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Summary

In spite of our inadequate knowledge of the nature of shear flow tur-
bulence, there often arises requirement of calculating by any means the tur-
bulent boundary layer of a body immersed in a uniform stream. Accord-
ing to our experiences, the method due to MiLLIKAN (1932) has been found
very convenient because of its comparatively less labor for the computa-
tions ; cf. section 1.

That is to say, for REYNOLDS numbers less than 3)<X108, the thickness of
the turbulent boundary layer in a steady condition is given by the formula

5= 0.3799Ry~ 15wy~ I:u1’~’7/7 d)s
for a two-dimensional obstacle, and also by
== 0.3799R, 1w Tp=1( [yt )

for an axisymmetric body having a blunt nose, where

6(x)=4/L (4: boundary layer thickness, L: characteristic
length of the body),
uy(x) = Uy/U (Uy: velocity of flow just outside the boundary
layer, U: characteristic velocity of flow),
x=:X/L (X: distance along the surface of the body from
the forward stagnation in two-dimensional stream,
or along the meridian when flow is axially sym-
metric),
r(x)=R/L (R: distance of the surface from the axis of re-
volution),
and R,=UL/r (REYNOLDS number).
Finally, by means of the criterion due to HowaARTH (1935), the separation
point of the boundary layer can be determined by the equation

I = —0.06,
where I' is a non-dimensional parameter and is defined by
I = R;'/%9%4u;~3/4duy /dx

¥ being the non-dimensional momentum thickness, or we may put

~ af 7 /s - duy
F=RI,"‘(72'5)5‘MI 3/4 dx .

1) Condensed English version of the four papers originally written in Japanese and
published by Research Committee for Hydrology, of which the present writer is a mem-
ber, in Bulletin of Research Institute for Applied Mechanics, Kyushu University, under the
title ‘ u%/7, u-2%/7 no Suhyo (Tables of u?/7 and u—-2%/7)’, These four papers will be re-
ferred to later in more detail.
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Several years ago, Research Committee for Hydrology in Research Institute
for Applied Mechanics, Kyushu University, published the tables which con-
tained the numerical values of #%/7 and u -2%7 together with their first diffe-
rences, for the values of # ranging from 0.500 to 1.500 at intervals of 0.001,
with a view to making it possible to carry out with slight labor the nume-
rical integrations involved in the above expressions (in what follows these
tables will be referred to as ‘the Tables’ for short) ; cf. section 2.

In the following two sections, accuracy of the various procedures of
calculating turbulent boundary layers is tested for a linearly retarding (sec-
tion 3), and a linearly accelerating (section 4), flows, #; == 1--x and (x}-1)/2,
respectively. By comparing with the solutions (the momentum thickness,
the local skin friction, and I") due to HowArTH (1935) in the case of linear
retardation, it is noticed that Mi.LIKAN’s method gives the result quite com-
parable except only for the local skin friction in the immediate neighbor-
hood of separation point. For the flow of linear acceleration, on the other
hand, his formula is found to yield the values of the momentum thickness,
the local skin friction, and I" intermediate between those obtained through
HowARTH’s, and SQUIRE-YOUNG’s (1937), methods. Namely in all the compu-
tations of these three quantities, the curves constructed making use of MiL-
LIKAN's approximation start from the curves of HOWARTH near the origin
(x = 0) and approach to those of SQUIRE and YOUNG as x increases. It is
expected, therefore, from both of these two examinations, that also in gene-
ral cases the inethod of MILLIKAN in which necessary computations can be
performed very easily with the aid of the Tables would have almost the
same degree of approximation as the remaining two, in each of which we
should solve a non-linear differential equation of the first order numeri-
cally.

In section 5, assuming five kinds of the two-dimensional velocity distri-
butions

wo (—x)r,

where n.-2,3/2, 1, 1/2, and 1/3,

along a smooth surface, the thickness of the boundary layers is worked out
by numerical integrations (SiMpSON’s rule) in order to check off the Tables
in part. It is verified that the approximate result thus produced agrees almost
completely with the values obtained exactly from the formula, provided 4x,
the step of the non-dimensional coordinate along the plate, is taken suffici-
ently small (0.005). In three cases when the velocity decreases and in-
creases linearly along the plate (u; = (1—x), (x-1)/2, and (x--2)/2), com-
putations are repeated for a number of choices of 4x, or what amounts
to the same thing, of 4u;, the step of the non-dimensional velocity: |du;!
= 0.005, 0.01, 0.02, 0.04, 0.08, 0.12, and 0.24. It is proved that the accuracy
of the numerical integrations may be said nearly equivalent to each other in
so far as [4u;|<C0.04 and is maintained practically satisfactorily until | du;|
reaches the value 0.24. For velocity distributions other than a linear func-
tion of x, approximating them by means of a number of straight lines and
applying the above estimation to each of these segments, it is expected that
we should arrive at some choice of |du;| or 4x not so far from being ade-
quate.

In section 6, employing the parameter 7", the positions x; of the separa-
tion points are determined for each of the velocity distributions (1-—-x)"
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ON THE TABLES OF u%/7 AND u-2/1

from the condition I'(xs) == —0.06. It is noticed that the values of u;(xs)
show sensible uniformity among these five separation points, where u;(x;)
denotes the velocity of the main flow just outside the boundary layer at the
point of separation. From the similarity in boundary layer separations of
two-dimensional flows, in other words, the assumption that the separation
point would be independent of REYNOLDS number, it is concluded that
in a group of steady flow patterns defined by the equation of the form x
== ae(uy), where ¢ and o denote an arbitrary function and a parameter vari-
able within that group, respectively, separation from the wall occurs at the
point uy == constant. If this functional condition is found to be satisfied at
least approximately between x and wu;, then by knowing, theoretically or
experimentally, one of the points of separation among a series of systema-
tic modification of the flow, there exists a possibility of predicting roughly
the remaining points of separation without labor of calculating the boun-
dary layers for these flows.

Finally in section 7, disturbances in boundary layer thickness and in sur-
face traction originated from sinusoidal, steady variations superposed upon
uniform velocity distribution is studied. After the numerical computations
with the aid of the Tables, the followings are mentioned which, in spite of
restricted variety of the investigated examples, would form a part of more
or less general conclusions:

1) Disturbance generated in 4, the thickness of the boundary layer, de-
velops with the same wave length as the undulation contained in the velo-
city.

2) As the amplitude grows up of the superposed sinusoidal term of the
velocity, degree of variation produced on the part of the boundary layer
thickness increases much more markedly.

3) Denoting the boundary layer thickness corresponding to the basic
uniform flow by &y, change of ¢ is more pronounced on the side § > d, than
on 6-78. In other words, the disturbed boundary layer appears thicker, in
the mean, than the original condition.

4) Variation of § propagates along the plate amplifying in the manner
roughly proportional to do(x).

5) Of course, the phase and the wave length of the undulation produced
in & become different as the corresponding ones of the velocity distributions
are varied. But still the amplitude of ¢ as a function of x is subjected to
no essential modifications.

6) Circumstances are more complicated for the local skin friction. How-
ever, disturbance is found larger on the positive side (increasing the non-
dimensional local skin friction over the value of the uniform stream) than
on the negative side, and if a large number of wave lengths are contained
in the whole length of the plate, then the total skin friction will increase
most likely compared with the value in the uniform flow.

In the appendix, the same problem as section 7 is discussed for the
case of laminar boundary layers. By virtue of TANI’s approximate formula
(1941), conclusions are derived which are quite similar to the case of tur-
bulent boundary layers.

