SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

THEORETICAL AND EXPERIMENTAL INVESTIGATIONS OF
A PROPELLER WORKING AT STATIC CONDITION

Iwasaki, Matsunosuke
Department of Aeronautical Engineering, Kyushu University : Professor

SASAKI, Ryohei

Faculty of Engineering, Kyushu University

SHIKI, Tomohisa

Department of Aeronautical Engineering, Kyushu University

HIMORI, Atsumu

Department of Aeronautical Engineering, Kyushu University

https://doi.org/10.5109/7167118

HRIEER : Reports of Research Institute for Applied Mechanics. 16 (52), pp.33-67, 1968. JLiK
N ANEH AT
N— 30

HEFIBAMR

KYUSHU UNIVERSITY




Reports of Research Institute for Applied Mechanics
Vol. XVI, No. 52, 1968 )

THEORETICAL AND EXPERIMENTAL INVESTIGATIONS
OF A PROPELLER WORKING AT
STATIC CONDITION*

by Matsunosuke Iwasaki*, Ryohei Sasakr**, Tomohisa SHIKI***
and Atsumu HiMoRrI#****

Summary

Formulae to calculate the static performance of a propeller are de-
rived assuming infinite number of blades. The distributions of section
lift coefficient, thrust coefficient grading, power coefficient grading etc.
along radius of that four-bladed propeller are obtained without succes-
sive approximation, which is set at three kinds of blade angle of 4.35°,
9.35° and 14.35°. The effect of section drag coefficient and tangential
induced velocity on the above distributions is discussed. .It is found
that the drag affects the power coefficient grading and that the tangential
induced velocity, inspite of its small absolute value, has considerable
effect on the blade element characteristics of inner radius. The expe-
rimental results with a model propeller having the same principal items
show considerably good agreement with the theoretical values in the
range of thirty per cent to fifty-five percent of outer radius. Theoretical
thrust and power coefficients agree with the experimental ones within
the error of ten per cent which are measured with a load cell and a
torque meter.

Introduction

There have been many papers on the calculation of static propeller perfor-
mance since the beginning of the year of 1960.” And now some' decisive conclu-
sions and methods seem to be obtained by Ordway, Borst, etc.?®, Therefore it
seems- that the necessity to write more about the solution of the problem of the
propeller at static state decreases. Precise inspection of these papers, however,
shows that some ambiguity is found in the fundamental theoretical consideration
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of the flow around a propeller and the results of experiment. For example, the
measured inflow velocity distribution along blades is considerably different from
the calculated one in the case of reference 2, while the calculated thrust coeffi-
cient C;, power coefficient C, and the Figure of Merit F. M. at static state agree
well with the results of experiments. Then it might be said that these good
agreement, of the thrust coefficient etc. were due to the integral procedure
by which individual errors in thrust coefficient grading dC./d(r,/R) and power
coefficient grading dC,/d(r,/R) are cancelled, so that the values of C;, C, and
F. M. close to the true ones are obtained. - This is the first expample of ambigu-
ities concerning the problem of a propeller of static working state. Now let us
see another aspect which may be acceptable as the subject of consideration,
Gartshore® published an interesting paper in which he calculated static thrust
distribution along a blade assuming that the helical vortices are spilled from the
radial point of 0.9R. His results of calculation for C;, C, etc. do not show good
agreement with experiment, but the form of distribution curves of dCp/d(r,/R),
dCy/d(r,/R) and inflow wvelocity is very much instructive. On the other hand
Adams® describes, according to his experimental observation, that the blade ele-
ment near tips works as the one of a windmill which results in large thrust
coefficient grading and negative power coefficient grading. This fact seems to
have been explained by Gartshore'’s theory. The authors are not yet sure whether
this wihdmill state is covered by the theory of Ordway etc., and think that the
configulation near the tip can now be interpreted in various ways so that the
accurate informations at its static state have not been yet obtained. These
slight inspections of the present state of investigations of propellers of static
working condition indicate that there®” are many problems which are not yet
settled and remain unsolved. Now let us see the problems which the authors
treat in the present paper. By reading the paper of Ordway, Borst etc.?®
the authors found that they considered the influence of the form, including the
pitch of the helical vortex sheets, of slipstream on the working state of propellers
of static condition to be very large. The authors thought, however, that the
flow state near the tips of propellers would not have so much effect on the
distributions of dC;/d(r,/R) and dC,/d(r,/R) at comparatively inner radial points
ranging presumably from 0.2 of radius ratio of r,/R to 0.7 or 0.8. Therefore
we tried to calculate the performance of a propeller at its static working
state by a vortex theory of infinite number of blades®” taking only the effect of
pitch angle of helical votices into consideration. The reason why the authors
took the effect of pitch angle into consideration is that according to the experi-
ence of one of the authors,” among many factors only this has the most
predominant effect on the induced velocity on the propeller disc. On taking the
effect of pitch angle into consideration, the authors did not apply any elaborate
treatments or considerations, but used the pitch angle at propeller disc. The
reason for this is as follows:

As shown by Lock’s®, Iwasaki’'s’ and Kawada's'® investigations, the pitch
angle on the propeller plane seems to be the most suitable pitch angle of helical
vortices for the propeller performance calcularion. Taking the factors of defor-
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mation of slipstream into consideration, this selection of pitch angle may show
satisfactory result.”

The present apparently rough treatment of the working state of a propeller
at static state, at first sight, may be thought to result in an unrealistic results for
the blade element near the tip of propeller, because investigators of propellers
know that the effect of the configulation of strong tip helical vortices has predo-
minant effect on these blade elements. It was expected, however, that for the
blade elements located at relatively inner sidé of propeller radius, the present
results of calculation might agree with experimental results because of their
long distance from tips. Theoretical approach which was performed above was
compared with the authors’ experiments of a model four-bladed propeller, and the
distributions of thrust and power coefficients grading over the range of radius
ratio from r,/R=0.3 to r,/R=0.75 agreed with each other within the accuracy
of ten per cent. As stated before, in the authors’ theory the assumption of infinite
number of blades is included, so that the agreement over this region will not
be expected. These results might make some contribution to the researches of
a propeller of static working state. Even only the fact that the distributions of
dC/d(r,/R) from r,/R=0.3 to 0.75 show good agreement with experiments may
be useful for the investigation of static thrust, because then the investigation
of static thrust can be concentrated to the one for the range of 0.75 ~1.0. In
the following the method, the experimental results etc. of the present investiga-
tions will be described.

