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ON THE DYNAMICAL STRESS DISTRIBUTION OF
STIFFENED PLATE DURING VIBRATION

By

Shigetoshi SHIMIZU*

Analysing the causes of the crack damage of stiffened bulkhead of
ship structure, the dynamical stress distributions of the stiffened plate at
vibration are investigated theoretically and experimentally. The bending
stresses at the intersection of the plate and stiffener are pretty high, and
eigen-values are nearly equal to the ones of the plate fixed at this edge.
The effective breadth of the vibrating stiffened plate is generally equal to
the Schade’s formulas of the case subjected to the sinusoidal load statically.

1. Introduction

We have had some reports concerning with the crack damage on the
stiffened bulkhead in the neighbourhood of the joint stiffeners. One of the
causes of these damages is the fatigue failure due to the vibration of the
plate accompanied by the torsional and bending vibration of the stiffeners.
To make these causes clear, it is necessary to investigate the fatigue limit
of the material of the part welded the stiffener, the natural frequencies and
dynamical stress distribution of stiffened plate at vibration.

We have many data concerning with the fatigue limit of the structural
materials, but few investigations into the fatigue failure of the stiffened plate
caused by vibration. R. Weck ® made an experiment using the plate stiffened
by the two inverted angle to determine the effect on fatigue endurance of
different types of joints between plating and stiffeners, and the effect on
fatigue endurance of different types joints in stiffeners. For the case with
continuous fillet welds attaching the stiffeners to the plating, he showed the
stress range was 12 kg/mm?, number of cycles to failure was 9 x 10°, and
failed in consequence of the transverse bending of the plate by the crack
running along the edge of the continuous fillet weld. But in order to inves-
tigate the fatigue failure of stiffened plate, it is more necessary to consider
the stress concentration at the welded part, the change of quality of material
caused by welding and the effect of corrosion.

Meanwhile, a number of calculation methods of the eigen-values of stiff-
ened plate have been investigated by various investigators ?~!*, and some of
them are in agreement with the experimental results. The eigen-values of
coupled bending and torsional vibrations of stiffener have also been studied

* Associate Professor, Member of Research Institute for Applied Mechanics, Kyushu
University, Fukuoka, Japan.
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by H. R. Lembecke *, J. M. Gere ', Y. K. Lin *®, Wai Keung Tso !” and
K. H. Schrader **. R. F. Beresford and D. J. Mead ** have analysed the
natural frequencies of an angle section attached to the rigid wall involving
cross-sectional distortion. However, we have little studies on the dynamical
stress distribution of the stiffened plate at vibration, only C. A. Mercer and
C.Seavey *” have studied the bending moment distributions of the vibrating
stiffened plate using the transfer matrix method. The effective breadth of
the vibrating stiffened plate has been approximately calculated by F. H.
Schroeder ¥,

It is usual in calculating the bending stiffness of the stiffeners in the
above-mentioned various calculation methods of natural frequencies of stiffened
plate to assume some effective breadth of plate, but effective breadth at
vibration is not yet elucidated, because it is difficult to analyse exactly that
the stress distributions of vibrating stiffened plate are complicated.

The aim of this paper is to make clear the distributions of the dynamical
bending stress and plane stress of vibrating stiffened plate, and to analyse
the causes of the crack damage of stiffened bulkhead.

For this purpose, the basic equation for vibration of stiffened plate is
introduced as a stiffness matrix form by combining the plane stress theory
and the equation for the lateral vibration of the plate. »

Besides, a consideration on effective breadth of vibrating stiffened plate
is described. :

2 Assumptions

i) The plate is stiffened in one direction, and the two edges which are
perpendicular to the stiffeners are supported freely. '

ii) Though both the ends of the stiffeners are restrained for torsional
rotation, they are free to warp.

iii) Since the natural frequencies of the longitudinal vibration of stiffeners
are extremely higher than those of the lateral vibration, the effect of the
longitudinal vibration of stiffeners is neglected.

iv) The cross-sectional distortion of stiffeners is not involved.

v) The tagential component of inertia forces of the plate is so small
compared with the normal ones, that it is neglected. The plane stresses of
the plate can be assumed as the statical two dimensional problems.

Notation

%,9, z  Rectangular co-ordinates
L : Length of plate or stiffener
B : Frame space

B : Effective breadth

E : Young’s modulus of elasticity
v : Poisson’s ratio
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1, : Thickness of plate
i, : Thickness of web plate of stiffener

_ _Ety® -
D= 20— Flexural rigidity of plate

~ . nmw : . .
0= 0sin X et Rotation around x axis
_ nr .
u = i coOs——x et“t
L
_ . nrx . . . .
v=10sinx et Displacements in direction of %, y and z-axes

_ . nrm .
w=WSsin-x etot

nrwB

/I=L

_ (159 VL B Biven.
K —( 2D ) B Eigen-value

 : Circular frequency

7 : Weight of material of plate or stiffener per unit volume

1+

22

a,b,c,d,e, g: Function of A

a.b,c,d,e,g’, : Function of 2 and «

M, : Bending moment per unit length of section of plate perpendicular to y
axis )

V, : Force per unit length of section of plate perpendicular to y axis

Jaz = Gz COS if—x et Forces per unit length of the intersection of

stiffener and plate in direction of x, y and

= c U . et
qAZI = Gy sin L x e Z axes

G4z = Jaz SN n_Ifx et

M yy= iy, Sin _nf x giot Mom.ent per unit length of the interst?ction
of stiffener and plate parallel to x axis

A, : Sectional area of stiffener

my, : Mass per unit length of stiffener

{Ep} = {Sjx Sus Dix Pui}

{Us} ={a; e 5 0}

{Eb} ={Vyix Vs Mysi Mykf}

{Ub} = {05 Wy 6/ ak}

Subscripts and Superscript :

j, k& :j-and k-side of plate

A : Intersection of stiffener and plate
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b : State of plane stress of plate
b : Bending of plate
- ¢ Amplitude of vibrating displacement or force

3 The dynamical equilibrium equations at the mth intersection of plate
and stiffener

Separating the stiffener and plate at the mth intersection in Fig.3.1, we
find the slender bar of the rectangular cross-section ¢, X #,. Provided that
the thickness of plate and stiffener web is small as compared with other
dimensions of the stiffened plate, we can consider the dynamical equilibrium
equation with respect to this slender bar as follows*

Fig. 3.1
tps tPs Quax
Lpp + tpp + Gay =0 6.1
Vy Vy 94z
M, myme—1 M, mym+1 Maz) m

where s and p are shearing stress and normal stress, and V, and M, are reactive
force and bending moment per unit length acting on the edge of the separated
plate, respectively. @ z, qay, g4, and m,, are the forces and torque per
unit length distributed along the intersection.

