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Abstract 6 

The self-synchronization of rotors in a nonlinear system has both academic and practical importance 7 

because of its applicability as a source of excitation for vibratory machines. Although the characteristics of 8 

such self-synchronization can be clarified by analyzing the periodic solutions of the equations of motion, only 9 

self-synchronization corresponding to the stable periodic solution is realized in actual systems. The stability of 10 

the solution is thus one of the most important characteristics of self-synchronization. In this paper, to stabilize 11 

periodic solutions suitable for application to vibratory machines, the effects of the damping of the rigid body 12 

and the moment of inertia of the rotors on stability are examined using a system that consists of two 13 

unbalanced rotors installed in a rigid body. High-precision analysis conducted using the shooting method 14 

shows that it is possible to stabilize the instabilities caused by period-doubling and Hopf bifurcations while 15 

keeping other characteristics, such as the synchronous frequency and the rigid body amplitude, mostly 16 

unchanged. The findings of this study can serve as a guide to extending the range of stable periodic solutions 17 

and are thus expected to be useful in the design of systems that utilize the self-synchronization of rotors. 18 

Keywords: Self-Synchronization, Nonlinear Vibration, Stability, Shooting Method 19 

1. Introduction 20 

In a system where multiple nonlinear self-excited oscillators with unique frequencies are coupled, 21 

self-synchronization can occur, where all of the oscillators are entrained into a single frequency through their 22 

interactions [1-3]. In the field of mechanical vibration, the self-synchronization of pendulums [3-7] and rotors 23 

[3,8-21] has long been known, starting with the discovery of synchronization in pendulum clocks by Huygens 24 

[1]. The self-synchronization of rotors has both academic and practical importance because it can be applied 25 

as a source of excitation for vibratory machines. 26 

The self-synchronization of rotors has several advantages. Synchronous rotation with a specific phase 27 

difference is achieved without using mechanical coupling (e.g., through chains or gears) even when there are 28 

differences in the individual characteristics of the rotors (e.g., their applied voltages). In addition, high 29 

flexibility in terms of the placement of the excitation source is obtained. To exploit these advantages in 30 

vibratory machines, it is necessary to design the system based on the characteristics of the 31 
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self-synchronization. Research has thus been conducted to elucidate these characteristics and develop analysis 1 

methods for periodic solutions of analytical models that correspond to the self-synchronization. 2 

Zhang et al. [8] focused on the conditions that various torques, such as driving torque and damping torque, 3 

must satisfy in the synchronized state and proposed an analysis method that uses conditional equations for 4 

torques derived from an approximate analysis based on the method of averaging. The analysis method has 5 

been applied and extended to a number of systems, including a system with three rotors installed on a rigid 6 

body and synchronized in a far-resonant condition [8,9], and systems corresponding to a vibrating mill [10] 7 

and a vibrating crusher [11], each consisting of two rigid bodies and two rotors. The validity of the analytical 8 

results has also been partly confirmed through numerical simulations and experiments [9-11]. Kapitaniak et al. 9 

investigated the influence of the initial value of state variables on the self-synchronization of rotors rotating in 10 

the same direction [12] and in opposite directions [12,13] using numerical simulations, and discussed the 11 

phase difference between the rotors in the synchronized state based on the energy balance. Furthermore, for a 12 

system with many rotors coupled together, they used numerical simulations to determine the behavior of the 13 

system after the power supply to some of the rotors is cut off [14]. In addition, one study developed a tamping 14 

rammer that utilizes the self-synchronization of rotors [15]. 15 

We previously applied the shooting method to the analysis of self-synchronization in a system that 16 

consisted of two rotors, each mounted on a rigid body, and showed the effects of the stiffness of the spring 17 

that coupled the rigid bodies [16] and the characteristics of the nonlinear periodic motion of the corresponding 18 

undamped system [17] on self-synchronization. Moreover, using a system with two rotors mounted on a rigid 19 

body, we derived two conditional equations for energies that must be satisfied in the synchronized state and 20 

proposed a method for simply obtaining a periodic solution and an efficient method for examining the effects 21 

of parameters on self-synchronization [18]. 22 

These studies considered the characteristics of the self-synchronization of rotors and the development of 23 

analysis methods. Relatively little attention has been paid to the effect of parameters on the stability of the 24 

periodic solution, despite it being one of the most important characteristics in the sense that only stable 25 

solutions can actually produce self-synchronization. For high robustness against inevitable errors in machine 26 

operations, the system needs to include stable periodic solutions over a wide parameter range. To achieve this, 27 

it is useful to understand the effects of parameters on the stability of the periodic solution through an analysis 28 

that obtains all solutions, including unstable ones. Furthermore, it is desirable to develop a method that 29 

changes an unstable solution into a stable one without changing other vibration characteristics, such as 30 

frequency and amplitude. 31 

Based on the above considerations, this study uses a system that comprises two rotating unbalanced rotors 32 

installed in a rigid body to examine the effect of the damping of the rigid body and the moment of inertia of 33 

the rotors on the stability of the periodic solution as well as on the frequency and amplitude of the rigid body. 34 