§1 FUNDAMENTAL FORMULAE

The induced velocity by a propeller, which has infinite number of blades, is
given by”

1,0 o7 tip . tip
% - JO or root dT g (% VT’COt¢“) . i " ':jroat drg% (Vu_ %: Vﬂ) -
x 2 tip R 2 ]’o
@y @y G e )

R R R 700

p
where + f dy- .5;‘ ('% V., cot¢,,) Ny (1-D)

root

induced velocity vector, v, or v, radial, v, or v, tangential, and v, axial
velocity of oncoming flow

nondimensional representation of circulation around blade element at rad-
ius r,(0 indicates propeller plane), y=BI"/4n* RV, B is number of blades,
R is outer radius of a propeller, in this report instead of y, v’=BI"/4x’R*2
=7.V/82R is used.

r,: radius of cylindrical vortex sheet at z which is spilled from r, (see Fig.
1-1)

BRI
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Fig. 1-1 (a) Propeller disc and its slipstream full of helical
vortex filaments (on the assumption of infinite
number of blades)

(b) Approximation of curved cylindrical vortex by
vortex cylinder of constant radius and pitch
having finite axial lengh

subscript which respresents. the i-th cylindrical vortex sheet which has
constant radius r.

unit vector along x, y and z directions. At P, i is radial, j tan-
gential and & axial directions.

the strength of circulation of straight vortex filament shed from a boss
orthogonal coordinates of point P, where x: radial y: tangential z:
axial

radial, tangential axial components of the element of vortex filaments
at (r, 0,,z,) of cylindrical coordinates, cot ¢,,=(w,/®,);

radial induction factor at the point P(r/r,, z/r,) by the cylindrical vor-
tex sheet of radius r,, which extends from z=0 to z=infinity
tangential induction factor at point P by the cylindrical vortex sheet
stated above



INVESTIGATIONS OF A PROPELLER WORKING AT STATIC CONDITION 37

V,: axial induction factor at P by the same cylindrical vortex sheet
R: outer radius of propeller.

In the following description the subscript 0 means the values on the propeller
disc, and the subscript ; shows the values corresponding to the trailing helical
vortices. For example ,; means the values concerning the trailing helical vortices
on the propeller disc.

In Eq. (1.1-1) the symbol of summation means, as shown in the lower figure
of Fig. 1-1, the summation of the effects from the cylindrical vortex of different
radius and of finite length. These various cylinders represent approximately the
continuous vortex cylinders with smoothly curved generation lines.

At radius r,, cylindrical vortex sheet of nondimensionalized strength dy=dy/d
(ro/R)+-d(r,/R) is spinned. This forms the smooth vortex cylinder stated above.

Now we shall neglect the radial component »,/2R of Eq. (1-1), because the
radial spanwise component on the propeller disc has no substantial effect on the
effective angle of attack of blade elements, and because, as stated in Introduction,
the deformation of vortex cylinder by ¥V, seems to have little effect on the distri-
bution curves of dC;/d(r,/R) and dC,/d(r,/R) over the radial region of y,/R=0.3~
0.75. The main purpose of the present reseach is to obtain the information over
this range, without any hope for any information of the region near tip. Thus
this simplification may be justified. By the neglection of »,/2R the stepwise cy-
lindrical vortex cylinders become circular cylinders of constant radii so that
the procedure of summation disappears, and -¥,, ¥V, and ¥,, which represent the
induction factors for the i-th vortex cylinder become V,, ¥, and ¥V, respectively.
These correspond to semi-infinite vortex cylinder ranging from the propeller disc
to downstream infinity. The # component of induced velocity of course disap-
pears by the neglection of radial component. The j component or the tangential
induced velocity is affected by the terms

Py i=1@y;

tip e
00 R ‘ oo .
(a) j dTZ(r ¢ VH) ’ (b) _f dTE‘ 2% Vfi s
root =1 ”‘ root N

© —dr, (z)[H{(r)Zi/l({zy}ﬂz | ana (@ —for(§)2 Uo7

R R R

The term (a) is the induced velocity by the cylindrical vorex sheets over which
infinite number of helical vortex filamants are wrapped. The term (b) is due
to the vortex sheet elements of radial direction. The term (c) is the contri-
bution of central vortex filament of nondimensionalized strength dy, spilled from
a boss. And the term of (d) is the effect of bound vortex, or in the present
case of infinite number of blabes, the circular vortex disc on the propeller plane.

The term (b), of course, is neglected. The term (c) is contained in (a) in the
present paper, and the term (d) need not be considered in the present inves-
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tigation, because the bound wvortex disc itself does not induce the -induced
velocity at the propeller plane where the vortex disc is located. Then the j
component is represented only by the term (a). The % component is the in-
duced velocity of the axial direction of a propeller which is induced by vortex
cylinders over which infinite number of helical vortex filaments are wrapped.
cot ¢, is the cotangent of average pitch angle of helical vortex filaments over
the i-th vortex cylinder. In the present case, the authors adopted the value of
¢, on the propeller plane, because, as described in Introduction, this value seems
to be most suitable for the calculation of propeller performances. As generally
known, at low advance ratio the predominant induced velocity is the k com-
ponent. In the present case of static working state the advance ratio also is ze-
ro. Therefore it can be said that this £ component is the most important one in
‘Eq.(1-1). After the consideration stated above, Eq. (1-1) is reduced to a simple
form of

134 t:p
il @ Ryir| a-Rv, cotgn (1-2)
I/ root rOI r01

root

Applying this formula to our present case, we must make ¢ nondimensional by
some other reference speed, because ¥ is zero at atatic working state of a
propeller. As the nondimensionalizing factor 2R may be appropriate for the pre-
sent case, where 2 is angular velocity of a propeller. Then, multiplying both

sides of Eq. (1.1-2) by Q—VR’ this equation is written as

t:p

34
Vol g Y R R -
or =7 gr** g =1 f dri-; Vitk f Vip, (cotgudry)  (1-3)

root

where 70'=%§2§ and ¢,, is the average pitch angle of helical vortex filaments

over the cylindrical vortex sheets of radius r,: This value, stated previously,
is assumed to be constant from the propeller disc to far downstream infinity,
and throughout the following calculation it is identified with the wvalue on the
propeller plane. dr,’ is the nondimensionalized strength of vortex spinned at radius
ro/R ori( the propeller plane. This is all the strength of wvortices from blade
elements of B per unit angular space around the axis of rotation of a propeller.
In the present theory, by the assumption of infinite number of blades, the discrete
B helical vortices spinned out of the blade elements is reduced to homogeneous
vortex cylinder having its mean radius of r,, /R, and dy,/ above described corres-
ponds, therefore, to the total strength of curved vortex sheet contained in the one
radian circular arc of this vortex cylinder,

