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Abstract
In model theory, function symbols for formal systems are usually assumed to be
totally defined. This paper reports that category theory is defined and discussed
as a formal system with partial operations in first order predicate logic. We also
review a formal definition of relational calculus with a local boolean structure and
satisfying de Morgan-Schroder equivalences.

Key Words and Phrases: Category theory, Formal system, Relational calculus, de Morgan-
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1. Introduction

Relational calculus (theory of binary relations) was founded by [de Morgan (1864)],
[Peirce (1883)] and [Schroder (1895)]. [Freyd and Scedrov (1990)] presented theory of
allegories as a categorical relational calculus improving relation algebras by [Tarski (1941)].
Recently [Benzmiiller and Scott (2018)] and [Benzmiiller et al. (2020)] investigate auto-
matic consistency checking of axiom systems for category theory.

Relational calculus has been applied to a maximum principle [Berge (1963)] in
mathematical economy, Hoare logic [Hoare and Jifeng (1986)] verifying programs, graph
transformations [Ehrig et al. (2010), Mizoguchi and Kawahara (1995)] by graph gram-
mars, continuous transition relations [Furusawa et al. (2012)] of non-deterministic cel-
lular automata, and formal concept analysis [Ganter and Wille (1999)]. Our research
aims development of softwares for relational calculus, formal verification of small-scale
but important programs for medical devices concerned with human life, analysis of graph
structures from big data, and so on.

In model theory, function symbols for formal systems are usually assumed to be
totally defined. For example, [Burmeister (1986)] and [Robinson (1989)] have been stud-
ied general theory of partial algebras. The present paper reports that category theory
[MacLane (1971)] is defined and discussed as a formal system with partial operations
(partial function symbols) in first-order predicate logic. At the end of the paper, as
a generalization of relation algebras [Tarski (1941)], we will mention a foundation of
relational calculus with a local boolean structure and satisfying de Morgan-Schroder
equivalences.
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2. Category theory as a formal system
First of all we assume (classical) first order predicate logic with logical symbols A
(conjunction), V (disjunction), — (negation), — (implication) and <> (equivalence), V
(universal quantifier) and 3 (existential quantifier). Of course we use the equality symbol
= as a primitive predicate. Category theory as a formal system [Freyd and Scedrov (1990),
Scott (1979)] has two unary operations © (source) and ® (target), and a binary opera-
tion - (composition).
As usual, terms in category theory are recursively defined as follows:
(a) Each variable x and constant ¢ are terms.
(b) If t is a term, then so are t© and t®.
(¢) If t and s are terms, then so are ¢ - s.
Also, formulas are recursively defined as follows.
(a) If t and s are terms, then the equation (¢ = s) is a formula.
(b) If ¢ and 1 are formulas, then so are ¢ A, ¢V b, ~d, ¢ — 1 and ¢ <> .
(c) If x is a variable and ¢ is a formula, then V. ¢ and Jz. ¢ are formulas.
The first axioms in the paper are axioms for equality.
AXIOM 2.1 AXIOMS FOR EQUALITY.
eql] (z=y)— (y=ux), (symmetric law)
eq2] (z=y)AN{y=2z)—(xz=2). (transitive law) O

We do not assume the reflexive law (2 = ). The equation (¢ = ¢ ) will be used to suggest
the existence (or, definability) of a term ¢, and (¢ = ¢ ) is abbreviated as (¢). Clearly [eq0]
(z=1y) = (z) A (y) follows [eql] and [eq2]. This means that the expression (¢ = s)
presents not only the equality but also the equational existence of terms ¢ and s. Kleene
equality (x ~ y) is an abbreviation [Scott (1979)] of a formula () V (y) — (z =y).
Obviously (z ~y) and ({(x) < (y) A({(z) = (z=y)) = (x ~y) hold.

3. Axioms for categories

Category theory satisfies the following axioms. In what follows the composition
symbol - will be omitted.

Ax10M 3.1 AXIOMS FOR CATEGORIES.

[sbn®] (z=y)— (2® =9°), (substitution)
[sbn®]  (z=y) = (2% =y®),
[def€]  (ay) — (2% =y), (definability)
[sbn®] (z=y)A{zz) = (22 =y2), (substitution)
(z=y) N (zx) = (22 = 2y),
[(d®°]  (29) = (2Pz =z), (identity)
[(d®]  (2®) = (22® = 2),
[assC]  (zy) A (yz) — ((zy)z = z(y2) ). (associative) O
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The above axioms slightly modify ones of [Freyd and Scedrov (1990)].
Cf. [Benzmiiller and Scott (2018), Benzmiiller et al. (2020)].