1. Introduction
Recently, in many branches of hydraulic engineering, there arise increasing
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requirements for calculating the turbulent boundary layer of a body immersed in
a uniform stream. A number of computation procedures were published for boun-
dary layers (in this note, unless otherwise explicitly stated, as the boundary layer
we mean the one, of a liquid or a gas of constant density, formed on a two-dimen-
sional smooth surface, completely turbulent from the beginning, and at the same time
quasi-steady, namely steady on the time-average). Because of our inadequate
knowledge of the nature of shear flow turbulence, however, so far as the present
writer is aware, no method which may be accepted in all cases as sufliciently ac-
curate has not been found out.

In the next place, labor involved in computations should bc taken into con-
sideration. Usually numerical works complicated and tedious, more or less, are
necessary in the course of calculations of boundary layers. However, now that the
assumptions underlying the theories are not completely verified, we cannot help
doubting whether it would be worth-while without fail to carry out for all the
problems with which we are dealing numerical computations in great detail.

Besides even if all our doubts should be dissolved and the method of exact
treatment should be established some day, since there can be practical demands in
some cases for evaluating at the minimum expenses of labor and time properties
of boundary layers roughly or selectively, we might expect with certainty that a
rapid estimation, although accompanied by some degree of error inevitably, would
not lose all its significance in the future.

2. MILLIKAN'S method

With a view to reducing computational labor in MILLIKAN's formula,” which
is, according to our past experiences, one of the most simplified and at the same
time the most convenient methods for calculating boundary layers, Research Com-
mittee for Hydrology in Research Institute for Applied Mechanics, Kyushu Univer-
sity, published several years ago the tables including #**7 and u~%*7 together with
their first differences for the values of u ranging from 0.500 to 1.500 at intervals
of 0.001.2

Namely, by applying MILLIKAN’S method to two-dimensional boundary layers,
which was invented for axisymmetric flows originally, we can derive the formula

3(x) = 0.3799R,,"‘/""u1‘23/7< N uﬁ’”dx)"s, : Q@

where 0 and u; are the boundary layer thickness and the velocity of the main
stream just outside the boundary layer, both reduced non-dimensional by dividing

1) MicLikaN, C. B., The Boundary Layer and Skin Friction for a Figure ol Revolution,
Transactions of the American Society of Mechanical Engineers, Applied Mechanics Section,
vol. 54, no. 2 (1932), pp. 29-39.

2) ResearcH CoMmiTTEE FOoR HYDROLOGY, Tables of #%/7 and u~2/7 (u = 0.500~1.500),
(in Japanese), Bulletin of Research Institute for Applied Mechanics (abbreviated as Bulletin
hereafter), no. 5 (1954), pp. 1-16. In what follows, these tables will be referred to as “ the
Tables’ for short.
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ON THE TABLES OF u?7 AND u-2/1

them with the characteristic length L (for instance, the overall length of the sub-
merged body) and the characteristic velocity U" (for instance, the general flow)
respectively, X, or x in non-dimensional form constructed in the same way, being
the distance along the wall of the obstacle measured from the forward stagnation,
where the boundary layer is assumed to begin with vanishing thickness. Further,
Ry is the REyNoLDs number defined by UL/v, v being the kinematic viscosity of
the fluid.? Furthermore, when ¢ has been found, t,, the intensity of skin friction,
may be evaluated in the form

To/ PU? == kR, ~\AG~ 14y, | 2.2)

where p is the density of the fluid which is assumed to be constant throughout this
note while « denotes a coefficient roughly equal to 0.0232.3 Equations (2.1) and
(2.2) can be both obtained by assuming that the same relationships as in the flat-
plate-boundary-layer (the so-called 1/7th power law of velocity profile?) would be
valid approximately also at each point on the surface of a two-dimensional ob-
stacle, in other words, that the whole boundary layer on the latter might be re-
produced substantially by the boundary layer (or, to be more precise, the train of
boundary layers) on an infinite number of flat plates of infinitesimal length placed
in close formation, the velocity just outside each of the boundary layers (or the un-
disturbed flow, so to speak, corresponding to each infinitesimal plate) being ima-
gined to vary according to the velocity distribution of the main flow around the real
obstacle. In this picture the deformation of velocity profile in the boundary layer
taking place as a matter of fact as we go downstream along the surface is com-
pletely ignored, and it is dangerous therefore to apply the method to the flow ac-
companied by a large pressure gradient parallel to the stream.

Concerning the separation of boundary layers, Buri and HOWARTH remarked

1) In the original papers, the symbol U, was used in place of U.
2) For an axisymmetric body with a blunt nose, the result corresponding to (2.1)
may be obtained without difficulty and it reads

0(x) = 0.3799R, ~1uy-27r 1 ( fo w4

where r(x) is the non-dimensional distance of the surface from the axis of revolution, cf.
Fepviaevsky, C. C., The Boundary Layer and the Drag of a Body of Revolution at Large
Reynolds Number, Journal of the Aeronautical Sciences, vol. 3, no. 1 (1935), pp. 17-20. It
should be noted that the error of order (6/r) has been neglected in deriving this formula.
Concerning the effect of transverse curvature, see the following : LANDWEBER, L., Effect of
Transverse Curvature on Frictional Resistance, Report 689 (1949), The David W. Taylor
Model Basin.

3) For flow in a smooth pipe the coefficient 0.0225 is deduced from BrAsIus’ empirical
formula. In the present case, however, the value of # is modified in such a way that the
law of frictional resistance Cy:: 0.074R.~1/% is derived instead of 0.072R.-1/5; see GOLD-
STEIN, S., Modern Developments in Fluid Dynamics, vol. 11 (1938), 163, pp. 261-362.

4) It is verified experimentally for moderate REyNoLDS numbers less than 3X106, cf.
GOLDSTEIN, S., op. cit., 163, p. 362. According to SCHLICHTING, H., Boundary Layer Theory
(translated by KEesrin, J.) (1960), XXI, a, p. 537, equation (21.11), the range of REYNOLDS
numbers in which the 1/7th power law holds is

5X10% << Rp << 107.
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J. OKABE

that it occurs at the point x; where the non-dimensional parameter
I’ = R, V4§%4u,-34du, /dx 2.3)

takes the value —0.06," where // denotes the momentum thickness, reduced non-
dimensional as before by means of L. Now if we substitute for ¢ in this expression
the value obtained by connecting equation (2.1) with

9 = 18)72, (2.4)?

the relation verified approximately for the flow along a flat plate (the 1/7th power
law), then we are readily enabled to compute the value of I' for various values
of x and in particular to determine the point x; where the critical equation

I'(x) = —0.06 2.5)

is satisfied. It should be noticed, of course, that there exists a fundamental con-
tradiction in this procedure. That is to say, the value of ¢ and accordingly that
of I' worked out in this way are both based upon the uniform flow, whereas, on
the other hand, the separation is caused directly from the deformation of velocity
profile owing to adverse pressure gradient prevailing along the surface of the body.?

1) GoLDSTEIN, S., op. cit., 166, FI1G. 118, p. 375, and 194, pp. 436-439.

2) GOLDSTEIN, S., op. cit., 163, equation (63), p. 361.

