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SOME CONSIDERATIONS ON THE FOUR-POINT
DYNAMICAL EQUATIONS OF HOMO-
GENEOUS TURBULENCE*

By
Michio OHJI

By introducing the quadruple and quintuple cumulants of the correspond-
ing correlations, the four-point dynamical equations . are reconsidered in the
corrected form. It is shown that Deissler’s approximation of neglecting
quintuple terms is closely related to the “ quasi-normal” relation which has
been often assumed in the statistical theory of homogeneous turbulence. A
doubt is cast on the validity of the cumulant discard approximation for in-
tense turbulence, and by the. way the apparent inconsistency of the quasi-
normal relation at the lowest wave-numbers is interpreted.

1. Introduction. Most of the efforts devoted to the statistical theory of homogeneous
turbulence have been concentrated, in effect, on the problem of finding how to
close the infinite hierarchy of coupled equations into a determinate set coataining
some finite number of unknowns. The intuitive theories of Obukhoff, Heisenberg,
Kovasznay, e.g. [1] Chap. VI, or the two-equation theories of Proudman and Reid
[7], Tatsumi [8, 9] are typical examples. A recent contribution to this * closure
problem” has been made by Deissler [3, 4]. The principle of his method, which
may be called Deissler’s approximation (DA, hereafter), is very simple: namely, to
retain only the velocity products up to a certain order » by ignoring the higher-
order products altogether. The n-point dynamical equation, being thereby freed
from the inertia terms, will close by itself, and consequently the whole set of lower-
order equations is made determinate in principle as an initial value problem. In-
asmuch as the procedure is clearly the natural extension of the well-established
theory of the final period of decay (which corresponds to the case of n=2), we
may suppose that DA will be valid for weak turbulence in particular, although no .
explicit proof has been given.

Along these lines of thought, Deissler has carried out detailed calculations
first for the case of n=3 [3] and then for the case of n=4 [4]. In the course of
analysis, however, he seems to have overlooked the fact that the quadruple and
quintuple correlations have no finite Fourier transforms (or spectra) in general [1]
p. 21. Accordingly, the four-point spectral equation derived by him is incomplete.
The device of avoiding such a difficulty is to introduce, in place of those correla-
tions themselves, the corresponding * cumulants ” whose Fourier transforms are
secured to be definitely convergent [1] loc. cit. In this paper we shall show to
what extent Deissler’s formulation of the four-point analysis [4] should be modi-

* A short account of this paper has already appeared under the slightly different title [6].
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34 M. OHJI

fied, and some considerations will be made on a few related problems.

2. Four-point correlation and cumulant equations. The four-point correlation equa-
tion of homogeneous incompressible turbulence was correctly derived by Deissler
[4]. It can be written as

0 0 G} ()
57 < uiuj,uk"ul/” > =2y < uzuj'u,c”u/” > +( 8rm + arm/ 4 arm”) < uiumuj,ulc” ul/// >

0 9 0
. a < llillj’um,u/c”uz,”’ > _ar - <utuj,uk,,,um”ul,,” > — ar 7 <uiuj,uk”ul,//um”/ >
m m

Fm
_!_(% + _a_ar7 + 8—277> < Pufu'w)" > _% LuwiPui'u” > — aark, uwfP'u/" >
_9 Ly 1T »
o) Cus'u P, 2.1

where { ) denotes statistical average, P=p/p is the kinematic pressure, and

o2 02 .02 02 02 o2

(3) — 1)
® OFpOrm + OFy, OF + OFmOrm’ + Ot/ OFy’ + OFy’ Oy + ory'or," 2.2

with otherwise customary symbols. For derivation see Deissler [4] p.177.
We define the quadruple and quintuple cumulants in the following way :
. < u,-uj’uk”uz”’ > * < u-zuj,uk”ull” > _ <uiu/ > < ulc”uL/” > _ < wiug” > < uj’u/” >
— Cua" > Lufw’” >, ) ' (2.3a)
wittmutug u " > ¥ = s wy"w’" > — gy, Y usudw" >

— <u1,umuj, > <ukllul/,/> — < uiumuk”> <uj/u///>

— upnt"”" > {ujwy >, (2.4a)
< Puj,uk//ul,// > *= < Puj’uk;”ul”’ > . <Pu]/ > < u}c,/ul/,/ > — <Puk” > < ujlul/ll >
— < Pu"y Luiwy! > (2.52)

It is readily seen that these cumulants, unlike the correlations themselves, vanish
whenever any two of the points are separated widely enough. Thus, we are safe
to introduce their Fourier transforms such that?