DC motors are used for the excitation of the rotor considering that the characteristics of the 35 

self-synchronization between such motors are of academic interest [16,17,19,20] and that their effectiveness 36 
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has been confirmed in devices that utilize self-synchronization [15,21]. A numerical analysis is performed 1 

using the shooting method for both co-rotating and counter-rotating cases. Furthermore, based on the results, a 2 

method for stabilizing the periodic solution without affecting other characteristics is derived. Note that this 3 

paper deals with the case of two rotors rotating synchronously at a ratio of 1:1 in consideration of its 4 

importance and generality in academic and industrial fields; it does not discuss self-synchronization in which 5 

the rotors rotate at a different speed ratio [22]. In addition, although controlled synchronization using active 6 

control has been studied to achieve the desired synchronized state [23], only self-synchronization that occurs 7 

passively is considered in this paper from the viewpoint of system simplicity. 8 

The rest of this paper is organized as follows. Section 2 presents an analytical model of the considered 9 

system and derives the equations of motion. Section 3 describes the calculation procedure in the shooting 10 

method employed for the analysis of the self-synchronization in the analytical model. Section 4 examines the 11 

effect of each parameter on the characteristics of the periodic solution, including its stability. It is 12 

demonstrated that the periodic solution can be stabilized by adjusting appropriate parameters while keeping 13 

other characteristics mostly unchanged. Section 5 summarizes the present paper. 14 

2. Analytical model and equations of motion 15 

Figure 1 shows the analytical model considered in this paper. This is an extension of the model used in Ref. 16 

[18], in which not only the vertical but also the horizontal degree of freedom for the rigid body is considered 17 

and the effect of gravity is included. These additions have a significant impact on the stability of 18 

self-synchronization, as shown later. 19 

The system comprises two rotors, each of which has unbalanced masses 1m  and 2m  at distances 1r  20 

and 2r , respectively, from the axis of rotation. The rotors are driven by DC motors, whose axes of rotation are 21 

horizontal and parallel, installed in a rigid body of mass bM  under the action of gravitational acceleration g . 22 

In the following description, the left- and right-hand motors are denoted as Motor 1 and Motor 2, respectively, 23 

and the moments of inertia of the two rotating bodies to which unbalanced masses are attached are denoted as 24 

1rJ  and 2rJ , respectively. The rigid body is supported by springs with spring constants xk  and yk  and 25 

dashpots with damping coefficients xc  and yc , and is constrained to move translationally in the plane 26 

perpendicular to the motor axes and not rotate. It should be noted that a certain mechanical constraint on the 27 

rigid body rotation is introduced here, rather than the rotational degree of freedom in a rotatable system being 28 

neglected (see Appendix A for an example of such a mechanical constraint). The horizontal and vertical 29 

displacements of the rigid body are denoted as x  and y , respectively, based on the static equilibrium 30 

position, and the angular displacements of Motor 1 and Motor 2 are denoted as 1  and 2 , respectively. The 31 

positive directions of these variables are defined as shown in Fig. 1. Moreover, the torque constant, voltage 32 

constant, and armature resistance of the motors are denoted as tK , EK , and ar , respectively, and the 33 

voltages supplied to Motor 1 and Motor 2 are denoted as 1e  and 2e , respectively. The properties of the 34 

motors are identical except for the voltages 1e  and 2e . 35 
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 1 

Fig. 1. Analytical model considered in this study. 2 

 3 

With these variables, the equations of motion are derived as follows: 4 
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where A is the conversion factor between the voltages and the torques of the motors and B  is the internal 8 

damping of the motors. Note that the rotational damping of the rotors is ignored under the assumption that it is 9 

sufficiently small compared to the internal damping of the motors. An overdot indicates differentiation with 10 

respect to time (i.e., d / dt ). The voltages are defined to be positive (i.e., 1 0e   and 2 0e  ) and the two 11 

motors are co-rotating when 1   and counter-rotating when 1   . 12 

Rescaling the time and introducing dimensionless parameters and variables, we obtain the following 13 

dimensionless system: 14 
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in which T  is the period of the periodic solution of Eq. (1) in the synchronized state (hereafter referred to as 3 

the synchronous solution). In addition, cr  and c  are the characteristic length and angular frequency, 4 

respectively, the values of which are defined depending on the purpose of the analysis (see Section 4.1 for 5 

their definitions for the analyses in this paper). Note that the dimensionless period of the synchronous solution 6 

of Eq. (3) is no longer unknown but given by 2  with the above time rescaling; instead, the dimensionless 7 

synchronous frequency   becomes an unknown constant since the angular frequency   of the 8 

synchronous solution is unknown. 9 

The dimensionless system parameters and variables are as follows: p  is the dimensionless moment of 10 

inertia, p  is the dimensionless voltage, p  is the dimensionless imbalance,   is the dimensionless 11 

internal damping of the motors, x  and y  are the damping ratios for the rigid body in the x  and y  12 

directions, respectively, x  and y  are the dimensionless natural frequencies for the rigid body in the x  13 

and y  directions, respectively,   and   are the dimensionless horizontal and vertical displacements, 14 

respectively,   is the dimensionless synchronous frequency, and   is the dimensionless time. 15 

The characteristics of the self-synchronization of the rotors are clarified by analyzing the synchronous 16 

solution calculated from Eq. (3). 17 

3. Application of shooting method 18 

In order to obtain the synchronous solution, the shooting method is applied to the analytical model. Here, 19 

the synchronous solution refers to the periodic solution in which the change in the variables other than 1  20 

and 2  becomes zero when the rotors rotate once per period (i.e., 1  and 2  are respectively increased by 21 

2  and 2  every period). Note that the absolute values of the averages of 1  and 2  in the 22 

synchronized state thus both coincide with the synchronous angular frequency  . The value of   also 23 

needs to be found in the shooting method along with the initial values of the variables 24 

