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NOTE 

A Note on the Stress Function 

By Kazuo KAWATATE 

In considering the mechanics of continua, if the method initiated by Dom 
and Schild is followed, the stress is to be expressed in terms of the stress func· 
tion by means of the metric tensors in their original state. 

1. Introduction 

It is well known that the stress is represented by the stress function in the mechan­
ics of continua1>-5>. The relations present a fine style when the metric tensors of de­
formed state are used, even in the case of finite deformation, to say nothing of infinitesi· 
mal deformation. In the present note, an attempt will 
be made to seek the said relations by means of the 
metric tensors in the state before deformation, though 
the results obtained will be rather complicated. 

Hereafter, Green's notations6>,7> will be mostly 
used. Let the position vector of undeformed state be 
r, that of deformed R, the displacement vector v and 
the shift of reference point c, then r+v=R+c. 

Taking tentatively the curvilinear coordinate sys­
tem /1 1, which moves continuously with the body as 
one passes from the original state to the deformed 
state, one obtains base vectors, metric tensors, Chris· 
toffel symbols, Riemann-Christoffel curvature tensors 
etc. as follows ;6),8) 

Br BR 

1 

gi= aiif" =r,1 C1=aot=R,i 

CiJ=K1.KJ G;j=G;.Gi 

. gi.lgmJ=o} GimG,.;=o} 

gi=gimgm Gi=G1mGm 

r g=det lc;J I G=det I G,il 

la=_!}_ 
g 

[ij, ml= [ji, m] = ~ (CJm,i+Cmi,J-Cij,m) 1 
[ij, m]=[ljj,ml] = ½ (G;m,1+Gmt,J-G11,m) , 

(1.1) 

(1.2) 

* Assistant-professor of Kyushu University, member of Research Institute for Applied Me· 
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22 K. KAWATATE 

{ rj } = { Ji } =grm [ij, m] 

{I if I} = {I jj I} =Grm[lij, m1J 
j 

.R:,11 = { ~ L-{ f; L + { : } { !:,; } - { : } { !:ij } l 
R:,ij ={I~ IL-{I f; IL+ {I ;j I} {I{:,; I} - {I ri I} {I ,!jl} • 

(1.3) 

0RrB1j= grpoR:111 = ½(grj,1t+K1i,rJ-Kri,sJ-K•J,rl) + Kmn(f d} { ;; } - { ri} { ;j}) l 
Rrsij= G,pRpsij = ½( GrJ,st+G,1,rj-Gr1,sJ-Gsj,ri) + Gmn ({I; n {I;; I} - {I;; I} {I ;j I}) • 

(1.4) 

Putting, 

Ar = Ar = {I ~-I} - { ~.} • 
tj Ji I} I} 

which will be shown later to be a tensor, it follows from equatio11 (1.3) that 

R:,11 - oR:stJ =A~1/, -A~ /1 + A~ Al:,1 -A;l A!:,1 , 

=A~1ll,-Af,/~-A:j Al:., +A:: A::.1, 

(1.5) 

(1.6) 

where the stroke "I" and" II" denote the covariant differentiation with respect to metric 
tensors in the original and strained state respectively. 

If the displacement vector v is expressed as6> 

V=Vmgm=v'"gm= V mGm= V'"Gm, 

it can be derived that 

oJ= (o!, +v;lm) (oj-V'"I~) = (oj +v'"~) (0!,,- V,./lm), 

v1 = (o!,+v'lm) vm Vt= ( 0f-Vmi11)Vm } • 

V1 = ( a:,. - V1l\m) V"' Vi= ( of + vml,) vm 

m • 
v1~ = ( 0~ + v11 ) vm1~ v,/; = ( o;;n-vmll1) Vmll1 } 

v111, = (o!,, - V'llm) vm/J V1li1 = ( oj' + v"'I,) V m~ 

v"'l1vm~= Vmll, Vml\J. 
The above relations plainly show that 

v;\1 = vllmJ vm + ( o!,, + v11m) Vm~ = ( o!,, + vi\,,.) vm111 • 
From the definition of covariant differentiation, it results that 