Now we shall consider the value of ¥, and V,. As shown in Iwasaki’s
paper,” for the semi-infinite vortex cylinder over which vortex filaments are
wrapped and which extends from the plane of a pepeller to far downstream
infinity, the values of ¥, and V¥, is as follows:
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(a) V,=0 for ro/R/rm/R>1, z/R=0(or on plane of propeller)
(b) V,=—§ ro/R/roy/R=1, z/R=0 1-4

©) V,=—n ro/R[ra/R<1, 2/R=0
In other words, the cylindrical vortex sheets of radius r,/R or r;,/R (now we
are considering a cylinder of constant radius) induce axial induced velocity
d(v,,/82R) at radius r,/R which is located inside r,/R and on the propeller
disc, but that vortex sheet does not induce axial induced volocity at the
point on the propeller disc, situated outside. the cylindrical vortex sheet, and
at the point on the propeller disc, which is on the cylindrical vortex sheet it

induces half amount of axial induced velocity or %d(vlo/.QR). Now let us see the

property of V..
According to Iwasaki,”

(a) V,=—-n--(';f’0‘>for ro/R/rM/R>l, z/R=0

(b) V,=—% ro/R /ry/R=1, z/R=0 (1-5)

() V,=0 ro/R/rol/R>1, z/R=0
These mean that the tangential induced velocity is affected only by the vortex

cylinders inside the radius r,/R, and on the vortex cylinder it has half of the
value just outside the vortex cylinder.

Next we shall find the relation between a blade element and its section lift
coefficient etc This is glven by

= (kzs)( ) ’/(:ﬁ)ZJF (;—3 + ?ﬁe) K {?729'?704 - 52 219578" ar""anro/ﬂ—vﬁ]ﬁﬁk}
(1-6)

foX
Fig. 1-2 Flow diagram of static condition at r,
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Flow diagram of blade element at radius r, at static working atate is shown in
Fig. 1-2. The notations used in this figure have the following meanings ;
a,": Zero-lift angle measured from bottom flat surface or chord line of airfoil
(in degrees), only for this notation the subscript zero means zerolift.
It has negative sign.
‘f°: blade-angle at r,, measured from the bottom flat surface or chord line of
airfoil (in degrees)
¢,°: induced angle of attack of blade element at propeller disc.
a,”: effective angle of attack (in degrees)
" ¢: chord length
£2: angular velocity of propeller or 2nz, where n.is the number of rotations
per second
c;: section (two-dimensional) lift coefficient of blade element’
2nk s de,/d(a,/51.29578%) or slope of lift curve of two-dimensional airfoil sec-
tion -
s: solidity, Bc/2nr,.
1o/t BI'/4n’R*Q2
subscript o means the values at propeller surface.
w,: resultant inflow velocity to airfoil section or at propeller surface.

If we solve Eq. (1-6) with Eq. (1-3) considéring the values of ¥V, and V¥, ac-
cording to Egs. (1-4) and (1-5), the values of v,/R, v,/R, ¥, for r,/R are ob-
tained. Then the thrust coefficient C, and the power coefficient C, of a propeller
are expressed as follows:

- Tt [ df;r>d(;_g)= = nl )

| (%)m_,d(ﬁ ()
AT e iemeali) o
R Jroot
e = EORE MR AR
9,0, (%) s v |
o [ () G ) @ ) o
(g)’oot

Cr: thrust coefficient
Cr: power coefficient
p: air density
¢;: drag coefficient of two-dimensional airfoil section composing blade
element.
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aG,/ d( ): thrust coefficient grading at r,/R

ro
R
dc,/ d(%’) : power coefficient grading at r,/R

In Eq. (1-7) (a) and (b) the former terms containing 7,/ represent the contribu-
tion of 7,/ around blade element and the latter terms including ¢, is the contri-

bution of drag cofficient ¢, of the blade element to dC;/d (%) and dC,/d (%) .

§2.  PREPARATIONS FOR NUMERICAL CALCULATIONS

The numerical calculation is performed by approximating the distribution of
circulation along blades by a stepwise distribution., The schematic figure of how
to divide is shown in Fig, 2-1. The number of division » is usually more than

1 [ -—
[ | ' '
ZE EE R N
1 .
root /': ' ! 1 ' i\ tip
Tilel LN
1 .
1 R b 1
! jei ’ -
H ' r 6,” bos |
’ oj t 1 Yoz
! Bl AN
e 1 1 : ' : :
1 1 1 .
g Pl o
]
: EERE L o
Teas0 A il N I N I I Y
L ol | H H H v H H H 3
n1 %l on pa n-2 Jju FEE 3 2 H -21“0 =7
. Bt Lo Eie Ei K Le L: K Eile B
Lgn Lo Lgr L - R OFRE %R
wmd L e Ln-2 Ljst 1 11 L3 12 11 1,0 =1
e i S L L
Q) a¥j= ¥y -B
S

Fig. 2-1 Stepwise approximation of circulation

twenty-four for an electonic computer. The present calculation can be made also
with a hand-operated calculation machine or a slide rule”and an abacus. Then
it may be more recommendable, than the present uniform »n division, to take
the division of

%=0.1, 0.3, 045, 0.55, 0.65, 0.75, 0.85, 0.925 and 0.975, or 0.05,  0.15, 0.25

0.35 0.45, 0.55 0.65, 0.75, 0.85, 0.925, and 0.975.
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Taking Egs. (1-4) and (1-5) into consideration this stepwise division reduces the
expressions for v,/2R and v,/2R of Eq. (1-3) to very simple forms. Namely

RJ
Toyf > 4y,

04 k=n+1

Vio5

oR =j component of _QR: T

R 4,
== 77,?! (Gron’ =7 ne) F Gl nar=7ow) oo+ (o sa—70"522) + (7o s— 701400}

R Y
=== 13t T
Yoy Ty

where A7’ ,,=7s—7 e+ (see Fig. 2-1).
As shown in Fig. 2-1 P T equal to zero, so that this equation becomes

Vtoy — _nﬁ 7.01, ) (2_1)
04

On the other hand the formula for v,,/2R is

o= 3 Ay —R—cot - 22

v,0/2R is the induced velocity parallel to the rotating axis of a propeller at
radius ry /R, and is induced by the vortex cylinders outside this radius, because
v, of Eq. (2-2) is zero for the cylinders outside the radius according to Eq,
(1-4). Therefore the vortex cylinders which has contribution to v,,,/R are the
cylinders, the radii of which are larger than r,/R (see Fig.2-1). ‘

For the tip vortex cylinder, the values of ryy,3/R or r,,,/R is equal to one.