1 2 1, , , , , , ,          and 2   for the synchronous solution. This is accomplished by a combination of 25 

numerical integration and successive approximation as follows. 26 

The equation of motion in Eq. (3) and the variational equation for the infinitesimal variation can be written 27 

in matrix form as (see Appendix B for details) 28 
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where u  and u  are respectively the state variable vector and the variation vector defined as follows: 3 
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Equations (6) and (7) consider the variation   of   in addition to the variation u  of u . This is 5 

because the shooting method in the present study needs to find the value of  , in addition to the initial values 6 

of p  and p , for the synchronous solution. 7 

With the solutions of Eq. (5) at times 0   and 2   denoted as 0 (0)u u  and 1 (2 )u u , 8 

respectively, the condition for the periodic solution is given by 9 
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The calculation of the synchronous solution in the shooting method reduces to the successive approximation 11 

of the initial value 0u  and the dimensionless synchronous frequency   for the solution that satisfies Eq. (8). 12 

The equations necessary for the successive approximation are derived as follows. 13 

The general solution for the variation u  that satisfies Eq. (6) is given as (see Appendix C for details) 14 

0 0
2

( ) ( , , ) ( )u
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where 0 (0) u u  and 0( , , )u  u  is the state transition matrix (that is, the fundamental matrix with the 16 

initial value of the identity matrix [24]) for u  for the case 0  . If 1 (2 )  u u  is used, the equation 17 

for determining the correction values 0
ku  and k  for the initial values 0

ku  and k , respectively, in the 18 

k th iteration of the successive approximation of 0u  and   that satisfy Eq. (8) is derived from the equation 19 
1 1 0 0
k k k k    u u u c u . Substituting Eq. (9) into this equation and rearranging the result yields 20 
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where 2nI  is the 2 2n n  identity matrix ( 4n   in the current case). Equation (10) can be used when 22 

calculating 0u  and   in the successive approximation. 23 

As can be seen from Eq. (7), the initial value 0p  of p  is obtained from the upper half of 0u . However, 24 

to obtain the initial value 0p  of p , an additional calculation procedure, where only the lower half of 0u  25 
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is divided by  , is required. To find 0p  and 0p  directly without performing such a circuitous calculation 1 

via 0u , Eq. (10) is further transformed as follows. 2 

First, we introduce q , defined as 3 

1 2 1 2( [ ] )T       
       

p
q

p
. (11) 4 

The equation of motion in Eq. (3) can be written in matrix form in terms of q  as (see Appendix D for 5 

details) 6 

( ) q Q q . (12) 7 

In the following, in a manner similar to that for u , q  and its variation q  at time 0   ( 2  ) are 8 

respectively denoted as 0q  and 0q  ( 1q  and 1q ). The following relationships exist between u  and q , 9 

u  and q , and ( )U u  and ( )Q q :  10 
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Substituting Eq. (13) into Eq. (10) and using 0 1 0( , , ) ( , , )q u   q D u D   yields the equation for 12 

determining the correction values 0
kq  and k  for the initial values 0

kq  and k , respectively, in the k th 13 

iteration of the successive approximation of 0q  and   as follows: 14 

0 0 0 1 0 1
2 2 0

1
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p
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Since 0(2 , , )q k k q  expresses the state transition matrix for the case 0   for the variation kq  16 

superimposed on the solution kq , which has the initial value 0
kq , it can be directly obtained, without 17 

calculating 0(2 , , )u  u , by the numerical integration of the following variational equation derived from Eq. 18 

(12) (see Appendix D for details): 19 

( )  

Q q

q q
q

. (15) 20 

Therefore, the coefficients of 0
kq  and k  and the right-hand side in Eq. (14) are all obtained based on 21 

Eqs. (12) and (15) without conducting any calculation for u  using Eqs. (5) and (6). 22 

It is noted that Eq. (3), or Eq. (12), is an autonomous system and arbitrariness exists regarding which 23 

moment within one period of a solution is set as the origin of time. To address this arbitrariness by giving the 24 

condition that defines the origin of time, the following appropriate conditional equation (scalar equation) for 25 
0q  is added:  26 

0( ) 0g q . (16)27 
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The equation for the successive approximation for Eq. (16) is given by 1 

0 0
0

( ) 0k k
g

g 
 


q q
q

. (17) 2 

The successive approximation that determines the correction values 0
kq  and k  using a combination 3 

of Eqs. (14) and (17) provides the initial value 0q  for the synchronous solution and the dimensionless 4 

synchronous frequency  . Note that any condition that can be satisfied by the synchronous solution during 5 

one period can be used for Eq. (16) and that the characteristics of the resulting solution do not depend on the 6 

setting of this condition. An example of such a condition is that one of the displacements x  and y  of the 7 

rigid body or the angular displacements 1  and 2  of the rotors at 0   is constrained to be zero. 8 

The stability of the synchronous solution is determined from the characteristic multiplier, i.e., the 9 

eigenvalue of 0(2 , , )q k k q . Theoretically, for an autonomous system, at least one of the characteristic 10 

multipliers is one and the solution is asymptotically stable if the absolute values of the other characteristic 11 

multipliers are all less than one. Otherwise, the solution is unstable. 12 

Finally, it should be noted that since the characteristic multipliers are the eigenvalues for the state 13 

transition matrix for the variation during one period of the solution, their absolute values and corresponding 14 

eigenvectors indicate the divergence speed and vibration mode of the variation, respectively. This is the basis 15 

for the discussion in Section 4.2.3. 16 

4. Analytical results 17 

4.1. Results for basic parameters 18 

In this subsection, the synchronous solution for the basic parameters given in Table 1 is obtained using the 19 

shooting method to determine the fundamental characteristics of the self-synchronization in the system shown 20 

in Fig. 1, for both the co-rotating and counter-rotating cases. The parameter values in Table 1 were determined 21 

