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NUMERICAL TABLES OF SEBAN-BOND SOLUTION FOR
EQUATION OF LAMINAR BOUNDARY LAYER ON A
CIRCULAR CYLINDER IN AXIAL
INCOMPRESSIBLE FLOW

By Jun-ichi OKABE and Gozo KIMURA*

In the simultaneous ordinary differential equations of an infinite
number derived by SeBan and Bonp for the laminar boundary layer of
an incompressible fluid on the exterior of a circular cylinder with flow
parallel to the cylinder axis, the first three equations are solved with the
aid of an electronic digital computer. The result is shown in the form
of the numerical tables at the end of the paper.

1. Introduction

Sixteen years ago SeBAN and BonND published a very interesting paper, in
which they gave a solution for the laminar boundary layer of an incompressible
fluid of constant properties on the exterior of a circular cylinder with flow par-
allel to its axis; the solution is shown graphically as FiGure 1 of their paper.’

Three years later, however, KeLLY pointed out inaccuracy contained in their
solution.? Namely, in connection with another problem, he integrated the differ-
ential equations derived by the above-mentioned authors using the REAC, an
analog computer that allowed continuous integration with a high degree of ac-
curacy. He observed that the Brastus function f, had been duplicated quite ac-
curately, while the solutions for f; and f, had varied somewhat from those given
by SesBaN and BonbD. (With regard to the definitions of these three functions, see
the next section, esp. EQuatioN (2.12).) He stated that the difference was prob-
ably due to the finite interval size used in the former integration. Since unfor-
tunately, however, results of KeLLY's computations were not published except the
corrected values of f£,”(0), £,”7(0), fi(eo), and f,(eo) (see TaBLE 1 of section 5),
we cannot as yet turn them to full account for practical purposes.

In this circumstance, it is of some significance to take up this problem again
with a view to solving the differential equations as accurately as possible, in the
practical sense of the words, with the aid of an electronic digital computer. The

« Assistant Professor, Ariake Technical College, Omuta, Japan.

1) SeBaN, R. A. and Bonp, R., Skin-Friction and Heat-Transfer Characteristics of a
Laminar Boundary Layer on a Cylinder in Axial Incompressible Flow, Journal of the
Aeronautical Sciences, vol. 18 (1951), no. 10, pp. 671-675. '

2) KeLLy, H. R, A Note on the Laminar Boundary Layer on a Circular Cylinder
in Axial Incompressible Flow, Journal of the Aeronautical Sciences, vol. 21 (1954), no. 9,
Readers’ Forum, p. 634.
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50 J. OKABE and G. KIMURA

result of our computations is reproduced in the form of the numerical tables at
the end of this paper for the convenience of future applications.

2. Problem

For an incompressible fluid of constant properties flowing with uniform free
stream velocity U, parallel to the axis of a circular cylinder of radius a, the equa-
tions of continuity and of the laminar boundary layer can be written respectively
as follows:

ou

o(rv)
ox Froor 0

1
r or

@.0)

ou ou vy O ( Ou
and u§;+ Uﬁ—-?ﬁ(rw), . (2.2)
where (x, r) and (#, v) denote the axial, and the radial, coordinate, and the ax-
ial, and the radial, velocity component, respectively, v being the kinematic vis-
cosity of the fluid.

EquatioN (2.1) is satisfied by the introduction of a stream function v, such

that
190
u= TTV; , (2.3)
_ 13y
and V=— TW. (2.4)
Further making use of the transformations defined by
_ 4 Jvx
)0, P—a
7= ‘/ vx 4da ’ (2.6)
and v =a/vUx f(& 1), 2.7)
we can prove without difficulty that EQuations (2.3) and (2.4) become
U, 9
= 7%5 , 2.8)
_a /30 of o 2 of
and ”"2r}/x <77577_f> S @9

respectively, while the remaining one, (2.2), is found to take the form

(2202 BY )
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NUMERICAL TABLES OF SEBAN-BOND SOLUTION 51

2 ), Of
+a7{(1+577)a—772}+f5;2—0. (2.10)

The associated boundary conditions, on the other hand, are
u=v=0 for r=a,
(2.11)

and u=U, for r=o0 or x=0.
Expanding f in the form

f& 1) = () +EA)+EL@) + -+ (2.12)
substitute it in EQuATioN (2.10). Comparing the coefficients of like powers of &,
we are led to a series of differential equations of an infinite number