V'"/[1- ym~= A;:i yn • 

followed by a conclusion A;:j is a tensor, 

so that 

v'\k1= (a~+ v'\,,.)A;j. 
Evidently as usual8> 

v'\k1-v'~k=.R'.m11:v"' • 
so equations (1.5) and (1.12) demonstrate that 

(1.7) 

(1.8) 

(1.9) 

(1.10) 

(1.11) 

(1.12) 
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NOTE 23 

.R'.nijk =0. (1.13) 

In the similar way, one finds 

v'~t,= (o;, + v1i .. ) v:kll +A,;':. A~1) • (1.14) 

Then equations (1.6), (1.13) and (1.14) lead to the relation 

R~mjk =0 • (1.15) 

Defining strain tensors6l as 

r 11 = ½( Gu-K1i) = ½( V1l;+v1[,+vml1 Vml;) 

= ½(Villi+ J-'.;1/,-VmJ[,VmllJ)' (1.16) 

it follows from equations (1.4) and (1.5) that 

R1 pqj - 0R1pqj =G1,n R'.';,qj -g Im 0R'::,q} 

=r11lpq+ Tpq[tj -r,qjJp -rip/1q+ (Kmn + 2rmn) (A;j A;q-A%;Ajp) 

=rullpqTTpql!lj - T1ql~p-Tjplliq- (Gmn -2rmn)(At'j A::.i-Ar~ Ajp) , (1.17) 

which vanish identically by equations (1.13) and (1.15). Thus one obtains the conditions 
of compatibility 

<SA.IL= 0S1L1'.=0Ei,.1P0E/LJQ {r11/pq + ½(Kmn+2Tmn) A;jA;a} = 0 } ' 

S1'./L = SIL1'.= EA.Ip E/LJP {r11/lpq-½( Gmn-2Tmn) Al'.)A~} = 0 

where 0E1ik and E1ik are given by equation (1.19) i.e., the E-system.6l,8l 

oEi}k =elJk/v'g 

Elfk=elJk/✓G 

It is shown further that 

oEiJk = e;11t;✓g 
E1,t = e11t✓G 

(Kmn + 2r mn) Au= ( 15:;' + vml,.) vmll} 

(Kmn + 2rmn) AljA;q =vmj,1vmJpq 

(Gmn-2Tmn)A;j= (o::i-vmlJn) Vmllu 

( Gmn - 2r mn) A~ A;q = V m//11 V"'j/pq 

(1.18) 

(1.19) 

(1.20) 

The above results are useful for verifying the equations of compatibility (1.18) directly. 

Rewriting equation (1.16) as follows, 

Glj=glj +2r,;=Kmn(or+vml,) (aj+vnl1) 

K11=G,;-2r;;=Gmn (ar-vmll,) (15j-V"ilt), 

one has 

det I /Jf +vmJi/= / G =✓Ta . g 

1 
det I ar- vm11i1 = ✓ Ia • 

Equation (1.8) and the above lead to the expression 
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24 K. KAWATATE 

cl~+ v1~ = ~ {3 e1>-i< e1pq ( elf- v1 If,.) ( "! - Vq//,.,.) l 
a;- 0\~= 2!) Ia 0 etAµ. 0eJpq (af+vP/J (a3+v1I,.,.) • 

From equation (1.21) and the relations 

it is further derived that 

.epqm (a~+ vi\m) =la e'"" ( Of- VPI(,.) ( "! - vq/1,..) 

2. Equation of Equilibrium 

Green considered four types of stress tensors as follows,6),7> 

td!J=rlJn1GJd!J=s1J 0niGJd!J0 

= ,,1Jn1gJd!J = tlJ .n,g;d!10 

(1.21) 

(1.22) 

(1.23) 

(2.1) 

where t represents the stress vector, d!J the area element of the deforml)d body, and n= 
nmG"' the outward unit normal vector of the deformed surface, while subscript "o" denotes 
the quantity of the undeformed state. 

