles. 

(51) 

12....---,-------,.-------,------r-----,----. 

1.1 

1.0 

0.9 

--present theory 

------= ~: Jtv1ott -Smith 
ao,o + a001J 
N-S --=~~=n~ 

aJoo ,----~-~ 

M:1.1 T,. 

-40 
X/>..(--) 

-20 0 20 40 

Fig. 8. Profiles of density, velocity and temperature across the 
shock wave normalized to the respective values at the 
upstream equilibrium state, M=l.1. 
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10 

5 

05 

--present theory, 

~Navier-Stokes ---=-----Ts 
2 ,,,::--/ - --- - - u 
3 
}Mott -Smith ,,,;/ / 

~M=~.O ifj 

-10 -5 

/ 
/ 

, , 

0 5 10 

Fig. 9. Profiles of density, velocity and temperature, M=5. 0. 

The values of the Asym. for M=lO are as follows; 

Salwen et al. Liepmann et al. 20> present result aaoo(x) 

Asym. 3.5~0 ~20% 5.3% 

While the profiles of ii,, u,, and 7\ have the maximum-slopes at the 
origin for M=l. 1. the maximum-slope points of f, precede those of ii, for 
M=5. 0, which is outstanding for the present result. 

As there have not yet been done the detailed studies about these points, 
we cannot know how these effects would actually occur in the real situations. 
Therefore, further experimental studies about the density profiles (not only 
the maximum-slope thickness) and the positions of the density and the tem­
perature profiles at high Mach numbers are deeply desired. 

The present theory gives the results that the temperature within the 
shock front becomes greater than that of the downstream equilibrium value 
for M>3, (temperature overshoot), the effects which have been already found 
and discussed by Salwen et al. isi and Holway16 i 17i. This effects will be dis­
cussed in some details in Section VI. 
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V. Thermodynamic Considerations 

A. At Low Mach Numbers 

315 

As has been mentioned, the. N-S approximatiqn gives good descriptions to 
the phenomena for low Mach numbers. The most characteristic feature of 
this N-S approximation is that the dissipation mechanisms are taken to be 
linear, namely, that the local stress is proportional to the velocity gradient 
and the local heat flux to the temperature gradient. Then, the apparent, 
non-dimensional shear viscosity µ and heat conductivity X are introduced by 
calculating the macroscopic variables by the distribution function f, as follows; 

-38/4 
dudd~ ' 

- -q. 
.l= dT/d~ ' 

(52) 

(53) 

where dudd~, dT/d~ are calculated by the equations like Eq. (49), and q. 
is obtainable from Eq. (46) or (48). f instead of f. has been used in Eq. 
(53) for the convenience of the comparisons of the treatment with the N-S 
approximation. 

The relation of Eq. (52) is introduced between the lateral stress and the 
velocity gradient as follows. The pressure tensor, defined by Eq. (40), be­
comes the diagonal matrix, and among the components of the velocity gradient 

tensor ddco + ddco (where-denotes the conjugate tensor), only 2du0/dx given 
r r • 

by Eq. (49) does not vanish, for the assumption of the distribution function 
of the present theory and M-S. Then the phenomenological linear relation 
of defining µ 

becomes 

where I is the unit tensor, P the static pressure 

and we put 

p,,,,-P= -az', 

P'Y11-P=-av', 

P .. -P=-a.'. l 

(54) 

(55) 

(56) 

(57) 
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By calculating Eq. (40), one obtains, 

(58) 

(59) 

ax' for the M-S treatment will be obtained by putting a 1 (x) =a200 (x) =a020 (x) 
+a002 (x) =0 in Eq. (58). For the present treatment, the values of ax' become 
different by which of a 020 (x)+a002 (x) or a 300 (x) is retained in the formula­
tion, then the results are shown for each case expressed only by a0 (x) and 
b0 (x) using Eqs .. (18) and (25) or Eqs. (18) and (26), respectively, and non -
dimensionalized by using Eqs. (23) and (31) as follows; 

(i) M-S: 