K+ hf =0, (2.13)
fi///+ﬂ)ﬁl!_ﬂlﬁ/+2ﬁ;//ﬁ+77f(‘,/ll+f(‘)ll — 0 s (2‘14)
f;//l+ﬁfél!_2f‘;lﬁl+3f‘;l/fé+77ﬂll/+f‘]/l+2ﬁﬁ//_ﬂlz —_ 0 s (2.15)

........................

the boundary conditions for f, fi, f;, ... are found to be

fi(0) = £/(0) =0, fi(e0) =2, (2.16)
fi(0) = £/(0) =0, f/(e0) =0, 2.17)
f(0) = £/(0) =0, f/(e0) =0, (2.18)

where dashes denote differentiation with respect to 7. In what follows, just as
those three authors did, we shall confine our discussions to the first three un-
known functions, f,, f,, and f, retaining therefore only three equations (2.13),
(2.14), and (2.15) together with the same number of boundary conditions (2.16),
(2.17), and (2.18).»

3. Solution and flow diagram for f,

In solving numerically the simultaneous ordinary differential equations (2.13),
(2.14), and (2.15), the procedure devised and improved by Runce, Kurra, and
GiLL (abbreviated in the following as RKG method, for convenience) was em-
ployed; the computation program in an electronic digital computer was con-
structed according to the grammar of ALGOL.

In RKG method, the range of the independent variable 7 is divided into a
small segment H, and starting from the initial values f;(0), f/(0), and f//(0) (i
=0, 1, 2), the successive values of f,(7) (7 =0+nrH, n=1, 2, 3,...) are worked
out owing to the well-known formula. In our present case, however, as ob-
served in (2.16) - (2.18), the values of f;/(<o), instead of f;’(0), are prescribed. We

1) As readily noticed, the differential equation (2.13) together with the associated
boundary conditions (2.16) are just the same as those for the stream function of the
flow along a flat plate placed edgeways to a uniform stream. The name Brasius func-
tion for f;, comes from this fact.
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52 J. OKABE and G. KIMURA

should, therefore, take the following way :— First, assuming f;/(0) appropriately,
the value to which f/(») converges when 7 becomes large enough is computed ;
this might be regarded as f/(co) practically. By modifying f;/(0) slightly, a sec-
ond f/(oo) is produced through the same process. Repeating this procedure a
number of times, the limiting value f/(co) might be brought as close as we wish
to the prescribed value. But if we are going to solve these three equations (2.
13)- (2.15) all at once, we should have necessarily three degrees of freedom for
the choice of f/(0) (i =0, 1, 2) at the same time. Because this makes the situ-
ation helplessly complicated, first we treat EQuaTiON (2.13) solely. After evalu-
ating f,’(0) through the successive approximation above-mentioned, we next take
up the first and the second equations simultaneously permitting only one degree
of freedom as ever, f,”(0). Finally, the third process composed of three equa-
tions but containing single undetermined parameter f,’(0) may be carried out in
a similar way.

Ficure 1 is the flow diagram showing the computation scheme for the func-
tion f,(#). The number in the parentheses placed at the beginning of each of
the following phrases corresponds to that labelled each step in the figure.

(1) Statement of the data: U is a number not so different from f(0), V
being an incremental step of U. D, E, and F are constants for convergency judg-
ments ; see (9) - (13) below. Finally, N indicates a constant restricting the num-
ber of steps of integration. _

(2) Instruction concerning the variation of U: In passing through this sta-
tion, U is subject to the increment V.

(3) Assignment of the initial values: S denotes the number of steps of in-
tegration, counting from the start X = 0. From now on, for convenience of print-
ing in an electronic computer we write

1=2X, i=A4, ff=A41, and f/'=A2. 3.1
(4) Printing of the initial values of the variables X, A, A1, and A2.

(5) Advancement of integration into the next step.

(6) Instruction that if S attains N, or, in other words, the range of integra-
tion extends beyond a certain limit, we should escape from the loop and go to
(10) directly.

(7) One step of RKG computation method: EQuatioN (2.13) may be written
in the form

dA dAl

ax — Al gy =42
and . . (32)
a2 .
ax = A3 = —A-A2.