Po1s/R OF ry,i/R can also be witten, as seen in Fig. 2-1, as (ro,/R+ry/R)/2.
Eg. (2-2) in the case of k is 1, therefore, v,,,/2R becomes

Do/ QR = A 1ot o'+ (=) 2-3)
R
This equation is written, according to Fig. 2-1 and Fig. 1-2,
' Yoo 4 Voo For , Vst
Loo 4 Vroo) 4 (Dot 4 Tt} [
(% +z0)~ (R+30)))

V01 R=—71'(T'00_T'01) 7 1'. ) (2_4)
_ﬂ_*___o_l_)/z (vzoo+vzol)/2
(R R 2R LR

where the authors assume that tangential and axial velocity components rela-
tive to the blade element is the mean values of those values at the two points
situated on both sides of this point. Rearranging this equation and wusing the
expression for v,,/2R

Vaot)* _ Y SCED SN S ' _
(.QR) —277.’7"01 272-(@) ﬁl_*_’ﬁ 70’ (2-5)
R R R
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where the condition of 7/,,=0 is used, because the point located on a cylinder of
radius r,,/R is outside of propeller blade so that the circulation is zero (see Fig.
2-1). Moreover, if we considered that (r,,/R+r,/R)/2=1.0, Eq. (2-5) becomes

1
Z 2
(r_ol) Tou
R
Some consideration will be given about the way how to compose »,,/2R, which

is the tangential component of induced velocity on the tip vortex cylinder, as
follows: From Eq. (2-1) and Eq. (1-5-(b))

(v:01/2R)*=2m7"0,— (2-6)

Vip/R=—m (R/"ouz) 7o+ ( - %) (r'o0o—7"01)R/Forse

g b T2
rousz 27140  Fo o
R R R

e
ro o rog  ror )T
RTR R R

— T @)
On the other hand, if we consider that the induced velocity of tangential com-

ponent at r,/R is the mean of the values at ry/R and ry, /R, the expression for
Vinn/9R is

v
vm/z/-QR_ (Q‘_OR? + }})t;é)/z

- —_z 1
_{0"'( 71') Tol}/z_. "2 (Lﬂl)
R R ’
Comparing Eq. (2-7) with Eq. (2-8), a little difference is found between them.
This is the difference between r,,,/R or (reo/R-+ry/R)/2 and ry/R.
If we adopt the value of Eq. (2-7), the value of v,,,/#2R is underestimated with
regard to both ro/R and 7’y,, because 7y, at r,;,,/R(=1.0) is larger than 7’ for
most of propellers of infinite number of blades. The latter case of Eq. (2-8)
shows overestimated values of v,(,m/.QR with respect to r,/R but underestlmated
for y/. However the.errors in »,,/2R may be smaller in both of the cases.

Accordingly the authors used the latter relation of Eq. (2-8) in the construction
cot goy,, in Eq. (2-4).

7’01 (2—8)
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Next, the expression for v,p,/2R will be derived in terms of y,/,, In the same
way as the case of Eq. (2-6),

oz _ (("oo/R"“U:oo/QR)+ro1/R+vzox/9R)}/2 1

7 S ./ @R+ 0.0, /2R, 2 oo/ Rt rug/ By 72 700 T01)
{(rm/R+1),o1/pR)+(702/R—|-1),02/.QR)}/2 1 (ro's—7d'2)
(UZOI/‘QR"_szZ/‘QR)/Z (1/&)_1;2) oro
‘ R
o Ve {(rol/R+r02/R)+(vt01/R+v102/R)}/2 2 (roi—7142)
2R 0201/ 2R+ 0,0,/ 2R) /2 For  To 101 T Y0
RTR
Therefore,
2 2 v
(%’%) =—27(7,'1—7d2) + (?)10{1) —2r {Q’;é + 1;5};} ot +—‘r02 r1=7102)
R 'R

Replacing v,, /2R with the expression of Eq. (2-1) and using Eq. (2-5), we have

¥ ¥
.0,\2 D01\ (1/ o= Tod! + 1/“—“1%1 ‘Tm')
202 — z — 1 __ 1A Ly
(.QR) —(.QR ) 2x(ro’ —70') + 20" o N Ton (ro'1—710"2)

=
=

AR ' 2n° _1_ 2_ 27’ 1 27° .l 2
_(QR) 2nro’+ Tor Too + r(u To1 T + r01+roz) '_‘ﬂrm
R R (R R/ R

1=/ 2/ e
+2”2_Toll7’oz'— ——— 277,
lﬂ+ "oz r01+roz
R R R R
¥ ¥
. . ) . / 02 1/ 01 »
= . _ 12
ﬂ{rol ("ol+roz r00+r01)T01 +( ro1+roz )TolToz
R R R R R R R
_f.rro - ]+27TT02
02 0l + 02
R R
Therefore we obtain
r ¥
(002) { { 1 _ 1 ) /z+( / 02 / ol )T IT ’
9R \ 7o +"02 roo_l_rol To roz_l_rol o foe
R R R R R
_ 1 Tor'’ ' -
A Al @
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In a similar manner

vm>2=2 'eo 2{ R( 11 ) , L( 1
(-QR Tor 21 Ty r01+roz roo+ro To+ Vo2 roz+r03
R R R R R R
ro1
S T WA )r,u(l/ R
ro1+r02 ’ Fo3 r01+roa 03 r01+"oz o foe
R R R R R R
/ l/roz
+———, L)) (2-10)
_foz + ‘&3
R

Thus the general form for (v,,/£R) is obtained as follows;

1 1 1 1 1
204 2 ’ 2 2{ ( - ) 72 (
(!)R) AToj +4m Fo1 \ Ty Yoz _rqo__l_& TOI-'—i Vos Yo

R RTR RTR R R TR
__*_1___) ’2 1 ( 1 _ 1 ) .
¥or " 2 To2 + +r01_1 r0,_1+_ﬁ)l_ rL—Z_*_roi—l Toj-1
R "R R R™R "RTR
r ¥
1 1 S B 3
TTrg T r 7o + r 7 “To/Tod
04 0]—1+ 0j 01 + 02
R R R R R
V% Tos -1/F L S AT
+——————— Jar I ___R R ’ ’
r ¥ Tor 7oy + 7 7 Toi-2 Toj-1
0z 4 08 Tos—2, Fos
R R R R
o
+_'———“-"'Toi—1/")’oi'} (2-11)
Pojory Tos
R R
here 7o 0=0 7o n+1—0 and ] 1 Decaossrosrasens n.