Kupfw!w'" > *=F[Oim(n, &', 6], (2.3b)
uittmte/ue'w'"" 5 ** =B imyga (s, &', 8”)], (2.4b)
< Pujue"u/" > * =&[Qoj(x, &', £7)], (2.5b)

where &, £ and &” are three independent wave-number vectors, and the nine-di-
mensional Fourier integral

F[...]= JJJ(...)exp[—z(:c.r+lc’.r’+m”.f”)]dlc de’ d&” 2.6)

1) The superscript (3) indicates the number of independent variable vectors. Cf. (A3) and
(A6) in Appendix A.

2 The present symbols for Fourier transforms are different from those used in the abridged
report [6].
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ON THE FOUR-POINT DYNAMICAL EQUATIONS 35

is to be understood.

Note that in our notation,* refers to the n-point n-order cumulant (the non-
degenerate case) and ** to the n-point #-+1-order cumulant (the simply-degenerate
case). In wave-number space, the two cases are distinguished by the symbols @
and ¥, respectively. Further, the tensor indices which correspond to an identical
point are put in parentheses and the index 0 indicates that the kinematic pressure
should be taken at the corresponding point. These conventions will apply similarly
to the later cases too.

Now, using (2.3a)~(2.5a) together with the two-point equation, we can ex-
press Eq. (2.1) in terms of the cumulants as

) 0

2 2
5 ua/uy"w'" > *—2,DB) < uiuj’uk”uz”’ PREE (m_*_ F’—F é_rm—//> ¢ utum”j,ulcﬂulw ) wx
m

90 0 - )
_ar < uiujlumluk”ul,,/,> **_ar 5 < u{u/uk”um”ul”,> K __ ar 5 < uiuj,ulc,/ullﬁum/” > Ak
m m m

C 3 9 Fay Myy 1 0 7 0
+( 0 +—+§E7,)<Puj Uy /ul,,>*——a—r—j‘ <uiPuk”u/”>"‘—ér—k,<uiu/P”ul’”>"‘

or 'or’ ,
_i<uulu //P///>* (27>
arL// i%j Uk ’ .

(see Appendix B for proof). It is rather remarkable that the cumulant equation
(2.7) is formally same as Eq. (2.1) except for that the correlation tensors in the
latter are replaced by the corresponding cumulant tensors.

3. Four-point spectral equations. To turn to wave-number space, let us take the
Fourier transform of Eq. (2.7). Because of the apparent similarity between Egs.
(2.1) and (2.7), we can follow Deissler [4] p. 178 without repeating his manipula-
tions, so long as the spectral tensors are re-interpreted in the sense of (2.3b)~
(2.5b). Thus, refering to Eq. (D10)®, we have at once

(.gat— +2VD(8))Q’U“(E’ ‘,$ ‘H) =—t [o’mnw(im)ﬂcl(‘, ‘,’ E") +’cmw(jm)kli(lc,v IC”, G,/)
+ 60T Gomy3(&", 0", &) + £ T imyis(8”, &, &) +0i" Qojra (8, &7, &)

+ 30015 (&, &, 0") + 15/ Doy s (6”7, 6, £) 4 £/ Dor5.(0”, &, £7)], @G.1D
with the abbreviations
D® =24 kpn’ + Emkm’ + 62+ n k! "2, 3.2)
and
o''=—(+K'+£&"). (3.3)

The pressure terms in Eq. (3.1), however, can be transformed by virtue of the in-
compressiblity condition. That is, the continuity relation yields

am”am”%ju(ﬁ, E,, E”) = -—on”om”ilf(nm)jkl(lc, E/, E”), (3.4)

3) (D10) denotes Eq. (10) of Deissler’s paper [4] and so on.
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36 M. OHJI

cf. (D12), hence it turns out that

"o
0;'0
- 14 1 n
on''¥ (im)jkl("” £, &)+ Giﬁdojkl(’c: £, k") =0p (6in" 572 )y (omy s (&, B, '),

and the like for the other terms on the right-hand side of Eq. (3.1). In con-
sequence, the four-point spectral equation (3.1) reduces to

(—aaT + 2v D(3))0Ukl(x, £ &) =—1t[0," 416NV (umy i (&, &', &)

+bmd (8 Y amyrss (&', €7, 3") + £’ Ao (87) ¥ amyris (6”7, 0”7, )
+Itm"Azn(l‘”)w(nm)i/k(o//, £, £)]= —"ZCG)Gm”Ain(“”)?F(nm) s (&, &/, 6", 3.5
where

Xi*Xj
x2

4;5(x) =05~

’

. ) . .
for any vector x, and the summation ZC runs over all simultaneous cyclic changes
of (i,j,k, 1) and (&,x’,&",6")D.