* On the same assumption the statical analysis of stiffened plate have been studied
by T. Yanagimoto 22, E. Reissner ¥, M. Holmes 29, H. Vaughan » and S. Shimizu 29,
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If the ends of the stiffened plate are simply supported, we can take
these forces in the form

3E.2)

— n .
Qis = az COS % &t

Quy = Quy Sin ﬂ}x et
3.3

= . nrw :
Qaz = Qaz SN —p—% €

.
Mz = g SN et

Substituting for the expressions (3.2) and (3.3) in Eq. (3.1), we obtain

s - § Jaz/to
? + E’ qay/tp (3.4)
Vy Vy ‘ G4z
My myme=1 v My mym+1 e m
or
I:{ljv}kfji . [{{’p}m] (@D a8
{Pb} ki - mym=~1 {Pb} Ik mym+1
where

{Potix =15 BYirs, {Potws = {5 Dlus
{Pb}./k = {Vy Mu}/k’ {.Eﬂ}kj = {V'y My}kf;
{Qs} = {qAx/tp szu/tp G4z mAx}~

By substituting Egs. (A.1.13.), (A.2.21) and (A.3.22) (these equations
are shown in the appendixes) into Eq. (3. 4)/, we obtain the basic equation
of the vibrating stiffened plate,

[ckpjn 0 H{m}] ‘ [[mnﬂmu 0
. + . ]+[k8] X
0 [hlallAT} ] s 0 [ANES S

[{Up}] l:[kpsz 0 :I [{Up}} [0 }
x| + _ = (3.9)
{Ub} m O I:kbzllz {Ub} m.m+1 0
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Using above equation for each intersection, we obtain

(K. K, 1 (o] (0]
KZI K22 K23 U2 O
K32 K33 K34 U3 .
fl= (3.6)
L Km n-1 Bnn J _UnJ LO B
where the following notations are introduced:
[ Ry Ry 0 [/ h ((E/B
ky ks o o0 E/B
Koy ey = o o Fk, Ky D
Lo o Ky k’43J L D
[k, by o o | [E/B
ky, ks o0 o E/B
Koymn=1 4 Ey R D
Le o K, FyuJ UD
(ZkZZE/B+B11/tP) BIZ/tp Bl3/tp Bl4/tp
Kmm — BZl/tP (2k44E/B+B22/tP+ DZZ/tP) st/tp (BZ4+ D24) /tp
Bal B32 (2k,22D+BB3+D33) (B34+D34)
B41 (B42+D42) (B43+D43) (2k,44D+B44+D44)
“ {T 5}
v,=|?| =
w o
5 T

m

It should be noticed the matrices K,,, K,,, K, .-, K,. are determined
by the boundary conditions at the intersections m=1 and n.

The set of equations described by (3.6) is a set of algebraic, linear,
homogeneous equations. ~ By Cramer’s rule, it follows that there can be other
than trivial values of the U, only if the determinant of the coefficients of U,
vanishes. This implies the necessity of

K, K,
K, K, K
K, K K,
. =0 @B.7
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where K,;,, K-+ -+ represent the element of the matrix K,,, K- , respec-
tively.

4 The formulas of stress distribution in the stiffened plate

For example, when the edges of j)lating, which are parallel to the stiff-
ener, are supported freely, taking, the slope 6, at supported edge unity in
Eq. (3.6), we obtain

[ K'u K,xz T ﬁUl 7 0 1
K'Zl K22 K23 ) U2 0
. = i @1
Kn-l’n~2 Kn-—hn-l K,n-hn Un-l An-l
L K,m ne=1 K,m nJ LU,n . - o J
where
klz k14
Kln-l;'n. = kaz k34
o o
o o
ky ky 0 o0
K"m n=-1 =
ky ky 0 o
[ kZZ k24 J
K’n,n =
' ku k44
A,y = 1o o Ky K}
U/ = {& v},

Substituting the eigen-value obtained from the characteristic equation (3. 7)
into Eq. (4.1), and solving this equation, we obtain the displacements of
intersection {U, U, -+ U,., U,} for each eigen-value.

According to the Appendix 1, the dynamical stress components of the mid-
surface of the plating are expressed as follows

I

[¢" 1k, {U,} sin ”—L"x gint

Oz

il

— /B)* [$1Lks 1T} sin "z o 4.2)

Ty

Toy = ~ WBY[§ Nk WU} cos 7T &t
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Substituting for U, the above calculated value, (it should be noticed that
the displacement matrix U is represented by {U, U,}), we can calculat the
distribution of the mid-surface stress during vibration.

According to the expression (A+2:17) which is shown in Appendix 2, the
transverse bending moment is expressed as follows

(77, = =D [L1"] = » () UL ]00. *.9)

Substituting for U, the above calculated value, we can find the bending
stress distribution in the plating during vibration as follows

(71=($2) [Lrm1- %) 1r.1] . @«

5 Effective breadth of the stiffened plating during vibration

The vibration problem of stiffened plate is approximately calculated by
assuming it as grillage or coupled vibration of plate and stiffeners, and it is
usual to assume a certain effective breadth' of plate combined with stiffener.

F. H. Schroeder ?* has studied the natural vibration of T-section, [7]-
section and box beam using the Rayleigh method supposing approximately
that the plane stress ¢, in the flange distributed in a parabolic form across
the width. However, the dynamical plane stress distribution in the plating
stiffened by multi-stiffeners during vibration may be complicated, therefore
it is necessary to make it clear, in order to determine rationally the effective
breadth of the vibrating stiffened plate. ‘

To study the plane stress distribution across frame spacing qualitatively,
we consider a semi-infinite long stiffened plate, which has the same T-section
stiffener and spacing, and assume four cases of modes of vibration as shown
in Fig. 5.1 ~ Fig. 5.4.

In case 1, the deflections of each stiffener are the same and the trans-
verse slopes of each stiffener are zero. In case 2, the deflections of the
stiffeners have values equal in magnitude but opposite in direction, and the
transverse slopes of each stiffener are zero. In case 3, the deflections of the
stiffeners are zero, and the transverse slopes of the stiffeners are in the same
direction. In case 4, the deflections of the stiffeners are zero, and the
transverse slopes of the stiffeners have values equal in magnitude but opposite
in direction.

Substituting the boundary conditions of each case shown in Fig. 5.1 ~
Fig. 5.4 into Eq. (3.6), we obtain the following equilibrium equations at the
mth intersection for each case:

Case 1:

-t =V = Uy

u 7 m
Wiy = Wi = Wins1y Oy = O = Opppy =
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Deflection

—-— Norma/l .S‘/ress 6%

m+

I
|
1
|
}
T
!
i
1
{

~TTTT T T T T
Um-1= Un=Umsr 5 Vi1 = V= Vo= 0
 Wones = W= Wintt , Orme1= O™ O O
" Case [/
Fig. 5.1

~Uma= Um"’Umfl ’ Viner = Vm= Vnm o
Wt = Win™Wms1, Om-1= Oni~ Omsi O
Case 2
Fig. 5.2

7 e
//
V Y

Um—/ = Unu= 0 V=i -1~ Vm Vm-h
Wm-= Wm Wnu=0 5 Om-= Om™ Om#
Case 3

Fig. 5.3
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mt/

m=l m
1
1

N\
/

’ .
[\‘\-/'
J L’/‘—-h\
N

Umar® Un= Unu=0 , Ver==Vn= Vs
Wini= Wn= W= O ; =Om=r= Om™OCm#

Case 4
Fig. 5.4
2(E/B) (ky,+ky,) + By /tp B,/t, 7 0
[ Ba, SD (K s+ Fry) +B%+DJ [ D ] B [o}
Case 2: — Ty = gy = — sty Dmper = Uy = Ty = 0,
Wy = Wy = ~Wpayy Oy = O = 0y = 0,
2(E/B) (ky,—ky,) +B,/t, By/ty T O
[ By, 2D (k13 ~F'sz) + Bys+ Dy } [w,j - [0]
Case 3: Ay = Oy = Upsy =0, Tpey = Uy = Uppsyy
Wt = Wy = Wiy =0, Oy = 0, = Oppsns
2(E/B) (kyy+kss) + (Bpa+ Dys) /1, (Baut+Dy) /1ty Un 0
[ Bu+D, 2D (K s+ F'3) + By + Dy, J [ Om } B [OJ
Case 4 : Opey = Uy = Bimssy Doy = — By = Doy
Wy = Wy = Wypyy =0, —Opoy = Oy = —Opass
[ 2(E/B) (kys—ksy) + (Bay+Dyy) /tp (Bou+ Dy /ty J [am J B [0:!
. 0

B42+D4z ZD(k,vss"k,u) +B44+D44

Putting the determinant of the stiffness matrix of above equations zero,
we find the characteristic equations of vibration as shown in Table 5. 1.