In Eq. (2-11) the terms of second order in 7,/ show the effect v,,/2R. In
general, it is well known that for small advance ratio v,,/2R is so small that
they will have little contribution to the performance of a propeller. Therefore,
for the present static working state, v,,/2R may be neglected.

In this case Eq. (2-11) becomes

(V:01/2R)?=2my,/
(”zoz/'Q‘R)2 277,

: .12)
(020;/ -QR) P=2mr;
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: ('Uzon/Rj2 =277 on

From this system of equations, ‘we find that the axial induced velocity v,,/
2R at r,/R is determined solely by y,/ which is the strength of bound vortex
around the blade element at r,/R. It is an interesting fact that independency of
each ‘blade element is assured if v,/R is neglected. -

The considerably good agreement of the present theory with the experiment
which will be shown later, might be due to this independency of blade elements.
In other words, the calculated distributions of dC;/d ( )and dCP/d( )over

the range of r,/R=0.3 to 075 are not affected by the discrepancy of the
theoretical flow fields of infinite number of blades near the tips from the actual
ones. This fact might be .due to this independency of every blade element
shown by Egs. (2-12).

Now putting Eq. (2-1) into Eq. (1-6), and expressmg it according to stepwise
distribution of Fig. 2-1, we obtain -

=50 ) )~ - )

. Bi0+ laool 1 D205 0
(Sr3057r — s7a0s787 (ren;_ it s ) | @19

If v,,/9R is neglected, this equation becomes:

_ (ks Yoy "Uzof 2 b_"ah Pf B+ Jay° 1 Vsoi/RR\°
T'os= (7),( R )‘/(QR) +<R) {,57.2958'“6“‘ 57.29580 (ar“a“ ro/R ) }
(2-14)
The solutions of Eq. (2-11) with Eq. (2-13) or Eg. (2-12) with Eq. (2-14) give
the values of v,,/2R, 7,/ at r,/R for the cases of (v,,/2R)><0 and (v,,/2R)=0
respectively. C; and C, are, according to Eq. (1-7)-(a) and (1-7)-(b),

_#g"" Tw( 3 +?;laé )_{_7_1'4_321,1{(%)2 +("1¢;{/'+ ZMRj )2} o *5; €4y SiNG,;
Cr= %{” 2T (v )(%)* %i{(gé )2 +(r;'é + g )Z}(%—):, cd, cosg,,

(2-14)

1
CT= 7

For the case of (v,,;/#R)=0,
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In Eq. (2-14)v,,/L2R is expressed as —n;l—-ro,' according to Eq. (2-1)
05
R

§3 METHOD AND RESULTS OF CALCULATION

In the present calculation there is no necessity of successive approximation,
and the calculation can be performed either with a slide rule and an abacus or
an electronic computer. For example, in the former case Eq. (2-11) and Eq.
(2-13) are solved for j=1 by graphical method with 7, as abscissa and v,,/2R
as ordinate. The intersection of the two curves represented by Eq. (2-11) and
Eg, (2-13) corresponds to the values of 7’ and v,,/2R which satisfies these
equations. Then for the case of j=2, replacing the 7,/ of Eq. (2-9) with the
value just obtained above, the similar graphical solution results in v,,/£2R and
Tos V.3/8R, 1, and so on are obtained by the same procedure. If we use
Eq. (2-1) together with the above equations, v,,/2R, ¢, c,;; etc. can be obtained
during the process of the present calculation. dC./d(r,/R) and dC,/d(r,/R) are
the integrands of Egs. (2-14) and (2-15) respectively. Integrating these with
respect to r,/R we obtain thrust coefficient C; and power coefficient C,. If
v,/82R is neglected, the solution can be performed more easily by using Eq. (2-12)
and Eq (2-14).

In the present paper calculation was performed with the electronic computer,
OKITAC 5090-H. The number of diviison » of Fig. 2-1 in this case is twenty-

Table 3-1 The propeller used in the present research

ro/R 40 ¢/R
0.1 82.96 0.340
02 58.30 0315
0.3 22.38 0.290
0.4 1717 0.265
0.5 13.87 0240
06 11.62 0215
0.65 10.75 0.203
0.7 10.00 0.190
0.75 9.35 0.178
0.8 8.77 0.165
0.85 8.26 0.153
0.90 7.81 0.140
0.925 761 0.134
0.95 7.41 0.128
0.975 722 0.121
1.000 7.04 1.150

Number of blades B=4
Pitch-diameter ratio=h/D=xz-T%-tang==0.7-tan 10°

R
__chord length__ - ro
</ R"—outer radius =0.365-026 R

Airfoil : Gottingen 623
Blade angle g is measured from the bottom flat surface of the airfoil
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Table 3-2 Géttingen 623 airfoil

of C; Cyq
-7.17 -0.195 0.255
-5.81 -0.045 0.0147
-4.39 0.092 0.0119
-2.98 0.231 0.0106
-1.55 0.366 0.0106
-0.14 0.505 0.0122
1.25 0.648 0.0139
2.68 0.782 0.0155
4.10 0.919 0.0181
5.57 1.045 0.0224
7.12 1.151 0.0281
8.74 1.240 0.0374
10.60° 1.273 0.0573

a: geometrical angle of attack measured from the bottom straight line
Aspect ratio=eco

R,=cv/v=4.1X105

de,/da=2rk=5,56, k—=0.885

Zero-lift angle ay%=—5.35°

(from Ergeb. Versuch. Gottingen, IV Lief., S. 57)

Vzo
r
0.20 T T T T T T T T

015

010

1 1 1 i 1 r)/
0 o1 0.2 0.3 04 05 06 07 08 09 1.0 R

1 1

Fig. 3-1 Axial induced velocity (calculated)

four. The propeller used in the present calculation has the principal items shown
in Table 3-1, Its blade section used from the root to the tip is Gottingen 623
shown in Table 3-2. The calculated values of v,/2R, v,/2R, 7/ and ¢, are
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Fig. 3-2 Tangentlal induced velocity (calculated)

in Figs. (3-1) to (3-4) with r,/R as abscissa. dC/d(r,/R) and dC,/d(r,/R) are
shown in Figs. 3-5 and 3-6 respectively for those cases in which the term of v,/
LR is taken into consideration and not taken into consideration with and with-
out the term of drag coefficient c,.