considering the values for 1 2 1 2, , , , , , , ,y a t Em m r r c r K K  and 2e  for the experimental apparatus described 22 

in Ref. [16], in which two rotors are installed in a single-degree-of-freedom rigid body moving on a linear 23 

guide, and considering the ranges that the values for 1 2, , , , ,x x y r rc J J   and 1e  can take in the system 24 

shown in Fig. 1. The characteristic length and angular frequency are set to 1 2( ) / 2cr r r   and c y  , 25 

respectively. 26 

 27 
Table 1 Basic parameters of analytical model. 28 

1  0.056 2  0.033 x  0.025 y  1 

2  0.056 2  0.012 y  0.030 g  0.55 

1  0.033   0.0042 x  0.7   

 29 
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In the shooting method, the Runge-Kutta-Gill method is used for the numerical integration and the 1 

division number per period is set to 2048. Double-precision variables are used in the calculation and the 2 

convergence criterion in the successive approximation of the shooting method is set such that the ratio of the 3 

correction values 0
kq  and k  to the corresponding initial values 0

kq  and k  is less than 1210 . It is 4 

worth noting that for the results of the shooting method shown below, it is confirmed that the successive 5 

approximation calculations converge quadratically and that one of the characteristic multipliers can be 6 

regarded to have a numerical value of exactly one within the given level of precision. The quadratic 7 

convergence indicates the appropriateness of using Newton’s method to compute successive approximations 8 

in the shooting method and the latter result is consistent with the fact that Eq. (3) is an autonomous system. 9 

Therefore, the calculation procedure for the shooting method presented in Section 3 is valid and the following 10 

results can be considered to be sufficiently accurate. 11 

The analysis is performed by varying the dimensionless voltage 1  supplied to Motor 1 while that ( 2 ) 12 

to Motor 2 is fixed. In the calculation of the synchronous solution, the numerical solutions of 0q  and   13 

obtained at a certain 1  are used as initial values in the successive approximation calculation for 0q  and   14 

at 1 1  , which is continuously repeated to obtain the synchronous solution branches. The results suggest 15 

that the system has three types of synchronized state, in both the co-rotating and counter-rotating cases. The 16 

synchronous solution for the co-rotating case obtained by setting 1   is presented in Fig. 2, in which the 17 

three solution branches, denoted by SB1, SB2, and SB3, respectively, are plotted.  18 

The dimensionless synchronous frequency   for all of the solution branches is shown in Fig. 2(a). The 19 

dimensionless synchronous frequency  , the dimensionless amplitudes Amp[ ]  and Amp[ ]  for the rigid 20 

body in the x  and y  directions, and the average phase difference 2 1 ave( )   between the rotors for each 21 

solution branch are shown in Fig. 2(b) to Fig. 2(d) for SB1, SB2, and SB3, respectively. Note that the 22 

uppermost figures in Fig. 2(b) to Fig. 2(d) showing   have different aspect ratios in order to make the shape 23 

of each solution branch clear. For convenience in the comparison with the results presented later, the values of 24 

the dimensionless moments of inertia 1  and 2  for the rotors and the damping ratios x  and y  for the 25 

rigid body are given in the figure caption. In the same manner, the synchronous solution for the 26 

counter-rotating case obtained by setting 1    is presented in Fig. 3. 27 

The solid and broken black lines represent the stable and unstable solutions, respectively, and the symbols 28 

, , and  on the solution branch denote the saddle-node bifurcation points, Hopf bifurcation points, and 29 

period-doubling bifurcation points, respectively. The green horizontal lines in the panel for   represent the 30 

dimensionless natural frequencies ( 0.7)x   and ( 1)y   in the x  and y  directions, respectively, 31 

obtained from the model with fixed rotors, and the gray dotted horizontal line in the panel for 2 1 ave( )   32 

indicates 2 1 ave( ) 0   . 33 

 34 

  35 
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 1 

 

Fig. 2. Synchronous solutions for 1 20.056, 0.056, 0.025,x      and 0.030y   for co-rotating 

case (SN: saddle-node, HP: Hopf, PD: period-doubling). 
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Fig. 3. Synchronous solutions for 1 20.056, 0.056, 0.025,x      and 0.030y   for 

counter-rotating case (SN: saddle-node, HP: Hopf, PD: period-doubling). 
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As shown in Figs. 2 and 3, the synchronous frequency   for SB1 and SB2 is close to x  and y , 1 

respectively, and therefore the rigid body has a large amplitude in the x  and y  directions in SB1 and SB2, 2 

respectively. In contrast,   for SB3 is much higher than x  and y  and therefore exhibits a very small 3 

amplitude in both the x  and y  directions. This implies that SB1 and SB2 have an advantage over SB3 in 4 

terms of efficiency when the self-synchronization of rotors is applied to a vibratory machine to produce a 5 

large vibration. On the other hand, from the viewpoint of robustness against the error in the voltage 1 , SB2 6 

and SB3 in Fig. 2 and SB2 in Fig. 3 have an advantage over SB1 since they extend over wide ranges for 1  7 

whereas SB1 is in a narrow range. Based on these results, the following analyses focus on the characteristics of 8 

SB2 that are considered to have the highest significance. 9 

Next, the stability of SB2 is discussed. Since only self-synchronization corresponding to the stable 10 

synchronous solution is realized in actual systems, the stability of the solutions is one of the most important 11 

characteristics in both the investigation of the underlying mechanism and the application to vibratory 12 

machines. Preliminary analyses indicated that stable solutions can exist only in the bottom part of the solution 13 

branch, specifically the part between the lower two saddle-node bifurcation points, in the panels for   in 14 

