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Abstract

In this paper, a quantum effect of hydrogen molecules (uncertainties of each atomic nuclear position and momentum) on
the bubble nucleation rate was investigated. The homogeneous bubble nucleation analyses were performed using a density
functional theory (DFT) reflecting equations of state (EOSs) constructed to reproduce the thermophysical properties of
hydrogen obtained from a classical molecular dynamics (MD) method and a quantum MD method. The results showed
that the quantum nature of liquid hydrogen decreases the bubble nucleation rate when compared in the same reduced
temperature and reduced superheat ratio condition. Further, it was indicated that the results might be caused by the
increase of the energy barrier arising from the difference of the density profile and its position at the critical bubble (in
other words, the differences of the critical bubble size and the liquid—vapor interface thickness). Furthermore, the DFT
analysis was validated through the evaluation of the bubble nucleation rate using the classical MD method and the
quantum MD method made as numerical experiments, and qualitatively the same result was obtained between the DFT
and the MD simulations.
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1. Introduction

Hydrogen has attracted attention as a clean energy alternative to fossil fuels, and it has been used in various devices
including fuel cell battery. One of the important issues to achieve a future hydrogen energy society is the efficiency
improvement of the storage or transport of hydrogen. To relieve this problem, instead of pressurized gas form, the storage
or transport system of hydrogen in liquid form has been recently developed and the establishment of international supply
chain has been also progressed [1], because the volume of hydrogen under the atmospheric pressure can be shrunk to
1/800 compared with that in a gaseous state by liquefaction and therefore efficient storage or transport is possible. Since
the normal boiling temperature of liquid hydrogen is around 20 K, liquid—vapor phase change by boiling or others (such
as cavitation) may easily occur in our daily life conditions, i.e., near room temperature. The liquid—vapor phase change
in fluid machines causes the performance decrement, vibration, or noise; therefore, the understanding of the thermal and
hydraulic characteristics of fluid devices using liquid hydrogen is necessary for their safe and efficient design and
development. Liquid—vapor multiphase flow analyses based on computational fluid dynamics (CFD) techniques are often
used to do so. In such analysis, the vapor bubble inception condition should be also somehow given by a model; however,
the inception in liquid hydrogen may be caused by homogeneous bubble nucleation different from water as mentioned
below. The bubble nucleation rate that will strongly relate to the inception condition in a liquid hydrogen flow has not yet
been understood.

In general working fluids such as water, the bubble inception occurs from the pre—existing bubble nuclei which
generally contain non—condensable gas or adsorb other impurities. However, since the pre—existing bubble nuclei are
considered to be almost absent in liquid hydrogen due to its low temperature [2] and it generally shows a high wettability
due to the low surface tension [3, 4], the bubble nucleation may arise from a microscopic void formed by thermal
fluctuation of molecules in the bulk liquid (homogeneous bubble nucleation). It was indicated that the consideration of
the specific quantum nature of cryogenic hydrogen (uncertainties of the position and momentum of the atomic nucleus)
is necessary to simulate such microscopic phenomenon or property [5—7]. Further, the quantum nature is expected to
affect the bubble nucleation because it has been confirmed that the quantum nature of liquid hydrogen has a large influence
on the saturation line [8]. On the other hand, to our knowledge, experimental investigations of the bubble nucleation in
liquid hydrogen have not been done, except an old report by Hord et al. [9]; however, their experimental temperatures are
too limited, i.e., the range is 27.8-30.8 K. Considering the fact that a new additional experimental investigation of the
homogeneous bubble nucleation in liquid hydrogen is still difficult due to its low temperature, understanding the bubble
nucleation rate using a quantum molecular theoretical approach is desirable and necessary.

The theoretical or numerical studies on homogeneous bubble nucleation in classical fluids, i.e., fluids without the
mentioned quantum nature such as liquid argon or water have been widely conducted. As a theoretical approach, the



classical nucleation theory (CNT) [10—12] has been typically used to estimate the bubble nucleation rate. However, it is
known that the CNT underestimates the bubble nucleation rate because of the capillarity approximation inherently made
in the theory [13—17]. Thus, the improvement of the CNT by applications of the Tolman correction [18] and the accurate
pre—factor has been discussed by Tanaka et al. [19]. Also, the density functional theory (DFT) [20, 21] which can take
account of the continuous density profile near the interface has been proposed to avoid the capillarity approximation.
Further, as numerical approaches, the Monte Carlo (MC) simulations or the Molecular dynamics (MD) simulations have
been performed to clarify the nucleation process in detail or to provide the test data for the nucleation theories [13—-17,
22]. Recently, the homogeneous bubble nucleation analysis using a large—scale MD simulation with 5x108 Lennard—
Jones (L—-J) molecules was also conducted to accurately measure the bubble nucleation rate by Diemand et al. [17].

