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ON THE STABILITY TO LONG WAVES OF
TWO-DIMENSIONAL LAMINAR JET

By Hikoji YAMADA

Synopsis Approximation of laminar jet by a discontinuous flow mo-
del in the problem of two-dimensional stability to long waves of disturbance
is investigated, and with this model an infinite number of neutral stability
curves, including the one which has been known up to now, is found. Ac-
curacy of those curvcs as approximations to the ones of a jet of continuous
velocity profile is discussed.

§1 Approximation by discontinuous flow In this paper we investigate the sta-
bility characteristics of a jet flow disturbed by the superposition of infinitesimal
amplitude waves of small wave number. In this case the base flow profile of a
jet in the differential equation governing stability can be simplified as in the fol-
lowings:

In its non-dimensional form the stream function

¥ = p(y)etate

of the two-dimensional perturbation superposed on a parallel base flow satisfies the
Orr-Sommerfeld equation :

¢ —2a%p+ato—iaR{(w—c)(p—alp) —ip} =0; )
here w(y) is the velocity distribution of the base flow, its value w(o)=1 at y=0
decreases monotonically and vanishes sufficiently rapidly as y tends to +oco. «is
the wave number of the periodic disturbance; R is the Reynolds number composed
of the half width of the jet, the velocity on the center line of the jet, and the kine-

matic viscosity of the fluid. Dot over letter denotes the differentiation with respect
to y. If we change the coordinate y into 7 by 7=ay, (1) becomes

L(@) == (¢""—2¢" +¢) —iK{(u—c)(¢" —¢) —u"¢§ =0, an
where
u(n)=w(y) y=pa, u(0) =1, K=Ra™',
and dash over letter denotes the differentiation with respect to 7. The domain of
existence of u(7) is, by the particular choice of the characteristic length, restricted
almost in the domain 7(—e«a, +a).
As is mentioned above our study is in the case of small wave number «. The

width 2« of the jet is then small and, if the extent of the amplitude function
¢(n) is sufficiently large and even, the functional form of u(7) will have little effect
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H. YAMADA

on the character of ¢(7). Therefore we assume the simplest form:
1 (M<La—e), }
0 (=a+e),

and betweemn a—e and a-+e¢ u(7) drops from 1 to zero monotonically in some
way or another, ¢ being comparable with or smaller than the thickness «.

@

In the domains |7<<a—e and |7[>a+e (1') reduces separately into
0" ~20"4 g—iK(1~€) (¢"—¢) =0 (nl<a—e), } o
""" =2¢"+p+iKe(¢"—¢) =0 (n=e+e),

and the separate solutions ¢’s of these two equations have to be joined by the ¢-
functions of the intermediate domains (a—e¢, a+¢) and (—a—e, —a+e). Rather
we intend to join up our ¢-functions directly, jumping the intermediate domains.
In this case the joining condition is obtained as follows:

We consider a single transition layer 7(—e, +¢); under and above this layer
uniform flows u=U,; and u=U, exist. Then

n=—e: u=U, w=0,
n=+e: u=U, uw =0,
and ¢-functions to be joined up are
1<—e: ¢ = Aie"+ By~ 7+C1e*"+ Dye¥11 |

n>e: @ = Aze"+ Bye="+- Cae*14- Dge—%27 |
where

Here we assume that K=1, but ¢ is so small that /X e<1 holds. We assume also
the order estimation :

lel~1, l¢|~vK, |¢"~K, [¢" 1~/ R, 3

over the transition layer, which is expected only when even extent of ¢-function
is realised.

Velocity of the trasition layer u(7) satisfies
umi~1,  w(m)~et,
and the equation for ¢ in this layer is
L(p) = ¢""—2¢"+¢—iK §(u—co'—u'¢)' —u—ce}=0.

We integrate this equation multiplied by 7™ between 7(—e¢, ¢) and estimate the
orders of obtained terms one by one. Taking the lowest terms only we have the
estimation :

n=3: [¢] =0(/Ke),
n=2: [¢'] =0(Ke), @
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STABILITY TO LONG WAVES OF TWO-DIMENSIONAL LAMINAR JET

n=1: [¢"] +iK(Uy—U)e(e)=0(/K%),
n=0: [¢"]—iK(U:—U)g'(e)=0(K%) ,
the symbol [f] being used for f(e)—f(—e).