Using the relations 

~;df!.o_ _ n;d!J _ -.,,d,()t ('.L '-Lk..Li) 
✓g- - ✓G- -av, · 1-t--Jr -t--1 , (2.2) 

G; =g,+ V,t= (ar+vml1) gm, Gi= (6~ -v'/lm)gm 

it is easily shown that 

s1l= ✓4r11 

rli = ,,im (a!,- V'llm) 
t'1= ✓ 7a1r'J } 
tiJ=sim (8!.,+vJ/m) • 

(2.3) 

Representing the mass density by p, the volume of the region taken arbitrarily in the 
body by V, the surface area of the region by !J, and the external force per unit mass by 
K=kmgm=KmGm, equation (2,1) is substituted into the equation of the momentum con­
servation in integral form, 

f /KdV+ f o.td!J=O, 

and that of the angular momentum 

f vRXpKdV+ fo.RXtdSl=O, 

which may be expressed differently as below, 

f /R+c)XpKdV+ fa. (R+c)Xtd!J=O. 

Making use of Gauss-Green's integral formula 

l . 
and observing the mass conservation law 

(2.4) 

(25) 

(2.6) 
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NOTE 25 

p,dV0 =pdV 

the equations of equilibrium in differential form are obtained as follows: 

Tijlli + pKi = 0 E1Jk TIJ = 0 

! ,r;im ( ot,. - Villm) 111, + pK1 = 0 E1Jk ,r;im ( at,. - V1llm) = 0 

1 s1m (at,.+ vljm) 11, + p.,kf =0 

,111; + p,ki = 0 l (2.7) 

3. Stress Function 

When the body is free from the mass force, the equations of equilibrum are given by 

t'J 11 = 0 , (3.1) 

oEtjk ,mi (at,.+ vflm) =0 . 

If the condition (1.13) holds, from equation (3.1) t1J can be expressed as 

t'l = EAµI a1 I o .µ A , 

(3.2) 

(3.3) 

where a!,,_ is an arbitrary function forming a tensor field. Substituting equation (3.3) into 
equation (3.2) and observing the relation 

E>.µmvl/ =0 o mA , 

one gets 

Hence 

oE tjk oE Aµ> a\ ( a! +VJ/,) =oEAµ> bkµ j,, , 
where bk,,_ is a tensor. So equation (1.22) proves that 

Ei}q am (on + vn/ ) - EAµ> an (om + vmJ ) = E mnk El\µ11 b I o .µ \I 'II o .µ 11 \I o o kµ 'V. 

Since equation (1.8) holds, it is deduced that 

EAµqam(aP - VP// ) - EAµpam(aq - Vqll ) o .µ m m o .µ m. m 

=oEmnk oEAµl/ ( ol:, - VPllm) ( a: - Vqlln) bkµ/,, • 

Changing the index .l, p, q cyclically, one finds 

20 EAµq a'.;; ( o~ - VP/Im) 

= I oEmnk oEAµl/ ( al:, - VVl/m) ( a! - vq/in) 

+ oEmnk oEqµl/ ( o;, - VAl/m) ( 0: - VP/In) 

- oEmnk oE pµll ( a~ - Vqllm) ( 0! - vAlln) l bkµ/,, • 

Again by equation (1.8), it is shown that 

2,EAµq a:µ = j oEjm/c oEAµ> ( a~ - yqJlm) 
+ oEm}k oEqµl/ ( o;, - VA/!m) 
- oEmn!'oepµ>(a~ - Vqllm) (o!- yAlln) (o' + vflp) l bkµ/,,. 