On the other hand, the theoretical or numerical studies on bubble nucleation for liquid hydrogen as a quantum fluid
have hardly been conducted compared with the classical fluids, except the studies on homogeneous bubble nucleation in
liquid parahydrogen using the DFT by Navarro et al. [23] and by Pi et al. [24]. Also, as a numerical approach considering
the quantum nature, Cao et al. [25] have proposed the path integral centroid MD (CMD) which can reproduce the
uncertainty of the position of nucleus at molecular scale. While Nagashima et al. [7, 8] have clarified the quantum effect
on the thermophysical properties or the transport properties using the CMD method, to our best knowledge, investigation
of the influence of the quantum nature of liquid hydrogen on the bubble nucleation using such microscopic simulations
has not been conducted.

This paper aims to clarify the quantum effect of liquid hydrogen on the bubble nucleation rate. In this paper, we
performed the analysis of bubble nucleation using the DFT [23] reflecting the equations of state (EOSs) [8] constructed
on the basis of the thermophysical properties obtained from the classical MD and the CMD, and the bubble nucleation
rates with and without considering the quantum effect were evaluated. We also evaluated the bubble nucleation rate using
the classical MD and the CMD simulations as numerical experiments. The validation of the results of DFT analysis was
done through the comparison with the result of the MD simulations.

2. Calculation Method
2.1 Evaluation of bubble nucleation rate using a density functional theory

In this section, the expression of the bubble nucleation rate is first shown, then an outline of DFT is presented. Becker
and Doring [11] focused on the dynamics of droplet cluster growth in droplet nucleation and formulated the bubble
nucleation rate on the basis of the assumption that the cluster size changes only by the adsorption or desorption of
monomer, i.e., one—step process. Further, the bubble nucleation rate g, which is defined as the number of critical bubbles
formed per unit volume and time, is given as Eq. (1) by principally exchanging the liquid and vapor phase in the theory
for droplet nucleation,
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where p; is number density of bulk liquid at temperature T, m is molecular mass, y is surface tension at temperature
T and kg is the Boltzmann constant. B is a constant determined from pressure difference between inside and outside
of the bubble [12]. The energy barrier W, is a dominant parameter in nucleation phenomena because the nucleation rate
depends exponentially on the energy barrier. In the CNT, the energy barrier is given under the capillarity approximation
which regards the continuous density profile in liquid—vapor interface as a step function. However, it is known that the
CNT overestimates the energy barrier and underestimates the bubble nucleation rate in some cases because of the
approximation [13—17]. Therefore, DFT has been proposed to avoid the capillarity approximation [20, 21].

The DFT for liquid parahydrogen was shown by Navarro et al. [23] following the procedure which was previously
employed for liquid helium [26-28]. The approach of the DFT is the same as the density gradient theory [29]. In the
general form, the Helmholtz free energy of a bulk system as a density functional is given by Eq. (2),

F= f dr (fa(p,T) + fux(p, T}, &)

where fig and f;, are the ideal gas term and excess term of the Helmholtz energy density, p and T are the number
density and temperature, respectively. In this study, each term of the Helmholtz energy density was given assuming
hydrogen is consisted of monoatomic molecules for the following reasons. First, since the rotational characteristic
temperature of hydrogen is 87.6 K [30] and therefore the rotational motion is not excited in the present low—temperature
conditions below the critical temperature of hydrogen, which is around 33 K. Further, the intermolecular potential of
hydrogen regarding the excess term can be approximated by the spherical potential because the internuclear distance is
very small. In addition, the intermolecular orientations of hydrogen due to diatomic molecules are considered to be hidden