Transforming thén the terms on the left-hand sides of these equations into
quantities of the zero order, taking (3) into consideration and dividing by the

powers of /K, we have

[¢] = 0(/Ke)

K-"2[¢'] = 0/Ke) ,

K- p"] +i(U:—Up)e(e) = 0(/Ke) ,

K-3%2[p"] —i(Uy;— U)K-12¢'(e) = 0(/Ke) .
If the breadth of the transition layer e is 0 in the original y-length, e=ad and
then 'K ¢ is equal to v“aR ¢ in the original notation. We thus have the results:

if 0&(aR)~Y2 we can take 0 =0, i. e. ¢ =0, and neglect the existence of the
transition layer, the joining condition becoming now

49

[¢'] =0, )
[0 +iK[Ulg = 0, [ 49
[¢" ] —iK[Ul¢/ = 0.

To solve (2') under the condition (4") is the approximate procedure for the
cases of small wave number, which has been introduced by G. P. Drazin.!’!. The
derivation here given differs a little from his and, we think, deserves mentioning
anew. The condition for good approximation is d<(aR)~% under the condition
R=a, and then good in the cases:

1
©) 0L JR " -¥2 when R is const. ,
) 1
(i) oL JaR -RY2 when “a R is const.,

(iii) oK JaR when «aR is const.

As the breath ¢ of the transition layer cannot be so small from physical grounds,
and R is not so small in ordinary practices, that cases (i) and (iii) have in general
only mathematical interests. On the contrary the case (ii) has sufficient physical
meanings and the results of our approximate calculations are applicable to ordinary
jet problems.

§2 Antisymmetrical disturbances (1). As the antisymmtrical disturbance has

(1) G. P. Drazin: Discontinuous velocity profiles for the Orr-Sommerfeld equation,
J. Fluid Mech. 10 (1961), pp. 571-583.
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the amplitude ¢(¥) which is symmetrical in y, we obtain the solution of (2") in
the form:

pe~"+ Be=kvr » (n>a),
¢ =14 A'coshn+B'cosh(ken) (a>n>-—a), ©))
Ae"+ Bt (—a>n),
where
ki=1=ikc, ky=T+ikdA—c) . (6)

Applying (4") constants are determined as follows:
A= i (1—¢)sinhae®- 4’

B=

2lc {e+(c—2)4}(1—c)coshaet®. 4’ , ? 1

B = é-— cosech(ks)§—1—c+(1—c) 4} cosha- 4,

4 = tanhe,
and we have the characteristic equation :

—24+§—c+Q2—-c)d}(1—c)ky+§1+c—(1—c) d}ckstanh(kz) =0, (8)
which, irrespective of its different expression, is identical with that due to Drazin.®"

When c is real (8) reduces into two equations F;(«, ¢, K) =0 and F:(«, ¢, K)
=0, and gives ¢ and K as functions of «, which are so-called neutral curves. In
the following we show that these neutral curves are more complicated than those
contemplated by Drazin in his paper.®"

When « is nearly equal or greater than 1, 'in which case our approximation
fails, points on the neutral curve are determined by trial-and-error method. When
a tends to oo ¢=1/2 and K=8,"3 (R=c), these results not agreeing with the
well-known inviscid limit of continuous velocity profiles, e. g. ¢=2/3 and R=c0
when « approaches to 2 in the case of velocity distribution w(y) = sech?y.® When
a<l it is known that there are two branches of our neutral curves,) and their
expressions, now found in detail, are

0 =K(l—c)=pa~3*(1+aja+aza?+--), } o
¢ = coa?(1+bia+boa®+-:+), )

where, for the first branch
o= 1.179; a, = 2.150, a; = 0.7556,-:- ,
co = 1.543; by = —1.421, by = 1.094,---,
ay’R —1.179;

(2) T. Tatsumi and T. Kakutani: The stability of a two-dimensional laminar jet,
J. Fluid Mech. 4 (1958), pp. 261-275.
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STABILITY TO LONG WAVES OF TWO-DIMENTIONAL LAMINAR JET

and for the second branch
0o = 5.689; a; = 14.15, a; =—86.39,..-,
co = —1.210; by =-2.001, b; = 410.9,---,
vV a R —5.689.
For these two branches the admissible thickness ¢ of the transition layers of the
velocity distribution can be broad enough when R is large, i. e. « is small, by the
condition (ii) at the end of the last section.