Some discussions of the theoretical results which are considered to be con-
venient for us to discuss with experimental results will be described in Secrion 4.
In the following the results having exclusively theoretical interest will be shown
here.

As we expected before the present theoretical calculation, the tangential com-
ponent of induced velocity v,/2R is very small in its absolute value but relati-
vely large for small value of r,/R (see also Fig. 4-3-(a)). As dotted lines of
Figs. 3-1 to 3-6 show, the effect of v, /2R becomes large for the blade elements
at small values of r,/R. The circulation 7,/ around these blade becomes small
and consequently, as seen in Figs. 3-5 and 3-6, the values of dC,;/d(¥,R) and
dCp/d(r,R) are also small, Axial induced velocity of v,,/2R are of the order of
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Fig. 3-5 Thrust coefficient grading (calculated and experimental)

0.1 for By.;z—4.35°, 0.13 for 9.35° and 0.17 for 14.35° (see Fig. 3-1). We see that
v,0/82R is also affected by v,,/£2R at small value of r,/R.

The contribution of profile drag of blade elements to the values of dCr/d
(r,/R) and dC,/d(r,/R) is seen in Figs. 3-5 and 3-6. In calculation the value of
¢, or the drag coefficient of blade elements is taken to be the constant value of
0.012 for the simplification of calculation. From the inspection of these figures
it can be seen that the effect of ¢, on thrust coefficient grading is very small,
while the effect on the power coefficient. grading is considerably large. ' In the
tables of (a), (b) and (c) of Table 4-1, which will be shown later, the values
of C;, C, and Figure of Merit F. M. =0.798 :C;/C, are  shown., The" former
two kinds of values were obtained by the integration of the values of dCr/d(r,/R)
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Fig. 3-6 Power coefficient grading (calculated)

and dC,/d(r,/R) shown in Figs. 3-5 and 3-6 with respect to r,/R from 0.185 to
1.0. In the table of (a) the column of 4C;, shows that C; decreases by about
one per cent by the effect of ¢,, On the other hand the column of A4C, of
the table of (b) means that ¢, increases C, by the order of thirty six per cent
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(a)

(b)

Fig. 4-1 (a) Experimental apparatuses and propeller
(b) Five-holes Pitot tube 2x2x100 (in m/m)
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for B,5:=4.35" and ten per cent for 14.35°. As seen from the table of (c), F.M.
decreasses by twenty to nine per cent due to the effect of ¢,. Therefore it can be
concluded that the section drag coefficient ¢, has much effect on C, and F. M. .

Now we shall see the distribution of lift coefficient ¢, along blades. ¢, or sec-
tion lift coefficient is about 0.2 for the propeller of p,,;;=43'5", about 0.4 for
9.35° and 0.7 for 14.35° (see Fig. 3-4). In the last case the working condition of
the airfoil sections or blade elements, especially near the root and near the tip,
approaches its stalling condition.

The theoretical results of which discussions have not performed here, as
previously stated, will be considered in the next section of experimetal results.

§4 Experimental Apparatuses, Method of Evaluation of the Experimental Results
and Discussion about Them

The general arrangement of the experiment is shown in Fig. 4-1-(a) and
(b). The experiments were performed with a wooden, four-bladed model pro-
peller of the diameter of one meter. The pitch angle distribution and blade width
distribution are given in Table 3-1. By loosening the bolts clamping the roots
of blades, pitch angle can be changed. This propeller has the same nondimensional
form as the one used in the previous numerical calculation. As shown in Fig.
4-1, an A.C. 100 volt repulsion motor of about 0.75 KW at 1,700 rpm with four
poles drives the propeller. The number of rotation of this motor can be chang-
ed with a slidac. The number of rotation mainly selected in the present experi-
ment is about 1,000 rpm. The Reynolds number based on the chord of seventy-five
per cent radius is of the order of 3.0x10°. The airofoil data shown in Table
3-2 is of the same order of magnitude of Reynlods number, so that the authors
used this data as the section characteristics of the present propeller. Torque was
measured with a strain gauge torque meter by Kyowa Electric Co. Ltd., which -
was set between the propeller and the motor as shown in Fig. 4-1-(a). Thrust
coefficient grading dC./d(r,/R) was obtained by traversing the slipstram with a
five-hole total head tube which was aligned with the direction of local flow. The
form and arrangement of traversing are shown in Figs. 4-1-(a) and (b). The
whole system of the propeller and motor can be suspended from a frame, when
thrust is measured by a load cell. Number of rotation was measured with a
photocell tachometer connected to an electronic counter. The Pitot traverse with
the total head tube was performed at the position behind the trailing edge of
blades by 0.015 meter (Fig. 4-2). Measurements were performed for three kinds
of blade-pitch-angles f3,.,,=4.35°, 9.35° and 14.35°, Visualizing the flow field by
woolen threads and smoke of kerosene, photographs of flow field behind the
propeller was taken and is shown in Fig. 4-3. Thus the regions of normal, re-
verse and vortex flows were inspected by these flow visualization, while the di-
rection of flow was read with the five-hole Pitot tube (the meaning of suffex
9 here defined is different from the one shown in Fig. A-1).

The thrust coefficient grading obtained from the experiment stated above is
shown by lines consisting of alternate long and short dashes in Fig. 3-6, together
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Fig. 4-2 Determination of radino corresponding to total head incvease

with the theoretical curves. In evaluating dC,/d(r,/R) from experimental data
the relation of
(%)
T R

8 o'l

ACr__ cost Boe

ry

(%)
was used. In this equation 44 is the difference of total head A, behind the pro-
peller from the total head in front of the propeller &, which is equal to atmos-
pheric pressure in our case of static condition. cos’$, is a correction factor de-
rived for the case of static condition by the authors according to Pankhurst’s
paper * ¢, is the direction of inflow relative to a blade element at radius of r,
and here theoretical value calculated by the present theory was used. The value

of dCT/d(%) does not mean the one at r,/R where the five-hole total head tube

is located. Considering the contraction of flow in slipstream, the increase in to-
tal head at that r;,/R must be produced from r,/R4-4r,/R (see Fig.4-2). In the
vortex theory of a wing the wing is replaced by a vortex line located at quarter
chord from leading edge. According to this manner the intersection of the line
inclining to the axis of rotation by the angle of §° and drawn from the point of
measurement of total head with the line connecting the quarter chord points of
every blade element was considered to be the point where 4h was produced.