Before entering into further considerations on the above-obtained equation,
we shall add a few kinematical definitions and relations of the two- and three-
point cases.

(i) Second order:

Cuguy’ > *= ugf > =J@¢j(x)exp(-zx.r)dm. (3.6)
(ii) Third order:
uguuy > *= uguiuy’”’ =de)¢jk(m, g)exp[—:(k.r+«&.r)]deds’; @G3.7
third-order degenerate :
uguy’ > *¥* = {wanuy’ =J§’(¢k)j(x)exp(—zx.r)dn, (3.8
where
Y 4iy; (B) = j 0.1 (x, 8")de’. 3.9

(iii) Fourth-order degenerate :
Cwnuguy” > ** = wguasi'uy” > — Cwy > wfwi” >
= upaufuy” > ¥+ Cwwy’ > w” > + ua > g’ Y (ef.(2.32)),

— j J ¥ ek, &)exp[— c(k,r+ /") deds’ | (3.10)

4 The superscript (4) indicates the number of terms under the summation. Cf. (A2) and
(AS5) in Appendix A. See also the derivations of Proudman and Reid [7] and of Tatsumi
[8] for the three-point equation.
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ON THE FOUR-POINT DYNAMICAL EQUATIONS 37

which has the following Fourier transform :
(e, 8)= J@ijkl(‘, £, 6")AE" + 0y () Dy (k") + Dy (8) Dy5(5), (3.11)

in striking contrast to (D18).
The dynamical equations governing these lower-order spectra are reproduced
in the Appendix A.

4. Four-point Deissler’s approximation. -Now, following the principle of DA, as
was suggested in the introductory section, we neglect the quintuple velocity prod-
ucts. Eqg. (3.5) then becomes simply

(G + 2090, »', £ =0, @1

the solution of which is
wij}d(t, E’, S”) = [wi]‘kz(ﬁ, E/, E”)] 1 €Xp [—ZV(t—tl)D(a)] , (4.2)

where [0y (x, &', &")]1 denotes the prescribed initial value at t=#,. Thus, with the
aid of the relation (3.11), we are lead to the following conclusions which are
essentially different from Deissler’s [4] :

(1) If [@y (&, &' £")]1=0, then O (&, &', &"”)=0 identically and hence we
have, from (3.11),

T iy ju (8, &) =05 () Dii (&) + Dz (8) Dy (&), (4.3)

or
wusu’” y = Cwy Y uj'ug” > + < uiuj’ > u” > A+ uuy” Y {wuy’ > (4.3

which is nothing but the “zero fourth-order cumulant” or * quasi-normal” rela-
tion (QNR, in short) as it is called. Namely, once the QNR is set up at some
instant, it will persist afterwards, provided that the quintuple velocity products are
neglegibly small. The QNR was originally postulated from the purely statistical
point of view [1] Chap. VIII, but it is now obtained as a solution of the four-
point DA for the said initial condition. In such a case, the complete solution of
the problem will be determined by solving the two equations (A1) and (A3) with
(3.9) and (4.3) just as in the theories of Proudman and Reid [7] and of Tatsumi
[8, 9].

2) If [@iu(x, &', 8")]150, there remains, on the right-hand side of (3.11),
the integral

J@iﬂd(m, £, &")de" =exp[—2v(t—t1) (BB + kmkm +£2)]

x f (@i (k, &, 7)1 1 €XD [—20 (1—1)) (emien” + Kk +£72)] di/, (4.4)

where [0;u(x, &', 8”)]; must really depend on &”, because of the solenoidal con-
dition O < ww/w''w/" » |or/’=0 or x/' @y (&, s’,8"")=0. However, so long as [y
(&, &', &8")]1 is analytic everywhere in &’-space, the argument analogous to the
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38 M. OHJI

theory of final period of decay [1] § 5.4 is applicable to the asymptotic evaluation
of the integral.