Our results given above must then be good Table 1
approximations for a continuous profile of

laminar jet. The first branch is joined up to d ‘ R

the branch «.=1 above mentioned, forming 0.00886 0.000120 12.77
one complete curve of neutral stability, which 0.03545 0.00184 6.71
corresponds to the ordinary one known up ggggﬁ 88;% 2(8)(1)5
to now.® Numerical values are in Table 1 0:252 0:0697 4:00
and inscribed as the curves 4-I in Figs. 1 0.318 0.100 4.13
and 2. Critical Reynolds number is about 0.514 0.200 4.95
4.0 corresponding to a = 0.25 and ¢=0.07; 0.724 0.300 6.53
this critical state is, strictly speaking, beyond 1.017 0.400 10.16
the limit of applicability of our method, and 1414 0.460 17.03
yet these values are in good agreement with 1.767 0.480 22.94
the numerical values, R=3.37~4.00, 2==0.25, oc 0.500 oc

¢=0.05~0.10, by Clenshaw and Elliott,® ca-
lculated for a smooth velocity profile w=sech?y.

As we could not conjecture beforehand the curve into which the second branch
stated above joins, we traced step by step, starting from this branch, by a trial-
and-error method. The outline of this method is as follows. Taking ¢ real we
use 4 instead of K by the relation

K(1—c) = sinh(24) i. e. k; = coshA-+isinhd,
and write :
kstanh (ko) = C+iD,
cosh4sinh(2acoshi) —sinhAsin(2asinh4)

C= cosh(Zacosh?) +cos(2asinhi) ' (10)
D— coshlsin(2asinh/l)—l—sinh/lsinh.(Zacosh/D
cosh(2acoshi) +cos(2asinhAd)
When, in addition, we use the notations
Ay =—c+Q2—c)d, By=1+c—({1—-0c)4, (10
and decompose the characteristic equation into real and imaginary parts, we obtain
Fi=—t <ﬁ§ )2_< 3;., —~C) ~mmigoar ~ 0 (11

(3) C. W. Clenshaw and D. Elliott: A numerical treatment of the Orr-Sommerfeld
equation in the case of a laminar jet, Quat. J. Appl. Math. 13 (1961), pp. 302-313.
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H. YAMADA

() (2~ ) 2 ep) <.
R=(10)(5) (5 —C¥D)(-g —c-b)=o0.
Assuming a certain value for A we find «¢ and ¢ from these equations. Results
of this not simple calculation are listed in order in the Table 2 and as the curves
A-2 in Figs. 1 and 2.

Table 2
a c R(aR) a R R(aR)

0.00000 0.00000  oc(0.000) 0.08485  —0.1250 41.3
0.00050  —0.00000 256 0.0571 —0.209 66.3
0.01250  —0.00021 50.6 0.0448 —0.242 85.1
0.0266 —0.00107 37.3 0.0345 —0.270 110.0
0.0540 —0.00590 294 0.01280  —0.326 289

0.0700 —0.01260 21.5 0.00287  —0.352 1275

0.0935 —0.0850 34.3 . 0.00000 —0.3592 oc(3.631)

|

The other end of this second neutral curve seems, from this result, to corre-
spond to a—0 and in this limit ¢ and aR not to vanish, i. e. ¢—>¢y(£0) and aR
—A3(5£0). Therefore we assume anew the expansions:

p = K(—c) = poa2(1+aa+aza®+---), } (12
¢ = co(1+bja+bs®+--+) , )
and using these in the characteristic equation we have at first
(1+co)tanhy ipy—1/co(€o—1) = 0,
whose real and imaginary parts giving the values:
b e =V ealCo—1)
Do = 2 nn®, (14+¢)T= I/Co(Co 1), } 13)
(n=1, 2, =),

where po = A¢(1-¢y) and T=sinh(nr)/{cosh(nz)+ (-1)?}. Thus the number of
branches with constant A4, is infinite! To every n we find a pair of values p,, ¢,
and expansions :