Now, if the values of 4, A1, and A2 are given at the station X = SH say, then
EquaTioN (3.2) enables us to find their values at the next station, X = (S-+1)H.
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NUMERICAL TABLES OF SEBAN-BOND SOLUTION

READ
UVWH DEFRN

(U =U+V

S$=0, X=0,4:=0, 41 =0,42 =U

J

PRINT
X, A, Al, A2

Si= 85+

yes

S=N
no

(X, A,A1LA2)s—AX, A, Al,A2)s4

v
PRINT
X, A, Al, A2

yes Als~AlsH>E

no

yes

no

yes
END

FIGURE 1. Flow diagram for f;.
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54 J. OKABE and G. KIMURA

(8) Printing of X, A, A1, and A2 at the new station.
(9) Judgment of convergence of A1: By convergence of A1 we mean
[ (AD) xesu— (AD) xossvn| < E, (3.3)
where S+1 <N If not convergent, we should continue RKG integration.

(10) When Al converges or alternatively the range of integration extends
beyond N, criterion should be made whether 41 <<2—D. If so, we go back to
repeat the computation with the initial value increased by V.

(11) If 2—D < A1 < 2+ D, our computation is over. If 41 =>2-+D, on the
other hand, we should proceed to (12) below.

(12) Return to the original U? and multiply ¥ by the factor 0.1.

(13) When ¥V becomes less than F, go to END. Or else return backward
and proceed to the computation with a new initial condition.

4. Performance of computation of f,

With a view to making a rough estimation, first we put
H=01, N=100, and D=E=F=10"%, 4.0
and starting tentatively from the initial value
£(0) = 1.32821 2

we observed after five times of repetition that the process converged in the sense
of (3.3) and yielded the values

£77(0) = 1.328231, and f/(4.3) = 1.9999996. (42)

In order to increase accuracy of the computation, next we assigned more strin-
gent values for the constants :

1) The inequality (3.3) might be satisfied as well in a region where Al takes the
values maximum or minimum. This possibility can be excluded, however, by plotting
the successive values of Al graphically. Incidentally, we assume the same definition
for convergency of Bl and C1 to appear in later sections.

2) The value of U immediately before the last transit through the step (2) in the
flow diagram takes place.

3) At the beginning of our calculation U and V are assumed as 1.3282 and 0.00001,
respectively. According to the rule (2) of the flow diagram, f,”(0) is to start from
1.32821. :

4) In solving a differential equation by means of RKG method, the value of the
dependent variable, g say, at the point 7++H computed from the data at 7 coincides with
its TAYLOR expansion ’

gCr-+H) = g()+Hg () + 2 g7y + 2 g

AT ORRA U OF

up to the fifth term, so that the truncation error or, in other words, the error due to
RKG method itself should be the sum of the series beginning from the sixth.term of
the right-hand side of the above equality. So long as H is small and g¥(%) is not so
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NUMERICAL TABLES OF SEBAN-BOND SOLUTION 55

H =001, N =600,
D=25x10", E=10"% and F =107,

and continued the similar computation. After several times of repetition, we ar-
rived finally at the convergent value

(4.3)

1 (4.58) = 2.0000015, 44)
the corresponding initial value being
£7(0) = 1.328231.» (4.5

Finally to reproduce the whole result of the computations, we changed the
program slightly and printed the values of X, 4, A1, and A2 at intervals of H
= 0.05 rounding off the figures below the fifth decimal place (see TABLE 2 at the
end of the paper). As mentioned already in the introduction of this paper, f; is
identified with the so-called Brasius function or the stream function for the two-
dimensional flow along a flat plate. Its behavior in the whole region of the
variable 7 is well-known. It will be remarked that the values shown in our
table agree, except the last decimal place (cf. footnote 1 on page 51), with those
given by HowARTH.”

large, therefore, this error may be estimated as order of H5/5!, .or 0.83X10712 when H
=0.01. Since EqQuaTioN (3.2) is composed of three simultaneous equations, we should
expect the truncation error of order

3X500<0.83 10712 = 1,25X 107
at the most, provided we suppose that Al converges after 500 steps, say.