' - ff:,: 

-<J= b ( ) z 111 0 -oo Uu 
(60) 

(ii) ll02o (x) + lloo2 (x) : 

-8'= 23 (0°;:-0 (l-e)'+2(1-u,) (l-a0 -00)), en, (61) 

(ii) llaoo (X) : 

-8'= ~(~fi/ (l-e) 2 + f ! (l+e)-2u,} (l-a0 -00)). (62) 

Equation (52) is obtained by non-dimensionalizing µ thereby using Eq. (55). 
On the other hand, µ and A of the N-S formulation for the Maxwell 

molecules (F=K/r5) are given as follows3u; 

p, (63) 

(64) 

where A2 =0.436, k the Boltzmann constant (k/m=R), m the mass of the 
molecule, and c" the specific heat at constant volume. By the definitions of 
jJ. and X in Eqs. (52) and (53), respectively, 
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(65) 

- 2 5 - -
X = kl b (- ) J. =-A T=ll. 5T. 

a o OO Zlu 2 
(66) 

Namely, JI and X of the N-S formulation have the linear relationship with f 
defined by Eq. (45) or (47). These relations are shown in Fig. 10. 

2.0-----..------...-----. 

1.5 5 

1.0 0 

0.5 5 

oo _____ _. __________ o 
0.5 1.0 

~ T 
Fig. 10. Temperature dependencies of the viscosity coefficient 

ji and thermal conductivity X in the Navier-Stokes 
approximation. 

Each value of the right-hand side of Eqs. (52) and (53) has been calcu­
lated for M-S(u2), M-S(u3) and for the present treatments, and shown in Figs. 
11~14. Figs. 11 and 12 are for M=l. l and Figs. 13 and 14 for M=l. 5. 
Further, in Figs. 11 and 13 are taken duddf for the abscissas and -36" /4 



318 K. MURAOKA 

for the ordinates, then the gradients at each point give iJ, from Eq. (52), 
and in Figs. 12 and 14 are taken di' I cl~ for the abscissas and -q, for the 
ordinates and the gradients give X from Eq. (53). 

In Figs. 11~14 are also shown fl and X of the N-S approximation at the 
up- and down-stream equilibrium corresponding to each temperature by the 
straight lines which are obtained from Eqs. (65) and ("6) or Fig. 10. The 
lines labelled 'up' correspond to the values for the upstream temperature, and 
'down' for the downstream, and the intermediate gradients may be taken 
within the shock front. 

The every curve in Figs. 11 ~ 14 loops from right-bottom to left-top as one 
proceeds from the upstream to the downstream of the shock wave, then the 
temperature dependencies of iJ, and X for these treatment are almost the 
same as those for N-S approximation. 

It is seen from Fig. 11 that all except for M-S(u3) have the same ten­
dency and coincide with fl at the down-stream but have slightly small values 
at the up-stream than N-S approximation. From Fig. 12, the result for 
a 020 (x) + a 002 (x) is seen to almost coincide with that of N-S, while a 300 (x) 
gives too small value and M-S(u2) and M-S(u3) too large. It is expected 
that the N-S approximation gives good descriptions to the phenomena for M= 
1. 1 and the result for a 020 (x) + a 002 (x) is near to the N-S formulation, then 

0.003 

0.002 

_l. a: 
4 

0.001 

--present theory 

~---=~:}Mott-Smith 

M=1.1 

00~---o'."'".o .... 0_1 ___ ___._ ____ i...._ ___ ---'-----J 

0.002 0.003 0.004 _ du~ 
ds 

Fig. 11. Viscosity, M=l. l. 



SHOCK-WAVE STRUCTURE 319 

we can readily expect that a020 (x) +a002 (x) would gives reasonable result for 
these low Mach number range and this has been partly verified by the density 
profiles in Figs. 4 and 6. Further, it can be said that the differences in the 
density profiles of M-S(u2) and a300 (x) (Figs. 4 and 6) from N-S approxima· 
tion are due to the poor descriptions of the heat flux shown in Fig. 12 and 
that M-S(u3) does not properly express both the viscosity and heat flux. 

ii and X shown in Figs. 13 and 14 for M=l. 5 are larger for the present 
treatments than those of the N-S approximation but still nearer to N-S than, 
M-S. 