As usual, a dual t* of a term ¢ is recursively defined as follows: z* = x for a variable
x, ¢* = ¢ for a constant symbol ¢, and (t°)* = (¢t*)®, (t¥)* = (t*)© and (ts)* = s*t*
for terms ¢ and s. Also a dual ¢* of a formula ¢ is recursively defined as follows:
(t=s)" = (t* =s*) for terms t and s, and (¢ A ¥)* = ¢* AY*, (¢ VY)* = ¢* V ¥,
(m9)* = —¢*, (¢ = V)" = ¢* = ¢¥* and (¢ < )" = ¢* + * for formulas ¢ and .

Where the symbol = denotes the syntax equality for terms and formulas.
The axioms 3.1 for category theory consist of dual pairs of formulas. For example,

[sbn®]* < [sbn®], [def€]* <+ [def€] and [assC]* <+ [assC]. Therefore, if a formula ¢ is
provable (using 2.1 and 3.1), then so is the dual ¢*.

PRrROPOSITION 3.2. In category theory the following hold.

(def®)  (2%) < (),
(def®)  (2%) < (),
(O®)  (29® ~ 40},
(80) (29O ~ @),
(©0) (2@ ~ g0},
(®0) (280 ~ g®),
(reg®)  (zy) = () A {y),
(C°)  (zy) = ((zy)® =29),
(C®) (ay) = ((ay)® =y?),
(d?)  (y%z) = (yCr=2), (y%2)—= (yPz=1),
(d?)  (2y®) = (2y® =), (2y®) = (2y° =12),
(def?)  (ay) < (2 =y9),
(sbnf) (z=y)A(z=w) > (zz=yw),
(z=y)N(z=w) = (zz > wy),
(ass¥)  ((zy)z ~ (yz))
Proof. (def®) (z°) < (x):
(29) — (2% ==z) {[d°]}
- (z=uz) { leq0] }
— (22 =2°) {[sbn®]}
— (29)

Note that (def©) and (def®) imply the following equivalences.
() < (2°9) & (29) & (299) & (29F) & (299) & (289,

For example, {2°) < (299 ) can be deduced by substituting z® for z in {z) < (z®).
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(z) — (29) { (def®) }
— (2®Px=1) { [id®] }
- (2%2) { leq0] }
S (228 =a®). {[aefC])

(69) (299 ~ 19

(2P = 289 ) A (4990 = 109 {
(299 =2990) A (58 = 489) A (2900 = 98} [ [sbne] )
— (299 =2°).

(z)

(reg®) (wy) — (x) A (y):

(zy) — (2% =y°)  {[def]}
— (2P)A(y®) {leqO] }
= (z)A{y). { (def®), (def®) }
(CO) (zy) = ((2y)® =2)
(zy) ) A{zy) reg®) }

(y%2) — (y®¥=2%) A (y®z) {[def]}
= (y¥=2)A(y%2) {(°9)}
— {(yPz =a®x) { [sbn®] }
- (yCr=ux). { [id®] }

Note that (y®z) — (y®z = ) follows (¥°) and (id?).

T
(def) (zy) < (2% =y®):
An implication (zy) — (

id®], [id®] }

A

{1

= {
((za®)y = 2(x%y)) { [ass] }

{

{I

=) has been given as [def®]. We need to show the
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(22} A {2 =y) A{z=w)
— (zz=yz)AN(z=w) { [sbn®] }
= (ez=yz) AN (yz=yw)  {[sbn“]}
= (zz=yw). { [ea2] }
(35) ((e9)2 = 2(y2))
((y)z) — ((xy)® =2°) { [def] }
= (ay) A{(zy)® =2%) {(def®) }
= (ay) A (y®=2%)  {(C%)}
— (zy) A (yz) { (def{) }
In ac similar way we prove (x(yz)) — (xy) A (yz). Hence the statement is true by
[ass©]. O

In category theory a term ¢ is called a morphism if (t) holds. By (def®) a term
t is a morphism if and only if so is t© (or ¢t®). Thus the source © and the target @
are totally defined on morphisms. On the other hands, a term rs is a morphism (or,
terms r and s are composable) if and only if (r® = s°). The fact indicates that the
composition - may be partially defined. A morphism ¢ is called an identity morphism
(or object) if (¢ =t©). Tt is trivial that both of t© and t? are identity morphisms for all
morphisms ¢. A morphism ¢ is an endomorphism if (t© =t®). All identity morphisms
are endomorphisms, since (t°° =t° =% ) and (t9° =% = %%,

We will abbreviate a formula (r® = s°) A (r® =s%) as (|| s). A pair of mor-
phisms r and s satisfying (7 || s) is called parallel.

PRrROPOSITION 3.3. In category theory the following hold.