1) Since fy’ or Al thus obtained is found greater than 2--D = 2.00000025, we should,
properly speaking, proceed down to the step (12) of the flow diagram and renew the
value of ¥ by multiplying it by 1/10. This process is to be stopped as soon as the
new V becomes less than F, the constant (= 0.0000001). In our circumstance, however,
to continue the computation further we have to take ¥ = 0.0000001, which, owing to ac-
cumulation of rounding-off errors arising when numbers are expressed in terms of
the binary system, becomes less than F very slightly, and according to the instructions
(13) and (14) our computation is over.

Comparing graphically, or otherwise, the two integral curves f,’ produced from the
initial values f;/(0)=1.328230 and 1.328231, we can determine without difficulty which
one of them would be more appropriate for our purpose of bringing the value of f/
(o) as close as possible to 2. The same remarks hold good as well in determining
£77(0) and £;”(0). In connection with the initial value f,””(0) given by (4.5), see GOLD-
STEIN, S., Modern Developments in Fluid Dynamics, vol. I (1965), Dover Pub., p. 136, foot-
note, where it is added that the correct value of f;”” (0) should be 1.32823, and not
1.32824 mentioned in the text (HOSKINS).

Incidentally, let us add a few words about the probable behavior of the function
fo when the integration is imagined to proceed much further beyond X =4.58. In an-
other occasion, we integrated the equation (3.2) by means of the RKG method starting
from the condition (4.5) and with H = 0.1, and observed that A2 or f,” decreased uni-
formly as X or 7 increased and that finally at X = 9.9 42 arrived at the order 10732,
This example may be interpreted as suggesting the stability (or convergency), and so
appropriateness, of our solution explained in the text.

2) HowARTH, L., On the Solution of the Laminar Boundary Layer Equations, Pro-
ceedings of the Royal Society, vol. 164 (1938), pp. 547-579, esp. TABLE I, p. 552.
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56 J. OKABE and G. KIMURA

5. f and f,

With regard to the essential parts of the calculation procedures and the con-
stants of restriction for convergency (D, E, and F), no alterations are made in
computing both f; and f,.

The simultaneous differential equations

d4 dB

ax —Al. ax — 8L

ddl dB1

o =42, ax = B2, (5.1)
dA2 dB2

ax = A3=—A4-A42, ax = B3 = —A-B2+4+A1-B1—2.-42.-B—X-A4A3— A2,

where we write
1=2X, fi=A, f=Al, f/=A2, [/ = A3,

(52)
fi=B, f/=B8l, f"=B2, /" =B3,
are solved starting from the conditions
A(0) = A1(0) = 0, A42(0) = 1.328231,
(5.3)

and B(0) = B1(0) = 0.

B2(0), left unspecified so far, should be determined in such a way that the rela-
tion at infinity,

Bl(e2) =0, 54
might be satisfied and is found to be 0.694323.» Numerical values of B, Bl, and
B2 are reproduced in TABLE 3 for various values of X.

Finally f, are evaluated by solving the equations

dA ) dB
ax — Al ax — Bl
dAl dB1
ax =42 ax = B2

dA2 dB2__ _ . B A B X A3
dc dci (5.5)
ax — ¢l ax — %

dc2 ,

ax = C3=—A4-C2+2-41-C1—3.42-C—X-B3—B2—2-B- B2+ (B1),

1) At X = 5.10 we observe that Bl converges in the sense of (3.3) into the value
0.10552577x1075. The computation is stopped here according to the prohibition that V'
should not be less than F. See also the footnote 1 on page 55.


library
ノート注釈
library : None

library
ノート注釈
library : MigrationNone

library
ノート注釈
library : Unmarked

library
ノート注釈
library : None

library
ノート注釈
library : MigrationNone

library
ノート注釈
library : Unmarked


NUMERICAL TABLES OF SEBAN-BOND SOLUTION 57

with the aid of the initial conditions
A(0) = A1(0) = 0, 42(0) = 1.328231,

B(0) = B1(0) = 0, B2(0) = 0.694323, ‘ (5.6)
and C(0) = C1(0) =0,
where we put, in addition to (5.2),
L=C, f/=C1, f,/=C2, and f"'=C3. (5.7
Besides, Cl(e=) =0 (5.8)

should be satisfied by choosing C2 (0) appropriately, and this is found to be
—0.1641442.> The computated values of C, C1, and C2 are shown altogether in
TABLE 4.