2 4
1 L —
a =0, a = “‘)"o”{ 1+ Oo r 1+c } , ety

co(1—-T%)
i (13)
g~ (1 —4co—12¢0%+9¢o?)
b= ;4%::%2)—)— b2="'%" 1 co(1—3c0)? 0 0 0 ,
co(1—3¢y) ° 1+4c¢o - 1—T?
+ " 200 (1—ascr” 2p0 7 >

First three of these are as follow:
n=1: T=1.0903; po=4.935, co=—0.3592;
a;=0, a;=—16.38,--;

Ao=3.6315 | 1285, by=1.755,
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H. YAMADA

n=2: T=09963; po=19.74, co=—0.3322;
a,=0, az=1163,--+;
Ao=14825 | £033, py— —1.609,-- ;
n=3: T=1.0002; p,=44.41, co=—0.3334;

A—3331 a1=0, a2=—1211,---;
0TI b =—17.999, by=—2.330,--.

§3 Antisymmetrical disturbances (2) It is almost evident that the third of
neutral curves is the one which joins up the two branches n=2 and n=3. To
obtain its middle part we simplify (11) by use of the following approximations :

(i) A is so large that cosh 4 is equal to sinh 2,
(ii) £=2acoshl is so large that coshé is equal to sinh§,
(iii) a is so small that tanha=4 is equal to a.

We obtain then from (11)

aR=£2/2(1—c), c=— %(1—&:) ,
_Sising
(96—4)cosh§é .
For given & values of «, ¢, and aR are calculated easily. The results are tabulat-
ed in Table 3, and inscribed as A-3 in Figs. 1 and 2.

1)
at(1+6a) =

Table 3

a P alaR) | a c a(aRr)
0.000X10-2 —0.3322 oc(14.82) 2.871X10-2 —0.257 723
0315 ~» —0.324 47410 2.820 ~ —0.258 768
0470 ~ —0.320 319X10 2.609 ~» —0.264 898
0.574 ~» —0.317 26210 2300 ~ —0.272 109.8X10
0702 ~» —0.3135 215X10 1927 ~ —0.282 140.3X10
0.858 ~ —0.309 178X 10 1515 ~ —0.293 190.5X10
1.051 ~» —0.304 146X10 1303 ~ —0.2985 22910
1.163 ~» —0.301 133X10 1.075 ~» —0.305 28610
1426 ~ —0.294 109.5X10 0.823 ~ —0.311 378%10
1.844 ~ —0.284 876 0.683 ~ —0.315 466X 10
2375 —0.270 721.5 0.565 ~» —0.318 57310
2662 » —0262 679 0465 ~ —0.321 70310
2812 ~» —0.258 675 0.000 ~ —0.3334 oc(33.31)
2874 » —0.257 692

There is no doubt that the branches n=4 and n=35 combine into a neutral

A certain interest is for the case n— co.
K(1-c), tends to oo proportionally to »? irrespective of «, but ¢, from (12), (13)
and (13’), becomes

curve, and so on for n>>6.

In this case po, and accordingly
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STABILITY TO LONG WAVES OF TWO-DIMENSIONAL LAMINAR JET

c=— —;; (1—-8a—4a?--), a4

which is a finite value dependent on «. R is then co. On the contrary if we
make R—oco in the characteristic equation (8) preserving a constant, then we
have

31+ d)2c?+ (1+ ) (1 —Td)c+442 = 0, 15)

and this equation, as noted by Drazin, has two real roots c¢;, ¢z in the domain 0<

a<tanh™! (7-4,/3 )==0.07192, which is a neutral region of the flow. Expressed in
power series in « these roots are

1
=— = (1—8a—4a?— .
Cy 3 ( a a ) ’ (16)
co=—4a*(1+-+),
the former being nothing but the limiting form (14) and the latter having the
same character as the first and the second branches. ¢;(«) and c;(«) join up into
a neutral curve, which is indicated by A-c in Fig. 2.

Existence of such a neutral region of inviscid jet flow is contrary to the well-
known result due to Rayleigh and are considered doubtful. Rayleigh’s result seems,
however, to be not more accurate than (15) here, for both theories assume as the
base flow the same discontinuous one. In our case there is no more neglect, and
we let the solution tend to the limit R—oo, whereas in Rayleigh’s case (aR)-! is
at first put equal to zero .in the fundamental equation (1), obtaining

Li(p) = (w—c)(p—ate) —we=0. an
Treating this equation by our method we are equivalent with Rayleigh as the fol-
lowings indicate.