If equations (1.21) and (1.23) are used, the following equation can be derived, 

(3.4) 

2 ✓Ts- oEAµI a!µ= (,EApq ,Elmn + oEipq oEAmn+ oEAin oEmpq) (a:,,+ v'/m) (a:+ vkln) bkp/q • 

(3.S) 

from equations (1.8), (1.14), (2.3), (3.3) and (3.S), it follows that 
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a•J= ,,r (6~- v111,) 
=oEApia~plA(at- Jn/Jr) 

K. KAWATATE 

= ½ ( 0eApq oE'""' + .elpq 0eAmn + 0eAln 0empq) 

X [a' { (a!+ v11:I,.) b1:pl" }I + 4,.A (a!+ vt/,,) btpl" ] 
m ✓ Ia A ✓ ls • 

Here one puts 

btp = ckll (a;+ v~/P) • 
Accounting for equation (1.22) and the relations 

8(1) 11 111 1 t 
861 ✓Ta - ✓Ta , - ✓Ta c - ✓Is Ai, 

0eApq Ck~ li>A = 0 etc. , 

(a: +vkle)A~A - (a~+vk/,) A!1. = (a~+vklr) A!Aar:. 
=.er•I oEtnl (a:+ vtlr) A:A. 

it is· found after some calculation that 

(3.6) 

2 ✓7a alb (.e'pq .e"1" + gCA(n oE jpq) (a:+ vk/,.) (a;+ v~/p) ( chlqA - A;'A Ct,lm) 
= oE1pq 0 eAJn (a!+ vt!,.) (It~+ v•/P) 

X [ ( ck~ l"A + c,.1: IAq) - A;'A ( Ctv + c,11:) I ,.J • 
Putting as follows in the above relation 

1 
/h = /.,k= -2-(ch + Cvt) • (3.7) 

one finally gets such a solution as 

aiJ= ) la .e'pq oE1ra (It~+ vA/v) ( o~ + v"J,) (h,.\q, - A;! /.1.plm) • (3.8) 

According to equation (2.3), one also finds 

t11= ✓~ls .e1P'l.ekrs(a1+ v1fk) (o~+v"lp) (o~+v"I,) (.l;.,.lq,-A;!IA,.lm). (3.9) 

The procedure employed above in terms of the metric tensor of original state for finite de­
formation is regarded as an extension of the method first developed by Dorn and Schild') 
for the case of infinitesimal deformation. It is needless to say that their procedure is di­
rectly applicable to the case of finite deformation, provided that metric tensors in the state 
after deformation are used. 

Equation (3.8) can be demonstrated differently as follows. From the equations 

r111/1=0, 

one obtains'> 

r 1J = e'i,q eJr1 Fp~!q, , 

C/jkT1l=O. 

where Fpr is a symmetrical tensor. 
Equations (1.19) and (2.3) immediately give the expression 

s 1J = ✓Ts r11 = ✓Ta eipq cJrs Fp~/q, 

1 ' = . v'7s oE11'qoEJ" fiir/lq, 

Moreover equations (1.6), (1.13), (1.15) and the relations 
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NOTE 

F Jlq, - ( F Jjq) J, = - A;_Fn~/q - A;, Fpn//q - A:,FJ/n , 
F,,,.jjq-FJq=-A;'qFm,- A!;Fpm, 

prove that 

0e1pq 0ein Fprllq,= 0e1pq 0eJn \Fp~q• + A;'!-(F,..qj, + F,..,lq _ Fq,lm - A;, F.,.,.) I • 
Hone define 

27 

Fpr= (a;+,ljp)(a~+tf'j,)h,_,., h,_,.=h,.,., (3.10) 

and perform some calculation, it is derived that 

0e'pq0e1,.. FJjq,=•e'pq.eJn (a;+v>-/P) (8~ +v"[,) (h,_,./q,-A;h,.,./,..) • 
Accordingly, one has 

sli= ) 18- .e'pq.eJ,.. (a;+v"/11) (a~+v"lr) (h1.,.Jq,-A;h,_,.J.,.), 

which is the same as equation (3.8). 
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