by the apparent spatial spread of molecular position because of the quantum nature. In fact, whereas the thermal de Broglie
wave length of hydrogen is about 2 —3 A in the present temperature conditions and the molecular diameter when
assumed as a monoatomic molecule (the L-J parameter regarding the molecular diameter) is about 3 A, the internuclear
distance of hydrogen is only about 0.74 A [31]. Therefore, both the classical and the quantum system in this study
correspond to the monoatomic fluid, i.e., the L-J fluid. The only difference between each system is the presence or absence
of the uncertainty of the molecular position. Based on the above, the ideal gas term and excess term of the Helmholtz
energy density were given as follows. The ideal gas term of the Helmholtz energy density for a classical system is
expressed as follows on the basis of statistical mechanics [32],
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where h is the Plank constant. Note that the form of Eq. (3) was derived by considering only the molecular translational
motion. In fact, the ideal gas term of Helmholtz energy density of hydrogen is given as the ideal gas term of the Bose
system following the Bose—Einstein statistics [33]. However, since the ideal gas term has little influence for the saturation
and spinodal line as shown in appendix A, we conducted the DFT analysis focusing on the quantum effect on the excess
term which mainly affects the thermophysical properties. The excess term of Helmholtz energy density for the classical
and the quantum system was given by the EOSs which were constructed by Nagashima et al. [8] on the basis of the
classical MD and the CMD simulations. The EOSs were constructed using the Kataoka’s method [34] based on the
function form of the excess Helmholtz free energy F,y as,
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where B =1/(kgT), po = 1/03, By = 1/, N is the number of molecules, and p is the number density. € and o
are the L-J potential parameters shown in Sec. 2.2, and those values were set at &4, = 36.5 K and oy, = 2.96 A to
reproduce the experimental saturation line of parahydrogen [35] as presented below. According to the thermodynamic
relation, the thermophysical properties are expressed using the excess Helmholtz free energy F.y. The 35 expansion
coefficients A,,, in Eq. (4) for the classical and the quantum system were respectively determined to reproduce the
classical MD and the CMD simulation results of the excess internal energy and the pressure using the least square method.
The concrete values of the coefficients A, for each system are shown in appendix B. Note that the same L-J parameters
are used in the classical MD and the CMD simulations [8] and thus the difference of the thermodynamic property between
the classical and the quantum system as shown in Fig. 1 is caused only by the quantum nature reflected in the CMD
simulations. Details on the procedure of construction of the EOSs and the MD simulations can be found in Ref. [8]. Figure
1 shows the saturation and spinodal lines obtained from the EOSs, and we can see the saturation and spinodal lines are
largely different due to the quantum nature of the hydrogen molecules. Further, the EOS based on the CMD results can
reproduce well the experimental saturation line of parahydrogen [35, 36] except around the critical point. These EOSs
were used to provide the thermophysical properties for the DFT calculations of the classical and the quantum system.
Using the expansion coefficients A,,, for each system, the excess Helmholtz free energy density f. in Eq. (1) was
given as foy = Foy/V, where V is the volume.
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Fig. 1 Comparison of saturation and spinodal lines obtained by each EOS [8]. The minimum temperatures of the
classical and the quantum system shown here are respectively 24 K and 20 K, each of which is higher than that of the
triple point.



On the other hand, the Helmholtz free energy density for a liquid—vapor system, i.e., a system containing the vapor
and the surrounding bulk liquid with the liquid—vapor interface, is given by [23],

f=fiale,T) + fox(p, T) + E(Vp)2. (5)

The third term on the right side of Eq. (5) is the term related to the surface energy, where the value of ¢ was determined
to reproduce the experimental surface tension as below. The surface tension can be regarded as excess free energy per
unit area and is expressed as [37],
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where p; and py are the constant densities on the liquid and vapor side of the interface, u is the chemical potential.
We set the value of & for the classical and the quantum system to &g,ss = 15683.2 KA’ and $quant = 21574.8 KAS
so that the experimental data of surface tension [35, 38, 40] at T/T, = 0.6 are reproduced, where T, is critical
temperature. In this paper, we referred to the experimental surface tension of oxygen and parahydrogen to determine the
values of ¢ for the classical and the quantum DFT. Here, for the quantum system, the surface tension of parahydrogen
was referred and it is consistent to be that the EOS well corresponds with the experimental saturation line of parahydrogen
as shown in Fig. 1. In contrast, there are some fluids which have the same characteristic of thermodynamic properties as
the classical system as shown in Figs. 2 and 3; we have chosen oxygen as one of those fluids and its surface tension data
were referred for the classical system in this study. Also, to validate the above values of & for wide temperature
conditions, the comparison of surface tension between the calculated results for the classical and the quantum system
using Eq. (6) and the data of oxygen and hydrogen by NIST that can be regarded as experimental data [35, 38, 40] was
performed as shown in Fig. 3. Note that the experimental surface tensions in Fig. 3 are non—dimensionalized using the L—
J parameters ey, = 36.5 K, and gy, = 2.96 A (as mentioned above), &, =120 K and oo, = 3.369 A, where the
values of &g, and gp, were referred to a previous study [41]. As shown in Fig. 3, once the value of ¢ is fixed to the
value at a given temperature, the surface tension can be well predicted in wide temperature conditions using Eq. (6).
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Fig. 2 Comparison of saturation line between the EOS
based on the classical MD results and that by NIST data
of oxygen, nitrogen and argon [35, 40, 42, 43]. The NIST
data are non—dimensionalized by the L—J parameters of
€, =120 K and gy, = 3.369 A, en, = 99.03 K and
on, = 3.594 A, €5, = 1155 K and o0y, = 3.385 A
[41].

Fig. 3 The calculated surface tension. Open circle: results
of DFT using Eq. (6). Dotted line: NIST data of oxygen,
nitrogen, argon and parahydrogen [35, 38, 40]. The NIST
data are non—dimensionalized using the same L-J
parameters with Fig. 2.