0.02 --present theory 

0.015 

0.01 

=--~~:} Mott-Smith 

M=1.1 

.,,.,.;::,~ .. ,• / 
/ / , / , ,. . 

Q00S _} 

0 

. , ,, 

, 

Q000S Q0Ol .., 
dT 
dt 

Fig. 12. Thermal conductivity, M=l.1. 
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ao20 +aoo2 .,,<i'<:-

Q03 ~ 

0.02 
3 ~ --a-
4 / 

1/ , 

0.01 

0.02 

, ' 
'/ 

/ 

/ 
/ 

/ 

/ 

/ / 

/ / / 

M=1.5 

--present theory 
2 =--~ ~3 }Mott-Smith 

0.04 d~ 0.06 
U, 

- d f. 
Fig. 13. Viscosity, M=l. 5. 
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--present theory 

0.15 ~--~~: }Mott-Smith 

M:1.5 

0.03 
~ dT 

d~ 

Fig. 14. Thermal conductivity, M=l. 5. 
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B. At High Mach Numbers 

There is no standard of comparison for higher Mach numbers, like N-S 
approximation for low Mach numbers, and as has been already mentioned, 
only the experimental density profiles (mainly the maximum-slope shock thick­
ness) have been found to be properly described by M-S (u'). Consequently, 
after being proposed a new theory of the shock structure, it ,has become a 
usual way to compare the theoretical shock thicknesses with those of M-S(u'). 
But, as the detailed non-equilibrium state in the shock front are not wholly 
described only by the density profiles, further considerations are needed in 
order to get clearer insight into the phenomena and this will be discussed in 
some details in the next section. 

In order to compare the present treatments and M-S with the linear 
dissipation theory (N-S approximation), fi and X defined in A are shown in 
Figs. 15 and 16 for M=5. 0. It is seen from these figures that the results 
of M-S and a300 (x) give larger values of fi and X and, further, the roundings 
at the right-side become appreciable. These latter effects correspond to the 
facts that the maximum points of the velocity and temperature gradients do 
not coincide with those of the lateral stress and heat flux, and these do not 
appear in the formulation based on the linear dissipation. 

--present theory, a300 

0.15 =---= ~:}Mott-Smith 

M:5.0 

3 ~ 0.1 
-- <r 

4 

0.05 

0.2 0.4 _ du, 
d1 

Fig. 15 Viscosity, M=5. 0. 
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Fig. 16. Thermal conductivity, M=5. 0. 
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up 

0.15 

There is portion in Fig. 16 where the temperature gradient takes the 
negative values and it is the consequence of the temperature overshoot refer­
red to in Section IV-B. 

VI. Discussion 

Energy dissipation mechanisms determine the shock wave structure. 
Density, velocity and temperature may change stepwise for the case of no 
dissipation, but in reality, the dissipative forces act to flatten these steep 
gradients and the steady shock front is maintained at the balanced states 
between these actions. When the Mach number is small and the shock wave 
seems to be near to the sound wave, the gradients of the temperature and 
velocity are small, then the heat flux and the lateral stress may be treated 
as proportional to, respectively, the temperature and velocity gradients. The 
formulation based on this idea is the N-S approximation anci the results 
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obtained from this formulation give the reasonable results for 1 <M<l. 5 jud­
ging from the comparison of the results with the experimental observations. 
While, as the Mach numbers become larger, the gradients of temperature and 
velocity become steeper and the formulations based on the linear dissipations 
insufficient. Furtherm,ore, the velocity distribution function may be appre­
ciably skewed from the :Gaussian, then the temperature, for example, may 
lose its meaning as tht\ state variable at the thermodynamic equilibrium, if 
one artificially extends the definition of the temperature as the average of 
the kinetic energy of particles in the velocity space. Mott-Smith3> overcame 
these difficult situations by resorting to the kinetic theoretical viewpoint 
rather than the thermodynamic one, but his method gives the results which 
differ from the phenomena at low Mach numbers, and further there is no 
justification that the other thermodynamic variables than density may be 
described by· his method. No detailed, quantitative discussion has been done 
on these points so far. While the present method may be thought of as the 
extension of the M-S method, it gives reasonable results for both of low and 
high Mach number ranges. 