In concluding the paper, it will be interesting to compare the values of f”
(0), £7(0), fi(eo), and f,(co) — or, in terms of the notations used in our tables,
B2(0), C2(0), B(<o), and C(co), respectively — among the methods by. i) SEBAN
and Bonp, ii) KeLLy, and iii) the present authors. We find that the KELLY’S re-
sult worked out making use of an analog computer was quite accurate —5 % in
the relative error at the most.

TABLE 1.
RZORRZONAN SN O
SEBAN & BOND 0.704 | —0.095 | 0.051 | —0.093
KELLY 0.69 | —0.160 | —0.019 | —0.100
OkaBE & KIMURA | 0.694 | —0.164 ] ~0.018 | —0.105

The whole numerical work contained in this paper was performed with the
aid of the electronic computer OKITAC 5090H, and our thanks are due to the
staff of Computation Center of Kyushu University. We are grateful also to Miss
S. HosuiNo for her assistance in preparing the manuscript.

(Received September 27, 1967)

1) Owing to poor convergency of C-functions (i.e. f;, f2/, and f;/), slight modifi-
cation is found necessary in the computation program for C’s. Namely, starting from
C2(0) = —0.164144, the most accurate value as long as we remain to 6 decimal places,
we observe that the convergence defined as |(C1)s—(C1) s, | < E (see(3.3)) canbe achieved
at no point in the whole integration range restricted by N = 600 (see (4.2)). (In fact, at
the end-point X = 5.99, we have C1 = 0.8542471075.) Because of difficulty explained in
the footnote 1 on page 55, the computation cannot proceed further.

In the next place, therefore, we put from the beginning C2 (0) = —0.1641442, to 7
decimal places (V¥ = 10-7), then the rounding-off errors resulting from the transformation
into the binary system can be excluded, and we have V = F. So the calculation may be
carried out further, and the following convergent value is yielded: C1(5.59) = 0.16724665
X1075. Better approximation by means of our scheme is evidently impossible, since
we will have V' <<F without fail.
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58 J. OKABE and G. KIMURA

Numerical tables

Because of convenience of printing in a digital computer, the following notations
are employed in the tables, cf. (3.1), (5.2), and (5.7).
fi=A, ff=Al, f'=A42, f/'=A43
fi=B, fi’=B1, fi”=B2, f,"'=B5B3
f=C, fi/=Cl1, £,'=C2, f'""=C3,

and 1=X.
TABLE 2.
A3 = — AxA2
H=0.01
X =0.00 A = 0.00000 Al = 0.00000 A2=1.32823
0.05 0.00166 0.06641 1. 32819
0.10 0. 00664 0.13282 1.32794
0.15 0.01494 0.19920 1.32724
0.20 0. 02656 0.26553 1. 32588
0.25 0.04149 0.33177 1. 32365
0.30 0.05973 0.39788 1.32032
0.35 0.08128 0. 46378 1. 31569
0.40 0.10611 0. 52942 1. 30956
0.45 0.13421 0. 59471 1.30173
0.50 0. 16557 0. 65956 1.29203
0.55 0.20016 0.72388 1. 28029
0. 60 0.23795 0. 78755 1.26636
0.65 0.27890 0. 85047 1.25012
0.70 0.32298 0.91252 1.23146
0.75 0. 37014 0. 97358 1.21032
X =.0.80 A=0.42032 Al =1.03351 A2 = 1. 18666
0.85 0. 47347 1. 09220 1. 16045
0.90 0. 52952 1. 14952 1.13173
0.95 0. 58840 1.20533 1. 10055
1.00 0. 65003 1. 25953 1. 06701
1.05 0.71432 1. 31200 1.03124
1. 10 0.78119 1. 36262 0.99340
1.15 0. 85055 1.41131 0.95371
1.20 0.92229 1. 45797 0.91237
1.25 0. 99631 1. 50252 0. 86965
1.30 1.07251 1. 54491 0. 82582
1.35 1. 15077 1. 58509 0.78118
1.40 1. 23098 1. 62302 0. 73603
1.45 1. 31303 1. 65869 0.69068
1. 50 1. 39681 1. 69209 0. 64544
1.55 1. 48220 1.72324 0. 60062
1. 60 1. 56910 1.75216 0. 55651
1.65 1. 65738 1.77891 0.51339
1.70 1. 74695 1. 80352 0. 47150
1.75 1. 83770 1. 82608 0. 43109
X=1.80 A —=1.92953 Al = 1. 84666 A2 =0.39235
1.85 2.02234 1. 86535 0.35544
1.90 2.11603 1. 88224 0. 32050
1.95 2.21053 1. 89743 0.28765
2.00 2.30575 1.91104 0.25694