3) Then how much error should be expected in the approximate value of 9 obtained
in this manner? In order to answer this question, the present writer refers only briefly to
his paper ‘On the Frictional Resistance of Ships’, Reports of Research Institute for Fluid
Engineering, vol. 4, no. 2 (1947), pp. 1--20, where the behaviors of two-dimensional boun-
dary layers formed on the surface of lenticular shapes of an infinite draft and with the
ratio (length L/breadth B) varying among 4, 5, 6, 7, and 8 are calculated in detail. The
body is supposed to move in the direction of its center line with a uniform speed U in a
fluid extending to an infinite distance in all directions, the REYNoLDS number defined by
UL/v being assumed 4.57><106. A result of the calculation is shown in the following table.

N 4 5 | 6 7 | 8
i

x 0~‘, D l D D | Im du ‘ Iu '711 | D I D ’ 17M
0.60 10 000 8160 000 814'0 000 868/0.000 8650 000 903/0.000 901 0000 929‘0 000 9290 000 952/0. 000 950
0.70 0.001 0980001 088/0.001 135/0.001 1250.001 157/0.001 1490.001 173/0.001 168/0.001 1870.001 179
0 80 0001 522'0 001 4880001 519/0.001 491]0 001 499(0.001 484/0.001 500/0.001 4800 001 493|0. 001 474

x is the non-dlmens;onal distance measured from the forward stagnation along the surface
of the obstacle; ?x and ?x denote both the non-dimensional momentum thicknesses.
is obtained by the method explained in the text, while 9z stands for the results from Ho-
WARTH’s method, less crude but at the same time much more laborious than the for-
o - mer, cf. GOLDSTEIN, S., op. cit., 194, pp. 436-439, or Ho-

L/B X5, 1t x., M WARTH, L., The Theoretical Determination of the Lift
e e Coefficient for a Thin Elliptic Cylinder, Proceedings of the
4 0.910 0913 Royal Society, A., vol. 149 (1935), pp. 558-586, esp. pp.
5 0.918 0.921 574-579. We may notice clearly that although there exists
6 0928 0.932 slight difference between these two kinds of 2, validity of
7 0.939 0.942 our approximation has been verified so far as this example
8 0.949 0.951 is concerned, and that, stating more specifically, ?# is

always greater than 9. It may be concluded, therefore,
(continued on the following page)
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ON THE TABLES OF u®/1T AND u=%/7

But so far as our own experiences are concerned, I" decreases with negative sign
very rapidly without exception as the separation point is approached. Accordingly
despite of the fact that the accuracy of I' itself computed in this way is quite low,
it might be expected that the error involved in x, could not be so large, and that
for the same reason ambiguity accompanying the critical value on the right-hand
side of equation (2.5) would not constitute essential obstacle in determining sepa-
ration points practically.”

3. Comparison with another method (retarded flow)

We are thus enabled to evaluate g, the thickness of the boundary layer, o/ pU?

the intensity of skin friction, and I', the parameter characterizing separation,

through the formulas (2.1), (2.2), and (2.3), respectively. Then, how high accuracy
does this solution possess? To answer this question let us investigate in more
detail in sections 3 and 4, boundary layers generated from main flows retarded
and accelerated, respectively.?? Only, since the velocity profile (the so-called 1/7th
power law) underlying MILLIKAN’S method is already quite flat, acceleration will
not probably yield any sensible effect upon the profile. On the contrary, however,
we should expect much larger error owing to retardation of the flow, because there
is great room left for the defect of the profile. So let us first consider a retarded
flow.®

As a material of comparison, we shall take up the following example. The
leading edge of a plate with length L is encountered by a stream of velocity U
flowing parallel to the plate. As we go down along the plate, the flow is re-
tarded uniformly until on the trailing edge the velocity in the main stream attains
the value zero. By taking the coordinate X along the surface from the leading
edge, writing U;(X) for the flow just outside the boundary layer, and then deriv-
ing from them the non-dimensional quantities defined respectively by

x= X/L and w; = U,/U, 3.1
the following expression is found between u; and x:
u=1-—x. (32)

Substituting this equation for u; in (2.1), we may readily perform the integration
and are led to the result

0(x) = 0.3799R,~V5(1—x)~®/7(7/34)°§1 — (1 —x)W/7}4° | 3.3)

that if we make use of 94, the separation would be found at a point a little upstream
compared with the case when 9 is substituted for 9. In the above table, xs,# and xs,u
denote the separation points calculated with ?;r and ?u, respectively.

1) According to PRANDTL, separation occurs for the values of I' ranging from -0.05
to -0.09, cf. GOLDSTEIN, S., op. cit., 194, p. 438.

2) For a uniform flow, by putting u; == 1 we can verify easily that (2.1) is reduced to
the well-known formula for the flow along a flat plate, cf. GOLDSTEIN, S., op. cit., 163,
equation (65), p. 362.

3) RESEARCH COMMITTEE FOR HYDROLOGY, Tables of #2%/7 and u~%/7 (supplementary
note), Bulletin, no. 7 (1955), pp. 39-42.
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assuming that the boundary layer starts with vanishing thickness, namely

0(0) =0. (3.4)
For various values of x we are now in a position to compute the values of &
from (3.3), ¢ through (2.4), 7o and I’ by virtue of (2.2) and (2.3), respectively.

On the other hand, according to HowarTH,"” another variable defined by the
relation

x = R VA (3.5)
is found to satisfy the differential equation

5 ¢

dy . 5 x dwm
] 4 d 4wVt

dx ¥ 4w dx G =

(3.6)
where H and ¢ are the known functions of I';? the relation between I' and %
is readily found to be
I' = xu;"¥4du,/dx . 3.1

For the case when

Ry = 10°, (3.8)
starting with the initial condition

2(0) =0, 3.9

successive values of y may be obtained by solving equation (3.6) numerically. In
terms of yx, values of ¢, I', and 7, are evaluated through (3.5), (3.7), and by the
equality

T sV
-‘)Tjé - sulux , , (3.10)

respectively. In Fr.ures 1, 2, and 3, corresponding to the velocity distribution
(3.2) and the ReynNorLps number (3.8), ¥, vo/pU? together with I" worked out

‘through the procedures due to MiLLiIKAN and HOwARTH are shown for comparison.®

Provided we could assume that the conclusions drawn from this example would
be valid generally (in other words, for general velocity distributions and within a
certain range of REYNoLDs numbers including 10%), we might mention as follows—

1) In a retarded region, MiLLIKAN's formula based upon the so-called 1/7th
power law of the velocity profile is found to yield results not so different from
those by HowarTH's less crude but more laborious method in the whole range of
the flow, except for the values of 7o/pU? near the separation. In practical compu-
tations, therefore, of estimating 7, or ¢, the latter in which we should solve the
non-linear differential equation of the first order numerically may be substituted

1) HowARTH, L., op. cit., cf. footnote 3) on p. 42.

2) GOLDSTEIN, S., op. cit., FiG.’s 117 and 118, p. 375; FI1G.’s 10 and 11 in HOWARTH’S
original paper.

3) In solving equation (3.6), the method due to RUNGE and KUTTA was employed.
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Ficure 1. Momentum thickness 2.
M : MILLIKAN’s method, H: HOWARTH’s method.
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by the former which can be carried out with slight labor by the aid of our Tables.

2) On the other hand in the immediate neighborhood of the separation point,
7o from MILLIKAN’s formula shows large discrepancy, as naturally expected from
the underlying assumptions, from the value obtained by HowArTH's method.

co/pU?