(regh) (2 [ly) — (2) A (y), (regular)
(ref)  (z=9y) = (2| y), (reflexive)
(syml) (2 lly) = (yll o), (symmetric)
(trnl)  (z|y)A (Y] 2z) = (x| 2), (transitive)
(d) (2% y°) = (2° =4°),
(sbnl) (x| y) A (z2) & (zz | yz), (substitution)
(zlly)A(zz) & (22| 2y)
Proof. (regl) (z || y) = (z) A (y)
(zlly) — (2%=y°)A(2®=y")
= (22) A {y®) { [eq0] }
= (z) A (y). { (def®), (def®) }

(retl) (z =y} = (x| y)
(w=y) = (a°=1")A(a® =y®) {[n"])
= (@ lly). { def of [}
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(syml) (x| y) = (y ]| =) :
(zlly) = (2=9y")A(2®=9") { |}
= (y7=2")A(y® =2®) {ledl] }
5 {yl=) t
(trnl) (z | y) Ayl 2) = (z ] 2)
(zlly) A {yll2)
= (2% =y") N (2% =) A (" =2)A (" =2%) { |}
= (2% =29) A (2% =29) { [ea2] }
- (z] 2). {3
() (2 [ y°) > (2= = 4°)
(z911y°) — (2% =y"°) { I}
= (2%=9°).  {(®9)}
(bl (2 | y) A (22) & (22 | y2)
(zly)A(az)
= (@ lly) Alez) A(a® =y®) A (a®=29) { |, [def ] }
= (z[ly) A (az) A{y® =2° { [eq2] }
= (2% =y") A(xz) A (yz) {1, (def$) }
= ((22)° = (y2)7) A ((22)® = (y2)?) {(C®), (C®) }
= (zz ]l yz). {13
(zz | yz)
= (@z) A{yz) A ((22)° = (y2)°) { (regh), [ '}
= (@z) A (2% =22) A (Y =2%) A (2% =) { (def)), (C7) }
= (w2) A2 =y") A (2% =y®) { lea?] }
= (zz) A (z]ly) {1
The parallelism (z || y) is an equivalence relation.
4. Axioms for boolean operations
In relational calculus we will use four unary operations © (source), @ (target), ~
(complement) and ¥ (converse), and three binary operations - (composition), M (meet)

and U (join).

Relational terms in relational calculus are recursively defined as follows:

(a) Each variable 2 and constant ¢ are relational terms,

(b) If t is a relational term, then so are t©, ¥, ¢t~ and tF.
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(¢) If t and s are relational terms, then so are ts, tMs and ¢t U s.

A relational term t will be called a relation if (¢) holds. The duality for categorical
terms may be extended to one for relational terms as follows: (t7)* = (+*)7, (t#)* = (¢*),
(tMs)* =t*Us* and (tUs)" =t*Ms* for terms ¢ and s.

Next we will state axioms imposed on M, Ll and ~. The axioms supply category
theory with a locally boolean structure.

AXxioM 4.1 AXIOMS FOR BOOLEAN OPERATIONS.

[def™  (zMy) = (z||zNy), (definability)
[def”] (zUy) = (x| zUy),

[sbn"] (z=y) > (zMNzx~yNz), (substitution)
[sbn"] (z=y)—=>(zUz~ylUz),
[com™] (znNy~ynz), (commutative)
[com"] (zUy~yUz),

[dst™]  (zN(yUz)~(zMNy)U(zM2)), (distributive)
[dst”] (zU(yMNz)=~(zUy)N(zUz)),

[reg”] (a7 ) — (), (regular)

(V] (elly) > {znuy) =a),

(0] (zlly) = (zU(yNy") ==) O

Terms y Uy~ and y My~ will be abbreviated as yV and y?, respectively.

The axioms 4.1 for boolean operations consist of dual pairs of formulas. For exam-
ple, [def " * «» [def"], [V]* <> [0] and [reg™]* <> [reg™]. Therefore, if a formula ¢ is
provable (using 2.1, 3.1 and 4.1), then so is the dual ¢*.

PROPOSITION 4.2. In relational calculus the following hold.

(defl)y (xzny) < {z|y), (definability)
(defl) (zUy) < (z]y),
(idm™) (x) = {(zNz=u1a), (idempotent)
(idm") (z) > (zUz=2x),

%) {zlly)yo (] 5%) o (27 =57),

(%) Azlly) e (ally?) o (2®=4"),

) (zly) = (o),

(9 (xly) o (zUy¥ =47),

O7)  (zlly) e (angd =y0),

(abs") (z|y)—={(zN(zUy)=u1), (absorption)
(abs”) (x| y) = (zU(xMy) =x),

©)  (zUy=y) o (zMy=2x),

(L) (zUy=zUz)yA{zNy=aNz)— (y=2z),

(

zUy=aV)A{zNy=2a") = (y=a7),
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(V7)) (z) = (2V T =a"),
) (z) = (2P =2V,
) ({z)= (a7~ =z)
(sbn™) (z=y) = (2" =y7),
V) (ay) = (ay¥) A (aVy)
) (ay) = (2y”) A (aly)
Proof. (defl) (zMy) < (x| y):
(zMNy)