Here, since the bubble nucleation phenomenon is generally discussed in grand canonical ensemble, the density profile
p(r) at a critical bubble nucleus is determined from the variational maximization of the grand potential density w =
f —up (= —p), in which p is pressure, leading to the following Euler—Lagrange (E-L) equation.
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where p is chemical potential for mother phase, i.e., liquid phase in the present case. Note that the bubble was assumed
to be spherical in this study; therefore, the density p is only a function of the radial position from the center of the bubble,
r. In this study, the E-L equation was numerically solved by shooting method [44]. Using the obtained density profile,
the energy barrier is given by Eq. (8) as the integral of local difference between the grand potential density of the liquid—
vapor system wy,_y and that of the bulk liquid system wy,

W, = f dr 4nr?[wp_y — L]
)
= f dr 4mr? [{£a(p(), T) + fux(p (), T) — up() + £(Vp(1) '} = (fialor, T) + fix(or T) — o]

where p(r) is the local number density, p; is number density of bulk liquid. Finally, the bubble nucleation rate is
obtained from Eq. (1).

In this study, the bubble nucleation analyses for the classical and the quantum system were performed at the same
reduced temperature and reduced superheat ratio [45]. The reduced superheat ratio S is given by,

Hsat — U Dsat — P
S = = ) )
HUsat — Hspn Psat — pspn

in which the subscript sat or spn corresponds to the values at saturation or spinodal point at a given temperature. Note
that the second formula on the right side of Eq. (9) is an approximate but appropriate expression obtained under the
assumption that the bulk liquid is incompressible. Shen and Debenedetti [45] reported that the energy barrier is properly
scaled by the reduced superheat ratio, and the scaling is valid for the bubble nucleation phenomenon in classical fluids.

2.2 Path integral centroid molecular dynamics method

In this study, we employed the CMD method [25] which can properly simulate the quantum nature at molecular scale
and reproduce well the thermophysical and transport properties of liquid hydrogen [6-8]. In the CMD method, the
hydrogen molecule is expressed by a ring polymer composed of beads, in which the spatial spread of the beads
corresponds to the position uncertainty of the hydrogen molecule [25]. This expression is based on that the quantum
partition function corresponds to the classical partition function for a ring polymer composed of beads [46], and we can
treat the molecular motion considering the quantum nature by solving the classical equation of motion for the centroid
defined as the mass center of beads,

[ ST Ty daf” 5(af - @ l)a ceXp( g0 [a?])
mg = - _ = F, (10)
[ [T, Ty dq5(q¢ —q) exp (gD [q])

where qf and ql(j ) are position of centroid and beads, q; is the average position of Feynmann’s path over imaginary
time, @ is the potential acting on the centroid. N is the number of molecules, L is the number of beads per molecule,
D is the action integral in imaginary time [25] and 8 = 1/(kgT). The force on the centroid F{ is the average force of

beads flg ), and is also expressed as follows,
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where ¢ is the interaction between each pair of the beads and the following L-J potential was employed for the
interaction,

$(d) = 4e {(%)12 - (%)6} (12)

where € and o are the potential parameters corresponding to the well-depth and molecular diameter, respectively, and
d is the distance between the pair beads. The potential parameters were set at ey, = 36.5 K and oy, = 2.96 A to
reproduce the experimental data of saturation line of parahydrogen as shown in the previous section. Other parameters
for the CMD simulations were set at the same value with the previous study [8]. In this study, the MD simulations and
DFT analyses shown in Sec. 2.1 were performed using in—house FORTRAN codes. Note that, in the next section, all



results are expressed in the non—dimensional unit defined by the molecular mass m and the two L—J potential parameters,
€ and o.