0.006 |

0004}

0002}

0o 0.1 0.2 03 04 [o1-]

Ficure 2. Intensity of skin friction 7o/pU=

M: MILLIKAN’s method, H: HOWARTH’S method.
The white circle shows the position of separation
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ON THE TABLES OF u2/" AND u-2/? 47

3) If we should assume, after HOWARTH, that the separation from the wall
occurs at the point x where the critical equation (2.5) is satisfied, then there
could be found no appreciable difference between the values of x, calculated by

I

006

0.04

002

1 L . " x
(o] 0.l 0.2 03 04

FiGure 3. Parameter I'.

M: MILLIKAN’s method, H: HOwARTH’s method. )
The circles indicate the positions of separation predicted by the equaton I'(xs) = —0.06.
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means of these two theories.

To sum up, from 1), 2), and 3), we f{ind that the following notices become
necessary in calculating boundary layers of retarded flows:

Through MiLLIKAN's formula together with the Tables, ¢, 7o, and at the
same time I' may be calculated for various values of x. Defining the separation
by the point where I" is equal to —0.06, it may be supposed that these computations
would possess the accuracy almost comparable with that of HowArTH's method at
least in the upstream boundary layer sufficiently distant from the separation. Con-
sidering the necessary computational labor is quite small, we might find, as a matter
of fact, a number of problems of practical importance which may be treated in
this way to draw some useful conclusions. In the immediate neighborhood of the
separation point, however, results from MILLIKAN's formula become unreliable.
In practice, therefore, we should leave the problems, especially those concerning
the skin friction, unsolved in this region, or alternatively correct the calculated
values in an appropriate manner by means of more elaborate theory or by experiences.

4. Comparison with other methods (accelerated flow)

Let us next examine the accuracy of MILLIKAN's method when applied to an
accelerated flow.? Suppose the velocity of the basic flow is given in the form

u = (x-+1)/2 4.1)

in terms of the notations introduced in (3.1). In other words, the velocity outside
the boundary layer takes the values U/2 and U on the leading, and the trailing,
edges respectively, increasing linearly in the intermediate region between them.
Then the boundary layer thickness 0 can be calculated by combining (4.1) with
.1):

5(x) — 0.3799R1,—'/'5(x;1>_23/7<,177 >‘/5{('%L1>34/7 _ (‘;7>a4/7}4/5‘ 42)

With the aid of the relations (2.2), (2.3), and (2.4), the momentum thickness ¢,
the intensity of skin friction 7o/pU? together with the parameter I' are readily
found for successive values of x. In FIGUREs 4, 5, and 6 the curves denoted as
‘MILLIKAN’ correspond to their values for the same ReEyNoLDs number (10°) as in
the preceding section.

1) Almost all the solutions already published seem to become unreliable, more or less,
as separation point is approached, cf., for example, SCHUBAUER, G. B. and KLEBANOFF, P.
S., Investigation of Separation of the Turbulent Boundary Layer, NACA Technical Report
1030 (1951), esp. p. 11. With regard to the position of separation in particular, however, we
may expect it would be determined considerably accurately owing to the before-mentioned
property of I'-curve. Only, as ‘ accurately’ we mean that the value computed with MiL-
LIKAN’s formula does not differ sensibly from that obtained with HOwARTH’s method, and
do not necessarily mean that the computed value corresponds precisely to the value ob-
served in experiment.

2) REeseaRcH CoMMITTEE ForR HYDROLOGY, Tables of u?/7 and u—2%/7 (the 3rd supple-
mentary note), Bulletin, no. 22, (1963), pp. 7-33.
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ON THE TABLES OF /7 AND u~2/7

On the other hand, turning now to HowARrTH's solution, in the-empirical rep-
resentations of H(I') and {(I") appearing in his differential equation (3.6)(see the
figures cited in footnote 2) on p. 44), the points plotted after the results of BuUrI's
measurements in the region of acceleration (namely I" > 0) show considerable scat-
terings among themselves, and the present writer cannot help suspecting that relia-
bility of the curves drawn through those points would not be so high here as in
the domain of negative I'. In this sense, according to his personal opinion, this
method might be inappropriate for accelerated flows. As a tentative procedure,
however, we shall resort to the following expedient: provided that the result com-
puted by means of MILLIKAN’s method is not so far from reality, the maximum
value of I' attainable in this example would be of order +0.003, and the value of
I" in which we are now interested lies in a range adjacent to the ordinate (I”
= 0) on the H-, and the ¢-, planes. Besides considering, therefore, the fact that
the variations of H and & are not so large near the ordinate, we shall put appro-
ximately

H = H(0) = 137,

(4.3)
and ¢ = &(0) =0.0122,

0.0020

00010 [

0o 0.2 0.4 0.6 08 1.0

FiGure 4. Momentum thickness .
M : MILLIKAN’s method, H: HowARTH’S method. S-Y : SQUIRE-YOUNG’s method.
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throughout the computation, where the values of H and ¢ corresponding to I'= 0
are written H(0) and £(0) respectively. Thus, assuming H as well as { might
be put approximately invariable, equation (3.6) can be readily integrated into the

form 1= o Fy g (DW= G, @4

where « and A are given respectively by
a=52+H)[/4=421,

. 4.5
and B=5¥2¢/4=00181. 3

We are now enabled to calculate ¢, 7o/pU? and I' through the formulas (3.5),
(3.10), and (3.7), respectively, for values of x ranging from 0 to 1; they are rep-

to/pU?

0.0030

0.0020

00010 - + .
0 0.2 04 06 08 1.0

FiGURe 5. Intensity of skin friction 7o/ pU?2.
M : MILLIKAN's method, H: HowaARTH’s method, S-Y: SQUIRE-YOUNG’s method.
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ON THE TABLES OF u?/" AND u-%/7

roduced by the curves ‘ HOwARTH ' in those figures mentioned above.

Finally, since the criterion of the accuracy of MILLIKAN’s method by compar-
ing with that of HOwWARTH cannot be mentioned in our case as sufficiently reliable
for the reason explained above, let us proceed further and solve the same example
again using the procedure invented by SquIRE and YounG. The reason of this
particular choice is that just like the method of HowARTH this is also reduced to
solving a differential equation of the first order and they are supposed to possess
the accuracy almost comparable with each other.

According to the authors, if a non-dimensional parameter z is defined by
1/22 = To/pU12 , (4.6)2)

then we may induce the following relationship out of extensive experimental data
already published :

RLulﬁ = 0.2454 e°‘39“’ N (4.7)

R, being REYNoOLDs number. When both of (4.6) and (4.7) are substituted in
the momentum equation of the boundary layer, we are led finally to the equation

I

0003
S-Y.
H
M
0.002
0001 |
i 1 1 A S
X
(o] 0.2 04 06 08 10

FIGURE 6. Parameter I'.
M : MILLIKAN’s method, H: HOwARTH’s method, S-Y : SQUIRE-YOUNG’s method.

1) Squirg, H. B. and Young, A. D., The Calculation of the Profile Drag of Aerofoils,
Reports and Memoranda, no. 1838 (1937).

2) In the original paper the notation ¢ is used instead of z. In this note, however,
the new symbol is introduced in order to avoid confusions with ¢ employed in the pre-
ceding section.
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dz _ 10.411R,£%2-2 e~"¥14:—12.264

e~ 28 ; (438)

where we write
E=x+1 (4.9)

for short. For the same ReyNoLDs number as before (10%) this equation should
be solved numerically starting with the initial condition

z—=0 at £--1. (4.10)

However, since dz/d& increases indefinitely at the point £=1, in practice we should
begin the integration with respect to the equation in which the independent, and
the dependent, variables are interchanged, and transfer to the original form when
appropriate. Once z is calculated, the quantities necessary to us may be evaluated
in the forms

§ = 0.4908 % 10-5¢ 1 -89z (4.11)

20}

[¢] 0.2 0.4 0.6 08 1.0

FIGURE 7. Solution by SQUIRE-YOUNG’s method.