The macroscopic thermodynamic variable < Q> is given as the mean 
value of the dynamic variable Q(c) as follows: 

(67) 

Substituting expansion Eq. (11) into this form and calculating some moments of 
low order, one obtains Table 1 in which the thermodynamic meaning of each 
moment and the coejficients which remain in <Q> are given, (cf. Sec. IV). 
Here, as the average velocities in the y and z directions are zero, a 010 (x) = 
a 001 (x) =0 are obtained, which were used in Eq. (15) to get am (x) =a101 (x) 
=0. 

<I>=n(x) 
<v>=u0 (x)n(x) 

<v>=o 
<w>=o 
<(c-iu0) 2>/3Rn(x) 
2< (c-iu0) 2 (u-u0) > /m 

2<(c-iu0) 2v>/m 
2< (c-iu0) 2w> /m 

Table. 1. 

thermodynamic meaning 

particle density 
average velocity in x direction 
average velocity in y direction 
average velocity in z direction 
temperature 

heat flux in x direction 
heat flux in y direction 

heat flux in z direction 

I coefficients that are 
retained in <Q> 

b0, a0, a1 

llo10= 0 

aoo1=O 

bo, ao, a1, ll200, ao20, aoo2 

bo, ao, ai, a200, ao20, aoo2, ll300 

0 

0 

In the present method, the unknown coefficients of expansion Eq. (11) 
are determined by substituting Eq. (11) to the moment equations of the 
Boltzmann equation, Eq. (13). In order to make the formulation within the 
finite numbers of moment equations, Eq. (11) should be truncated at some 
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proper terms. The different results are obtained for each method of trunca­
tion (M-S treatment may be seen as the 0-th approximation of the present 
treatment), the physical meaning of the choices of terms should be clarified 
by referring to the considerations based on Table 1, etc_ 

While in the present method, five conservation equations are made inde­
pendent (Eqs. (14)~(]6)) and the two moment equations for (l)(c)=u 2 and 
u3 (Eqs. (27) and (28) or (29) and (30)) are used, it can be shown that the 
moment equations for (l) (c) =v2, v3, w2, w3, uv and vw are filled in' this formu­
lation (cf. Appendix). Consequently, the transport relations for the pressure 
tensor and heat flow are independently taken into the formulation besides 
those of the conservation relations for mass, momentum and energy. On the 
other hand, in the M-S approximation, three conservation equations reduce to 
the one independent equation, then the characteristics of each mode of trans­
port for mass, momentum and energy cannot be taken into the formulation. 

By performing the calculations described above and comparing the obtained 
results, it turned out that the differences in the distribution function them­
selves for every method at the fixed location in space are not large, then 
comparisons should be made for the macroscopic variables which are given 
by Eq. (67). 

As has been frequently mentioned, N-S approximation gives good results 
for low Mach numbers, the distribution function in this method is skewed 
from the local equilibrium one to take the moments up to the heat flow into 
the formulation. By referring to Table 1, it is seen that the formulation of 
adopting a020 (x) + a002 (x) is very close to this N-S approximation in that the 
moments from the lowest order up to the heat flow have been correctly 
taken into considerations, only the approximation done is the fact that the 
coefficients higher than a 300 (x) are neglected in the conservation and u3 