= AzfzNy)A{zNy=yNax) { [def™], [com™] }

= (zllzny)A(zNy[[yNz)A(yNz) { (reflh), [eqO] }

= (zflzny)A(zNylyna)A(ylyna) {[def"]}

= (z|y). { (sym), (trn) }

(zlly) — (zn(yUy )==z) {[V]}
= ((@nyu(zny’)==z) { [dst"] }
= ((eny)U(zny)) { leq0] }
= (2Ny[[@@ny)U(zny7)) {[def"]}
— (zNy). { (regl) }

Note that (reg”) (xMy) — (x) A (y) follows (def!) and (regll).
(idm™) (z) > (zNz==x):
(z) — (z|=z) { (vetll) }
— (xnNx) { (def)) }
= (x| znz) { [def™] }
= (zNz|z) { (syml) }
— (zNz=(zNz)U(xznz)) {[0]}
— (zMNx=zN(zxUz7)) { [dst"] }
- (zNz=z). {[V]}
V) (zlly) (2]l yY) < (2¥ =yV)
D{z|y)—=(zly¥)
(zlly) — (eny¥=2z) {[V]}
- (znyY) { [eq0] }
= (z]yY) { (defl)) }
@) (x| yV) = (aV =yV):

(zlyY) = (zly¥V)A{z)A{y") { (vegl) }
= (xllyV)A (x| 2V)A(yllyY) { (1), [def"] }
= (yVlz)A(2Y [ly) { (trnl) }
= (y¥na¥=yV)A(zVNyY =2V) {[V]}

- (¥ =yV). { [com"] }



Relational Calculus as a Formal System

(zV=9yV) = (V[ yV)A(zV)A(yY) { (refll) }
= (@ YY) Alalla¥)A(y llyY) {[def"] }
= (zlly) { (trnl) }

) (zlly) = (= lly™):

(zlly) — (znNyuUy )==z) {IV]}
= ((@ny)U(@ny ) ==z) {[dst]}
= ((@ny)u(zny)) { [eq0] }
= (znyllzny™) { (def?) }
= (zNy") { (vegh) }
= (zly ) { (defl') }
Note that ([|¥), ([|*) and (||7) imply
(z]y) = (¥ =9V ="V =y V) A (2 =00 =V =y ")
M (xlly) = (zny? =4)
(D) {z) = (xzna® =2")
(z) = (z|a") {1°
— (znz?) { (def) }
— (x| znz?) { [def™] }
- ((znzu@nz)=zuz?) {[0]}
— (znN@E@Puz )y =2na?) { [dst"] }
— (zNa” =zna?) {[0]}
— <z®:xl_lz®>.
2) (2|l y) = (zny? =4")
(zlly) = ("=y")A(ana®=2") {7, 1)}
= (zny? =) { [sbn"] }
(abs”) (z [ y) = (zU(zNy) =)
(zlly) — (znNy) { (defll) }
= A(zfzny) { [def™] }
— (zU(@@Ny)=zU(zNy)) { (def?) }
= (eU(zny)=@nyY)u(@ny)) {[V], [sbn"]}
= (zU(@Eny)=2n(YUy)) { [dst™] }
— (zU(@zny)=znyY) {9}
— (zU(zNy) ==x). {IV]}
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E)(zUy=y) e (zNy=x):

(zUy=y) — (z=zN(@Uy))A(zUy=y) {(abs")}
— (z=zMNy). { [sbn"] }
(zNy=2) — (y=yuU@nz))A(zNy=x) {(abs”)}
- (y=yUuz). { [sbn"] }
(L) (zNy=aNz)A{(zUy=aUz) = (y=2):
y = yNyUa) { (abs™) }
= yMN(zUx) {zUy=aUz}
= (yNz)Uynae) {[dst™]}
= (zNy)U(ynz) {[com™]}
= (Ny)U(zNz) {zNy=aNz}
= zM(yUx) { [dst™] }
= zM(zUx) {zUy=2Uz}
= 2z { (abs™) }
Note. (zMy=a)A{(zUy=0) > (y=al(bNa™)):
y = yh(zuz") {Iv]}
= (yNz)u(ynz") { [dst™] }
= alU(yNa) {zMNy=a}
= aU((ynz7)u(znz7)) {[0]}
= aU((yuz)na") { [dst™] }
= al(bMz7). {zUy=0}

L5) (zNy=a’YA(zUy=2") = (y=a"):

It is a particular case of (L7).

(Vo) {z) = (a¥V ™ =a’):

First note that () — (x| a=) A (| #¥ ) and 50 () — (¥ =¥ =¥) by (V) and
(II7). Hence

vV —

T = 2V nav-V {[V]}
= zvV-nav {2V=-V =2V}
= V! { [com"], [0]}
= ' {z =Y, (I}

() (z) = (2" =a):

Assume that (z). Then 2~ Mz = 2 and 2~ Uz = zV. Hence x = x~ ~ holds by (L5).
(sbn™) (z =y) = (27 =y~ ):

If (x=1y), then

yMy~ {[0], [sbn"] }

y(D

a?, { etl), (1) }

rMy™
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and

cUy- = yUy {[V], [sbn"] }

= 2% {(eth), (%)}
Hence we have (y~ =2~ ) by (Lg).