3. Results and discussion
3.1 Analysis of bubble nucleation rate using the DFT

Using the above constructed EOSs, the DFT calculations for the classical and the quantum system were performed
in the conditions of the reduced temperatures T /T, = 0.6 — 0.8 and the reduced superheat ratios S = 0.6 — 0.9. Figures
4 and 5 show the density profiles around the liquid—vapor interface calculated from Eq. (5) and the interface thicknesses,
respectively, at each critical bubble size. The thickness was calculated from the density profile according to the 10-90
thickness [47] defined as the distance in which the density varies from 0.1(p; — py) to 0.9(p{ — py). As shown in Figs.
4 and 5, we confirmed that the density profile of the quantum system gently varies compared with that of the classical
system and the quantum nature consequently increases the interface thickness in the same reduced temperature and
reduced superheat ratio condition. In a previous study, Nagashima et al. [8] reported that the quantum nature shallows the
well-depth of the intermolecular potential & and increases the apparent molecular diameter o. Therefore, the cause of
the increase of the interface thickness is considered to be the increase of intermolecular distance by that the quantum
nature decreases the intermolecular attractive interaction and increases the molecular diameter. Further, it was suggested
that the liquid and vapor density decrease because of the increase of the apparent molecular diameter due to the quantum
nature. Figure 6 shows the critical bubble radius of the classical and the quantum system which are calculated as the
position of Gibbs (equimolar) dividing surface [47] from each density profile. We also confirmed that the critical bubble
radius of the quantum system increases compared to that of the classical system. This is caused by not only the increase
of the interface thickness but also the change of the position where density is 0.1(p] — py) regarded as a boundary
position of the vapor region. For example, at T/T. = 0.6 and S = 0.6 (the black lines shown in Fig. 4), the boundary
positions of the classical and the quantum system are 2.15 [—] and 3.39 [—], and the interface thickness of the classical and
the quantum system are 2.31 [] and 3.65 [—], respectively.
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Fig. 4 Density profiles around the liquid—vapor interface calculated for the classical system (left) and the quantum
system (right) at T/T. = 0.6.
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According to the density profiles obtained from E-L equation, each energy barrier W, was calculated as the
difference of the grand potential between the critical system and the bulk liquid system from Eq. (8). Figure 7 shows the
energy barrier W." and that reduced by T*. As shown in the figure, the energy barrier W," was weakly dependent on
temperature as with the previous study [45], and the quantitative difference of the energy barrier W, between the classical
and the quantum system was small. Whereas, the energy barrier reduced by the order of the thermal kinetic energy,
W /T™ (= W, /kgT), of the quantum system was explicitly larger than that of the classical system when compared in the
same reduced temperature and reduced superheat ratio condition. Thus, the variation of the reduced energy barrier W."/T*
between the classical and the quantum system arose from the difference of the temperature T* between each system.
Here, since the grand potential density is given as w = f — up, and the Helmholtz energy density f of liquid—vapor
system is given as total of the surface energy and the bulk energy (volume energy) shown in Eq. (5), the energy barrier
W, calculated as the difference of the grand potential can be divided into the terms pertaining to the surface energy or the
volume energy. Based on the above, as the components of the reduced energy barrier W."/T*, the reduced surface energy
Weure/T" and that of the volume energy W,,;/T* are shown in Fig. 8. Note that the surface energy Wy, and the
volume energy W, correspond to the integral of only &£(Vp)? and that of the other terms in Eq. (8), respectively. As
shown in the figure, we confirmed that the quantum nature increases the surface energy and decreases the volume energy.
Additionally, the distribution of the surface energy and that of the volume energy are shown in Fig. 9 as local energy
Wi5ca- The local surface energy Wigear surface and the local volume energy Wigcavolume are given by Eq. (13) and (14),

M/local,surface r) = 4mr? [f{VP (T)}Z]: (13)

I/Vlocad,volume (T‘) = 47‘[1‘2 [{fld(p (1"), T) + fex(p(r)» T) - MP(T”)} - {fid(pL: T) + fex(pL' T) - l—lpL}]- (14)

From Fig. 9, we confirmed that the maximum and minimum values of the surface or volume energy are almost the same
between the classical and the quantum system. Whereas, those energy distributions of the quantum system spread and
locate away from the center of a critical bubble than that of the classical system. This is due to the increase of the interface
thickness and the vapor region, i.e., the resulting critical bubble radius, mentioned above. Therefore, on the basis of the
reduced surface energy Wy, /T and that of the volume energy W, /T" given as the integral of the local values in the
figure, we confirmed that the surface energy increases because of the increase of the interface thickness and the volume
energy decreases because of the increase of critical bubble radius (the increase of vapor phase region in other words). As
a result, the reduced energy barrier W."/T* of the quantum system is higher than that of the classical system because the
influence of the increase of the surface energy Wy, ¢/T " is larger than that of the decrease of the volume energy W, /T ™.
Figure 10 shows the distributions of the surface energy and the volume energy, in which the horizontal axis is reduced by
the critical bubble radius 77" shown in Fig. 6. From the figure, we confirmed that those energy distributions of the
classical and the quantum system corresponded well. This result indicated that the quantum effect on the reduced energy
barrier W/ /T* might be scaled by the two macroscopic parameters, the order of the thermal kinetic energy
T* (= kgT/e) and the critical bubble radius 7", regardless of temperature conditions. Figure 11 shows the bubble
nucleation rate obtained by substituting the energy barrier for Eq. (1). The bubble nucleation rate of the quantum system
is small compared with that of the classical system in the same reduced temperature and reduced superheat ratio condition.
These results indicated that the quantum nature of liquid hydrogen varies the density profile of the critical bubble by the
changes in the intermolecular interaction of the hydrogen molecules [8] as mentioned above, and results in the increase
of the energy barrier and the decrease of the bubble nucleation rate.
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Fig. 7 Comparison of the energy barrier (left) and the reduced energy barrier (right) between the classical and the
quantum system.
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Fig. 8 Comparison of the reduced surface energy (left) and the reduced volume energy (right) between the classical
and the quantum system.
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3.2 Evaluation of bubble nucleation rate using MD simulation