Th'e black circl_e, the white circle, and the arrow indicate respectively the
solution of equation (4.8), that of its inverted form, and the point of con-
nection of these solutions.
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and 7o/ PU? = §2/422 , (4.12)
furthermore I” through (2.3) taking account of the relation
&= 2u . (4.13)

In the three figures above-mentiond these values are shown by the curves marked
as ‘ SQUIRE-YOUNG .

Equation (4.8) has been integrated using the procedure due to RunNGe and
Kurra. First, out of the inverted form of the equation the values of & correpond-
ingto z=0, 2, 4, 6, 8 10, 12, 13, 14,* and 15* have been computed. Starting
from the point (z = 13, § = 1.103) lying on the integral curve, integration is conti-
nued making use of the original form (4.8) to work out the values of z for &
= 1.15, 1.20, 1.25, ---, 1.95, and 2.00. The two figures to which asterisks are attached
show that part of the first curve which overlaps with the second; see FIGURE 7.
The complete overlapping as observed in the figure is an indication that our nu-
merical integration would have the accuracy almost satisfactory for our purpose.

Now that we have constructed three kinds of approximate solutions for the
boundary layer of a linearly accelerated flow, we are now in a position to compare
them with each other with a view to arriving at some conclusion, which may be
summarized as follows—

1) Among the three kinds of approximate values for each of &, 7o/pU? and
I, there exists an inequality which reads

(SQUIRE-YOUNG)) > (MILLIKAN) > (HOWARTH) , (4.14)

for the same value of x, where as (MILLIKAN), for instance, we mean the numeri-
cal value, or the curve, of the solution calculated through the method of MILLIKAN.

2) In all of these Ficures (4, 5, and 6), (MILLIKAN) branches off from
(HowARrTH) near the origin and approaches to (SQUIRE-YOUNG) as x increases.

3) At any rate differences among results of these three methods are found
not so serious, and any one of them might be chosen safely as an approximate
treatment of boundary layers.

Of course, these are the conclusions obtained from only a single example, and
in fact there is no evidence that all of them could be valid for all cases without
fail. But among the above three statements, at least the last one is supposed to
hold for ReyNoLDs numbers of order 10° and for acceleration of similar magnitude.
So it can be expected naturally that MILLIKAN’s method simplified with the aid
of the Tables would yield the result quite reasonable for a limited range of acce-
lerated flows at the expense of computational labor negligible compared with other
procedures.

5. Remarks on numerical integrations

The velocity distribution # may be given as a function of the arc length x
either analytically or empirically, according to the nature of a problem. Unless
the functional form be sufficiently simple, however, there is very little hope that
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we should succeed in performing analytically the integration of u;,%/? with respec
to x. But even if analytical treatment be difficult, #,*/7 can be found in the Tables
for values of u; ranging from 0.500 to 1.500, and by means of numerical integra-
tion we may easily evaluate the integral. Then the question which arises next is .
the following: ‘ How small should be chosen 4x, the interval of x with which the
integrand is to be read, in order that the error of numerical integration may be
kept within a certain limit?’  We shall make a series of tests employing SiMPSON’s
rule for numerical integrations consistently throughout this note to remove ambi-
guities resulting from other reasons.”

For the velocity distributions
u = (1-x)", G.D
where n=2 3/2,1, 1/2, and 1/3, (5.2)

of the main flow subject to retardations, the boundary layer thickness is estimated
making use of (2.1). In this case, since the integral can be carried out analytically,
we can find the ‘ exact’ value of §, say Oeac, Without difficulty, where incidentally
as ‘exact’ we do mean that the formula is evaluated exactly and not necessarily
that the boundary layer thickness is computed accurately. On the other hand, for
those five values of n, u, is calculated for successive values of x at intervals of
0.005, and #,%/7 is read in the Tables, finally by means of the well-known procedure
of SimpsoN’s rule [247"dx can be estimated.? At the same location of x, u;—27
is found again in the Tables. Thus formula (2.1) enables us to evaluate §; in
contrast with Jczq.: Some of them are reproduced as Supprz in TABLE 1P

It will become evident from this table that the approximate calculations (with
the Tables and SiMpsoN’s rule) yield the results practically the same as those from
analytical integrations, provided that we should be able to make the interval of
x with which the integrand is to be estimated as small as in this example. Besides
this comparison presents a kind of check, although indirect and inextensive, of
the Tables.

To scrutinize the effect of magnitude of the interval of x, say 4x, we repeat
the above computation specifically for the case n =1 in (5.1), namely '

u=1-x, (53)
by taking

1) Concerning a retarded flow, cf. RESEARCH ComMMITTEE FOrR HYDROLOGY, Tables of
u?/7 and u-3/7 (the 2nd supplementary note), Bulletin, no. 18 (1961), pp. 19-38. As to an
accelerated flow to be discussed later, see ibid. (the 3rd supplementary note), Bulletin, no.
22 (1963), pp. 7-33.

2) In using the Tables, taking account of the fraction of u; below the 3rd decimal
place, values of u;2'/7 were obtained by linear interpolation with the aid of their first dif-
ferences printed together. This procedure might be unnecessary in calculations for prac-
tical purposes. Only, in this section since the focus of discussions lies in the error esti-
mation of numerical works, we endeavored to remove the error as completely as possible
of rounding off the figures. For the same reason, in TaBLEs I, II, and III more figures
are shown than are necessary from practical or physical point of view.

3) The numbered tables are found at the end of the paper.
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dx = |duy| = 0.01, 0.02, 0.04, 0.08, 0.16, 0.24, and 0.48 , 3.4

and calculate approximate values of §%#:1*/’dx for successive values of x, du; being
the step of u; corresponding to 4x.

In the next place, for the linearly accelerated flows expressed in the form
= (x+1)/2, (5.5)
and u = (x+2)/2, (5.6)

the former of which was dealt with in the preceding section, the integral is eva-
luated through the same process corresponding to the same choice of dx (=2|4u|
in this case) as (5.4). Results of these calculations are reproduced in TABLEs
II and III, where one half of the integral §i#:™dx computed by taking |4u| equal
to 0.005, 0.01,--- are denoted by Ioes, loos, -, respectively. On the other hand,
the integral [3”127/7dx, or to be more precise one half of it, performed analytically
by substituting (5.5) or (5.6) for u;, namely

™
or 374 {(’—C—;})w7 — l} for Uy = 3%-_2’ (5.8)

are both written I, in these tables. Furthermore, for the velocity distribution
(5.5) in particular, we write

Imz%ﬁﬁwmm, (5.9)
then by putting
2y=x+1,
we have also
1) = [} ¥y O5<y<D). (5.10)
Again in the linearly retarded stream (5.3), if we write likewise
J(x)Es—%-Jx(1-x)””dx, (5.11)
0
then we may transform J through the substitution
z=1—x,
into J(z) = % le””dz . (5.12)
P

Now confining ourselves only in the region

05<z<1,

and putting z=y,
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we shall arrive at the result

I =5 {1 -1} . RGO

By virtue of this relation, for the retarded flow (5.3) a table similar to TaBLE II
or III may be constructed from TaBLE Il without further computations but is
omitted to avoid unnecessary duplications.