(V) (zy) = (ay¥) A (2Vy) :

(zy) — (a®=y") {(def)}
= (2®=9V°) {(V)}
= (ayV). { (def{) }.

11

The join U and the meet M are partially defined on relations, and the complement

~ is totally defined on relations.

A formula (z My = 2 ) will be abbreviated as (z C y ). Recall4.2 (C) (zMy=z) +

(zUy=1y).

PrOPOSITION 4.3. In relational calculus the following hold.

V) Azlly) = (zEy7),

(
(refE) (z=y)—= (zCy), (reflexive)
(defE) (2Cy) = (x]y),
(trmE) (2 Cy)A{yCz) = (xCz2), (transitive)
(antE) (zCy)A{(yCzx)—=(z=y), (antisymmetric)
(inf) (zCzNy)+ (zCz)A(zCy),
(sup) (zUyEz) < (zCz)A(yE2),
(ass"’ ((zNy)Nz~an(yNz)), (associative)
(ass”) ((zUy)Uz~zU(yUz)),
(CM) (2C2")A{(yCy') = {(zNyCa' Ny, (monotonic)
(EY) (zCa")A(yCy') = (zUyCa'Uy),
(C7) (eCy )e(eny=a") e (ySa),
(27) (¢ Cy)e(zUy=z")e(y Co),
(V=) V. ((2Cz) < (2Cy)) = (z=y),
(V=) Vo ((zCz) e (yCz)) = (z=y),
(W) Vz ((zNz=2) o (yNz=2")) = (2 =y),
(M) (zlly) = {(@@ny)” =2~ Uy ), (de Morgan)
7)) A(zlly)=((zly)” =z~ Ny ),
(Cy) (zNyCzUw)+« (zNz”  Cy Uw), (contraposition)
(zCy)e(y"Ca7)
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Proof. (V) (x| y) = (xCyV):

(z=y) — (z=y)A(zNz=2) {(idm7)}
- (zNy=u=x) { [sbn"] }
- (zEy)
(def=) (2 Ty) = (z[ly)
(zCy) — (zNy=uz)
= (znNy) { [eq0] }
= (zy) { (def) }
(trn=) (e Ey)A(yC2) = (zE2)
Assume (z Cy) and (y C z). Then
r = zU(zMNz) { (abs") }
= (zNy)U(znz) {zCy}
= anua) {7}
= aMgz, {yC=z}

which implies (z C z).
(ant%) (z Cy) A (yEa) = (z=y):

(zCy)AN(yCz) — (z=zNy)A(y=yNz)
= (z=y) { [com"] }
(inf) (zCzNy) < (zCz)A{(zCy)
(zCany)
= (zNyCz)A{zNyCy)A(zCxNy) {(abs™) }
— (2Ca)A(2Cy) { (trn=) }
(zEz)A(zCy)
= (z=zNz)A(y=yNz)A(z|y) {(def])}
= (zNy=(zUz)N(yUz)) { (defl), [sbn""] }
= (2Ny=(zNy)Uz)) { [dst"] }
— (zCzMNy).

(ass™) ((zMy)Mz~azN(yMz)):
First observe that

(@ny)nz) o (zlly) A (yllz) < (zN(yM2)).
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(@Ny)Nz) < (2Ny| z) { (defl') }
= (znyllz)A{zNy) { (regl) }
= (zNyllz)A(zly) Az | zNy) {(def])}
= (zlly) Ayl 2). { (tml) }

Assume ((zMy) M z), or equivalently (x || y) A(y || z) by the above observation. Then
using (inf) and (trn=) we have

— (2NNz) Ca)A{yNzCy)
A{zMyNz)CyNz)A{(yMNzLCz)

= {zNNz)CzNy)A{zN(yNz)Cz)

= (zNNz)CE(zNy)MNz).

By the similar way the converse inclusion (x My) Mz C 2 M (y M z) holds.
CE)(zEa)A(yEy) = (zUyEa’Uy):

(zCa" )N (yCy")
= (2C2 )N (2T’ Uy )A(y Ty )A(y Ca'uy') { (sup)}
= (z2C2'Uy )N {(yC2' Uy { (trnE) }
— (rUyCa'uy) { (sup) }

(CH){z  Cy)e(vly=a" ) (y Ca):
By the commutative law [com"] it suffices to prove the first equivalence.