The value of dC;/d (%) , therefore, was refered to r,/R+-4r,/R and plotted in

Fig. 3-6 by reading r,/R for r,/R--4dr,/R. In this correction, as seen in the lower
figure of Fig. 4-2, the Pitot tube is arranged in parrallel with the direction of

“4-1

* See Appendix A.
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(@)

(b)

Fig. 4-3 (a) Flow seen from lee, tangential component of induced
velocity increases to root, near tip flow is unstable, full
of vortices or reversed

(b) Side view of flow just behind propeller, ;g =10.75

~ !1}: 1.0 flow is unstable, full of vortices
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(@D

(e)

Fig. 4-3 (c) unstabel flow region near tip
(d) boundary of normal and unstable flows
(e) stable normal stream line
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the axis of the propeller, because the tangential component of induced velocity
is so small that the errors of the total head due to the tangential inclination of
flow may be negligibly small.

The present theory, as stated before, is based on the unrealistic assumption
of infinite number of blades. If we take this fact into consideration, the experi-
mental curves of Fig. 3-5 agree with the theoretical ones in considerable degree
in the range from r,/R=0.3 to r,/R=0.75. Beyond this region, up to r,/R=1.0
the experimental values lose their reliability, because in this region the flow is
reverse or full of wvortices (see Fig. 4-3-(a), (b) and (c)). On the other hand
in this region the present theory, which is composed on the assumption of infi-
nite number of blades, cannot say anything, because it does not include tip ef-
fect of a propeller which is very much predominant factor for the real propeller per-
formances near the tip of it. Hence the comparison of the experimental results
of the total head tube with the present theory should be restricted to comparatively
inner side of radius where the effect of the the tips of a propeller, vortex flow,
reverse flow etc, near the tips have negligible effect. The experimental curves
of dCr/d(r,/R) in Fig. 3-5 are located rather near the theoretical ones of (v,,/
L£R)=0 for B, = 4.35°, while they are nearer to the curve of (v,,/2R) =<0 for
14.35°, The authors cannot explain why the case of 9.35° shows the largest dis-
crepancy among these angles. It is usual that experimental value is less than
theoretical value. In the present case the experimental curves are all located
above the theoretical ones. The authors, however, do not consider this irregul-
arity to be irrational. The reasons are as follows: 1) the methods of researches
of propellers of static condition are not yet settled, so that, as seen in Gart-
shore’s? paper, the distribution curves of dC;/d(r,/R) and dC,/d(r,/R) may fluc-
tuate by the present order of magnitude due to the assumption and method used

dQ: torque of
blade element

large angle of attack
1 -

da i

A
negative tangential force

(b)

Fig. 4-4 (a) normally working state
(b). windmilling state of blade element of
- propeller at static condition

reverse flow
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Table 4-1. Comparison of theoritical values of Cr, T» and F.M. with experimental ones
(a)
AC—= ACr=
C T Ta
- R T . I CTexp CTthe % — Tne@ CTthe@
- [Experimen- Theoretlcgl/l\éeil(l)elsss(l{ge%rated from Crine Crine®
Boask tna.'lle:sa{llges Y1/ QR0 22,/ 2R=0 XIQO%' X 100%
with load r o
cell ¢;=0.012 | ¢;=0 | ¢;=0.012| ¢,=0
@ @ ® @ - ® [OERO) O—® ®—0
4.35]  0.0645- 0.0682 0.0688 - 0.0716 0.0723 — 5 —10 —1
9.35 0.100 0.1237 0.1244 0.132 0.133 -—17 —24 -1
14.35 0.174 0.186 0.187 0.203 0.204 -7 —14 —1
(b) ,
Ac —_— AC g
C D bd—
? _CPexp— CP:heX CPthe@ C"the@><
_ Exlferimen- Theoretlcal/vah(l)elssgl?(t)egrated from| = C,,. Crue
o tal values -~ )
Bong| measured QR0 OR— X100% .X100%
" lwith  torque__ U1o/ QR v,,/2R=0 . ‘
meter | ¢,=0.012| ¢,=0 |c,=~0.012 | ¢,=0 ) ,
@® @ ®. @ ® [ORRO) (OO @=0
435 0.0279 0.0288 0.0212 0.0300 00222 — 3 Y 36
9.35 0.0493 0.0598 0.0523 0.0633 0.0555 —18 —22 14
1435  0.0991 0.106 0.0980 0.114 0.106 -7 —13 10
L © )
£ M. _é‘ﬁl]‘-{;m:—F-M'thex ;‘P]‘k}{h‘:g—-
Theoretlcal values calculated F.M. e - F, the@® ¢
. corresponding to (a) and (b) 10 FM.i1.®
/900,7513 Experlmen- X 0%
tal values 1,/ 2R0 2,,/2R=0 X100%
‘¢,=0,012 =0 c,=0012 | ¢,=0
® @ ® @ ® [OERO) [OERO) [OEO)
4,35 0.466 0.496 0.677 0.511 0.693 — 6 — 9 —20
9.35 0.512 0.576 0.670 0.604 0,695 —11.2 —15 —22
14,35 0.583 0.603 0.660 0.630 0.694 — 3 — 8 — 9
(d)
CTO.3R~0.75R Ag:° -8~ 7?,
S Theoretical value (integrated ( exp T"?’) X
N R from ry/R=03 to 015 Te  Josmorss
Bo.asr \gﬁgsgite& 40/ 2RX0 v;,/2R=0 x100%
tube ¢,=0012 | ¢,=0 | ¢;=0.012 | ¢;=0
@ @ ® @ ®, O'—@ O'—@
4.35 0.038 0.0349 0.0352 0.0367 0.0370 9 4
9.35 0.067 0.0588 0.0592 0.0636 0.0640 14 6
14.35 0.088 0.0854 0.0859 | 0.0953- | 0.0959 3 —8

F.M.=Figure of merit=0.798 (Cp)¥*/C,
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in that theory, and 2) due to the failure during manufacturing the propeller
blades used in the present experiment the blade angle distribution along blades
has the error -of the order of magnitude of +0.3°, so that these errors may be a
cause of the discrepancy stated above.