In so far as these three examples are concerned, the same conclusion would
be obtained from a case of a linearly retarded flow just as’ from a linearly accele-
rated, which might be summarized as follows—

1) For |du,| sufficiently small (say, less than 0.04), the approximate values of
the integral are found practically coincident with the exact values. In other words,
as is expected with certainty, so long as the decimal places of the integrand are
kept invariable (in fact, #,*/% are tabulated to the 5th decimal place for u; < 1.196
(m*" < 2), and to the 4th for u = 1.197 (u,%/" >- 2) in our Tables), we can not im-
prove the accuracy of numerical integrations by decreasing |duyl (or 4x) indefi-
nitely. This may be observed more clearly in Table 2 of the 2nd supplementary
note, pp. 32-33, (omitted here) where numerical integrations were repeated for 4x
= |duy| = 0.005, 0.01, 0.02, 0.03, 0.04, 0.06, 0.08, 0.12, and 0.24.

2) Next, provided that u; changes linearly with x, even if [duy (or 4x) be not
so small, the accuracy of the integral is maintained in a level satisfactorily high
for practical purposes. For instance, when [du; = 0.24, the relative error of the
integral {5#:1"/'dx is found to be 0.19% for the case of (5.5), cf. TasLE II, and 0.01%
for the flow pattern (5.6), TaBLE III; the accuracy of both of these integrations
would be much higher than that of the assumptions underlying MILLIKAN's formula.

From these tests we know that in velocity distributions, linearly retarded or
accelerated, we can obtain approximate values of the integral {5u:™dx sufficiently
accurate for practical purposes by taking |du=1/4. Then, for velocity distribu-
tions other than a linear function of x, how should be modified this conclusion ?
So far there is no answer available to this question. But at any rate we may
approximate a given distribution by means of a number of successive straight lines
and by applying the above estimation to each of these segments we should arrive
at some choice of 4u; (or 4x) not so far from being adequate.

6. Example 1 (calculation of separation points)"

For those five kinds of flow patterns which is defined by (5.1) together with
(5.2), positions of separation of the boundary layer are computed according to
the scheme explained in the preceding sections. Namely, ¢ is calculated from
2.1), & from (2.4), and I' through (2.3); finally the separation point x; is deter-
mined by the critical equation (2.5) or :

I'(xs) = —0.06 . 6.1

1) Tables of u%/? and u—2/7 (the 2nd supplementary note), Bulletin, no. 18 (1961), pp.
19-38.
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Furthermore, if we denote by u;(x;) the velocity of the main flow just outside
the boundary layer at the position of separation, then

n x5 wm(xs) results are obtained as shown in the following table.
5 0278 0521 Incidentally, all of these computations were performed
3/2 0346 0529 with the aid of the Tables taking 4x = 0.005.

1 0.455  0.545 It should be noticed that u;(xs) is sensibly uniform
1/2 0656  0.587 irrespective of the variation among », although there
1/3 0761 0.621 can be observed remarkable differences among the

values of x;. This property may be readily explained
if we note that, according to our computation procedures, the position of separa-
tion would be independent of REyNoLDs number.”” Namely, from (2.1) ¢ is found
to vary as R;,~Y5 and from (2.4) so does ¢. Substituting it for # in (2.3), I’
as well as the critical equation (6.1) are both reduced independent of REYNOLDSs
number. On the basis of this fact, we may deduce the followings :

In a group of two-dimensional flow patterns defined by the equation of the
form

u = ap(x),
or x = B¢u) ,

where ¢ and ¢ are arbitrary functions while « and A denote parameters variable
within that group, separation of the flow from the wall occurs at the point x
= constant or u; = constant respectively, according to the form of relationship be-
tween u; and x. In fact, so long as x remains small compared with unity, we
have from (5.1)

(6.2)

u = 1—nx,
or x=U-u)/n, (6.3)

approximately, which is just the second form of (6.2).

If, in cases encountered practically, either of these conditions of similarity is
found satisfied, at least approximately, between u; and x, then by knowing, theore-
tically or experimentally, one of the points of separation among a series of syste-
matic modification of flow, there exists possibility of predicting roughly the remain-
ing positions of separation without labor of calculating the boundary layers for
these flows.

7. Example 2 (velocity disturbances in sinusoidal form)?®

Since we have illustrated in sections 3 and 4 that MILLIKAN's formula of cal-

1) At this point the writer expresses his gratitude to Professor H. Yamapa of Kyoto
University for turning his attention to this fact. Likewise out of HOWARTH'S equation, cf.
equation (3.6) in this note or GOLDSTEIN, S., op. cit., vol. I, 194, pp. 436-439, we may de-
duce that there is no scale effect on the position of separation except in so far as u; al-
ters.

2) Tables of /7 and u—2%/7 (the 3rd supplementary note), Bulletin, no. 22 (1963), pp.
7-33, esp. appendix.
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culating boundary layers yields results quite comparable with those due to HOWARTH'S
or SQUIRE-YOUNG’s method both for retarded, and accelerated, main flows except
in the immediate neighborhood of separation point, we are now in a position to
consider the boundary layer corresponding to the velocity distribution expressed

in the form w=1+a sin(% ?) ) a1
as an example of flow patterns having both of retarded, and accelerated, regions
at the same time. This is the velocity disturbance in sinusoidal form with the
amplitude @ (aU) and the wave length 4 (AL) superposed upon a uniform stream
1 (U).» We might visualize the flow field by a uniform stream U past a plate
of length L corrugated with wave length AL.

Now for the values of 4 and a such that

A=102,
. (71.2)
and a=20, 0.1, 0.2, and 04,
uy
14 o4 /
/
2t
10 o
os}
06 r
o o.l o'.z o:3 0:4 ois

FiGURE 8. Velocity distribution u;.
A=02; a=0, 0.1, 0.2, 0.4.
The values of a are shown by the numbers above the curves.

1) For example, a (aU) stands for ‘ magnitude aU, or in its dimensionless form, a’.
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uy, 0 and 7o/ pU? may be calculated through (7.1), (2.1) together with the Tables,”
and (2.2), respectively. In FiGures 8, 9, and 10, u;, R;!"*0, and R,*to/pU? are
shown, respectively, for the numerical values of the constants given by (7.2).»
Next with a view to examining the effect of phase of the undulation, assuming

=02 and a=02, (1.3)
RLV5%
0.5
04
04
03r
0.2
0.2
[oX]
o.lr o
L L L » 1 ! X
0 [oX] . 02 03 04 0.5

FiGure 9. Boundary iayer thickness R;!%.
2=02;a=0, 0.1, 02, 04.
The values of a are shown by the numbers above the curves.

1) The following choices were made for the steps in numerical integrations: 4x
= 0.005 for 2=10.2, 0.0025 for 0.1, and 0.01 for 0.4.

2) In this section and the appendix, instead of assuming R. = 10°, REYNOLDS num-
ber is preserved as an indeterminate parameter. Since & is proportional to Rr.~¥/5, from
(2.2) ro/pU? also is found to vary as R.—1/5. ’
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we put u; = 1—0.2 sin (—721— g—%) (1.4
in place of (7.1), and compute R,3¢ by a similar procedure. Finally fixing the
value of a at 0.2 in (7.1) while varying A from

A=0.1 to 04, (7.5)

u; and R;Y30 are worked out. Results of these computations are all embodied in
Ficures 11 and 12; the former shows various kinds of u;, while the latter gives
corresponding values of R,Y59. In both of these figures the symbols A, B, C, D,
and E will become self-evident by the following table (see p. 62); E stands for
the basic uniform flow.