The longitudinal stress ¢, in the plate at the one frame space during
vibration is obtained by using Eq. (4. 2),

0a = [¢"1[ks] (U} sin “fx ot 6.1)
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Table 5.1 Characteristic equation for each case

c 2(kyy+ kg) + Boa A . B
ase 1 Beolt 2K+ K1) + Bradt— Datt =0
2 (kll"" ku) + Bzzlz B.zzlls
Case 2 B,gA3 2(K 13— F'19) + B2t — Dot =0
2(kag+ k) + ByyAt— Dyyrt ByyAt—Dyprt
Case 3 Boydt—D gyt 2(K'y3+k's) + Bog A+ K 23— Dy 1 =0
2 (kyy— kay) + ByyAt— Dyyict Bys2t—Dy,rt
Case 4 Byydt— Dyt 2(Kss— K3+ Byodd+ Boli—Dppt | =0
A = Asz = I = za—2zg) 1 = EAgz
E.mzmé—’ Bzz_—"}piB—‘;': Byy= p ZBS ’ Bw= ¢ Athi) =, Bzz=_Ds_4’
~  E{y+ A = ElL(z,4—2 El,(z4—2g)? - C
R i e e s i =
Doy= D . Mgt D DZA . Mg D= 24 . m 5
WTEt,BY " my? ¥0= Et,B% " my’ W= B my ’ 99 mye BY
TipB

Substituting for {U,} above described values for each case, we obtain the
dynamical plane stress o, for each case, as follows

Case 1 : o, = [¢"][kp] {ii,n ﬁm‘ 0 0} sin nT”x gtvt
Case 2 : g, = [¢"][kp] {#Hn—T,, 0 0O} Sin —niix gtet
Case 3 : g, = [¢"][kpl{0 0 D, U} sin n—gx etet
Case 4 : o, =[¢"][kpl {0 0 U,—0,} sin ﬁL’ix etet

The distribution of g, for A=1 (L/B=x) is shown in Fig. 5.1 ~ Fig.
5.2 for each case.
The shearing stress in the intersection of plate and stlffener is obtained

by using Eq. (A.1.8),
{pp} = [kp] {Up} (5- 2)

Substituting the expression (A.1.9) (A.1.10) and (A.1.11) into Eq.
(5.2), we obtain

S ky ki kg Ry o ’
_ @ w9 5.2)
Sxs ky Ry Ry kg C

Let us represent the shearing stress at the right and left intersection of
the mth ones s; and sp respectively, we can express them in the following
form by using Eq. (5.2)’,
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li §L" ] |: Smy me1 J
Sk m Smy m1
[klz ki 0 ky kls’o:l _ B _

{um-l ﬁm am-ﬂ-l vm—l v‘m im+1} (5- 3)
0 ky ki, 0 Ry Ry

Substituting the mode conditions for each case in Eq. (5.3), we find the
relation of the shearing stresses at the right and left side of the (m—1)th,
mth and (m+1)th intersection, as follows

Case 1 : = =
L Sg d ;-1 L Sg dm Sp d ma1
| [ =5 ] C s ] —51
. Case 2 : = . =
L =Sr J ma L S A m —Sp J m1
B _§L 7 r _EL 7 _EL 7
Case 3 : = =
L Sp m=1 L Sg A n ) S.R - m+1
. §L r——§L §L ]
Case 4 : L= =
—SkR 4 m-1 L Sr m —Sp d m+1

Hence the positive directions of these shearing stresses are same at j-
and k-side of the plating, as shown in Fig. A.1.1, in case 1, the shearing
stresses on the each intersection are all in the same direction, and the stress
of o, dlstrlbuted parabolically across the width, as indicated in Fig.5.1. On
the contrary, in case 2, the directions of shearing stress of plating on the
right and left sides of the joint are the same, but their directions are opposite
at the mth and m+1 th intersections.

Therefore we find that the peaks of o, appear in alternatlve at each
intersection, and ¢, is equal to zero on the middle of the frame space.

In case 3, we see that the directions of shearing stress at both sides of
each panel are opposite and the distribution of ¢, takes zero at the middle of
frame space and maximum values. at the both sides of each panel, but they
are in the opposite direction, as shown in Fig.5. 3.

In case 4, the directions of shearing stress at both sides of each panel
are the same, but those in two panels are opposite, therefore, the direction
of o, repeats alternately tension and compression, and takes parabolic form
in each panel, in Fig.5.4.

From the above results, we see that the distribution of the stress ¢, in
the stiffened plate is considerably different from the case which is subjected
to lateral load statically.

Now, let us apply the same definition of the effective breadth to the
vibrating stiffened plate as the stat1ca11y and laterally loaded stiffened plate,
and then we find
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B — Lyt +I il (5.4)

Ozm

whére B, is effective breadth, o, is the normal stress of the web of stiffener
at the mth intersection.
By taking the displacement component of the x-direction in the form

u = i COS Nx %—e“"
we find the following expression,for the denominator of Eq. (5.4),

6u A BT .
6x —Eum?sme gtot (5.5)

Substituting Eq. (5.5) and Eq. (5.1) into the denominator and the numerator
of Eq. (5.4), respectively, we obtain

0 ’” T B2 144 7
L0 @ady + |18k O dy 5.6

B
B Ez,A

By using Eq. (5.6) for the previous mentioned four cases, we obtain the
formula of effective breadth for each case as shown in Table 5. 2.
In Table 5.2 the numerical values of B/B are calculated for A=1,

Table 5.2 Effective breadth for each case

B/B A=1
4, coshi—1
2 @B—=v)A+vy)sinhi— (1+v)24
Case 1 /% (kua+ Fyg) 1 0.8921
| AV

2 2 . 4cosh2% —4cosh 121-+ a+v) lsinh%
Case 2 Zz“{(ku—ku)'FZkA (kyy— A W=3)(w+Dsinhd—1+v)2R

0.4310
k1) —2kp (Rt ki) } 0% (lj:ﬁz) :
Case 3 indeterminate indeterminate o
Case 4 indeterminate indeterminate —_
= Acosh (/111/2) —2sinh(1/2)  hp= Asin(A/2)
(sinhi—2R) A(Sitnhi—A)

and the formulas in the third column are obtained by substituting %,;5 which
are shown by Eq. (A.1.12) (Appendix 1) into the expression in the second
column.
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The expression for case 1 is in complete agreement with the formula of
H. A. Schade’s?® “multiple web” subjected to the statical sinusoidal load.

B
B

1.0 \\

AN

0.8

0.6

0-4 ———— T——e ]

0.2
A=NTLB/L

——

0 I 2 3 4 5

Fig. 5.5

Fig. 5.5 presents B/B plotted the 2 = "ZB for case 1 and 2. These

curve show that the effective breadth is equal to approximately the frame -
space B and the half space B/2 for case 1 and 2, respectively, provided the
aspect ratio of the panel L/B is large, and the mode of longitudinal direction
is low (it means that » is small).

In case 3 and 4, it.is obvious that the effective breadth is indeterminate,
because the integration in numerator of Eq. (5.6) makes zero and the 7, in
the denominator is also equal to zero.

However, it is seen that the characteristic equations for case 3 and 4 in
Table 1 do not involve the term B,, which represents of the bending stiffness
of stiffener, therefore, we can calculate the vibration of the stiffened plate
without consideration of the bending stiffness of stiffener for such modes as
the stiffeners do not deflect laterally but rotate about the intersection of plate
and stiffener which correspond to case 3 and 4.

For this reason, when we calculate the vibration of stlffened plate by
the approximate method using the effective breadth for stiffener, even though
the effective breadth is indeterminate, eigen-values can be obtained regardless
of the effective breadth as far as case 3 and 4.

The approximate method will be shown in another author’s paper.
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6 Numerical calculation

We calculate the eigen-values, modes, bending stresses and mid-surface
stress of a rectangular plate simply supported around and stiffened by an in-
verted angle at its centre. The ends of the stiffener are restrained for tor-
sional rotation but free to warp. . Their dimensions are shown in Fig.6.1.
The effective length and breadth of the plate are 628 x400 mm, and its thick-
ness is 1.65 mm. Then the aspect ratio L/B is equal to z. The stiffener
has 50x3.3 mm web and 15x3.3 mm flange, and its length is 628 mm.