The joining condition at y=1 is obtained as before by
lim [Li()y"dy=0 (#=0, 1),
and gives:

n=0: [(w—0c)p]=0, } (18)

1: §w(1+0)—c}e(1—0)=Fw(1—0)—c}p(1+0) .

To get the second relation (n=1) we take the integral in the form

I

[((w=c)¢] =2 [idy=0,
and by means of the relations:
wO)=[w]lé(r—1),
e =¢(1=0)+[¢] [ 3~y

where ¢ is the Dirac function, rewrite the second term on the left-hand side into

9
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[oidy=¢(1- 01wl + (g1 w] [0 =Dy |1 oG- Dy,
(10 [w] + 5 [e][w] .

With this the relation for n- 1 is evident.
Now (17) reduces to the single equation :

§tp=0 a7
in all the domains y.-1, .y, ‘|, and » 7—1. Symmetrical solution is then
o=Ae~%(y:-1), ¢-:A'cosh(ay) (y<1), (19)
and by use of the relations (18) we have
l-c ,
A= . sinhae®- A’ , (20)
and
44 —4
c 144 , @1

which are the very results due to Rayleigh.

Amplitude function ¢(y) corresponding to (15) is obtained from (5), (6) and
(7) as the limiting case K—»>oo, and is easily seen to be identical with (19), (20).
Here then we are in an interesting situation. Identical eigenfunctions and non-
accordant eigenvalues! The reason for this is the existence of an infinite number
of neutral curves in our case, the last one of which, i. e. that which corresponds
to the limit #n—>oc0, having made its appearance in the. inviscid limit.

Which of the two alternatives is then more real? This question has probably
not any meaning, for for any real fluid discontinuous velocity profiles are unreali-
zable and, by means of the condition (iii) at the end of §1, admissible breadth ¢
of transition layers must be infinitely small, in order our approximation to have
some suggestion of the case of continuous velocity profiles. Contrary to this limi-
ting case the branches of n=:1, 2, 3 or so have surely some meaning to continuous
flow profiles. The condition (iii) becomes now

n=1:0:.0524, n=2:0<0260, n--3:00.173;

and then sufficiently short range of transition, e. g. 0==0.04, will match to this
requirement. For given o0 larger n means, of course, cruder approximation.

§4 Symmetrical disturbances In the same way as in the preceding sections
neutral oscillations of symmetrical type are obtained. In this case

Nl @ Ae~ "+ Be ¥ |
ml< a:  ¢-:A'sinhy-+B'sinh(ken), (22)
' el -l @=— — Aer— Bekv ,
and the joining condition at 7=--+a, which is identical with (4"), determines the
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STABILITY TO LONG WAVES OF TWO-DIMENSIONAL LAMINAR JET 11

coefficients and the characteristic value:

A-- i‘ (1--¢)coshaes-A'", B= 210 (c—=2+cd)(1 —c)cosha e''®- 4",
1 (23)
B'= » cosech(kza) §1—c—(1+¢) 4} coshee- A,
and
2+ Q2-c—cd)(1—c)ks+ §—1+c1-(1-+c) d}ckocoth (ko) =0,  (24)
which are already known."
After some examinations we knew that all the neutral curves from (24) have
the branches which, as a—0, tend to
c—cp: const(2<0, 1), a?K(1—c)—>pp: const(>0);
the values ¢y, po are derived from (24), multiplied by a and made a—0:
(2—co)tanhy ipo— 1 co(co—1)=0;

from which we have
po— Ao(co—1) = ;nw, 2—c)T=v/es(c=1) , (25)

where Aqy-lim (aR), and T is that in (13)*. There is then infinite neutral branches
in this case too. First few examples are

n-=1: ¢=1.359, A,=:13.74,
n=2: ¢=1332, Ap=:59.24,
n-=3: ¢=1.333, A,=1332.