Figs. 2(c) and 3(c). However, as shown in these panels, the bottom parts of the solution branches for the basic 15 

parameters are partly and almost entirely destabilized, respectively, due to the Hopf and period-doubling 16 

bifurcations. If the applied voltage 1  is in the ranges for these unstable solutions, self-synchronization 17 

cannot be utilized to produce a periodic vibration of the system. 18 

In order to demonstrate the influence of stability, the behavior of a system whose state variables are 19 

perturbed by 0.1 percent from a synchronous solution is examined at points P and Q in Fig. 2(c), which are 20 

respectively stable and unstable solutions for the co-rotating case. The results are respectively presented in 21 

Figs. 4(a) and 4(b), in which the displacements   and   of the rigid body and the angular velocities 1   22 

and 2   of the rotors are shown for the interval / 2   0 to 5, just after the perturbation is added, and for 23 

the interval / 2   195 to 200, after a sufficient amount of time has passed. 24 

It is confirmed from Fig. 4(a) that the system at the stable solution remains in a synchronized state with a 25 

large amplitude in the y  direction even after a long period of time. In contrast, as shown in Fig. 4(b), the 26 

system at the unstable solution remains nearly synchronized just after the perturbation is added, but after a 27 

sufficient time has elapsed, the rotational velocities of the two rotors become completely desynchronized and 28 

the amplitude in the y  direction, as well as that in the x  direction, become small. This suggests the 29 

significance of the stability of the synchronous solution and highlights the importance of developing a method 30 

for stabilizing the unstable synchronous solution to improve the robustness in the application of 31 

self-synchronization to vibratory machines. 32 

 33 
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   1 

        (a) Stable solution for point P at 1 0.013     (b) Unstable solution for point Q at 1 0.007   2 

Fig. 4. Behavior of system after initial value is perturbed by 0.1 percent from synchronous solution for 3 

co-rotating case shown in Fig. 2. 4 

4.2. Effect of parameters on stability of self-synchronization of rotors 5 

In order to derive an effective method for stabilizing the bottom part of the synchronous solution branch 6 

SB2 in Figs. 2(c) and 3(c), this section examines the effects of the moments of inertia 1  and 2  of the 7 

rotors as well as the damping ratios x  and y  of the rigid body on stability. In addition, their effects on 8 

the synchronous frequency   and the amplitude Amp[ ]  of the rigid body in the y  direction are 9 

examined as these are important vibration characteristics for SB2. 10 

4.2.1 Effect of damping in direction parallel to large vibration (vertical direction) 11 

Considering that in SB2 the amplitude of the rigid body in the y  direction is much larger than that in the 12 

x  direction, the damping ratio y  is expected to have a significant impact on the characteristics of this 13 

solution branch. Therefore, the effect of y , or that of the damping coefficient yc , is first examined here. 14 

Figures 5(a) and 5(b) show the bottom part of the solution branch SB2 obtained for 15 

1 20.056, 0.056,    and 0.025x   in the co-rotating and counter-rotating cases, respectively. The 16 

abscissa shows the voltage 1  and the ordinates are the synchronous frequency   and the amplitude 17 

Amp[ ] . The black, gray, red, orange, and blue lines represent the solution branches for 18 

0.030, 0.035, 0.040, 0.045,y   and 0.050 , respectively. 19 
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Figure 5 demonstrates that a change in y  does not monotonically stabilize or destabilize the solution; 1 

instead, it influences the stability in a complex manner. Furthermore, it can be seen that the range for 1  2 

where the synchronous solution exists and the amplitude Amp[ ]  are also significantly affected by the 3 

change in y . Therefore, a certain trial and error approach is necessary to stabilize the bottom part of SB2 by 4 

adjusting y , and even when it can be stabilized, characteristics other than the stability are changed. This 5 

suggests that stabilizing SB2 by adjusting y  is inefficient. It is worth noting that the amplitude Amp[ ]  in 6 

the x  direction, which is not presented here because it is less important than Amp[ ] , remains small in all 7 

cases of y  shown in Fig. 5. 8 

For efficiency in analysis and system design, it is desirable to control the stability without affecting other 9 

characteristics, such as the synchronous frequency, amplitude of the rigid body, and existence range of the 10 

solution. This is discussed in the following sections. 11 

 12 

       13 

                 (a) Co-rotating case                        (b) Counter-rotating case 14 

Fig. 5. Effect of y  on bottom part of synchronous solution branch near y   for 1 0.056,   15 

2 0.056,   and 0.025x   (SN: saddle-node, HP: Hopf, PD: period-doubling). 16 
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4.2.2 Effect of rotor moment of inertia 1 

To further examine the stabilization of the synchronous solution, the calculation results for the 2 

synchronous frequency   obtained when neglecting the effect of gravity by setting 0g   are presented in 3 

Fig. 6(a) for the co-rotating case and Fig. 6(b) for the counter-rotating case. Comparisons between Fig. 6(a) 4 

and Fig. 2(c) and between Fig. 6(b) and Fig. 3(c) show that the period-doubling bifurcation points vanish in 5 

Fig. 6. Considering that gravity induces a temporal variation of the rotational speed of the unbalanced rotors, it 6 

is expected that an increase in the moment of inertia of the rotors mitigates the effect of gravity and, in 7 

consequence, possibly stabilizes the instability of the synchronous solution due to the period-doubling 8 

bifurcation. Note that the synchronous frequency   in Fig. 6 is mostly unchanged from the results shown in 9 