library
ノート注釈
library : None

library
ノート注釈
library : MigrationNone

library
ノート注釈
library : Unmarked

library
ノート注釈
library : None

library
ノート注釈
library : MigrationNone

library
ノート注釈
library : Unmarked


N —=O

QUO LOULOWUL CUOULO LOWLOWL

NN DR DONNDN DN
WV ITAANL L DWW

W
[
8&

NUMERICAL TABLES OF SEBAN-BOND SOLUTION

A=

2. 40161
2. 49804
2. 59498
2. 69236
2.79014

2. 88825
2. 98666
08532
18421
28328

38251
48187
58135
68092
78058

88029
98007
07989
17974
27963

37953
47946
57941
67936
77933

87930
97928
07926
17925
27924

37924
47923
57923
67923
77922

87922
97922
07922
17922
27922

37922
47922
57922
67922
77922

87922
97922
07922
. 17922
7.27922

7.37922
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Al =

Al =

Al =

. 92316
. 93392
. 94341
. 95174
. 95903

96537
97086
. 97558
97963
98309

98602
98849
99057
99231
99376

99496
99594
99675
99741
99795

99838
99873
99900
99923
99940

99954
99965
99973
99979
99984

. 99988
99991
. 99994
99995
99997

99997
99998
99999
. 99999
. 99999

2. 00000
2. 00000
2. 00000
2.00000
2. 00000

2.00000
2.00000
2.00000
2. 00000
2. 00000

2.00000
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A2 =

A2 =

A2 =

0.22841
0.20208
0.17792
0. 15589
0.13592

0.11793
0.10183
0.08748
0.07479
0.06363

0. 05386
0.04537
0.03802
0.03171
0.02631

0.02173
0.01785
0.01459
0.01187
0. 00961

0.00774
0. 00620
0. 00494
0.00392
0.00310

0.00243
0.00190
0.00148
0.00114
0.00088

0. 00067
0. 00051
0. 00039
0. 00029
0. 00022

0.00017
0.00012
0. 00009
0. 00007
0..00005

0. 00004
0.00003
0. 00002
0. 00001
0. 00001

0. 00001
0. 00000
0. 00000
0.00000
0. 00000

0. 00000
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Note added in proof : Primarily our plan was to reproduce these numerical tables
But a few technical difficulties, unex-
pected at the beginning, prevented us from carrying out our project.
form of printing, rewriting f;, f1, and f; into 4, B, and C, respectively would be com-
pletely superfluous.

yielded from our computations in phototype.

In the present
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X=

0.00
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0.10
0.15
0.20
0.25
0.30
0.35
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0.50
0.55

A3 = — AxA2
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TABLE 3.