transport equations. Meanwhile, for the case of adopting a 300 (x), the descrip­
tions are incorrect for the pressure tensor which is a lower moment than 
the heat flux, but each conservation relation, the pressure tensor and heat 
flux are independently taken into the formulation. Compared with these 
treatments, it is obvious that the M-S methods appreciably differ from N-S 
approximation, especially so for M-S(u3) in which a lower moment (u2) is 
neglected. Based on these considerations, we can see from Figs. 11 and 12 
for M=l. 1 the following facts: while M-S (u2), a 020 (x) + a 002 (x) and a300 (x) 
give the same order of approximation for the viscosity (Fig. 11), the agree­
ment of the result of a 0 20 (x) +a 002 (x) with N-S approximation is fair for the 
thermal conductivity, and the results of a300 (x) and M-S (u2) appreciably deviate 
from this (Fig.12). On the other hand, M-S(u3) in which the lower moment is 
neglected, gives the results which considerably differ both for fl and · X from 
the result of N-S. 

Meanwhile, the treatments of Sal wen et al. is) and Holway16 ) rn give the 
results which almost coincide with that of N-S. In the former method, one 
more Gaussian distribution function is superposed to the bimodal distribution 
function of M-S, then five conservation equations are made independent, and 
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two moment equations of u2 and u3 or u2 and u(u2 +v2 +w2 ) are employed to 
determine seven unknowns. The degree of the proximity of this method to 
the N-S formulation at low Mach numbers seems to be the same order with 
that of a 020 (x) + a 002 (x) of the present method_, in that the heat flow was 
taken into consideration as a small skewing of the distribution function from 
the equilibrium one. In the latter, Holway made five conservation equations 
independent by increasing variables from those of M-S by making the distinc­
tion of the temperature in the x and y-z directions and used seven moment 
equations from the lowest order, as was done by the present author and 
Salwen et al. , and in this respect this method is seen to be Jmproved from 
that of M-S at low Mach numbers. · 

From these considerations, the thermodynamic contents of the methods 
which are recently proposed as to improve the M-S method at low Mach 
number become clear. Furthermore, it is easily known that the 'two fluid 
model' method of Ziering et al. 19i has improved that of M-S (in spite of the 
same form of the distribution functions for both cases) because they increa­
sed independent variables by introducing transition probabilities of various 
modes and could make the conservation equations independent. In this re­
spect, it can be said that they could find the, so to say, hidden variables in 
the different method from those of the present author, Salwen et al. and Holway. 

At higher Mach numbers, it is expected that the contributions from 
higher moments will become important and the present method to adopt 
a 020 (x) + a 002 (x) would not be possible to describe the phenomena in this 
high Mach regions. Actually, there is no solution for M>2. 05. (The same 
situations are found in the methods of, for example, Grad'i.) Similarly, in 
the method of Salwen et al., the contributions to the heat flow are. deter­
mined by the positions and heights of the three Gaussians in the velocity 
space, and the character proper to the heat flow may not be taken into the 
formulation. The methods of Holway and 'two-fluid model' method would 
be in the similar situation and it is thought that each of these will become 
to a poor description to the phenomena at high Mach numbers. 

On the other hand, the present method of adopting a300 (x) is not a cor­
rect description in that the viscosity, which is the lower moment than heat 
flux, is not correctly taken into the formulation (and this effect plays an 
important role at low Mach numbers, cf. Figs. 11 and 12), but the term cha­
racteristic of the heat flow, a 300 (x), are considered and this method is expe-

. cted to give good descriptions of the phenomena at high Mach numbers. The 
experimental measurements are performed only on the density profile across 
the shock front so far, and it is admitted that M-S (u2) can reproduce these 
experimental values properly and the result of a 300 (x) gives almost the same 
order of approximation to the density profiles, while the various methods 
cited above give fairly different results. 

