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NOTE

A Note on the Stress Function

By Kazuo KAWATATE

In considering the mechanics of continua, if the method initiated by Dorn
and Schild is followed, the stress is to be expressed in terms of the stress func-
tion by means of the metric tensors in their original state.

1. Introduction .

It is well known that the stress is represented by the stress function in the mechan-
ics of continua-%. The relations present a fine style when the metric tensors of de-
formed state are used, even in the case of finite deformation, to say nothing of infinitesi-

mal deformation. In the present note, an attempt will
be made to seek the said relations by means of the
metric tensors in the state before deformation, though
the results obtained will be rather complicated.

Hereafter, Green’s notations®:?) will be mostly
used. Let the position vector of undeformed state be
r, that of deformed R, the displacement vector v and
the shift of reference point ¢, then r+v=R-c.

Taking tentatively the curvilinear coordinate sys-
tem 6! which moves continuously with the body as
one passes from the original state to the deformed
state, one obtains base vectors, metric tensors, Chris-
toffel symbols, Riemann-Christoffel curvature tensors
etc. as follows :#):8)

gi= g;, =r, Ci= %%« =R ;
8ij—81.8j Gi;=G:.G;
glign=34} GimGypj=5",
gi=gingn Gi=G"Gp, ’
g=det |gi;| G=det |G|

j- %

(i, ml =i, m] = 5 @m.i-+&nt,j—8y.m)

Lij, m]=Uii,m) = 5 (Gim,i+Grt,s—Gism)
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22 K. KAWATATE

(5} =)= m

{ :S-I} ={ il}=omuii ma

Ram 3 A DL BB BNE) )
Ro={§ A2 L+ 15 H RN -0EH AL ) |
o i = Hensssurmsrsun) -2l )3}~ 13
e 0, = Honssur-naun) o331~ (2005
a4
A= 4 ={5={5} 5

which will be shown later to be a tensor, it follows from equation (1.3) that
RPy; — oR%y; =A%) — AT |+ A 4B, — AT AT, |
=AY — AL, — A Ay + AT 4T, (16)

where the stroke “|”and “ | ” denote the covariant differentiation with respect to metric
tensors in the original and strained state respectively.

If the displacement vector v is expressed as®

V=Un@M=0"Zn=VnGn=V"Gp,, amn
it can be derived that

5= (8n +v'a) OF —V"[)) = F + ")) O — V) , 1.8
o= (a:,f +of],) V™ v= (OP—V"|,) Vn } ’ 19
vi= (8, — Vm)v™ Vi=(0F 4+ ™) vn

d= Gh )Vl af= RV V) } w10
Vl“j = (6:n — V'“m)vmlj Vi”} = (o' + ”m’t) ”mb

v Ui = VM| Vanlls « (1.11)

The above relations plainly show that

oy =V V"t (Gt 0a) Vol = @t 2l) V7
From the definition of covariant differentiation, it results that

V= V= A V",
followed by a conclusion 4y is a tensor,
so that

Vo= (8t vlm) 45 . (112)
Evidently as usual®

e~ = oRimp o™ ,
so equations (1.5) and (1.12) demonstrate that
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NOTE 23

ORfmjk =0, (1.13)
In the similar way, one finds

V| ikt = (Dn+ v ln) (A \l i Aﬁ Ani) . (1.14)
Then equations (1.6), (1.13) and (1.14) lead to the relation

Rlyj =0, (1.15)

Defining strain tensors®) as
T;j:%(Gij—gij) = %(vl[,-—l-vjli—}-vmln vmlj)
1
= 5 (Vli+ Vil = VoVl (116)

it follows from equations (1.4) and (1.5) that
R; i —oRipg; =Gin R'py; —8im oRTq5

:nflpq + 7'm|lf - riq‘fp ~7')‘1)]&1 + (gmn + 27 nn ) (A:'jl An Aig A.ip)