3.3
117 r"'"_—_l (mm)

U 8]
@ 9 : > |7 ©—J8
—200 —4-3-0— 200—77*
25~ 75601401

T
+
85— (30 —

.,
o
H2
H
[T
628

+ STRAIN GAUGE

Fig. 6.1
Since @ and @ edges of plate are simply supported, the bending moment

per unit length about the edges M, is equal to zero. Therefore the equilibri-
um equations are shown as follows

K, K, O U, 0
K’zl I(zz sza Uz = 0
0 K, K U, 0
where
ky ky o0 kyy Ry o 0
K'y=| kyp ky o Kpy,=| kg ks 4 4
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ky ky o E/B
K= ko Ry 0' E/B
o o Fk,
o o Ky D
{2hy,(E/B) + By /t2) By/ty Bu/ty,  Bu/ty
K22 o le/tp {2k44 (E/B) +Bzz/t1’+ Dzz/tp} Bz:!/tp (Bz‘+ D24) /tp
331 B32 (Zk,22D+B33 + D33) (B34 + DS‘)
B41 (B42 + D42) (B43+ D43) (2k,44D+ B44 + D44
kyy kg o ) (E/B) by by o0 o0 E/B
Kipy= |Fu ks 0 E/B| Ky=|ky by o o E/B
o o K, ) ) D
o o k’“‘ LD_’ 0 0 ku k43 D

ky kg 07 (E/B_

U’1={ﬁ1 by 51} Uz={7'_tz v, W, 0.} U,:s:{ﬂs v 63}

The characteristic equation is obtained by equating the determinant of
the stiffness matrix of Eq. (6.1) to zero

Ky Ky O
K,zl Kzz K'zs = 0 6.2)
0o K,sz K'33

Taking the slope 0, at supported edge ® as unity, the following equation
is obtained by using Eq. (4.1)

K, K, O U, o
K, K, K’,; U, = A, 6.3)
0 -KI/32 K"sa l]//3 O
where
Fay ke | |
K"23= k“ k43 , K,’32= [:kn ku o 0 ]
o o ky ks o0 o0
[ o _J
K’I:«xa:[ ki R A, = {0 o Ky K}
ki Ryl

U ”3= {773 U3}
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1 DEFLECTION A=/
----- L TRANSV. THEORETICAL
BENDING STRESS K=3.434
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Using the eigen-values obtained from the characteristic equation (6. 2),
we can solve Eq. (6.3) about the displacement U of each intersection for
the eigen-value of vibration.

The modes of the stiffened plate for each elgen -value are obtained by
using Eq. (A.2.2) and (A.2.16), that is,

_ . N iot _ o nw iwt
w=¢ Sin—r—x ¢ w sm—L X e } 6.4)

[¢1=0rf] U

The bending moment M, induced in the plate during vibration are repre-

X
76/ > D
7.32 ) = }

B "
4 L— B —
3 M~
T2 2

- s/

2 ——x
————— e 3

/..

Fig. 6.5
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sented by Egs. (A.2.8) and (A.2.17), as follows

M,,=My sinﬂg—x etet

— ’r }\ —

#,= =D [Lr1-v(4- YA O

Substituting for {U,} of Egs. (6.4) and (6.5) the above calculated val-
ues, we obtain the modes and the bending stresses of the stiffened plate

during vibration, and they are shown in the Fig. 6. 2~Fig. 6.4 by the full lines
and dotted lines, respectively, for each longitudinal mode A. The bending

6.5)

2
stress curves are plotted by the ratio o,/ (m,t%Tu;—/B) which represents the ratio

of the bending stress ¢, and the mean value across the width of plate B of
the inertia force of stiffener induced during vibration.

Giving a number to the eigen-value xs in order of smaller value, m=1,
2,3, e for each longitudinal nodal number, the relation between x and m is
shown in Fig. 6.5. The parallel lines to the abscissa represent the eigen-
values of the rectangular plate with three edges simply supported, and the
fourth edge, which corresponds to the intersection of plate and stiffener,
built in.

We see that eigen-values of the stiffened plate are almost the same in
these special cases, except A=1, and therefore the plate is nearly fixed at the
intersection. We may recognize the phenomenon also in Fig. 6.2~6.4 which
show the bending stresses at the intersection are pretty high.

In the case 4=1, the apparent length of stiffener /, is equal to the actual
length of stiffener L, but in the case 2=2 and 2=3 the apparent length
l, and I, are equal to L/2 and L/3, respectively. Therefore, the apparent
bending and torsional rigidity EI/!/, and GJ/I, are the smallest in the case
A2=1, and we see the effectiveness of the stiffener during.vibration in the
case A=1 is smaller than those in the case Ai=2 and A=3.

Consequently the eigen-values in the case A=1 are far away from the val-
ues of built-in.

The deflections and the bending stresses of above calculated values are
not absolute, because they are obtained during the free vibration.

Let us assume the fatigue limit of the materials of the stiffened plate is
equal to 22 kg/mm? and we find the ratio of maximum deflection of plate
and width of plate B, corresponding to the maximum bending stress in the
plate gets to their fatigue limit.

Eliminating {U,} from Egs. (6.4) and (6.5) we find

L] M,
(w/B) = 3
[cra-v(—)rn1] PP

Denoting the fatigue limit ¢, we may represent

1%,
(My)ma.z =_6—0'F
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Table 6.1

The ratio of the maximum deflection w,,, and the frame space B, when
the maximum bending ‘stress on the plate gets to the fatigue limit op=22kg/
mm?.  The values in the table represent the intersection of the plate and the
stiffener, expect the * mark.

A=1 A=2 A=3
K . Wmaz/B K Winaz/B K Wiaz/ B
3.434 "2.23% 1072 4.149 1.42x1072 4.742 1.02x107?
3.950 1.16x1072 4.304 1.03x10"2 4.781 9.33%x1073
5.509 5.92x107% | 6. 657 5.74x 1073 7.487 3.86%x10"2
6. 362 7.04 x 1073 7.278 3.33x2073 7.600 3.21x10-3

Substituting (M,) ... into above expression, we obtain

3

[fb]ma:v .
(W/B) maz = * (6 6)
(b YLfd] mee OB

Using Eq. (6.6), we calculate (w/B) ., to the fourth mode for each 4,
and show their values in Table 6. 1.

We see that the bending stress on the plate gets to the fatigue limit
when (w/B) ... is equal 2x107?~10~%. However, the assumed fatigue limit
of the material 22 kg/mm? is the value of mild steel under an ideal con-
dition, and therefore, under an actual condition, this value will decrease, pro-
vided that the. shape factor of the welded part as well as the change in quali-
ty of materials due to welding and the influence of corrosion are considered.

Thus since the maximum bending stress on the stiffened plate will get
to the fatigue limit when the value of (w/B),,, is less than 107%, it is con-
ceivable that the fatigue fracture of the stiffened plate may be caused by
local vibration of ship, especially when the vibrating bending stresses are
superposed on the residual stress or the bending stress due to the hydrostatic

loads.
Using Eq. (4.2), we calculate the mid-surface stress o, that is

o= [#"] [ky] Uy} sin[x et

Substituting fo_r {U,} the solutions of Eq. (6.3) (it should be noticed
that U= {U,} {U,}), we obtain the distribution of stress s, for each A.
The results are shown in Fig.6.2~6.4 by chain lines, where the ratio

2
a,/(mst%”—/B) is plotted in the same way as the curves of bending stress.