By the way, the reason why M-S(u2) can give the plausible result in the den­
sity profile is thought to be due to the fact that the term, which is proper to the 
heat flow and is neglected in this formulation, may counterbalance the contri-
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butions from higher moments as to the effects on the density profile. This fact 
is expected from the followings: in the heat flow, M-S(u3) gives rather similar 
result to that of a 300 (x) at high Mach numbers (cf. Fig. 14) than that of M­
S(u'), and the distribution function of M-S itself appreciably deviates from 
that of a 300 (x) (cf. Fig. 3), and in spite of these facts, the density profiles 
for M-S (u') are almost the same as those of a 300 (x) (cf. Fig. 4 and 6). 
Consequently, the higher moments of the distribution function than density, 
temperature for instance, are expected to become different from the results 
obtained from M ·S (u') (cf. Fig. 9) or more generally, the true distribution 
function may be different from that obtained by M-S(u 2) but there is, so far, 
no experimental confirmation on these points. 

In the meanwhile, temperature overshoot is found for M>3, similar to 
the results of Sal wen et al. 15 l and Holway16> 17 ). There is no change in sign 
of heat flux at this temperature maximum point, then this effect is impossi­
ble from the usual relations between heat flow and temperature gradient. 
This fact suggests that the usual meaning of temverature has been lost at 
this high degree of deviation from equilibrium when it is formally defined by 
Eq. (39), or that higher terms than a300 (x) should be retained in the formu­
lation at this high Mach numbers. (For the latter, the effect of truncation 
may reflect on the temperature, though the terms only up to a 020 (x), a 00 , (x) 
are retained in T(x), cf. Eq. (39) and Table 1. This similar effect was 
found for the density n (x) in which the terms of only b0 (x) and a0 (x) are 
retained in n(x) but the present treatment gives better results than those of 
M-S.). While there is a proof22 > that no temperatune overshoot is found for 
monatomic gas in the M-S bimodal distribution function method, this does,not 
necessarily show that the M-S method gives good descriptions of the pheno­
mena. 

VIL Conclusion 

The problem of the steady, one-dimensional shock wave structure of 
monatomic single component gas has been treated by expanding the velocity 
distribution function of Boltzmann equation by Eq. (11), and the thermodyna­
mic variables within the shock front calculated. As the results, it becomes 
clear why the various theoretical methods could be brought to the closer 
approximations to the N-S method than M-S at low Mach numbers and that 
the contributions from the higher moments become important for high Mach 
numbers but the density profiles could be properly expressed by M-S(u'). 

While there could be various other methods to this problem, it is thought 
that qualitatively unified explanations could have been gained by the present 
treatment. At higher Mach numbers M> 10, the excitations of. the internal 
degrees of freedom (excitations of the trapped electron energy levels from the 
ground state and ionization etc. ) would become important, and for this case 
the treatment from the different aspects would become necessary. 

The numerical calculations· of this work have been performed by the 
OKIT AC-5090 H of the Computation Center of Kyushu University. 
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Appendix 

The Collison Moments for the Maxwell Molecules 

It is often necessary to calculate the moments of the Boltzmann equation 
for. some dynamical variables, not only in the case of the calculations of the 
shock wave structure problem shown in the text and elsewhere23 >, but for 
other problems like those in rarefied gas dynamics_ Then, it would be of 
value to summarize some lower moments for the Boltzmann collision term 
for the case of the Maxwell molecules (interparticle force F=K/r5), in order 
to eliminate the undue duplications of the same calculation procedures. 

Al. Dynamics of collision 

Fig. A· 1 shows the relative coordinate system of binary collision among 
the particles of mass m1 and m2, m1 being fixed in space, x the deflection 
angle, and j the unit vector along the apse-line of the passage of the particle 

Fig. A•1. Trajectory of molecule m2 relative to molecule m1• 

m2• Then, (cf. Ref. 13), 

, 2m2 o · (A 1) c1 -c1 m1 +m2 gcos •J • 

where c is the velocity of particle, g the initial relative velocity, the primed 
quantities represent the values after the collision, and suffix 1 shows the value 
for particle m1• Then, by referring to the notations in Fig. A•2, we obtain 

ix•j=cos (,,=cos{} cos ,;,,,,+sin{} sin¢,, cos cfax (A·2) 
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y 

z 
Fig. A·2 Spatial orientations of vectors g and j. 

i11 •j=cos C11 =cos () cos ef,11 +sin O sin 4'v cos </111 

=cos() cos ef111 +sin () sin ¢ 11 (cos </131 cos w-sin <fix sin w) (A·3) 

where ix and i11 are the unit vectors along x and y axis, respectively, and 
use was made the following relations to obtain the last expressions in Eq. 
(A. 3): 

cos i =cos c/J., cos c/J11 +sin c/J., sin ¢111 cos w 

:. cosw= COS cf,x COS c/J11 
sin ef,x sin c/J11 ' 

</J11=2rc-</J.,-m. 