For the validation of the results obtained from DFT analysis, we also performed the MD simulations of homogeneous
bubble nucleation in the liquid with a high reduced superheat ratio (S = 0.8), in which bubble nucleation occurs in a
relatively short time that can be directly monitored by MD simulations as numerical experiments. In the present CMD
calculations, we set 8 beads for each molecule from viewpoint of calculation cost. Previously, that at least about 30 beads
are required for each molecule to quantitatively reproduce the quantum effect of liquid hydrogen was confirmed [43].
However, since the constructed EOS based on CMD with 8 beads relatively reproduce the experimental saturation line
compared with the EOS of classical system as shown in appendix C, we judged that the quantum effect on bubble
nucleation rate can be qualitatively evaluated even by the CMD with 8 beads. The number of molecules was 10976, and
we set the periodic boundary condition for all directions on a cubic simulation domain. The reference system propagator
algorithm method [49] was employed as the numerical integration method, and the time steps to solve the equation of
motion of the centroids and beads were set at 0.2 fs and 0.02 fs, respectively. In this simulation, first classical MD
simulation was performed during first 1 ps, then switched to the CMD simulation. After the CMD simulation in the
canonical ensemble using Nosé—Hoover chain thermostats [50] during 4 ps to prepare the equilibrium state at around
saturation liquid state, the simulation domain was isotropically expanded in one step to enhance homogeneous bubble
nucleation in decompressed metastable liquid state. During 4 ps after the expansion, the above temperature control was
continued because the temperature of the system decreases by the adiabatic expansion. After that, the CMD simulation in
the microcanonical ensemble was performed.

First, the void region where there is no molecule was judged using Maruyama and Kimura’s method [51] and the
volume of void region was evaluated. The typical time history of a void volume is shown in Fig. 12. Note that at time
t = 0 ps of transverse in Fig. 12 corresponds to the start time of MD simulation in the microcanonical ensemble. From
the figure, the void volume is first maintained at approximate constant a certain time. Then, the void volume rapidly
grows, and a bubble regarded as the aggregate of voids is generated. The time during the initial maintained void volume
is called waiting time, and the bubble nucleation rate was evaluated from the waiting time. We conducted 100 simulations
with different combinations of initial position and velocity of molecules and evaluated 100 waiting time for each classical
and quantum system. The bubble nucleation rate can be calculated from the time variation of the number of survival (non—

nucleated) samples n(t),
1 n(t)
Js=-— ﬁln <n—(0)>, (15)

where t is time, V is volume of the simulation domain [13, 52]. Substituting the gradient of approximate straight line
in Fig. 13 for In(n(t)/n(0))/t in Eq. (15), each bubble nucleation rate for the classical and the quantum system was
obtained as shown in Table 1. Here, we employed the initial steep gradient where the statistical accuracy is ensured [13,
52]. As shown in Table 1, the bubble nucleation rates of the classical system obtained from the MD simulation and the
DFT seem to correspond within the relatively small deviation about one order. However, since it was indicated that the
bubble nucleation rate is affected by the domain size of the MD simulation in previous studies [17, 53], the domain size
of the present MD simulation might not be enough for the detailed discussion on the quantitative difference of the bubble
nucleation rate from that by the DFT. For example, the bubble nucleation rate obtained from the MD simulation with
8000 atoms by Wu et al. [53] is about two order larger than that obtained from the MD simulation with 5x108 atoms by
Diemand et al. [17]. From these results, it is expected that the bubble nucleation rate decreases and the difference from
that by the DFT increases considering the larger domain than the present MD simulation. In this study, the qualitative
effect of the quantum nature on the bubble nucleation rate was focused assuming that the bubble nucleation rates for both
of the classical MD and the CMD simulation similarly decrease due to the size effect of the simulation domain. We
confirmed that the quantum nature reduces the bubble nucleation rate in the same reduced temperature and reduced
superheat ratio condition, and this result qualitatively corresponds to that of the present DFT analysis. The quantitative
difference of the bubble nucleation rate between the classical and the quantum system was small as compared with the
result of the DFT analyses, one of the causes would be that the present CMD with 8 beads did not quantitatively reproduce
the quantum nature considering that the CMD with 8 beads cannot reproduce exactly the experimental saturation line of
parahydrogen compared with the CMD with 64 beads as show in appendix C. Therefore, for more quantitative validation
of the present DFT results, the CMD simulations with the larger number of beads and the larger simulation domain is
necessary. However, the present MD results as numerical experiments show that the present DFT results, i.e., the decrease
of bubble nucleation rate by the quantum effect, will be qualitatively correct.
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Table 1 Bubble nucleation rates J; obtained from the DFTs and the MD simulations at T/T. = 0.7 and S = 0.8