We see that the peak of normal stress is found on the intersection of
plate and stiffener due to shear lag for each mode.
We calculate the effective breadth of the stiffened plate, using Eq. (5.4),
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2 oty [° oty

2

B:

6.7

Using now Eqgs. (5.1) and (5.2), we obtain the normal stress o, as fol-
lows

a.=[¢"] APs} sin Tfx ot 6.8

Because the shearing stress s,,, S;, are equal to zero at the free support-
ed edges, substituting Eq. (5.5) and Eq. (6.8) into the denominator and the
numerator of Eq. (6.7), respectively, we obtain

B 5538y _ Ry (R —RPy) Ry (Bs - Ryy) P -2k Ry (R —Biy) 6.9)
FEu,2?/B ] (Ryikys—F1a) 2 ’

Substituting for %;; the expression (A.1.12) in the Appendix 1,

5~ etg L 6w
B cgt+de—2ab—4{(1+v)/CAH}}{A+v)/ (2l —a—-b} X2 :
Further, we rewrite Eq. (6. 9) using the expression a, b, ¢, -
shown in the Appendix 1, Eq. (A.1.4), as follows
B 2 sinh224-22 (6.10)

B~ 1 A5 Bow)cosh2i+ 0P —2+5) L2 (110)?

The expression (6.10) agrees with the formula of H. A. Schade’s
-“single web” subjected to sine load. It should be noted that in this case the
effective breadth has no relation to the shape of the cross-section of stiff-
ener. Since the effective breadth is only the function of i, we can calculate
-it statically” for the higher mode to the longitudinal direction, taking the
aspect ratio to the half wave length.

7 Expériment

To assess the accuracy of the preceding theory, an experiment was made
by using such a model as a rectangular plate simply supported around, stiff-
‘ened by an inverted angle at its centre, and the ends of the stiffener were
restrained for torsional rotation but free to warp. The experimental results
obtained by measuring the natural frequencies and dynamical stresses were
compared with the theoretical ones.

Specimen : The dimensions of the specimen are shown in Fig. 6.1. The
effective length and breadth of the plate are 628x400 mm (L/B=r), and its
thickness is 1. 65 mm.

The angle has 50x3.3mm web and 15x3.3mm flange and its length is
628 mm. It was machined out of a solid steel bar, and attached by boltmg
and soldering at the centre of the plate.
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Phot. 7.1 The specimen and the testing frame.
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Fig. 7.1 Block diagram of experimental equipments.
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The model was supported on a steel testing frame, as shown in Phot.
7.1, and the boundary conditions for the plate were satisfied by putting it be-
tween the two rollers which were set horizontally around the edges of plate,
and for the stiffener both ends of web were held between two vertical
rollers.

The block-diagram of the experimental equipments is shown in Fig. 7. 1.
The vibration of the stiffener was excited by an electromagnetic type ex-
citer, and resonant frequencies were determined by the dual beam oscillo-
scope charged by the outputs of two crystal pick-ups.

The two-elements electrical wire resistance strain guages were stuck on

" both surfaces of the plate and stiffener at the same position, as shown in
Fig. 6.1. The bending stresses and the mid-surface stress o, are obtained
by the measured strains.

The results for each eigen-values are plotted in Fig. 6.2~6,4 with the
theoretical curves.

Let us correspond with the experimental and theoretical results to the
mark Y or ¥ in Fig. 6.2~6.5, and ‘another experimental values are plotted
in proportion to this value.

We see the experimental results agree fairly well with theoretical ones.
The pretty high bending stress appears at the intersection.

8 Conclusions

The basic equations for the vibration of stiffened plate were introduced by
combining the plane stress theory and the equation of lateral vibration of plate.

As an example, a rectangular plate was simply supported around, stiff-
ened by an inverted angle at its centre, and ends of the stiffener were re-
strained for torsional rotation but free to warp.

The distribution of the transverse bending stress and the longitudinal
mid-surface stress for each eigen-value were calculated and their results were
compared with the experimental ones.

It is considered that following conclusions may be arrived at;

The intersection of the plate and stiffener is almost equivalent to the
fixed ends, because the apparent bending stiffness EI//, and torsional stiff-
ness GJ/I, increase with the longitudinal mode number of the stiffener.

Furthermore, the inertia forces due to the lateral and angular displace-
ment of the stiffener act on the intersection as the concentrated force and
moment. Therefore, the higher bending stress appears at ‘the intersection,
and eigen-values and modes of the stiffened plate are nearly equal to those
of the plate supported freely at three edges and fixed at the fourth edge
corresponding to the intersection.

If the fatigue limit of the material of the stiffened plate is 22 kg/mm?,
the maximum transverse bending stress in the plate gets to this fatigue limit,
and the ratio of maximum deflection to the width of plate B is about 2 x
1072~10"% for each eigen-value.
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The above fatigue limit of the materials is the value of mild steel under
an ideal condition, but under an actual condition, this value will decrease,
provided that the shape factor of -the welded part, the change in quality of
materials due to welding and the influence of corrosion are considered.

Thus the maximum bending stress at the intersection may get to a fa-
tigue limit for the relative small vibrating deflection. Therefore, the fatigue
fracture of the stiffened plate may be caused by local vibration of ship, es-
pecially when the vibrating bending stress is superposed on the residual
stress or the bending stress due to the hydrostatic load.

The effective breadth of the stiffened plate during vibration is generally
equal to the Schade’s formulas of the case subjected to the sinusoidal load
statically, but such particular cases as the stiffeners do not deflect but rotate
about the intersection or the deflections of the stiffeners have value equal in
magnitude but opposite in direction are excluded.
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Appendix 1 Stiffness matrix for the state of plane stress of plate

We define x, y as coordinate on each plate, as shown in Fig. A.1l.1
where L and B are the length and breadth of plate, and both sides of the
plate y=—B/2 and y=-+DB/2 are represented by j- and k-side, respectively.

Now, j- and k-side of plate are subjected to the following shearing stress
and normal stress as shown in Fig. A. 1.1.

Pik
Sjk
1 )
& L
F ' x
2
%
{ ®
Skj
'y Pk
Fig. A-1-1

j-side (y=-—B/2) shearing stress sjk=§jkcosﬂ”— x

L
(A1 D),
normal stress  pj= fbjksini;j— x
k-side (y=+DB/2) shearing stress Skj——"gijOSﬁL”— x
(A1),
normal stress Dri= ﬁk/sinn—” x

L

and the displacement components in the x and y direction at the j- and k-side
of plate are represented by

_ nw
U;=1i;08 —— X

L
vy=1,5in —’%— ¥

. (A.1.2)
Uy =1U,COS _Irr_ X

_ . nrw
Vp=0VSIN —— X
k k L

The relation between the displacement and stress is represented by the
same form as the author has induced in the previous paper *®, as follows
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j (c+d) —(c—ad) (a+b—u) (a—Db) Sie
i, | B | —(c—ad) (c+d) —(a=b) —(a+h—p) | |35u
5, |- E | @+b-m —(a=b)  (e+g) (e—g) B
Ty, (a=b)  —(a+b—p) (c—g) (e+g) Dri
(A.1.3)
where
_ sinhi d= 2cosh*2/2
& = (sinhAi—=17) =T A(sinhi+2) 1
= sinhi __ 2cosh?2/2
b = Ginhitn € = I (sinki—2) (A.1.4)
___ 2sinh®1/2 __ 2sinh*A/2
= (sinhi—7) &= A sinhi+2)
and, 1=122 (AL5)
,;=~Qj—’) (A.1.6)
We rewrite Eg. (A.1.3) in a simpler form as follows
T =L1) P} (A.17)
or {Pp} =[kp] {Up} (A.18)
where Oy ={it; @ v; e (A.1.9)
{Poy=1ir S D Dust (A.1.10)

The matrix [%#,] is a stiffness matrix obtained by inversing flexibility
matrix [ fp], as follows

ks, ki ks ki,
E k k k k
[ky]= 21 22 23 24 (A.1.11)
B kax kaz kss k34
ku ku k43 k44
where
b=ty = {2(ag-+be) —n(g+€)}
1
k12=k21 =T{2(ag_be) "‘ﬂ(g—‘e)}