And further, the following relations are obtainable; 

COS c/Jx cos c/Jy 

x=rc-20. 

A2. Transport equation for ID(c) 

(A•4) 

(A·5) 

(A,6) 

(A,7) 
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The Boltzmann equation for the binary mixture may be written as follows13> : 

DJ1= 8J1_+c1• 8J1 +F• 8J1 =( 8J1) 
f}t ar OC1 at . coll 

where r= (x,y, z), c= (u, v, w), F is the force acting on the unit mass, and 
b is the impact parameter. The moment or transport equation for an arbi­
trary dynamical variable (li(c) is written as, 

= f ff f (Ji'J' -Jif) (]) (c1) gbdbd<fJ:r:dcdc1 + ff ff (ft' J / - Jtf2) (Ii (Ci) gbdbdrp:,:dc1dc2 

= ff ff {m(ct')-m(c1)} Jif gbdbd<fJ:r:dcdc1 + ff ff {(li(ci')-m(c1)}Jtf2gbdbd<fJ:r:dc1dc2 

(A•9) 

A3. Calculations for some lower moments 

In the following the calculations are performed for some lower moments 
which are of practical importance, and that for .6.12m(c) in Eq. (A•9) . .6.um(c) 
will be easily obtained by merely changing the suffix 2 to 1 in the final 
results. 

(A•lO) 

If we put the contributions from the integrals of b and </J:r: as I..., and by 
using the factor of v0 of Chapman-Cowling notationm, 

(A•ll) 

where K 12 is the force constant for the Maxwell molecules, m=m2/mi, and 

A 1 = J: (1-cos :x) v0dv0=0. 422. 
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Oberai24> performed the calculations for this case and obtained 

(A·12) 

(A3-iii) rD(c) =u3 : 

By the similar calculation Procedures as for the above two cases, the follow­
ing results are obtained; 

+ (U2-Ui) 3(3Ai -9A2+5A3) }Jtil2dCidC2, 

where A3= f: (1-cos3x)v0dv0 =0. 532. 

(A3-iv) /Jl(c) =v: 

, ( , ) 2m2 0 (" ") 2m2 Vi -vi= Ci -Ci y= + gcos I11 •J =~~~gcos0cosC:.11• m1 m2 mi+m2 

By the same procedure as to obtain Eq. (A. 11), one gets 

(A·l3) 

(A•l4) 

(A 0 15) 
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+ ~ ( 1 ~mm )2 {2A1 (v2-vY+ 12 ((u2-U1)2-2(il2-V1)2+(w2-W1)2 )})tJ2dc1dc2. 

(A•l6) 

(A3-vi) <D(c) =v3 : 

+ ~ ( 1~mm )2{ 12 v1( (uz-U1) 2-2(v2-V1) 2+ (w2-W1) 2)+2A1v1(v2-v1) 2} 

+(~)3 {3A1-3A2+As(v -v )s 
l+m 4 2 1 

(A3-vii) <D(c) =uv2 : 

= Jf ( l~mm A1 {2u1V1 (v2-v1) +v12(u2 ~u1)} 

+( 1fm )2 {A1U1 (V2-V1) 2+ 12 ui( (U2-U1) 2 -2(Vz-V1) 2+ (W2-W1) 2) 

+( l~mm )3 {A1-2f2+As(u2-U1) (V2-V1)2 

+A1+12-A3 (u2-u1)( (u2-u1) 2 + (w2-.w1) 2)})tJ2dc1dC2. (A.18) 