Figs. 2(c) and 3(c). This suggests the possibility of stabilizing the solution without changing other vibration 10 

characteristics in the synchronized state. 11 

Based on the above consideration, the effect of the moments of inertia 1  and 2  of the rotors in the 12 

presence of gravity is investigated in Figs. 7(a) and 7(b), in which the synchronous frequency   and the 13 

amplitudes Amp[ ]  and Amp[ ]  of the rigid body in the x  and y  directions are plotted for 14 

1 2 1 20.056, 0.060,        and 1 2 0.070    for the co-rotating and counter-rotating cases, 15 

respectively. Here, Amp[ ]  is also shown because it is next in importance to Amp[ ]  once the solution is 16 

stabilized. In the panel for  , the bottom part of the solution branch is highlighted in black and the rest of the 17 

branch is plotted in gray. For simplicity, only the former black part is plotted in the panel for Amp[ ]  and 18 

Amp[ ] . Furthermore, for convenience of discussion, the period-doubling bifurcation points on the solution 19 

branch are denoted by the symbols 1P  to 4P . It should be noted that the symbols 1H  to 8H  in the 20 

rightmost panels in Figs. 7(a) and 7(b) indicate Hopf bifurcation points and are discussed in the following 21 

section.  22 

 23 

      24 
                  (a) Co-rotating case                      (b) Counter-rotating case 25 

Fig. 6. Synchronous solution branch for   near y   obtained for 1 20.056, 0.056, 0.025,x      26 

and 0.030y   when neglecting effect of gravity (SN: saddle-node, HP: Hopf).  27 
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 1 

(a) Co-rotating case 2 

 3 

(b) Counter-rotating case 4 

Fig. 7. Effect of 1  and 2  on synchronous solution for 0.025x   and 0.030y   (SN: saddle-node, 5 

HP: Hopf, PD: period-doubling, P ( 1, , 4)j j    and H ( 1, , 8)j j   : respectively, the PD and HP 6 

bifurcation points). 7 

 8 

Figure 7 shows that all of the period-doubling bifurcation points disappear when 1  and 2  are 9 
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from 0.056 to 0.060). These points coincide with each other and disappear with a further increase in 1  and 1 

2  to 0.070. In the counter-rotating case shown in Fig. 7(b), on the other hand, with an increase in 1  and 2 

2  from 0.056 to 0.060, a stable solution branch bounded by two bifurcation points ( 3P  and 4P ) appears in 3 

the interval between 1P  and 2P . Then, with a further increase in 1  and 2  to 0.070, points 1P  and 4P  4 

and points 2P  and 3P  coincide with each other, respectively, and disappear. 5 

Note that the synchronous frequency   and the amplitudes Amp[ ]  and Amp[ ]  are mostly 6 

unchanged in Fig. 7. This means that the stabilization of the period-doubling bifurcation is achieved without 7 

changing other vibration characteristics. 8 

4.2.3 Effect of damping in direction orthogonal to large vibration (horizontal direction) 9 

Finally, an approach for stabilizing unstable solutions that remain in the bottom parts of the synchronous 10 

solution branches in the rightmost panels in Fig. 7, which are bounded by the Hopf bifurcation points, is 11 

discussed. Considering that the eigenvectors of the state transition matrix indicate the vibration modes of the 12 

variation (see the last paragraph in Section 3), it is expected that useful information for stabilization can be 13 

obtained by examining the eigenvector that corresponds to the characteristic multiplier responsible for the 14 

Hopf bifurcation. Based on this, as an example, the characteristic multipliers and the eigenvectors of the state 15 

transition matrix at Hopf bifurcation point 3H  in the rightmost panel in Fig. 7(a) are examined below. 16 

Table 2 shows the characteristic multipliers for the synchronous solution at Hopf bifurcation point 3H  at 17 

1 0.0101  . It can be seen from Table 2 that the complex conjugate characteristic multipliers in the first and 18 

second rows are responsible for the instability due to the Hopf bifurcation. Table 3 presents the absolute 19 

values of the components in the eigenvectors, normalized to have unit norm, that correspond to the above two 20 

complex conjugate characteristic multipliers in Table 2. It can be seen that both | |  and | |  are much 21 

larger than | |  and | | ; that is, in the vibration mode of the diverging variation, the vibration of the 22 

rigid body in the x  direction is dominant. This is different to the case for the periodic solution, in which 23 

vibration in the y  direction is dominant, as shown in Figs. 2(c) and 4. Therefore, the results presented in 24 

Tables 2 and 3 indicate that an increase in damping in the x  direction, which suppresses the dominant 25 

vibration component of the variation, is possibly effective for the stabilization of the synchronous solution. 26 

Next, in order to support the above consideration, the features of the aperiodic behavior of the rigid body 27 

in the unstable solution region are investigated from the viewpoint of the state variable. Figure 8 shows the 28 

vibration of the rigid body and its frequency spectrum obtained from numerical simulation at 1 0.0095   in 29 

the rightmost panel in Fig. 7(a), where the synchronous solution is destabilized due to Hopf bifurcation point 30 

3H . The figure demonstrates that the frequency component close to x  is superimposed on  . In contrast, 31 

the waveform for   remains almost periodic and frequency components other than   remain very small. 32 

These results are consistent with those shown in Tables 2 and 3, and again suggest that the instability 33 

associated with the Hopf bifurcation in Fig. 7(a) can be stabilized by increasing the damping in the x  34 

direction.  35 
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Table 2 Characteristic multipliers for synchronous solution at Hopf bifurcation point 3H  at 1 0.0101   in 1 
rightmost panel in Fig. 7(a). 2 

Real part Imaginary part Absolute value 
0.2414708 0.9704081 1.0000000 
0.2414708 0.9704081 1.0000000 