. The essential point is that the exponential factor in the integrand of (4.4)
decreases rapidly as the quadratic form rmrn”+rn/sy"” +£"2 (=Q, say) increases.
Expanding [®:u.(x, &', 8"”)]: in the Taylor series near.the point 8”’=—(x+&')/2, at
which Q becomes minimum for & and &’ fixed, and integrating termwise, we obtain

J [Disia(e, 8, &)1 exp [—2v(1—2) Q] d&”

’ 8/2 N o
~(5-) AuaCr, &) [t= 175 +0(=31)] exp | 20—t (255 ) IE
and therefore

3/2
J@im(;, £, &) de"~Aiji (8, &) [.21} (z—tl) ]

xexp[—zu(t—zl)( —Z— /c2+—21-—t£m/cm'+—i——lc’2)] -0, (4.5)

o
for t—>o0, where Aiyni(x, )= [mml(" & = ‘;_ : >]1 '

It would be premature to conclude from this that there is a true tendency
to the QNR in general, inasmuch as the asymptotic behavior of the second-order
tensors @;;(x) etc. is not known here. But an interesting prediction seems possible
on the flatness factor of the one-point probability distribution of the velocity fluctua-
tions. Namely, when all four points coincide, (3.10) becomes

waupuy > ** =JJ‘J0¢N($, &, e")dede’de” + ugu; > ey > + wau > ugug >

= uggma, > — {uanyy  ugly > (4.6)

We use (4.5) on assuming A:jui(x, &) is analytic in &’-space, and repeat the similar
procedure as before to obtain

fff@jm(ﬂ, &, &) de de’ de”

NI:ZT(;——&)]S fBljlcl(") exp [_% v(t—1) "2] de, CX))

for t—oo, where (3/4)¥°Byu (£)=Aiu(e, — &/3)= [0 (8, —&/3, —£/3)]1. Con-
sidering that the solenoidal condition requires B;:(0) =0, the integral on the right-
hand side of (4.7) is found to be of the order of (#—#)-52 asymptotically, so long
as Biu(k) is an analytic function of £. By contracting the indices in the relation
(4.6), we find

Cuty =3¢y 03 1), ' (4.8)

with an appropriate choice of the time origin. It is known experimentally that the
-observed decay of turbulent energy < u®) lies between the linear decay (in the
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ON THE FOUR-POINT DYNAMICAL EQUATIONS 39

initial period) and the —5/2 power decay (in the final period), i.e., O(t~2) > { u2 > ?
>0 (t75), cf. [1] Chap. VII. Hence we may suppose that <{ut*> /{u? )23, which
shows the approach of the flatness factor to the normal value 3. No further de-
tailed comparison with experiments, however, is intended here.

5. Discussion. In the preceding section, we have seen how DA is closely related
to the QNR. However, it should be noted that Eq. (4.1) on which the whole
arguments depend does not necessarily require the neglect of the quintuple velocity
products themselves. More generally, we have only to assume

[O)
Ec 0m" din (0" ) ¥ (umy 1 (£, &, &) =0, _ .1

to obtain the same conclusions as before. The necessary and sufficient condition
for the persistence of the QNR (§4. (1)) is also given by (5.1). From physical
point of view, the most probable solution satisfying this condition is likely to be

Y imyja(k, &', 8'"N)=0 Z < wpuu w'"’ >**= 0, (5.2)

with which we shall be particularly concerned for a moment®.
Consider now the five-point velocity cumulant defined as

uguywe " w "wn"" > * = wafwe w! wy"" Y — wgw’ > < w'wy ">

— wy” Y wiw"wn"" Y — uwad” Y ugu "> — "y wluwy!" >

= "y "y = ™ > "> — "> ">

= ww!" Dy ufuy" S — wd'un” > wiur” Y — w Mgy wfud” Y . (5.3)
Comparing this with (2.4), we have

wittmus wi"w’"”’ > ** = Cuuy'u"w’" >+ [ {ud > i wi’"’ >

+ Cugr” > umusw’” >+ ug)" > s > + wgy'wy!” >  umity” >

+ wmifuw" > umwi” > + wgusug” > umu’” D1, (5.4

which is the four-point analogue of the three-point relation (3.10). Thus, the
condition (5.2) for the QNR is equivalent to assume

{upmus'ur''u)" > ¥=— [the same terms as in (5.4)], (5.5a)
or, in the spectral form®,

J%km(ls, &, 6", 87 AE" = — [01;(8) D (&', &) + D1 (8) Do (8, &)

+ 05 (&) D51 (k, 8) + Oiu (&7, £) D5 (8) + Dy 50(8, &) Do (n") + Dy (16, £7) Oy (877 ]
(5.5b)

Since the right-hand side of this expression does not vanish in general, unless the

5 The solution of (5.1) other than (5.2), though kinematically possible, represents a very
stringent restriction on the dynamical interactions between the wave-numbers &, &/, &,
¢”, and seems almost unreal.