B3 = — A«B2+A1xB1—2+xA2«+B—XxA3— A2
H=0.01

B =

B =

0.00000

0. 00084
0.00325
0.00706
0.01211
0.01823

0.02526
0.03302
0.04136
0.05011
0.05911

0. 06821
0.07725
0.08610
0. 09461
0.10267

0.11014
0.11694
0.12297
0.12814
0.13241

. 13571
. 13803
. 13934
. 13965
. 13897

. 13734
. 13481
. 13142
. 12726
. 12241

O OOOOO OO0

0.11094
0.10453
0.09778
0.09080

0. 08367
0.07649
0.06934
0. 06229
0. 05540

0.04875
0. 04237
0.03631
0. 03059
0. 02525

0.02028
0.01571
0.01153
0.00773
0.00430

Bl =

B1

I

0. 00000

—0.11067
—0.10312

—0.09536
—0.08755
—0.07981
—0.07224
—0.06495

B2 = 0.69432

0.62789
0. 56139
0.49479
0. 42815
0.36159

0.29529
0. 22949
0.16451
0.10072
0.03854

—0.02157
—0.07909
—0.13350
—0. 18426
—0.23082

B2 = —0.27267
—0. 30932
—0. 34034
—0.36536
—0. 38411

—0. 39640
—0. 40217
—0.40147
—0.39448
—0. 38150

—0. 36295
—0.33936
—0.31136
—0.27967
—0. 24506

—0.20835
—0.17038
—0.13197
—0.09392
—0.05696

B2 = —0.02178
0.01106
0.04106
0.06785
0.09116

0.11083
0.12683
0.13919
0. 14804
0. 15360

0.15613
0.15595
- 0.15339
0. 14881
0. 14257
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NUMERICAL TABLES OF SEBAN-BOND SOLUTION

B= 10.00123 Bl = —0.05801 B2 =0.13504
—0.00151 —0.05146 0.12654
—0.00393 —0.04536 0.11739
—0. 00605 —0.03973 0. 10787
—0.00791 —0.03458 0.09823
—0.00952 —0.02991 0.08867
—0.01091 —0. 02571 0.07938
—0.01210 —0.02196 0.07049
—0.01311 —0.01865 0.06211
—0.01397 —0.01574 0.05431
—0.01469 —0.01321 0.04714
—0.01529 —0.01102 0. 04061
—0.01580 —0.00914 0.03475
—0.01621 —0.00753 0. 02952
—0.01655 —0.00617 0.02491
—0.01683 —0.00503 0. 02088
—0.01706 —0. 00408 0.01738
—0.01724 —0.00328 0.01438
—0.01739 —0.00263 0.01182
—0.01751 —0.00210 0. 00965

B = —0.01760 Bl = —0.00166 B2 =0.00783
—0.01768 —0.00131 0. 00631
—0.01773 —0.00102 0. 00506
—0.01778 —0.00080 0. 00403
—0.01781 —0.00062 0.00319
—0.01784 —0. 00048 0.00251
—0.01786 —0.00036 0.00196
—0.01788 —0.00028 0.00153
—0.01789 —0.00021 0.00118
—0.01790 —0.00016 0.00091
—0.01791 —0.00012 0.00069
—0.01791 —0.00009 0.00053
—0.01792 —0.00007 0. 00040
—0.01792 —0.00005 0.00030
—0.01792 —0.00003 0.00022
—0.01792 —0.00003 0.00017
—0.01792 —0.00002 0.00012
—0.01792 —0.00001 0.00009
—0.01792 —0.00001 0.00007
—0.01792 —0.00001 0.00005

B = —0.01793 Bl = —0.00000 B2 = 0.00003
—0.01793 —0.00000 0.00002
—0.01793 —0.00000 0.00002
—0.01793 —0. 00000 0.00001
—0.01793 —0. 00000 0.00001
—0.01793 0. 00000 0.00001
—0.01793 0. 00000 0. 00000
—0.01793 0.00000 0. 00000
—0.01793 0. 00000 0.00000
—0.01793 0. 00000 0..00000
—0.01793 0. 00000 0. 00000

—0.01793 0.00000 0. 00000
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TABLE 4,
A3 = — AxA2

B3 = — AxB2+A1+B1—2xA2«B— X+ A3— A2

C3 = — AxC2+2%A1+xC1—3+42+C—X+«B3—B2—2+B+B2+ Bl+Bl

H =0.01
C= 0.00000 Cl = 0.00000
—0.00022 —0.00902
—0.00093 —0.01944
—0.00218 —0.03094
—0., 00403 —0.04316
—0.00650 —0.05579
—0.00961 —0.06848
—0.01335 —0.08091
—0.01769 —0.09274
—0. 02261 —0.10367
—0.02804 —0.11340
—0.03392 —0.12165
—0.04018 —0.12818
—0.04671 —0.13278
—0.05342 —0.13528
—0.06020 —0. 13557
C = —0. 06694 Cl = —0.13357
—0.07352 —0.12928
—0.07983 —0.12276
—0.08576 —0.11411
—0.09121 —0.10353
—0.09608 —0.09123
—0.10031 —0.07752
—0.10382 —0.06273
—0.10657 —0.04723
—0.10853 —0.03140
—0.10971 —0.01567
—0.11011 —0.00042
—0.10977 0.01395
—0.10873 0.02709
—0.10708 0.03869
—0.10489 0.04850
—0. 10227 0.05632
—0.09930 0. 06203
—0.09610 0.06558
—0.09278 0. 06697
C = —0.08944 Cl= 0.06631
—0.08618 0.06372
—0.08309 0.05943
—0.08026 0.05366
—0.07775 0. 04670
—0.07560 0.03884
—0.07387 0.03038
—0.07257 0.02161
—0.07171 0.01281
—0.07129 0.00425
—0.07128 —0.00387
—0.07166 —0.01134
—0.07240 —0.01803
—0.07345 —0.02382
—0.07477 —0.02867