:70'“041 ""Tm“ii - rlquip_ ij"iq_ (Gmn ~2rmn) (";’; Apg— iy 1) , 117

which vanish identically by equations (1.13) and (1.15). Thus one obtains the conditions

of compatibility

SM = SHA— gAip gujq {nJ[,,q + 5 (g,,.,.-l—Zrmn) A4 w} =0
(1.18)
’

SA = SuA— gAip gmjp {TUHM'—- ‘% (Gmn“—zrmn) A:'; A;q} =0
where ,&4% and ¢i* are given by equation (1.19) i. e., the ¢-system.®):8)
£k =elk// g ofijk =eijky/ g }
glik = elik [/ "G € =eijty G )
It is shown further that
(gmn + zfmn) A= (6"‘ + vmln) vmllf
(gmn + zrmn) Az] ;q - mlijv Jpq . (120)
( - ZTmn) Alj = (6m - Vm”") Vm”ij
(Gmn 2Tmn) Aij pqg = m”tj Vm”
The above results are useful for verifying the equations of compatibility (1.18) directly.
Rewriting equation (1.16) as follows,
G, =8;+2r;=8&mn (6? + ”mlt) (6; +v"lj)
&ij =G‘j —ZTijzamn (GT _Vm”i) (61” —Vn”j) »
one has

(1.19)

\

det | o7 + o™= ,/% =L

1_
vV I
Equation (1.8) and the above lead to the expression

det| o7 — V™| |=
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24 K. KAWATATE

tlj— / Is &t €5p, (a" | 4 |!;\) (‘73._ Vq”ll-)

(1.21)
aid 2!/ T oM eeg (3} +07)) (324 07%)
From equation (1.21) and the relations
oE™NE Eyji = EMNK Eqjy =emnkeyy = 874" = 87 8% — 8T 87 | (122
it is further derived that ‘
0P (87, + ol,) =T ™ (83— V*[,) (68— ¥9..)
. (1.23)
e (5, — V)= % o™ (03 +07)) (88+1,)
2. Equation of Equilibrium
Green considered four types of stress tensors as follows,$.?
td2 = nG;d2 =54 G;d2, }
s 2.1
=ztinmg;d2 =t ng;dQ, @n

where # represents the stress vector, d2 the area element of the deformed body, and n=
nnG™ the outward unit normal vector of the deformed surface, while subscript “o” denotes
the quantity of the undeformed state.

Using the relations

070 ‘QD {3
l”/‘; 2 _ }‘1"_ =aides (itjtki) Q2

Gi=gi+vi= (o7 +Umlt) &y, G= (afn —V'"m)g”'
it is easily shown that
=/ Ty Y ti=y/ Ty b
e GV 1= el
Representing the mass density by p, the volume of the region taken arbitrarily in the
body by V, the surface area of the region by 2, and the external force per unit mass by

K=kmgn=KmGn, equation (2,1) is substituted into the equation of the momentum con-
servation in integral form,

j PKdV+ jntdaz 0, Q@49

3)

and that of the angular momentum
I RXpKdV + j RXtd9=0, (2.5)
|4 Q
which may be expressed differently as below,
IV(R+C)X oKdV+ jﬂ(R+c)xrd9=o .
Making use of Gauss-Green’s integral formula

I aldV,= I at udQ,
Yo @ .6)
I AldV= I ASnd2
1 4 Q

and observing the mass conservation law
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NOTE 25

pdVy=pdV
the equations of equilibrium in differential form are obtained as follows:
4+ pK/=0 &/ =0
=™ (V) i+ oK =0 epa™ (3], —V,)=0
{sim (ah, +v'],,) ), +00k' =0 LSt =0 @n
V), + pok? =0 ™ (31, +07,) =0