Adams® describes that the blade element near the tip of a.propeller, as ex-
plained in Fig. 4-4, may work as the blade element of a windmill. If the blade
element work as this, it would show large thrust grading. Now returning to
the experimental curves of Fig. 3-5, we see that three experimental curves show
rather large increase at r,/R=0.85~0.9 at r,/R=0.85~0.9 after some decrease in
their amount at r,/R=0.75. This increase may be caused by the windmill state
of blade element near the tip of the peopeller., The form of curves, which once
decrease and again increase, have something similar to Gartshore’s curves of
dC;/d(r,/R). - If the present theory of very simple process without any necessity
of successive approximation shows good agreement with every other kind of
experiments than the present one, it will give a reliable distribution of dC;/d(r,/R)
from the root to r°/R=0.75. Then application of the elaborate theory of finite
number of blades only to the region from r,/R=0.75 to 1.0 will do for the
calculation of a propeller.

- Next we shall examine the values of Cr, C,. Table 4-1 shows the experi-
mental and theoretical values of Cr, Cp and F.M., where C; and C, of experi-
ment were directly measured with a load cell and a torque meter.* As seen in
the column @)—@ the experimental values agree with the theoretical ones within
the errors of ten per cent except the case of 8, ;,=9.35°. All of these experimental
values are Jess than the theoretical values, so that the valus of 4C;, 4C, and
AF.M., which are the deviation from theorecical value, are negative except one
case. In the column of @M—@ of Table 4-1-(d), however, the experimental va-
lues are higher than the theoretical ones. These values result from the integra-
tion of dC,/d(r,/R) of Figs. 3-5 from 0.3 of r,/R to 0.75 in which region the
experimental and theoretical curves of dCr/d(r,/R) agree with each other in
considerable degree. The measured values integrated all over the propeller disc,
however, as stated above, are lower than the theoretical values. This change
from positive to negative may be mainly due to the state of flow field near the
blade tip, where the present theory cannot be correct and the experimental re-
sults of Pitot traverse are not reliable. '

Anyhow, it may be said that the theoretical curves agree with the ex-
perimental ones with the error of +10 per cent except the case of B, = 9.35°
The authors think that the errors of the order stated above may be allowable
considering the assumption used in the present theory and the informations so
far obtained about the flow around the propeller of static condition.

As seen in Adams’®. paper and from the presenf theoretical and experimen-

* As stated before, the results with total head tube are not shown in the tables of
(a), (b) and (c), because the total head -showed very -much unstable or negative
values near the tip, so that C; calculated including the erroneous values obtained
in this region are not reliable.
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tal results, there remain many problems, for example, reverse flow, windmill state
etc., to be solved in the region near the tip of a-propeller at its static condition.
The authors would like to say that the region where the investigations of a pro-
peller- of static state should be concentrated is the region ranging from r,/R=
0.75 to r,/R=1.0. -

Conclusions

Theoretical investigations of a propeller at its static working state was per-
formed by a vortex theory based on the assumption of infinite number of blades.

Expériments were performed with a four-bladed propeller at the blade-angles,
measured at 0.75R, of 4.35°, 9.35° and 14.35°.

The following are the results obtained from theoretical investigation;

1) Thrust coefficient and torque coefficient gradings can be calculated without
the method of successive approximation.
2) Tangential component of induced velocity, though small in its absolute mag-
nitude compared with axial component, has considerable effect on circulation
around blade elements, thrust coefficient grading and power coefficient grading
and its effect is stronger on the blade element of smaller value of radius. Tan-
- gential component works on 7', dCr/d(r,/R) and dCp/d(r,/R) so as to reduce
these values.
3) The effect of drag coefficient ¢, on the performance of a propeller at static
state is. of appreciable amount for power coefficient C, and consequently for Fig-
ure of Merit F. M., while very small for thrust coefficient C;.
4) Lift coefficient increases as the blade angle, but up to (8,,;z=14.35" no blade
elements works at its stall condition. :

By comparison of theoretical results with experimental ones the following
are shown:
5) Theoretical and experimental distributions of dC,/d(r,/R) and dC,/d(r,/R)
with respect to r,/R agree with considerable accuracy in the range from r,/R=
0.3 to 0.75 except the case of fB,;,=9.35".
6) The theoreticol values of C;, C, and F. M. agree within the error of the
order of 410 per cent with the experimental ones except the case of (3;,5,=9.35".
7) In the present report nothing can be said about the phenomena in the range
of r,/R=0.75 to 1.0, but considerably good agreement in this region ranging r,/
R=0.3 to 0.75 suggests the possibility that the performance of a propeller at its
static condition may be calculated by the present method of calculation within
the error of the order of ten per cent in the region of r,/R=0.3 to 0.75.

The authors think that the region to which the investigations of a pro-
peller performances at its static condition should be concentrated may be the re-
gion ranging from r,/R=0.75 to r,/R=1.0.
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Appendix-A

In this section Pankhurst’s!? paper is explained for the case of static condition of
a propeller.

Axial momentum theory of a propeller, in which tangential component v, is neg-
lected, shows that the integration of the difference of total head 4k, which is the differ-
ence of total head behind the propeller 4, from the total head in front of the propelier
hy, tesults in the thrusts of a propeller. This can be written in formula as follows:

( ar ) —=2roChy—h,)=2ur, dh (A-1)
To /v4o=0
Eaq. (A-1) can be reduced to the non-dimensional form of
d CT } — _Z_C_L 4h _
{d(ro/R) 750 8 R pn’R? (A-2)

On the other hand, as seen in Fig. A-1, if we take v,, into consideration, airfoil
section theory shows that

normallry working state “Statical working state

nr
Fig. A-1 Flow diagram of blade element at r,

dL=pTI'wydr, (A-2)
Neglecting drag component of the blade element, therefore,
dT=BeT'wdr, (A-3)
while the measured total difference across the propeller disc is
‘ 4h=BoT'2/2x ' (A-4)

Accordingly, by the substitution of Eq. (A-4) into Eq. (A-3) we obtain

ATy _w, (ﬂ)
(dro )true_.{!ro cos go dro Uy

e, W cosp,(4T)

wo’ .Qr dry /v,=0
__COSQLCOSPy -
- cosé (dro ) (A-5)

where the suffix “true” means the value in which the effect of 7, is included.
In the static working state 6=0 and a=sq. Nondimensionalizing by the factor
‘on®* D* and R, Eq. (A-5) is reduced to
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Eq. (A-6) with Eq. (A-2) results in

_‘1.97'_} — a2 E To 4R ~
{d(ro/R) e COS PG R I RE (A-T
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