(z7Cy) — (zUy=zUy)A(z-Uy=y) {z|y}
— (zUy=zU(z" Uy)) { [sbn"] }
— (zUy=(zUx")Uy) { (ass”) }
— ({zUy=aVUy)
- (zUy=2zV). {9}
(zUy=2aV)
= (y=yU(@nz))A{zUy=2") {[0]}
= (y=@Ua)N(yUz"))A({zUy=2aV) {(dst”)}
- (y=a¥(yuz")) { [sbn"] }
- (y=yUa"). {[vl}
(V=) Vz. (2 E2) < (yCz)) = (z=y)
Vz. (2 Ez) < (yC 2))
= (yEx)A(zCy) {zCa,yCy}
- (z=y { (ant=) }
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(VY Ve, (zMz=2") o (yNz=2")) s (z=y):

— V2. ((zC a2~ ><—><ZEZF>) { ()}
= (7 =y7) { (%)}
- (z=y) {(sbn™), (" 7)}

(zE(Uy)”) © (eUyEzT) {(C7)}
© (zE27)A(yEz7) {(sup)}
o (zCz)n(zEy) {(ET)}
< (zCz Ny ). { (inf) }
Co)(zNyCzUw) < (zMNz” Cy Uw)
(zMNyCzUw)
& ((@ny)nzuw)” =2") {(C)}
o ((zny)n(z-Nw™) =2) { (de Morgan) }
& ((@nz)n@nw)=2")  {[com"], (ass") }
o (Enz)n nw)=2") {("7)}
& ((znz)n(y~ Uw)” =2)  { (de Morgan) }
< (zNz2" Cy Uw) {(C)}
In particular, (z Cy) <> (y~ C 2~ ) holds. O

A substitution law (z =y) A (z C z) — (y C z) immediately follows (ref=) and
(trnE).
5. Axioms for converse

We may say that the converse ! is a particular operation characterizing relational
calculus.

AXI10M 5.1 AXIOMS FOR CONVERSE.
regf]  (#) = (=),
[def?] (@ [l y) = (zy?) A (afy),
MS]  (ayMz=2) < (af2ny=9") & (zyfne=2").
(de Morgan-Schroder equivalences) O

de Morgan-Schroder equivalences [MS] are often given as
(zyCz) e (a2 Cy ) & (g Ca),
and it is equivalent to Dedekind formula

(zy |l z) = (zyM 2z C (zNayf)(yNatz)).
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A formal system satisfying all axioms axioms 2.1, 3.1, 4.1 and 5.1 is sometimes called
elementary relational calculus. Historically, almost all relational calculus till relation
algebras [Tarski (1941)] might be studied within elementary relational calculus except
for categorical setting.

PROPOSITION 5.2. In relational calculus the following hold.

(regh) (af) & (),

(*9)  (z) = (a?® =29)

(*®) () = (2*® =2®)

(def?) (z) — (xa? || 2°) A (zfz || 2®)

U5 (= lly) = (=" ")

(sbn®)  (z=vy) — (2% =¢*), (substitution)
(5 (z) = (af =2), (involutive)
() (zy) = ((zy)* = yha?) (contravariant)
(id*)  (2) = (z9F =2O) A (2P = 2P)
€@ (ay) = (2y? = (2y)?) A (2% = (21)?),  (zero law)
(U9 ((zUy)z =z Uyz), (distributive)

(z(yUz) ~ oy Uxz),

(CY (2Cy)A{(zCw)A{zz)— (zzCyw), (monotonic)

(M) (2(yNz)) = (z(yNz) CryNaz), (subdistributive)
((xMy)z)) = ((zNy)z CazMyz),
) Az lly) = ((zuy)f=afuy?),

(M) (zlly) = ((@ny)f =2t Ny?),

(CH) (zCy)— (af Cyf), (monotonic)

(V5 () = (aVE=atV)

) (x) = (2P =at?)

(H (z) = (zF=at")

(z') = (=) {[reg']}
— (2fz) {[deff] }
= (af). { (reg®)}
(*9) (z) = (' = 2®)
(z) — (aat) { [def?] }
— (29 =289). {[def®]}
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(z) — (x| =) { (refl) }
- (zxt) { [def?] }
= ((229)® =2%) A ((22h)® =2*®)  {(C%), (C¥) }
= ((229)® = 2) A ((229)® = 2%) {¢9)}
= ((229)° =299) A ((aah)® =2°®) {(°9), (°9)}
— (x| 2°) {1
(%) Cz ) — (o [l y#) -
(zlly) — (2®=y")A (2% =9y") {13
- <xﬂ@:yu®>A<xﬁe:yﬁe> { (#9), (tie)}
= (2f ] o). {0y
(sbnf) (2 =y) — (2F =4%):
Assume (z =y ). For all z we have
(2fmz=22) & (atumz=2") {u=2% (idP)}
< (zznu=u") {[MS]}
< (yzNu=u?) {[sbn®], [sbn"] }
& (yumz=2") {[MS]}
o (yne=20) {u=2% (d?)}

which implies (z! = y#).