—kyy=—ky=ky=ky, = 2u?—3u(a+b) +4ab}
(A.1.12)

—ky=—ky=ky=ky = n(a—Db)

lk|'—‘ m‘»—'

k=i =——{2(bc+ad) —p(c-+d)}

boumhis =120 ~ad) —n(c~d)
4 =4p(p—2a) (u—2b)
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We rewrite Eq. (A. 1.8) as follows

{Pp}lk-_-Ekp]u {Up}/k+Ekp]1z {Up}kj
. C _ A.1.13
{Po}ri=CkoIn {Up}fla“‘ckpjzz Ustes } ¢ )
where
{Poyin=1{5ix Di} » {Pp}tii={5es Pust »
{Up}flc {#; o3}, {UZI}M': {#e D4},
ky k ky, k
E 11 13 E 12 14
kol =5 kylyy =
el B[ku k] el B[ksz kJ
ky k ky kR
E 21 23 E 22 24
Fploy = Fpla =% | -
Hels =5 [k kJ Hirds =75 {ku k]

and Ckplie = [kp]Ta . _
The stress and displacement components are represented by the following

equations.
ox = [¢"] [kp] {Up} sin —nLix 1
= —WB)* [$] k)] {Us} sin[rx (A.1.14)
v= —4/B) [¢'] [kp] {Uy} cos ——x J
B - nw
u= ——4—|[¢"1+vA/B)*[¢] | [ks] {Uy} cos——=
El/l [ ] L (A.1.15)
v= ——5| A+ [$1+[48T] (k] Ty} sin"Tx
where
0ol= (A (i) (o+f) (Fi=1) ) (A.1.16)
[¢"] = (A/B)*[¢]—[ds"] (A.1.17)
fi=T (Ay/B)cosh(1/2)sinh(A+y/B) + (A/2) sinh(1/2)cosh(A+y/B) . B
= (stnhi+2) ,
f, = (A-y/B)sinh(2/2)cosh{(Ay/B) —(A/2)cosh(A/2) sinh{(A-y/B) . B
A (stnhl—2)
£, = ‘Ay/B)sinh(3/2)sinh(2+y/B)— {sinh(A/2)+ (1/2) cosh{A/2)cosh(}-y/B) . B
3 A2 (sinhd+A)
fi= /1 (A+y/B)cosh(A/2)cosh(Ay/B)+ {(A/2)sitnh(A/2)+cosh (A/2)} sinh(i-y/B) . B
4 A2(sinhi—2)
(A.1.18)

[do”1=L4f"+4f,") @AR"—4F") Af"+4f") f"—4")1 (A.1.19)
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2cosh (A/2)cosh(A+y/B)

4f"= sinhi+2

Af) = —2sinh(A/2)sinh(i+y/B)
2 sinhi—2

. (A.1.20)

Af) = —2sinh(2/2)cosh(1-y/B)
8 Sinhi+2

f = 2cosh(A/2) sinh(A+y/B)
T sinhi—2

Appendix 2 Stiffness matrix for the lateral vibration of square plate

The differential equation of lateral vibration of square plate is given by
the equation
0w 'w 0w _ 7ty 0'w

o4 +26x26y2+ 9y* gD o

(A.2.1)

Since both edges of the plate x=0, x=L are simply supported
we put the deflection of plate

w=¢ (y)sin—L@—x etet= 1 sin nT”x et (A.2.2)

1x

where
w=¢ (y) (A.2.3)

and o is circular frequency.
Substituting Eq. (A.2.2) into Eq. (A.2.1), we obtam an ordinary differ-
ential equation respect to y, as follows
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o7 —2(A) + g (—rh 9=0 (A.2.4)

where

A=”—’£§ x = {(gﬁ)(f}m . B (A.2.5)

The general solution of the differential equation (A.2.3) is expressed as
follows

1) 2-£<0
o (y)= A, sinh-22- B +A, cosh S Ay sin—5— % +A4cosﬁ—y
(A.2.6)
@) 2—x>0
d(y) = A/ sinh_ ay +A; coshT-i-A sink By + A’ cosh— By
(A. 2.6)’
where the following notations are introduced:
a=N"+i* , B ="k . (A.2.7)

The constants of integration A,----- A, or Ayeeee- A’y may be determined
from the boundary conditions on the both edges of plate y=FB/2 .

Now, the bending moment per unit length about an axis is parallel to x
axis and the reactive force along the edge perpendicular to y axis, as repre-
sented as follows

0w 0w
M, = (a g )
8 )
V= =D |34+ e-»2ig]
where,
_ kB,
D=malm

Substituting the expression (A.>2. 2) into the above equations, we obtain
the following equations: .

M,=11, sin ’2” x ¢iot (A.2.8)
V, = VysinFx o (A.2.9)

where,

M= ~D {¢" - (5-) 9] (A. 2. 10)
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7,=-D g7 —e-n(-4)v (A.2.11)

Differentiating Eq. (A.2.2) with respect to y, we obtain the slope of the
deflection surface along the axis which is parallel to x axis

W i M et g ain T g et
0_’dy m</)smLxe fosmLxe (A.2.12)
where :
i=¢’ . (A.2.13)
Now wj, w;, 0; and 6, denoting the deflections and slopes along the j-
side (y=—B/2) and k-side (y=+B/2) of plate, the expressions of these
deflection and slope are obtained by substituting y=—B/2, y=-+B/2 into the
expression (A.2.2) and (A.2.13), using the Eq. (A.2.6) or Eq. (A.2.6)', as
follows

1) 2—£<0

;) (—sinha/2 cosha/2 —sinp/2 cosPB/2 A,
Wy | sinho/2 cosha/2 sinB/2 cosf/2 A,
0; | | /B cosha/2 —a/B sinha/2 B/B cosB/2 B/B sinB/2 || A,
L0 | L a/B cosha/2 a/B sinha/2 B/B cosB/2 —B/B sinB/2 | A,
‘ (A.2.14)
@ 2—r>0 : -
Cw;| [ —sinha/2 cosha/? —sinhg/2 coshB/2 A,
We| sinha/?2 cosha /2 sinhB/2 " coshp/2 A,
;| | a/B cosha/2 —a/B sinha/2 B/B coshB/2 —B/B sinhp/2 || A's

0, J _ @/B cosha/2 a/B sinha/2 B/B coshf/2 [/B sinhB/2 A,
(A.2.14)’

Solving Eq. (A.2.14) or (A.2 14)" with respect to A;----- A, or Aljeeee
A’, we obtain

1) 2—£*<0

A= 4, [(w,—wk) —g— cos ~—(29——+ (6;-+0,) sin—g— ]

4, = | @rwo—f sin-b-~ @0 cos5- |

Ay =1 |- @—w) 5 cosh—%—— @,+0) sinh—5 |

Ay = | (w09 sinh—G—+0,-0, cosh —5- |

4i=2 (Tg—cosh %sin g + 103[ sinh 02( cos [29 ) |
|

AZ=2<§ cosh g sin g - g, sinh g cos g ) J

(A.2.15)
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(2) 2—£*>0

A, =“Ai2~ [ (05— 1) g cosh —§-+9,~+(7k) sinh—g—]

%— (5;—9,c)lcosh—§*l

A =— [~ @s+@0) Lsinh

1 o S a
Ay = 7, [— (i0;—,) —g-cosh %~ (CIEX)] smh—g~]
1 — — [24 . a - = a
A, = ) [(w, +1i0;) —B—smh —2—+ 05—06) coshT}
o . a .
4,=2 ( B Sinh 5 cosh g - g‘cosh ; sinh g )
4,=2 (%—cosh —g—sinh %— g sinh g cosh g )

(A.2.15)’