3. Stress Function
When the body is free from the mass force, the equations of equilibrum are given by

t;=0, @G.1)
o™ (35, +2],) =0. 32

If the condition (1.13) holds, from equation (3.1) #/ can be expressed as
ti=Mal |\, (33)

where a,’# is an arbitrary function forming a tensor field. Substituting equation (3.3) into
equation (3.2) and observing the relation
LA =0,
one gets
§o€isoe™™at, (81, +07,) L =0.
Hence
o€ 4k 0EA Ly a-ip G +”j]v) =°exﬂybkp v, (&X))
where bru is a tensor. So equation (1.22) proves that
o&V1a™ (8% 4 v7,) — o™ a?, (37 4 v™,) =™ e b, ), .
Since equation (1.8) holds, it is deduced that
°5Mq a.”; (8% - Vp”m) - 05)‘” af':‘ (Bgn - Vq”m)
=o&™* M (82, — V7|,,) (32 —V,) byl .
Changing the index 2, p, g cyclically, one finds
2,647, (85, — V7|n)
= foe™™*oe™ (85— V7]) (22— V7,)
+ o™ ot (3, — V) (35— V7]a)
— o™ oe P (38, — V) (35— Vu) § by
Again by equation (1.8), it is shown that
2,607, = § ™ M (58, — V1],
+ o€ oe (35— V)
— o™ o7 (38, — V) (3 — V) (35 +07,) § b
If equations (1.21) and (1.23) are used, the following equation can be derived,

20/ Ty WMl = (o690 8 AR ) (51 0] (25 0, By
(3.5)

From equations (1.8), (1.14), (2.3), (3.3) and (3.5), it follows that
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26 K. KAWATATE
= (31— V1))
= e a.',.lx ("i - V"”r)
— % ( oekpq oEinm - elva, gAmn + o ghin oempq)

x oo Gt )| g, CREIBLT

A Vil

Here one puts
kp = Cry ("; + vv[p) .
Accounting for equation (1.22) and the relations

() = Al = | e
0 \v I )T VvVEY VvIEli VI
oEMUerypa =0  etc.,
(3F 4+ o¥) A — (0% +04,) A= (85 +0™,) aL0%,
=05 Oetnl (87‘ + vk'r) As}\ ’
it is found after some calculation that

2V Ty st3= (€79 (M M e 1) (5% +0Y,) ()4 ) (Crslor—

= oe™2,eM" (o + o*|,) (33 +0,)

X E(ckvlqh+ Cyk ’M) A % (G + c,k)! ]
Putting as follows in the above relation

Siv=fux= 2 (‘-‘lcv + Cvk)
one finally gets such a solution as
1 m
si= 778—— (€7 £iT (5; + v)‘[p) (6': + vulr) (fAI-L‘QS — Ags pr!m) .
According to equation (2.3), one also finds

3.6)

A i)

a3

(38)

= 7—_—°ei1ﬂlnekrs @l o) (B340, (@44 *,) Baulee— V3 JO G X))

The procedure employed above in terms of the metric tensor of original state for finite de-
formation is regarded as an extension of the method first developed by Dorn and Schild®
for the case of infinitesimal deformation. It is needless to say that their procedure is di-
rectly applicable to the case of finite deformation, provided that metric tensors in the state

after deformation are used.

Equation (3.8) can be demonstrated differently as follows. From the equations

=0, Eintii=0,
one obtains®
T =1 Fpigs
where Fr is a symmetrical tensor.
Equations (1.19) and (2.3) immediately give the expression
s=v"Iy I o4 = an I3 eira é‘J"‘FprIIqs

1
T Ly o Pl -
Moreover equations (1.6), (1.13), (1.15) and the relations
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NOTE 27

Fpr“at - (Fm“q) it == A;: Fm“q — Ay Fpn"q - AZ: Fpr”n N
er”q_Fprlq=_ Ay Frny— A Fym
prove that

°€’pq °emF 1"‘“48 = °5im°ejn {F prlqt + A;:(F mqlt +F mrlq —F, qllm - A;: F, mn) } .
If one define i
F, = (6; + ”)‘lp) (o + "“[r) Ry, hy,=h,, , (3.10)
and perform some calculation, it is derived that
°e‘m°sm F pr"qt = "e‘pq“em (3; + ”)‘lp) (6': + ”u[r) (hhu’qs _A:;hh#[m) .
Accordingly, one has

1 m
T o€ (8 0M,) (37 + ) (s — AT Pnuln)

which is the same as equation (3.8).

sti=
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