Of course the number of examples computed here is too small for us to be able

Ryl5co/p U2

PP P

olo

008

0.06

004

002

L L L L L X
(o] 0. 0.2 03 04 0.5

Ficure 10. Intensity of skin friction R;*ro/pU%
2=02; a=0, 0.1, 0.2, 0.4.
The values of a are shown by the numbers above the curves.
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R1/58

o4t

03}

ol

FIGurg 11. Velocity distribution u;.

e A — -« B mmmmmm————. C
 e———D 4+ +-—-BE

A L

0.2 03 04

FIGURE 12. Boundary layer thickness R;!%§.
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to induce the definite conclusions out of them.
However, the followings would form, in spite

expression for u; 2 a

g ((773 g; g; of the restricted variety of tests, a part of
C (7'1> 0'1 0'2 more or less general statements—

D .1 04 02 1) Disturbance generated in J, the thick-
E @A) 0 ness of the boundary layer, develops with

the same wave length as the undulation con-
tained in the velocity.

2) As the amplitude grows up of the superposed sinusoidal term of the velocity,
degree of variation produced on the part of the boundary layer thickness increases
much more markedly.

3) Denoting the boundary layer thickness corresponding to the basic uniform
flow by o, change of d is more pronounced on the side' 6 > & than on & < 8. In
other words, the disturbed boundary layer appears to become thicker, on the aver-
age, than the original condition.

4) Variation of ¢ propagates along the plate amplifying in the manner roughly
proportional to do(x). -

5) Of course, the phase and the wave length of the undulation in ¢ become
different as the corresponding ones of the velocity distribution are varied. But
still the amplitude of ¢ as a function of x is subjected to no essential modifications.

6) Circumstances are more complicated for friction. Namely, in contrast with
the disturbance produced in the boundary layer thickness, the undulation gene-
rated in the intensity of local skin friction decays gradually as we go down along
the plate. Situation near the leading edge of the plate, therefore, becomes the
most important factor in the problem, and so the phase as well as the wave length
of the fluctuating term in velocity distribution may play decisive parts in the
total frictional resistance. Concerning the variation in the local skin friction, just
as in the case of the boundary layer thickness, change is found larger on the
positive side (increasing the non-dimensional local skin friction over the value for
the uniform stream) than on the negative side, and if a large number of wave
lengths are contained in the whole length of the plate, then the total skin friction
will increase most likely compared with the uniform flow.

Corresponding to the flow patterns exemplified by (7.1) and (7.2), or illustrated
in FIGURE 8, the non-dimensional parameter I” calculated through (2.3) is repro-
dliced in FiGure 13. As remarked already, I' is found to be independent of REy-
~NoLps number. In spite of HOWARTH's remark that separation should be deter-
mined by the critical equation (2.5), separation phenomenon in this case would
be, according to the personal opinion of the writer, much more complicated than
for ordinary flows in which separation can take place only once as we go down-
stream along the surface.

Finally to obtain a general idea for the flow in which the basic flow is not
uniform along the plate, for the same values of the constants listed in (7.2), let
us assume #; in the form
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The values of a are shown by the Aumbers above the curves

Ficure 13. Parameter I'.

2=02; a=0, 01, 02, 04.
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w— (1—x)+a sin(rg i’;f) : (1.6)
and calculate the value of R3¢ for successive values of x, both of which are
shown by FIGUREs 14 and 15 respectively. It will be observed that the items
mentioned in 1), 2), 3), and 4) are reproduced far more conspicuously than be-
fore; this is natural consequence from the fact that as x increases, the general
flow loses gradually its speed and so the relative importance of the fluctuating
part becomes larger.

02 1 i L 1 ) X
(o] Ol 0.2 03 0.4 05

FiGure 14. Velocity distribution ;.
1=02; a=0, 0.1, 0.2, 0.4.
The values of a are shown by the numbers above the curves.
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FiGure 15. Boundary layer thickness R;!/%3.
2=02; a=0, 0.1, 0.2, 0.4.
The values of a are shown by the numbers above the curves.

8. Appendix!’

Although completely independent of the topics concerning MILLIKAN’s formula
nor the Tables, let us touch very briefly on the problem of those variations in
laminar boundary layers which are produced by velocity fluctuations in sinusoidal
form superposed upon a uniform stream. In terms of the same notations as before,
the momentum thickness of laminar boundary layers may be estimated by making
use of TANI's formula :?

1) Tables of #?/7 and u—%/7 (the 3rd supplementary note), Bulletin, no. 22 (1963), pp.
7-33, esp. appendix.

2) Tani, L, On a Simplified Calculation of the Laminar Separation Point, (in Japa-
nese), Journal of the Aeronautical Research Institute, Tokyo Imperial University, no. 199
(1941), pp. 62-67, esp. 63, and TAnr, I, On the Solution of the Laminar Boundary Layer
Equations, 50 Jahre Grenzschichtforschung (1955), S. 193-200. It is of interest to note that
WaLz proposed independently a similar expression in the same year:

(continued on the following page)
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RS = -;“—1‘;‘ [wcax. (A1)

Corresponding to the flow pattern generated from (7.1) together with (7.2), R;"2$

R.1/2)
(Kol ot
0.4

o8|
06 0.2
o4r 0.1

(o]
02t

Il 1 I 1 l
o] [oX] 02 03 04 05

FiGure 16. Momentum thickness R;/?¢ (laminar boundary layer).
2=02; a=0, 0.1, 0.2, 04.
The values of a are shown by the numbers above the curves.

»
0',44110 Jo udx ,

cf. SCHLICHTING, H., op. cit. (see footnote 4) on p. 41), XII, b, p. 251, equation (12.37).
The formula obtained later by THWAITES reads

Rpo2 =

Ri92 = glfeé J':uﬁ'dx s

cf. THWAITES, B., Approximate Calculation of the Laminar Boundary Layer, The Aeronau-
tical Quarterly, vol. 1 (1949), pp. 245-280. As to the comparison among these three for-
mulas, see OKABE, J. and INOUE, S., Laminar Boundary Layers on Wedges, Reports of Re-
search Institute for Applied Mechanics, vol. X, no. 38 (1962), pp. 45-51. Again concerning
the criterion of laminar separation, see Handbuch der Physik, Bd. VIIl/1, Stromungsmecha-
nik 1, S. 283-286.
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calculated by virtue of this formula is shown in FIGURE 16, where separation
caused possibly by velocity fluctuations is left out of consideration. The general
behavior of these curves is essentially the same as in the turbulent boundary layer,
and so the same conclusions as were stated there should be still valid also for the
flow in the laminar boundary layer.

The original form of this paper written in the Japanese language was published
in a serial report by ResearcH CommiTTEE FOrR HYDROLOGY organized in Research
Institute for Applied Mechanics, Kyushu University. The writer takes this chance
to express his thanks to Professor M. KuriHAra, the chairman of the committee.
He is also very grateful to Mr. S. INoue and Miss S. Hosuino for assistance in
preparing the manuscript of this English version.