(F8) (z) = (aff =z) :
Note that (###) <+ (z) holds by (reg?). Assume (z). For all z we have

(zMz=2") & (zunz=2:%) {u=29, (id?)}
o (ztznu=u?)  {[MS]}
o (aftunz=2%) {[MS]}
o (2ftnz=2%). {u=2% (idP)}

Hence (#f = z) holds by (V5).

(C) (zy) = ((ay)* = yPaF) :
Assume (zy ). For all z it follows that

((zy)fnz=2") ((ry)funz=2") {u=2% (d?)}
((@y)znu=1u®)  {[MS]}
(z(yz)Mu=u")  {[|ass“]}

(zfunyz = (y2)?) {[MS]}

(yzMat = 240) {u=29% (id?), com" }
(yfafnz=20),  {[MS]}

r¢rrree
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which implies ( (zy)* = yfaf).
(id*) (z) — (2C% =2®) A (2®F =29) :

(z) — (2%) { [sbn®] }
— (2°2°9F) { [def?] }
= (2®2%f=2%%)  {(id))}
— (xCFEgOF = 208) [ (#%)] [sbn®] }
= ((22®HF =2%F) {(CH)}
— (2% =2F) { (id?), (sbnf) }
— (29 =2%"). {3

(C") (zy) = (2y® = (ay)?) :

(zy) — (afz || 2®) A (zy) { (def?) }
= ((afz)y = 2F(zy) ) A (2t || 2©) { (ass9) }
= ((zfa)y || 2M(zy) ) A ((efa)y || 2y)  { (sbnf) }
= (@t ay) | y) Ay || (@y)Y) { (id?) }
= (2t (zy)V [ly) { (sbnll) }
- (af(xy)V SyY) {1}
= (ayV " C(zy)Y ) { [MS] }
= (2’ C (ay)”) {7}
= (ay’ =2y’ N (ay)?)
= (ay’ = (ay)"). (M)}

Remark that (zy) — (zyY = (vy)V ) fails in general. For example if (e=¢e°=¢eV)
and (e # e?) (Cf. Axiom 6.1), then (e?eV = ele =e?) and ((e%)V =PV =€V =¢).

U ((zUy)z ~zzUyz):

((@Uy)zEw)  (w2FC(zUy)”) { [Ms] }
o (w AT Ny ) { (de Morgan) }
o (w A Ca  Aw 2 Cy) {(inf)}
& (zzCw)A(yzEw) { [MS] }
< (zzUyzCw) { (sup) }
(CY) (2 Cy) A(zEw) A{zz) = (22 Eyw) :
It suffices to show that (x Ey) A (zz) — (22 C yz)
(yzCyz) « ((y2) Ty ) {[MS]}
= ((y2) #Ca7) {(E)y Ca}
& ({xzCyz) { [MS] }

Tarski [Tarski (1941)] remarked that the assertion deduces [sbn®].
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(M) ((@Ny)z)) = ((@Ny)z CxzNyz)

(Ny)z) — ((zNyz))A{zAyEx)A(zNyCy) { (inf)}
= ((zNy)zCaz)A{(zNy)z Cyz) { (€9}
— ((zNy)z CxzNyz). { (inf) }

4

(UH (x| y) = ((xUy)* =af Uy') : For the proof we use 4.3 (V?). Assume (z || y).

{
{
le_lyz)l_lu—u@> {
zzMu) U (yzMu) =u?) {
rzMNu=u"YA(yzNu=14?) {(®), (dm")}
unz=2)A(ylunz=2") {
(fumz) U (yfunz) = 22) {
(zfuUytu) Mz =27) {
(fuyf)mz=22). {

rrrrrrrre

Note that ((z Uy)*) < (x| y) < (2f Lyh).

(CF) (zCy) = (af Cof):

(zEy) — (z]y)
= (2fuyt=(zuy)?) {9}
= (zFUyf =yF) {zUy=y}
— (2t Cyt).
(VH) (z) = (aVE=atY) .
Assume (z).
= @Yt (%)
_ SAVEEMLYE [ (H1))
= (@VinzV)t { (")}
= 2tV {1}
= iV, { (¢}
() (2) = (a5 =287
Assume (z ).
et = (znz)f { (M)}
= o0t {xw}
= ‘rw)a {(@ﬁ)}
Uzt = (zuz)f { (W}
= Vi {2V}
= a*V. {(V9}
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Hence (z~* = 2~ ) follows (L7). O

A relation z is called a (total) function (tfn, for short) if (zfz C 2% ) (univalent)
and (2° C x2*) (total). We will abbreviate a formula

(P2 T a®) A (2° C za?)

as (z :tfn). Every identity relation is a function. Likewise, injection, surjection and

bijection are defined in relational calculus.

PROPOSITION 5.3. In relational calculus the following hold.