1.0000000 0.0000000 1.0000000 
0.6021839 0.4890759 0.7757710 
0.6021839 0.4890759 0.7757710 
0.1833448 0.7315971 0.7542212 
0.1833448 0.7315971 0.7542212 

0.7066281 0.0000000 0.7066281 

 3 

Table 3 Absolute values of eigenvector components for first and second characteristic multipliers, which are 4 
responsible for instability due to Hopf bifurcation, shown in Table 2. 5 

| |  | |  1| |  2| |  | |  | |  1| |   2| |   

0.2534 0.0282 0.1468 0.8651 0.1445 0.0749 0.0719 0.3653 

 6 

  7 

  8 

Fig. 8. Aperiodic vibration of rigid body and its frequency spectrum at 1 0.0095  , in neighborhood of 3H , 9 

for rightmost panel in Fig. 7(a). 10 

 11 

Based on the above, the effect of the damping ratio x , or that of the damping coefficient xc , is 12 

investigated in Fig. 9, in which the synchronous solution is plotted for 0.025, 0.045,x x    and 13 

0.060x   in a manner similar to that in Fig. 7. The Hopf bifurcation points on the solution branch are 14 

denoted by the symbols 1H  to 8H . The leftmost panels in Fig. 9 are the same as the rightmost ones in Fig. 15 
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7.  1 

Figures 9(a) and 9(b) show that all of the Hopf bifurcation points disappear as x  is increased from 2 

0.025 to 0.060, in both the co-rotating and counter-rotating cases. Therefore, as expected from the results 3 

shown in Table 2, Table 3, and Fig. 8, the instability due to the Hopf bifurcation can be stabilized by 4 

increasing the damping of the rigid body in the x  direction. A careful examination of the results reveals that 5 

as x  increases, Hopf bifurcation points 1H  to 8H  move on the solution branch and 1H  and 2H , 3H  6 

and 4H , 5H  and 6H , and 7H  and 8H  respectively coincide with each other and disappear, in both the 7 

co-rotating and counter-rotating cases. Again, note that the synchronous frequency   and the amplitudes 8 

Amp[ ]  and Amp[ ]  in Fig. 9 are mostly unchanged. 9 

 10 

 11 
(a) Co-rotating case 12 

 13 
(b) Counter-rotating case 14 

Fig. 9. Effect of x  on synchronous solution for 1 20.070, 0.070,    and 0.030y   (SN: 15 

saddle-node, HP: Hopf, H ( 1, , 8)j j   : the HP bifurcation points). 16 

 17 

  18 

0 0.01 0.02
1

Amp ]

Amp ]

y

0 0.01 0.02
1

Amp ]

Amp ]

y

0.95

1

1.05

0 0.01 0.02
0

0.5

1

1


A

m
pl

itu
de

Amp ]

Amp ]

y

0.025x  0.045x  0.060x 

H1H2H3H4

H5

H7

H8

H3H4

H6

Stable Unstable SN HP

SB2 SB2 SB2

0 0.01 0.02
1

Amp ]

Amp ]

y

0 0.01 0.02
1

Amp ]

Amp ]

y

0.95

1

1.05

0 0.01 0.02
0

0.5

1

1


A

m
pl

itu
de

Amp ]

Amp ]

y

0.025x  0.045x  0.060x 

H1H2H3

H4

H5H7
H8

H1H2
H3H4

H5H7

H8
H6 H6

Stable Unstable SN HP

SB2 SB2 SB2



20 
 
 

As demonstrated, an increase in 1  and 2  and that in x  are effective for stabilizing the 1 

period-doubling and Hopf bifurcation points, and thus maximizing the range of stable solutions, in the 2 

solution branch SB2. Since such stabilization is achieved while keeping other vibration characteristics mostly 3 

unchanged, the above findings are expected to be useful in the design of systems that utilize 4 

self-synchronization. 5 

5. Conclusions 6 

Stability is one of the most important characteristics of self-synchronization in both the investigation of 7 

the underlying mechanism and its application to vibratory machines. In the present study, to develop an 8 

effective method for stabilizing the synchronous solution (periodic solution), the effects of several parameters 9 

on the stability were examined using a system that comprised two unbalanced rotors installed in a rigid body 10 

that can translate in two orthogonal directions in a vertical plane. 11 

Analyses using the shooting method suggest that the system has three types of solution branch in both the 12 

co-rotating and counter-rotating cases. One of the solution branches showed characteristics suitable for 13 

utilization in vibratory machines because the solution exists in a wide range of voltages and leads to a large 14 

vibration of the rigid body. However, it was also found that the synchronous solutions in some voltage ranges 15 

are unstable due to period-doubling and Hopf bifurcations. 16 

To stabilize these bifurcation points, the effect of damping parallel to the large vibration of the rigid body 17 

was first examined. It was found that this damping has not only a complex effect on stability but also 18 

significant effects on other characteristics, such as the synchronous frequency and the rigid body amplitude. 19 

Next, given that the period-doubling bifurcation points do not appear when the effect of gravity is neglected, 20 

the effect of the moment of inertia of the rotors on stability was examined. The results showed that the 21 

period-doubling bifurcation points can be stabilized by increasing the rotor moments of inertia. In addition, 22 

based on the characteristics of the infinitesimal variation superimposed on the synchronous solution, the effect 23 

of damping orthogonal to the large vibration of the rigid body was investigated. It was demonstrated that the 24 