The first neutral curve starts from the branch n-=1. When « is small and
c.-1 the estimation 4==«, cK;>1, (c-1)K>>1 holds, and then k;, k2 can be replaced
by 1 -iKc, v/ ~iK(1-c). The characteristic equation (24) separates then into real
and imaginary parts:

A/ cle—1)(2—c—ca)=2uaB,, ‘> 26)
Ajcfe—1+(c+1Da}=2aC,
where
4y =&siné, B, —sinh& —sin¢ , |
c,. Simhé+sing o p 1. l (26")

2(c—-1)

and we obtain a and ¢ (i. e. ««R) assuming values of ¢. When « is large and
c- .1, tanh (ko) is equal to unity, and (24) can be solved for 4 and K for given c.

“cosh&+-cosé

For intermediate values of « extrapolated values from the case of smaller or
larger « are corrected to within some few percents errors. At the point c¢=1 (24)

* Solution given by Drazin, his (55) on p, 581, seems to contain some trifle mistakes ;
c. f. footnote (1).
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vanishes identically in «, and then we substitute ¢c=1-+¢ in this equation and make
the coefficient of the first degree term in the £-expansion zero, with the result:

1, 1—42
—(1—=4)'1—iK+3+ e —iK+ B iKa=0;
from which we obtain
c=1: a=0.2493, K=175.2.

The second neutral curve has as its branches n=2 and 3 above, and lies
wholly in the region of large R, where the approximations (26) and (26'), and
moreover

B;=C;=sinhé 2r<£<3n),
hold, other curves of higner order being obtainable likewise. Results thus obtained

are indicated in Tables 4 (the first curve) and 5 (the second curve), and inscribed
as S-1 and S-2 in Figs. 1 and 2.

Table 4 Table 5
(o4 c R(aR) a c R(aR)
0.0000 1.3592 oc(13.74) 0.000<10-3 1.332 oc(59.24)
0.0341 1.300 355 0713 ~ 1.331 878102
0.0963 1.200 114.6 1231 » 1.330 536
0.1675 1.100 63.6 1.581 ~» 1.329 438
0.249 1.000 43.68 1.789 ~» 1.329 406 ~
0.485 0.800 25.1 1.881 ~» 1.328 405 ~
0.665 0.700 21.1 1.880 ~ 1.328 423 ~
0.964 0.600 19.6 1.808 ~ 1.329 459 ~
1.57 0.530 24.1 1.528 ~ 1.329 589
2.44 0.505 34.4 1355 ~ 1.330 689 ~
oo 0.500 oc(ec) 1.065 ~ 1.331 936 ~
0751 ~ 1.331 1410 ~»
0484 ~ 1.332 2322 »
0271 ~» 1.333 4392
0.000 ~ 1.333 oc(133.2)

Let K—~o in (24), holding « constant, then we have
3(1+4)2%?+(1+4)(4—T)c+4=0, ©1))
and solving for c:

c(a)=(T— 4+ 1—-144F 42 [6(1+ 4) , 7)

which gives identical stability regions as in the case of antisymmetrical disturbances.
c=c(a) is the curve of neutral stability of inviscid jet, corresponding to A-> in
preceding section, and is inscribed as S-o in Fig. 2. Its two branches are, ex-
panded into power series,

4
= (1=24—42—...) ,
Co=1+4424 244+ .. ;
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STABILILY TO LONG WAVES OF TWO-DIMENSIONAL LAMINAR JET 13
we see the latter branch having no counterpart in the finite R region.

§5 Extent of disturbance waves We have been assuming that the distur-
bance waves cover evenly over the jet and its neighborhood. If this broad and
even extension is not satisfied our discontinuous approximation fails, and there-
fore we study in this section the magnitude of amplitude function ¢(»). Of course
in the linear theory we have to interprete this magnitude by the relative one com-
pared to that of a standard point. When « is large the extent is, as is well known,
so narrow and comparable with the jet width that the discontinuous model is in-
appropriate.

We study then the cases of small «. First the antisymmetrical disturbance.
In this case amplitude is given by (5)~(7); at the centre line of jet

PTG 0 P Rout St S8 € B L1 /
o =A+B=[ 1+ 17 e e coshat |- 4", (29)
and at the outside domain of the discontinuous layer
e(y) = _,1,,2;_‘;',_ [2sinhae‘“(1’“)+cosha fe+(c—2)d}e-*ew-D ]A’ , (30)
=1 .