Substituting Eq. (A.2.15) or Eq. (A.2.15)’ into expression (A.2.3), we
obtain :

T'T):(fbl’i'fw)wj"'(fbl_sz)wk+ (fb3+fb4)9i+(fb3_fb4)ék (A- 2. 3)'

where,
1) 2—-x*<0
1 . .
Son= 7 {g sin g cosh ‘g + g sinh 02’ cos %v}
1 . .
Sre= ) { g cos g sinh aBy' —%cosh %sm %L’
1 B .. ay . a . By
= h — sinh—5—sin —S5—
Js a {sm o sinh—g sinh—g—sin —p ]
1 B ay a By
= - cosh + cosh—5—cos 55—
Sos ) { cos—5—cosh—p osh—g—cos ~p ]
@2y 22—£>0
1 B . B ay a . a By
= b S h Ci + h Ci h-‘
n="g ( B Sinh—5 osh B B Sinh —o5—cos B)
1 B . y B .. X % osh ; hﬁ
Fu=—¢ (B cosh —g—sinh ~pg——-p—cosh —g—sinh -3 )
1 . . . .
Joe=—74— (— smh—g—smh _—% — smh%smh %)

f“:_i— (— cosh—g—cosh %y + cosh g cosh %’ )

Now, Eq. (A.2.3)’ may be expressed in the matrix form
[¢]= [fi] U (A.2.16)

where

Lhl=0 outSfoe Su—Tue  Sfostfou  Sos—Sosl
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{Ub} = {77)] Wy, Ej 610}
Substituting Eq. (A.2.16) into Egs. (A.2.10) and (A.2.11), we obtain

_ . 1\ _
M= D ([ (5) [0 (A.2.17)
— 2 e
V,= —D ([~ @—» (5 [41)O
The reactive forces and the bending moments along the j- and k-side of
the plate are obtained by substituting y=—B/2 and y=DB/2 into the FEags.

(A.2.18) and (A 2.17), as follows
’ I/ ~(¢'x—4,) —d’

(A.2.18)

1

Vyjk —e

vyki - D ” - d (¢x— A1) Wy,

M i (c’+4,) —d’ a’ v ;
d —(c'+4,) b a 0

M y&i

It should be noted that the positive directions of forces and displacements
along the j- and %-side are shown in Fig A.2.2. The elements of the stiff-
ness matrix of the Eq. (A.2.19) are given by the following formulas,

Myjx-

Wik
Vykj
Fig . A.2.2
1 12—<0
& _a+ F (sz'n B/2 sinh a/2 . cos B/2 cosh a/2)
- 2B2 ! Al 2
b _at+ B (sin B/2 sinha/2  cosB/2 cosh a/2)
- 2B2 Al Az
, _afB 4, 4, , _ af A, 4,
6‘232(4 /.12)’ d—ZBZ(A1+Az)
o _af(a®+p% (cos B/2 cosha/2 sin /2 sinh a/Z)
- 2B* 4, 4,
W _aB(a*+5H) (cos B8/2 cosha/2 n sin B/2 sinh a/2)
- 2B4 Al Az

2_ 2 2 2
o=t EEE) f= @), =gy




202 S. SHIMIZU

) 2—k>0
o =B ( sinha/2 sinh 5/2 4 cosha/2 cosh B/2 )
T 2B 4, 4,
% _a=p ( sinha/2 sinh /2 . cosha/2 coshB/2 )
T 2B? 4, 4,

¢ =g (G+dr),

_aB(@—p% (cosh a/2 cosh L-?/Z+ sinh a/2 sinh 8/2)
- 2Bt

d’ ap (Ax 4, )

2B \'4, 4,

¢ 7 Z
W =a/3 (a*—p?) ( cosha/2 coshB/2 _ sinha/2 sink /2 )
2B* 4, 4,
Now representing Eq. (A.2.19) as follows
Py} =[ky] {U} (A.2.19)’
where
{pb} = {Vz/fk Vykj M’yflc Mylcf}
- B —(ci—A4y) -d
[¥,]=D n - d (c'v—4y)
(c’+4,) —d’ a v
L d —(c'+4,) b a
B k'll k’12 k’13 k,l4
— D k’Zl k’22 k’23 k’24 (A’ 2. 20)
k’Sl k,32 k,33 k,34
k,41 k,42 k’43 k’“

and each element of matrix [#';;] have the following relation:
k’n:k’zz, k'12=k’21, _k’w:k’zu k’33=k'44,
k'34=k'43, "‘k’u:k/u:k’zs:_k’zz, k’31=_k’4z
Further we rewrite Eq. (A.2.19)" as follows
{Ii’b}ik = [k:b]u {CZD}fk!+ [k:bszl{[zb}k! } (A.2.21)
{Pb}kf = [k bju {Ub}fk,+ [k b]zz {Ub}kj

where
Piyiv = Vi Mysd, Pores="{V s My},
{ﬁb}fk = {[0/ 51}, {Ub}k/ = {wk Ek}

Fy Ko ky, F
(Kl = D[ o ] (¥ he = D[ ]
k 31 k 33 ’ k 32 k 34

) k., K , Ky R
[k b]zl =D , , [k b]zz =D , ,
Ky Ko d, Ky By
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and Lk’b]12= [k,b]sz

Appendix 3 Stiffness matrix of the beam subjected to bending moments,
torsion and shearing forces.

The coordinate system to be used here is shown in Fig. A.3.1, where
the origin of coordinates is the centroid G of cross section, but y and x axes
are not always the principal axes of the cross section.

The displacement components of the shear centre S (ys5, 2g) in the x, ¥
and z directions are represented by #, v and w, respectively.

The rotation of the cross section about the shear centre is denoted by the
angle 6.

X
qsx,
‘75{
G ] 4
a Zs qx
62
Vs qy
l mx ZA
9z Gax
ya ﬁ %){
N
1z Gaz

Fig. A.3-1

The components of forces per unit length acting at an arbitrary point 4
(y4, 24) on the intersection of plate and stiffener are denoted by G, G4y
g4, and my,, and %, v, w, and 0, represent the displacement components

at that point.
The components of inertia forces per unit length acting at centroid G of

cross section are expressed by ¢g, g, and gg,, as shown in Fig. A.3.1.
We obtain the components of forces per unit length acting at shear centre S,
9z 4y 4. and m,, as follows

9z (%, 8) = Qa5 (%, 1) +qaz (%, 1)

qy (%,1) = qay(%,8) +qgy (%, 2)

9: (4,1) = q4.(%, 1) + 4. (%, 1) (A.3.1.)
My (%, 1) = My (%, 8) — (24 — 25)qay (%, 1)

+ (Vs — Ys) 94 (%, 1) + My (x, 1)
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Now, we start with the statical state of a thin-walled elastic beam sub-

. jected to bending moment, torsion and shearing forces, as shown Fig. A.3.2,

and the differential equations of a beam in such load conditions have been
induced by the author ?®, as follows

Q dx oM
My/'1 v\My+—97-"dx 2
- P I ) V- A Vi \N I 1 2
N\ [ t/'lN*\?X ax 1'\'9 Za
gz 0*3—,\@0”" 1'. % é
——ax "3
‘ Fig. A:3:2
8G 1. 9°
g; = Bl W%_-}—quz_‘_Byq!/ (A. 3. 2)
' ¢ ) 0°
Ova EL+ DUa L, + {2 — 29 EL— (s — 99 EL} 50— By B4
= B,y,q,+ (1+Byy,) 4, (A.3.3)
8‘ 64 64g aa
i B+ EL+{(2, — 25) El,— (v4 — ¥5) EL} e — Biza
= Byz,9,+ (1+B,z,) q, (A.3.4)
80 90
axfl C - axf C=my— (24— 25) qut+ s — ¥s) ¢, (A.3.5)