Hopf bifurcation points can be stabilized by increasing this damping. Furthermore, it was found that such 25 

stabilization of the period-doubling and Hopf bifurcations is achieved while keeping other characteristics 26 

mostly unchanged.  27 

These findings are expected to be useful for the design and analysis of systems that utilize 28 

self-synchronization. 29 
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Appendix A. Example of mechanical constraint on rigid body rotation 1 

An example of the mechanical constraint for the analytical model used in this paper is shown in Fig. A.1. 2 

In this mechanism, two cross-linear guides allow two-degree-of-freedom translational motion of the rigid 3 

body while constraining its rotational motion (for simplicity, the support damping of the rigid body is not 4 

shown in the figure). 5 

 6 

 7 

Fig. A.1. Example of mechanical constraint on rigid body rotation.  8 

Appendix B. Transformation of Eq. (3) into Eq. (5) 9 

This appendix shows that Eq. (3) can be transformed into Eq. (5), which is described in terms of 10 

1 2 8( [ ] )Tu u uu   defined in Eq. (7). 11 

First, from Eqs. (5) and (7), the components in u  and 1 2 8( ) ( [ ] )TU U UU u   are given by  12 

1 2 3 1 4 2 5 6 7 1 8 2, , , , , , ,u u u u u u u u                 , (B.1) 13 

2 2 2 2
1 2 3 1 4 2 5 6 7 1 8 2, , , , , , ,U U U U U U U U                         . (B.2) 14 

From Eqs. (B.1) and (B.2), the following relationships hold: 15 

1 5 2 6 3 7 4 8, , ,U u U u U u U u    . (B.3) 16 

Next, Eq. (3) is written in terms of u  and ( )U u  as follows: 17 

5 3 7 4 8 1

6 3 7 4 8 2

1 7 3 5 3 6 3

2 8 4 5 4 6 4

u u

u u

u u

u u

U S U S U E

U C U C U E

U S U C U E

U S U C U E




   
   
   
   

, (B.4) 18 
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where 1 

3 1 3 3 1 3 4 2 4 4 2 4

2 2 2 2 2 2
1 5 1 3 7 4 8 2 6 2 3 7 4 8

2 2
3 7 3 1 4 8 4 2

sin , cos , sin , cos

2 , 2

,

u u u u

x x x u u y y y u u

g u g u

S u C u S u C u

E u u C u C u E u u S u S u

E u C E u C

   

     

     

   
          


        

. (B.5) 2 

The specific expressions for 5U  to 8U , written in terms of 1u  to 8u , are obtained by solving Eq. (B.4). 3 

Based on the above, Eq. (3) is transformed into Eq. (5) using the expressions for 1U  to 4U  given in Eq. 4 

(B.3) and the expressions for 5U  to 8U  obtained from Eq. (B.4). 5 

Appendix C. Derivation of Eq. (9) 6 

Since Eq. (6) is a linear differential equation in terms of ( ) u , the general solution for ( ) u  can be 7 

expressed as 8 

ˆ( ) ( ) ( )      u u u , (C.1) 9 

where ( ) u  is the general solution of the homogeneous equation, namely the equation obtained by 10 

neglecting the term with   in Eq. (6), that satisfies the initial condition of (0) (0) u u  at time 0  , 11 

while ˆ ( ) u  is the particular solution of Eq. (6) that satisfies the initial condition of ˆ (0) u 0 . 12 

If (0)u  is simply represented as 0u  and the state transition matrix for u  for the case 0   is 13 

represented as 0( , , )u  u , the above solution ( ) u  of the homogeneous equation is given by 14 

0 0( ) ( , , )u    u u u . (C.2) 15 

On the other hand, the particular solution ˆ ( ) u  of Eq. (6) with the initial condition ˆ (0) u 0  is given 16 

by 17 

2
ˆ ( ) ( )

  


 u U u . (C.3) 18 

It can be readily confirmed that ˆ ( ) u  in Eq. (C.3) satisfies ˆ (0) u 0 . It also satisfies Eq. (6), as 19 

demonstrated below. Differentiating ˆ ( ) u  in Eq. (C.3) with respect to   and considering Eq. (5) gives 20 

2 2 2

( ) ( ) ( ) ( )
ˆ

     
   
       

 
U u U u u U u U u

u u
u u

. (C.4) 21 

Considering Eq. (C.3), this is further rearranged as 22 

2

1 ( ) 1 ( )
ˆ ˆ( )

    
   
             

u U u u U u
u U u u

u u
. (C.5) 23 

Consequently, the following equation holds, demonstrating that ˆ ( ) u  in Eq. (C.3) satisfies Eq. (6): 24 
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( )
ˆ ˆ    


U u

u u u
u

. (C.6) 1 

Therefore, the general solution for ( ) u  is obtained by substituting Eqs. (C.2) and (C.3) into Eq. (C.1), 2 

which results in Eq. (9). 3 

Appendix D. Details for Eqs. (12) and (15) 4 

This appendix shows specific expressions for the right-hand sides of Eqs. (12) and (15). The components 5 

of the vectors of interest are denoted as  6 

1 2 8 1 2 8[ ] , ( ) [ ]T Tq q q Q Q Q q Q q  , (D.1) 7 

1 2 8 1 2 8
( )

[ ] , [ ]T Tq q q Q Q Q      
 
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Q q

q q
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  . (D.2) 8 

First, ( 1, 2, , 8)iQ i    is expressed as  9 
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where 11 
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with 13 

2 2 2 2
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Next, ( 1, 2, , 8)iQ i    is expressed as  1 
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where the expressions for 1 2 3, , ,N N N    and 4N   are given by replacing the 1E  to 4E  included in 3 

1 2 3, , ,N N N  and 4N , previously shown in Eq. (D.4), by the following 1E   to 4E  : 4 
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