Classical Quantum
MD 3.24x 107 0.509 x 107°
DFT 19.0 X 107 0.0968 x 10~

4. Conclusions

We have investigated the effect of quantum nature of liquid hydrogen on the homogeneous bubble nucleation rate
using the DFT with MD simulations. The DFT results showed that the quantum nature decreases the bubble nucleation
rate in the same reduced temperature and reduced superheat ratio condition, and it was indicated that the result was caused
by the difference of the density profile at the critical bubble size. We additionally confirmed that the DFT results are
qualitatively consistent to the bubble nucleation rates using the classical MD and the CMD simulations as numerical
experiments, which can support the validity of the DFT result at least qualitatively. In other words, these results indicated
that the simple scaling by the reduced temperature and the reduced superheat ratio might not be valid for a bubble
nucleation in quantum liquids. On the other hand, it was indicated that the quantum effect on the energy barrier height
might be scaled by the two macroscopic parameters, the temperature and the critical bubble radius. Clarification of the
relation between those macroscopic parameters and the microscopic effective potential parameters, the latter of which
changes due to the quantum nature shown by Nagashima et al. [8], and finding an appropriate scaling between the classical
and the quantum fluid are the next interesting problems.
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Appendix
A. The quantum effect on the ideal gas term of the Helmholtz free energy

Here, the influence of the difference in the ideal gas term on the saturation and the spinodal lines is presented. The
classical ideal gas term of the Helmholtz free energy was employed in the both DFT analyses for the classical and the

quantum system in this paper. The accurate ideal gas term of the Helmholtz free energy density for parahydrogen is given
by Eq. (A.1) according to the Bose—Einstein statistics,

kgT
fiagose = pkaT Inz = == gs2(2), (A1)

where A is the thermal de Broglie wave length given as A = /h?/2mmkgT. g is the function defined as g,(z) =
Y2,z /IP and z is the fugacity defined as,
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_ {1 if PA* 2 g3/2(1) (A2)

Zo if pA* < g35,(1)

where z, is the root of the equation, pA3 = g5 ,2(z) [33]. The saturation and spinodal lines were calculated from the
EOSs constructed by the Kataoka’s method [34] coupled with the ideal gas term of the Helmholtz energy density for the
classical system (Eq. (3)) and the Bose system (Eq. (A.1)) as below. From the thermodynamic relation, pressure p can
be expressed as follows using the Helmholtz energy density f = fig + fex»

b= (% (%))T + pkBTZS: ilAnmn %)n %)m (A3)

n=1m=-—

Note that the second term on the right hand side of Eq. (A.3) was derived from the expression of the excess Helmholtz
energy given by Eq. (4), and the same expansion coefficients A,,, for the excess term was given to confirm only the
influence by the ideal gas term. Using the obtained pressure—density curves at each temperature from Eq. (A.3), the
saturation point was calculated so that the pressure and the chemical potential of the liquid phase and those of the vapor
phase are respectively equal [30]. Further the spinodal point was calculated as the density where (dp/dp)r = 0 is
satisfied. Figure A.1 shows the comparison of the saturation and the spinodal lines obtained from the EOSs using ideal
gas term of classical or ideal gas term of the Bose system. As shown in the figure, each of the saturation and spinodal
lines is shifted up by considering the quantum nature for the ideal gas term. However, we can see that the quantitative
difference by the ideal gas term is small.

45

O Saturation (fid.Bose)
A Spinodal (fid,mc)
- Saturaﬁon (fi'd classical

---- Spinodal (£

id.classical

40 )

Temperature [K]

80

Density [kg/m?]
Fig. A.1 Saturation and spinodal lines obtained from the EOSs reflecting the ideal Helmholtz energy of the classical
and the Bose system.

B. The expansion coefficients of the EOSs

The coefficients A, of the EOSs for the classical and the quantum system are presented. From the thermodynamic
relation, the pressure and the potential energy are expressed using the excess Helmholtz energy as follows.

Uey = {a(gge")}p, (B.1)
=)o)

The values of coefficients A, in Eq. (4) were determined so that the pressure p and the potential energy Uey
calculated from the classical MD or the CMD are well reproduced using least square method. Here, the temperature ranges
of the referenced MD data are about T = 24 — 70K and T = 14 — 50 K for the classical and the quantum system [8],
respectively. The resulting 35 coefficients for each of the classical and the quantum system are shown in Table B.1.
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Table B.1 Coefficients A,,, in the EOSs.