C2 = —0.16414

—0.19554
—0.22028
—0.23833
—0.24967
—0.25430

—0.25226

—0.24364 .

—0.22863
—0.20751
—0. 18066

—0. 14859
—0.11195
—0.07152
—0.02819

0.01700

C2= 0.06293
0.10841
0.15219
0.19301
0.22969

0.26108
0.28621
0.30425
0. 31460
0.31691

0.31111
0.29739
0.27625
0.24842
0.21489

0.17685
0.13561
0.09258
0.04921
0.00689

C2 = —0.03307
—0.06952
—0.10148
—0.12822
—0.14923

—0.16426
—0.17329
—0.17653
—0.17440
—0.16746

—0. 15641
—0.14203
—0.12513
—0. 10655
—0.08705
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NUMERICAL TABLES OF SEBAN-BOND SOLUTION

C = —0.07630 C1 = —0.03253 C2 = —0.06739
—0.07800 —0.03541 —0.04819
—0.07983 —0.03736 —0.03000
—0.08172 —0.03844 —0.01326
—0.08366 —0.03872 0.00170
—0.08558 —0.03830 0.01468
—0.08748 —0.03728 0.02557
—0.08930 —0.03578 0.03433
—0.09105 —0.03389 0.04104
—0. 09269 —0.03171 0.04581
—0.09422 —0.02933 0.04880
—0.09562 —0.02685 0.05022
—0.09690 —0.02434 0. 05029
—0.09805 —0.02184 0.04924
—0.09909 —0.01943 0.04730
—0. 10000 —0.01712 0.04467
—0. 10080 —0.01497 0.04156
—0.10150 —0.01297 0.03815
—0.10210 —0.01115 0.03457
—0. 10262 —0.00952 0.03097

C = —0.10306 C1 = —0.00806 C2= 0.02744
—0.10343 —0.00677 0. 02407
—0.10373 —0.00565 0. 02090
—0. 10399 —0. 00468 0.01797
—0. 10420 —0.00384 0.01532
—0. 10438 —0.00314 0.01295
—0.10452 —0.00255 0.01085
—0. 10463 —0. 00205 0.00901
—0.10473 —0.00164 0.00743
—0. 10480 —0.00130 0. 00608
—0. 10486 —0.00103 0.00493
—0.10490 —0.00081 0.00397
—0. 10494 —0.00063 0.00318
—0. 10497 —0. 00049 0.00252
—0.10499 —0. 00037 0.00199
—0. 10501 —0.00029 0.00156
—0. 10502 —0.00022 0.00121
—0.10503 —0.00016 0.00093
—0.10503 —0.00012 0.00072
—0.10504 —0.00009 0.00055

C = —0.10504 C1 = —0.00007 C2=0.00041
—0. 10505 —0.00005 0.00031
—0. 10505 —0.00004 0.00023
—0. 10505 —0. 00003 0. 00017
—0. 10505 —0. 00002 0.00013
—0. 10505 —0. 00001 0. 00009
—0.10505 —0. 00001 0. 00007
—0.10505 —0. 00001 0. 00005
—0.10505 —0. 00000 0. 00004
—0. 10505 —0.00000 0.00003
—0.10505 —0. 00000 0. 00002
—0. 10505 —0. 00000 0. 00001
—0. 10505 0. 00000 0.00001
—0.10505 0. 00000 0. 00001

—0.10505 0.00000 0. 00000
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C = —0.10505 C1 = 0.00000 C2 = 0.00000
—0.10505 0. 00000 0. 00000
—0.10505 0.00000 0.00000
—0.10505 0. 00000 0. 00000
—0. 10505 0. 00000 0. 00000

—0. 10505 0. 00000 0. 00000
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