(Received July 31, 1964)
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TABLE I
n=2 n=23/2 n=1 n=1/2 n=1/3
x>
[ exact aamn ox Oezact g approx Oexact [ approx 0 exact 0 approx ) exact J approx

0.00 0 0 0 0 0 0 0 0 0 0

05 0.004 1627 | 0.004 1628 | 0.003 9704 { 0.003 9704 | 0.003 7893 | 0.003 7894 | 0.003 6190 | 0.003 6190 | 0.003 5644 | 0.003 5643

10 008 9364 008 9363 008 0637 008 0637 007 2960 007 2959 006 6190 006 6190 006 4117 006 4117

15 015 6598 015 6596 013 2477 013 2485 011 2767 011 2768 009 6598 009 6599 009 1875 009 1876

20 025747 025 747 020 218 020 218 016 0530 016 0526 012 8948 012 8951 012 0191 012 0192
0.25 0.041 591 0.041 592 0.029 992 0.029 992 0.022 000 0.022 000 0.016 4420 | 0.016 4421 | 0.014 9861 | 0.014 9859

30 044 211 044 211 029 644 029 645 020 427 020 427 018 1601 018 1603

35 065 660 065 659 039 771 039 771 025 006 025 006 021 622 021 622

40 053 602 053 602 030 389 030 389 025 467 025 467

45 073 132 073 133 036 869 036 870 029 825 029 825
0.50 0.101 742 0.101 742 0.044 875 0.044 875 0.034 870 0.034 870

55 055 063 055 063 040 854 040 854

60 068 478 068 477 048 158 048 158

65 086 891 086 891 057 384 057 385

70 113 505 113 505 069 544 069 543
0.75 0.086 489 0.086 487

80 111 981 111 978

85 154 984 154 988
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TasLE IL
u | x Texact Io.o005 Io.ot Io.02 Io.os Io.os Io.i2 Ip.24
0.50 {0.00{0.000 000 |0.000 000 {0.000 000 |0.000 000 {0.000 000 {0.000 000 {0.000 000 {0.000 000
51| 02/ 000 717 | 000 717
52 | 04 001 491 001 491 001 491
531 06| 002 324 | 002 324
54 | 08 003 220 | 003 220 | 003 220 | 003 220
0.55 |0.10{0.004 182 |0.004 182
56 | 121 005 214 | 005 214 {0.005 214
57 14 006 320 | 006 320
58 16| 007 503 | 007 503 | 007 503 |0.007 503 |0.007 503
59 | 18/ GO8 768 | 008 768
0.60 {0.20,0010 118 |0.010 118 |0.010 118
61 22| 011 557 | 011 558
62 | 24/ 013 091 | 013 091 013 091 |0.013 091
63| 26| 014 723 | 014 723
64 | 28| 016 458 | 016 458 | 016 458 |
0.65 (0.30/0.018 301 |0.018 301
66 32| 020 257 | 020 257 |0.020 257 |0.020 257 |0.020 257 | 0.020 257
67 | 34{ 022 330 | 022 330
68 | 36| 024 526 | 024 526 | 024 526
69 | 38/ 026 850 | 026 850
0.70 {0.40{0.029 308 |0.029 308 | 0.029 308 |0.029 308
71| 42} 031 905 | 031 905
72| 44 034 647 | 034 647 | 034 647
73 | 46| 037 540 | 037 540
74 | 48/ 040 589 | 040 590 | 040 590 | 040 590 |0.040 590 0.040 596
0.75 {0.50{0.043 803 | 0.043 803
76 | 52| 047 186 | 047 186 |0.047 186
77| 54/ 050 745 | 050 745
78 | 56f 054 486 | 054 486 | 054 486 |0.054 486
79 | 58 058 416 | 058 417
0.80 | 0.60] 0.062 544 |0.062 545 |0.062 545
81 62| 066 876 | 066 877
82| 64 071 420 | 071 420 | 071 420 |{0.071 420 | 0.071 420 |0.071 422
83| 66| 076 182 | 076 182
84 | 68 081 171 081 170 | 081 171
0.85 {0.7010.086 394 |0.086 393
86 | 72| 091 858 | 091 859 |0.091 859 |0.091 859
87 | 74 097 575 | 097 575
88 | 76| 103 550 { 103 550 | 103 550
89 | 78 109 792 | 109 792
0.90 {0.80/0.116 311 {0.116 312 {0.116 312 {0.116 312 |0.116 311
91 | 82| 123 117 | 123 116
92| 84 130216 | 130 216 | 130 216
93| 86| 137 619 | 137 619
94 | 88| 145 336 | 145 336 | 145 336 | 145 336
0.95 10.90{0.153 376 |{0.153 376
96 | 92| 161 749 | 161 749 |0.161 749
97 | 94} 170 466 | 170 466
98 | 96| 179 535 | 179 536 | 179 536 |0.179 536 [0.179 535 [0.179 538 | 0.179 546 |0.179 699
99 | 98 188 971 188 970
1.00 | 1.00/0.198 779 [0.198 779 |0.198 779
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TasLE III.
w | x| Iexae To.o0s I.1 Io.o2 Io.os Io.s a2 Io.2s
T
1.00 10.001 0.000 000 |0.000 000 |0.000 000 | 0.000 000 |0.000 000 |0.000 000 |0.000 000 |0.000 000
01} 02 010 195} 010 195
02| 04 020 786 | 020 786 | 020 786
03| 06| 031 786 | 031 786
04| 08 043 206 | 043 206 | 043 206 |0.043 205
1.05 {0.1010.055 057 {0.055 056
06| 121 067 350 | 067 351 }0.067 351
07| 14 080 101 | 080 101
08| 16/ 093 318 | 093 319 | 093 319 {0.093 318 }0.093 319
091 18 107 018 107 017
1.10 10.2010.121 209 {0.121 209 {0.121 209
11| 221 135 907 | 135 908
12| 24 151 126 | 151 126 | 151 126 {0.151 126
13| 26/ 166 878 | 166 877
14| 28 183 176 | 183 175 183 175
1.15 }10.30{0.200 04 |0.200 03
16| 32} 217 47 217 47 10.217 47 [0.217 47 |0.217 47 |0.217 47
17| 34 235 49 235 49
18| 36 254 12 254 12 254 12
19| 38 273 37 273 37
1.20 | 0.4010.293 24 [0.293 25 ]0.293 25 {0.293 25
21| 421 313 79 313 78
22| 44 334 97 334 97 334 97
23| 46| 356 86 356 85
379 42 379 42 379 42 10.379 42 |0.379 42 0.379 43
0.5000.402 71 |0.402 71
426 73 426 72 10.426 72
451 48 | 451 49
56| 477 01 477 01 477 01 |0.477 01
503 32 503 32
0.6010.530 41 |0.530 42 }0.530 42
558 35 558 34
587 09 587 10 587 10 ]0.587 10 |0.587 10 }0.587 11
616 70 616 71
647 19 647 19 647 19
0.678 57 |0.678 56
710 83 710 84 10.710 84 |0.710 84
744 04 | 744 05 \
718 19 778 20 778 20
813 32 813 32
0.849 43 10.849 44 [0.849 44 |0.849 44 [0.849 44
886 55 886 56
924 70 924 71 924 71 |
963 90 963 91
811.004 19 |1.004 18 |1.004 18 }1.004 18
1.045 55 {1.045 55
088 03 088 03 |1.088 03
131 65 131 65
176 43 176 42 176 42 |1.176 42 [1.176 43 |1.176 43 (1.176 44 [1.176 58
98] 222 39 222 38
1.269 55 11.269 55 {1.269 55
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