As « is small now we use a-expansions of constants. On the branch of the first
neutral curve we have

a?K=aR=poa'?*+0(a¥?) ,
aky=a—i ,,9_02‘—,'9_ b2+ —é— po¥co?a®+0(a’?) ,

aky=1/ipy A¥A+0(a¥)

—12;{— = —zi(—)—— a~2(l—bia+0(a?)),
and using these into (29) and (30)
9O/ A'= 3 +i -t 0(a) , (29"
o) A=eson (L T pinyny 0@}, @0
D,

From these expansions we see that the neutral waves on the branch extend their
domain of existence into y-direction according as « decreases, becoming far larger
than the jet breadth. It results therefore that the use of a discontinuous appro-
ximation of base flow is legitimate for this branch and numerical results derived
therefrom are reliable.

Circumstances are the same for the first branch of the second neutral curve,

but are different for its second branch (n=1) and for all the branches of remain-
ing neutral curves (=2, 3,-.-). In the latter cases (12), (13) and (13’) hold and
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H. YAMADA

consequently

2,2
'K yR— TN - 9017_1 2
a’K=aR= 21—c) (1 L a+0(a ))

aky=(1+i) - 2 N/l Ze ( 2(1 c) a+0(a2))

akg=(1+i) - ™" 1+0(a=))
l—c _ 1?00 b oy
2c 2 (1 1—¢o at—O(a}).

Using these in (29), (30) we have

1-1-¢o

ZOWEIES o 0@ 297

Zcosh{(l—i i) - 2 }

(P(J’)/A'=( l-'zoc‘) a-+0(a?) :)e—af(v—l)

+ (138 0@ e “”’_“l/ -, G0)

2
(y>..1) ,
and by means of the numerical values given at the end of §2,
n=1: ¢(0)/A'=1+0.139+0(a) ,
() A =(—3.784c+0(a®) e *v-D
+(0.680+0( ) ) e~ 800 +dw=1(y>1) |
2: ¢(0)/A4'=1.029-+0(x) ,
¢(»)]A'=(—4.010a+0(a?))e—*@-H
+(0.666-+0( ) )e~1-38U+D W=D (y>1) |

I

n

and so forth. These amplitudes do not differ appreciably from
@(0)/A4'=1,
ooy = Lo T
=D,
(n-1, 2, ),

the larger n the more accurate being this simplified amplitude.

€2y

All these branches have therefore the character totally different from the pre-
vious ones. Now each branch has a long range term and a short one. The
amplitude of the former vanishes as « and the principal part of ¢ is the latter,
which damps more quickly and oscillates more rapidly as n increases, in the out-
side domain of transient layer. Thus our basic assumption for the adoption of dis-
continuous velocity profile is invalidated, except first few branches, and is worse
n being larger. The positions and forms of these branches seem therefore to
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be appreciably erroneous, and it is preferable to study a smooth velocity profile in
the case of small @ and large R, which is now in practice in our circle. And
yet, we think, the very existence of such neutral curves in the small «-region is
haply not denied, a thin transition layer not being expected to differ qualitative-
ly from a moderate transition layer.

Turning to symmetrical disturbances (22) and (23) give the amplitude for
y>1:

() A= lz—cc : cosha{Ze“‘(”“)m- (c —-2vi—cA)e"k“"~’/‘”} (32)

which, by use of (25) and numerical values there given, becomes

O A — ) emewDg Lg=a-0 "5 0 =D, ()

Here then the amplitude of long range term does not vanish and extends much
further when « becomes smaller. The other term of relatively smaller amplitude
oscillates more rapidly but vanishes exponentially as # becomes larger. The join-
ing condition (4") is then not so inappropriate as for an antisymmetrial disturbance
and the resulting stability curves are more reliable; existence of infinite neutral
curves in cases of smooth velocity profile is most probable.

Some words ought to be said here about the wall effect on the stability. The
neutral waves to which our approximation adequately applies extend their existence
domains far beyond the jet, and to such waves the wall effect seems to be severe.
Thus the first several branches of antisymmetrical disturbance and all branches of
symmetrical disturbance are sensitive to the existence of walls. Moreover their
different reactions are expected because of their different states of extention into
the y-direction. The problem of wall effect is thus in the range of our approxi-
mation.
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