Classical system

Quantum system

n m Apm n m Apm

1 -1 -1.029251E+01 1 -1 1.670957E+02
1 0 8.092454E+01 1 0 -8.472937E+02
1 1 -2.548110E+02 1 1 1.749834E+03
1 2 4.060925E+02 1 2 -1.886927E+03
1 3 -3.637892E+02 1 3 1.111972E+03
1 4 1.664662E+02 1 4 -3.408568E+02
1 5 -3.052595E+01 1 5 4.248982E+01
2 -1 3.535638E+01 2 -1 -1.838741E+03
2 0 -2.383210E+02 2 0 9.394093E+03
2 1 6.422277E+02 2 | -1.949799E+04
2 2 -8.549804E+02 2 2 2.103187E+04
2 3 5.873190E+02 2 3 -1.241816E+04
2 4 -1.803162E+02 2 4 3.805882E+03
2 5 1.509516E+01 2 5 -4.731820E+02
3 -1 -4.759112E+01 3 -1 6.733856E+03
3 0 2.309243E+02 3 0 -3.447921E+04
3 1 -2.771112E+02 3 1 7.168962E+04
3 2 -3.265888E+02 3 2 -7.740421E+04
3 3 9.983890E+02 3 3 4.572170E+04
3 4 -8.019189E+02 3 4 -1.400463E+04
3 5 2.163155E+02 3 5 1.738286E+03
4 -1 3.198374E+01 4 -1 -1.023013E+04
4 0 -6.349142E+01 4 0 5.245561E+04
4 1 -3.976525E+02 4 1 -1.091592E+05
4 2 1.680099E+03 4 2 1.179101E+05
4 3 -2.434304E+03 4 3 -6.965220E+04
4 4 1.561727E+03 4 4 2.132367E+04
4 5 -3.751708E+02 4 5 -2.643783E+03
5 -1 -9.600149E+00 5 -1 5.564253E+03
5 0 -7.320356E+00 5 0 -2.856436E+04
5 1 2.893069E+02 5 1 5.948831E+04
5 2 -9.210605E+02 5 2 -6.427604E+04
5 3 1.229739E+03 5 3 3.797241E+04
5 4 -7.553655E+02 5 4 -1.162143E+04
5 5 1.762989E+02 5 5 1.439858E+03

C. The effect of number of beads in the CMD simulation

Here, we show the effect of number of beads in the CMD on the thermophysical properties. In the CMD method, the
basic equations have been formulated using the relation that the classical partition function for a ring polymer composed
of beads corresponds to the quantum partition function only in the limit of infinite number of beads. However, since
infinite number of beads cannot be treated in actual CMD simulation, the CMD with enough number of beads is regarded
as good approximation. The dependency of the number of beads on the thermophysical properties is reported by
Nagashima et al. [48]. For reference, we show the comparison of the saturation lines obtained from the EOS which was
constructed on the basis of the CMD simulations with 8 or 64 beads in Fig C.1. Here, the CMD simulations with 8 beads
were performed using the same calculation conditions with Nagashima et al. [8] except the number of beads. The EOS
reflecting the CMD results was also constructed by the Kataoka’s method. As shown in Fig. B.1, we can see that the CMD
with 8 beads can fairly reproduce the experimental saturation line compared with the classical MD although the

quantitative deviation from the NIST data is remained.
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Fig. C.1 Comparison of saturation lines given by the EOSs based on the classical MD or the CMD with 8§ or 64 beads
[8].

Nomenclature

Coefficients for equation of state [—]
Constant on mechanical equilibrium of bubble [—]
Intermolecular distance [m]

Action integral []]

Helmholtz energy density [J/m3]
Helmholtz free energy []]

Plank constant [] - s]

Bubble nucleation rate [1/(m?3 - s)]
Boltzmann constant [] /K]

Number of beads [—]

Molecular mass [kg]

Number of non—nucleated samples [—]
Number of molecules [—]

Pressure [N/m?]

Radial coordinate [m]

Critical bubble radius [m]

Reduced superheat ratio [—]

Time [ps]

Temperature [K]

Critical temperature [K]

Potential energy []]

Volume [m?3]

Energy barrier [J]

Fugacity [—]

Position of centroid

q; Position of beads

q; Average position of Feynmann’s path
F; Force on the centroid

R‘m\'a"ﬁj\nb&w=2>
3

[o~]

SSQHNTLUR IV = 3T

N
a

o~

f(j ) Average force of beads

Greek Letters

Inverse temperature [1/]]

Surface tension [N/m]

Interface thickness [m]
Lennard-Jones potential parameter []]
Thermal de Broglie wave length [m]
Chemical potential []]

Constant for surface energy [K - A°]

ME MM =T
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p Number density [1/m3]

o Lennard-Jones potential parameter [m]

[0) Intermolecular pair potential []]

o} Potential acting on the centroid

W Grand potential density [J/m3]

Subscripts

Ar Argon

ex excess term

id ideal gas term

L Liquid

\' Vapor

L-V Liquid-Vapor

H, Hydrogen

N, Nitrogen

0, Oxygen

class classical system

quant quantum system

sat saturation

spn spinodal

local local

surf surface energy

void void

vol volume (bulk) energy

Superscripts

* Non-dimensional value (reduced by ¢, g, m)
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