(a) (@, y:tf) > ((2y Caw) & (2f2 Cwy?)),

(b) (2, y:th) A(zCy) = (z=y),

) (@, y s tn) = (@(zMw)yf = zzyf Nawy?),
) (@, y:thn) = ((z2yf)” = az7y?).

Proof. (a) (z, y:tfn) — ((2y Caw) < {(z%2 Cwyt)) :
Assume (z, y : tfn).

(Caow) - (wtof Catowgt) {(C))
— (abzy® C2®%wyt) {x,y:th}
S (ot Cugt) { (d?), (id®) )
— (zafzy Cawyly) {(C9)}
— (2%%2y C owy®) {z,y:th }
S {yCaw). { (), (id?) )

(b) (2, y:ti) A{z Cy) = (z=y):
Assume (z, y: tfn).

(zCy) — (2% Cyy®) {(dD), (id?) }
— (Y2 Cy®2t) {2, y:tfh, (a) }
SoCe) {2, (D))
- (yCux) {(@©h, (9}
- (z=y)

(c) (z,y:tf) = (2(zNw)yt ~ zzy® Mazwy?) :
Assume (z, y : tfn). For all u it follows that

uwCz(zNw)yt & zfuyCznw {()}
< dfuyCzAzfuy Cw  { (inf) }
o uwCaztf AuCawy® { (b))
& w Corzyt Mawyt, { (inf) }

which implies (z(z Mw)y? = zzy® Mawy ).
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(d) (z, y:tfn) = (22Vyt ~ (2zy")V)
Assume (z, y: tfn) and (zzy?).

z
rzyf)V CazVyt) {2, y:tf, (a) }

(e) (x, y:tfn) — ((zzyf)” ~ a2z y*):
Assume (z, y: tfn) and (zzy?).

xzyn L xz_yu = z(zU Z_)yu { (Uc) }
xzVy!
(zzyh)Y, {(d)}
rzyf Maz=yt = z(zMz )yt {(c)}
= x0yt
(zzy")”. {("}
Hence ( (zzy*)~ = x2z~y*) holds by (Lg). O

In some applications of relations one prefers to use residual compositions (due by
Peirce [Peirce (1883)]):

z>y=(ry )" and z<y=(z"y) .
de Morgan-Schréder equivalences [MS] yield the residual equivalences
(zCzpy)« (2'2Cy) and (2Cz<y)« (zyf Ca).
It is well-known that a lot of formulas concerned with residual compositions can be
derived using the residual equivalences.
6. Relational calculus Rel,
Finally we mention additional axioms for relational calculus below.
Axiom6.1.
Unit) Je. ((e=e)A(e=eV)A({e#e)),
Tot) Vao. ({(2° Cazf) Vv (2® Tz fz7)),
Co) Vo. ((2® Cazt) — Jy. (yCa) A (y:thm))),
Tab) Vz3f3g. ((f,g:tfn) Az = flg) A (ff Ngg* = f7)),
Comp) For all relations ¢ and all formulas ¢ the following hold.

A~ N/~ o/~

3zVy. (yEz) & Va. (¢ = (y T t))),

and

J2Vy. ((2Cy) « Vo (o = (tEy))). O
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The axiom of unit (Unit) due to [Freyd and Scedrov (1990)] guarantees the exis-
tence of an object e (called a unit) analogous to a singleton set. Tarski [Tarski (1941)]
introduced the axiom of totality (Tot). The axiom of relational choice (ACy) may
be equivalent to the existence of Skolem functions in predicate logic. The axiom of
tabulation (Tab) by [Freyd and Scedrov (1990)] indicates that relations are included in
cartesian products. The axiom of completeness (Comp) indicates that there exist the
infimum and the supremum for a collection {t = t(z) | ¢(x)} of relations. It simply gen-
eralizes the existence of hereditary closures due to Frege [Frege (1879)]. For example,
let @ be an endorelation (a® = a®), z a term ¢(z) and (za U a® C ) a formula ¢(z).
Then the reflexive and transitive closure a* of a is characterized by a formula

(yCa*) e Ve ((axUa® Ca) = (yCa)).

DEFINITION 6.2. A formal system satisfying all axioms 2.1, 3.1, 4.1, 5.1 and 6.1 is
called relational calculus Rel,. O

The relational calculus Rel, given in the paper is a formal system of algebraic
logic, completely independent of set theory. We are aware of many properties on
points (a function from the unit e), Cantor’s diagonal argument for comprehensive rela-
tions, Bernstein-Schréder theorem on the cardinality of relations, elementary theory of
Dedekind finiteness and so on. In particular, Lyndon’s formulas known as an evidence
of the incompleteness of relation algebras [Tarski (1941)] are provable in Rel,. Also we
can develop a modification of Morse-Kelley set theory [Kelley (1955)] based on Rel..
These interesting discussion on the basic properties of Rel, will be publish elsewhere.
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