In these expressions I, and I, represent the moment of inertia of the cross
section about y and z axes, respectively, and I,, represents the product of
inertia of the cross section and C, and C are the warping and torsional ri-
gidity, and

B — EA, (LI, — I*)
! (LI, — I*),) + A, (I,2°, — 21,9424 + 1y*y)

= — A Uyyy — L;2,) _
BII - (Izly - Izyz) -+ 14s (IzzzA —_ ZIsz’AZA I IyyzA) (A. 3.6)
B, = — A Iyza — 1,y

Ly = Py A+ A (127 — 215424 + 1Y)

The transition from the statical differential equations (A.3.2), (A.3.3),
(A.3.4) and (A.3.5) to the dynamical equation of motion may be made by
equating ¢q,, ¢., M, to the intensity of the inertia forces in the beam, but
the longitudinal component of the inertia force may be neglected, on the
assumption of the previous section. Considering a bar with arbitrary cross
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section, Fig. A.3.3, we denote the displacement component at any point B
(¥5, 2p) on the cross section, vy, wy and 65, the deflection of the point B
are expressed as follows

vg =0 — (2 — 2g) 0

(A.3.7)
wp=w =+ (yp—ys) 0
G 1 y
Zs
-n——ys S
I ey
II r-—— 4 SJ 1 T~—a
|
! ]
/o] BL— v ——j
,/-_. _______ r_f._...}._
,’(24-.|7s)¢9 T
/ P~
z L--4p

Fig. A-3.3

Using Eq. (A.3.7) the components of the inertia force acting on the point
B on the cross section are expressed as follows %"

t, 0° 8? 0°
py=_fé—@atif=—-g—‘{-a—t—g-—(za~zs)—0g} (A.3.8)
t, 9 o %0 .
b, = Tg a;‘:B - Z’{ atizp (s — ) 512 } (A.3.9)

where 7 is the weight of material of the stiffener per unit volume and ¢, is
the thickness of the stiffener wall.

Integrating Eq. (A. 3.8) and (A. 3.9) along the centre line of the cross
section, we obtain the inertia forces acting on the centre of gravity of the
cross section :

2 2

Goy = | pds = — my (T 5, 00 o) (A.3.10)
2 2

Goo= [ pids = —m, (T -5, Z0) @

where m,, = rA,/g is the mass per unit length of the stiffener. The inertia
moment of the element m,, about the shear centre S of the cross section is

M= | A= by (@5 — 29) + b, 95 = 3) )

2 2 0
= =y s O — 3o L) — @+ iy L (A3.12)
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where
Os = J —}1— (25 + ¥%p) dA,, 1%5 = 2% + ¥

Replacing the suffix B with A in Egs. (A.3.7), we obtain the expressions
between the displacement of shear centre S and the point A which is the
intersection of plate and stiffener, as follows

v=uv,+ (2, — 25) 04

w=w, — (Y41 — ¥s) 04 (A.3.13)

Substituting the expressions (A.3.13) into Egs. (A.3.10), (A.3.11) and
(A.3.12), we have

Gay = — ma (Tgpt + 2, 0e-) (A.3.14)

2o = — my, (D5t -5 T | (A.3.15)

Mo = = my (2, Tl — 2aT0aY g, Dhs (A.3.16)
where

04 = Og + my (224 + ¥*0)

Substituting Egs. (A. 3.14), (A. 3.15) and (A. 3.16) into Eq. (A. 3.1), we
obtain

9az x, 1) = ¢q; (x, 1) N

0° 0%0
qay (x;t) = 4y (x;t) + mst( a;}ZA — 24 atzA )

0? 0%0
q 4z (x:t) = dq, (x’t) +mst( a?z)A — Ya at'f )

0*v 0*w 0°0
mA:c(xr t) = mz(x: t) + mst (zA atzA - yA at2A> + @A atzA

(A.3.17)

Eliminating ¢,, ¢,, m, from Egs. (A. 3.2), (A.3.3), (A.3.4), (A.3.5)
and (A. 3.17), we find the following expressions for the components of the
dynamical forces per unit length acting on the intersection of plate and
stiffener:
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0q 4z 3 '
'_g‘;—— "'B.:vz '—Bzy ’"B:::z — A 88;‘3‘4 O
: 4
9ay sz Bw Byz Byf’ 06;)4,1 o
= + o4 +
qu Bzz Bzy Bzz Bz¢9 6;{{‘4 O
00 00
Myx By, By, By, Bys 636‘;1 -C 6:\:;4
0%u ,
o o o0 o R
0 mg, O zmy a;;}ZA
+ . (A.3.18)
0 0 My  —YaMlg a—tuiA
2
0 zmy, —ymy, 6, aazA
where
Bza: = EA,

B,y = By, = EA.y,

B,,=B,, = FEA;z,

By = By = EA {(24 — 25) 34 — (9a — ¥s) 24}

By, =EU, + A0

By, = B,, = E (I, + Ay.z,)

By, = Byy=E{(24 — 25) (I, + Ay*2) — (4 — ¥s) (Tyy + Aya24)}

B,=E, + Az2%)

B,y = B,,= E{(z4 — 25) Iy, + Ayazs) — (a4 — ys) Iy + A2%0)}

By =C, + E{(z — 29 [, + Ay’ + (31— y9)* Iy, + A2%)
—2 (24— 25) (32— ) €y, + Asza29)} '

On the previous assumption, the ends of the stiffener are free to Warp

and rotate with respect to y- and z-axes instead of rotating around x-axis.
In such a case, the end conditions are

vA—:wA:ﬂA:O .
8% for x=0and x=1 .

vy 0Pwy _
oxt —  0x:  0x*

All these conditions will be satisfied by taking the solution of Egs.
(A.3.18) in the form '
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Uy = T, cos~n—£—x etet .
V=17, sin"—lf—x ete?
w, = wAsinig—x etet
0, = 0,4 sin—nf"—x etet

and
az = Qas cosa"Lixe”f
Gay = Qay siﬂn—g-xe"“‘
Gaz = quz SN ﬁIi-rﬂxe"'”‘
m, = 7, sinn—l’f«xei“

Substituting the expressions (A. 3.19) and (A. 3.20) into Eq.

we obtain
qAa: Bzx (A/B)Z Bxy (A/B)s B.zz (l/lg)3
quI _ BJ/.L' (A/B)S Byu (A/B)4 Byz (A/B)4
q“lz Bzx (A/B)S Bz:l/ (A/-B)4 Bzz (A/B)4
My B,, (1/B)® By, (A/B)* B, (2/B)*
Wy 0] O 0]
Uy O —(D/B)Kyx* O
X -+
0y 0] 0] —(D/B%) Kyrc*
0. O  —(D/B)Kgx* (D/B*)Kgykt
where
Ky = _my K, = Z My,
Ttp ‘ Ttn 2
("¢ e (1)
K, = _YaMs K. = 6.4
& (IZL) B " (1&) B
g g

(A.3.19)

(A.3.20)

(A. 3.18),

B.» (A/B)*
B,, (3/B)*
B, (A\/B)*
B (3/B)* + C (3/B)*
0 i,
—(D/BYKgt | | 5,
(D/B*) Kgyrt 4
—(D/B) Kt | | 0.
(A.3.21)

]I

We rewrite Eq. (A.3.21) into a simple matrix form like

Q) = (k1 {U4

(A.3.22)
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where
{Qs} = {qu‘ ‘jAy q a2 mA.r}
{UA} ={in, U, Wy 6/1}
Bu B, B, B,
B,, B;+D, By, By, +D,,
(k] = [B+D] = (A.3.23)
le B, By;4- Dy, B+ D,

B41 BAZ B43+D43 B44+D44

The matrix given by Eq. (A. 3.23) is a stiffness matrix for stiffener,
and the elements By (1 =1,2, - 4,7=12, ---4) show the geometrical
properties of cross section of stiffener and D,; means the dynamical properties
of stiffener associated with plate.