8 O;;um(s, &, £, £”") is defined by an obvious extension of (2.3a) as the twelve-dimen-
sional Fourier transform of < uu,/ux’uy" um" » *.
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40 M. OHJI

quintuple velocity products are small enough, it follows
Dsjim (&, &', &7, B ) F0 2 <wineuyu/"un'" >*0, (5.6)

namely, the fifth-order cumulant is not identically zero, which implies the non-zero
higher order cumulants in turn. The full probability distribution of the velocity
field in this case is thus expected to be of such a special form that only the fourth-
order cumulant is exceptionally zero. Under these circumstances, it seems open
to question, at least conceptually, whether the QNR is applicable to highly intense
turbulence as well. The author feels that the essentially similar state of affairs
would occur in the general cumulant discard approximation, too”. .

In his previous paper [5], the author has thrown a doubt on the validity
of the QNR at the lowest wave-number regions in particular, taking account of the
long-range pressure action first pointed out by Batchelor and Proudman [2]. Accord-
ing to the foregoing considerations, however, we may regard it as a imere special
manifestation of the more general fact that the QNR cannot persist in the presence
of the inertia terms in the four-point dynamical equation. When the quintuple
velocity products are taken into account, the QNR will be dynamically inconsistent
not only for the largest but also for all wave-numbers, so long as the relation
(5.1) is not satisfied. On the contrary, when the quintuple velocity products are
so small as to permit DA, the pressure action has no significant effect on the QNR,
and the above-mentioned inconsistency reduces to a trivial one.

In conclusion, we are lead to an anticipation that the assumption of the
QNR would be the weak turbulence approximation by nature, as DA is. Further
discussion together with possible generalizations will be published in future.

6. Acknowledgements. The author is indebted to Dr. K. Kitajima for his stimulating
discussion. This work was partly sponsored by Scientific Research Funds from the
Ministry of Education.

Appendix A

According to the present system of notation, the lower-order dynamical equa-
tions of homogeneous turbulence are written as follows :
(i) Second-order [1] §5.2:

2 , 3 3
o w5 =20DO Quaf 5 - (untt > L

~

+ ??7 < Pu;'>— <uP'>, (A1)

r or;

or

7 As the QNR corresponds to the fourth-order cumulant discard, the term *“zero fourth-
order cumulant” (04C) seems preferable rather than the term “ quasi-normal” for speci-
fying the relation (4.3). The next approximation is clearly the “zero fifth-order cumulant”
(05C) which assumes < wujur”w un/" > *=0, or < winu/ur"u/"y **=+ [the same terms
as in (5.4)]. The “quasi-normal relation” would be more appropriate as a general
term which covers various zero cumulant relations (04C), (05C), and so on.
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ON THE FOUR-POINT DYNAMICAL EQUATIONS 41

0 _ @
(5 + 22 DO )0uy(8) = =53, Omdin () o5, (A2)
where
D) — o . M2 . -
OFnOFm ’ D= ) g=—F. (A3)

(ii) Third-order [7, 8] :

% Cuuiuy' > =203 Cwuu’ > + (@ar‘ -+ %,)  wittmus'uy” >
a Iy 1 a ! 8 a
_T};; < llillj/llm Uy, ! > — m, < uiuj’u,c’ Ilm" > -+ (5;: + BI‘T) <Puj’uk” >
a 14 1 a 1 prt
—a—r;<uz1’u/c >_a—rki<uiuJP > (A4)
or
(a 20D® )0 / @ ol Ay (@NT '
—aT +2av ) ijk('cy L )= —t 20 Om in(a ) (nm)jlc('cy L )y (AS)
where
DO — o? o2 02

_ . @ 2 Iy 2.
arndrn T orar T orery s DO=E  Emem TS

o'=—(&+x). (A6)
In (A2) and (A3), the summations run over simultaneous cyclic changes of

tensor indices (other than dummy indices) and the vector arguments. Cf. footnote
4 p. 4

Appendix B

Derivation of Eq. (2.7): In order to derive the four-point cumulant equation (2.7),
we write

“aaT Cumfud'w”" > *— [the right-hand side of (2.7)] =i (B1)

By substituting (2.3a)~(2.5a) into (B1), the quantity «;j. is found to be the sum
of the following three parts:

() <wd'w'"> [rlg+ ufw” > [rw+ w'w” > [ ],
(2) < uiu/ > [1"', 1’”] wt < uiuy'” > [1‘, 1'”] aut < " > [1’, 1"] jky
0

&} 0 , 9 &)
(3) m < uiuj’ > (m‘l‘m) < U ’m’” > +Wm, < uillk” > (a—r_”: + ‘a‘;

5]
—/i) <ufw!” >

0 ° 0 "o
+W<uiu/"> <m+a—m) <ujue” >,

where [ ] represents a certain combination of the spatial and the temporal deriv-
atives; for instance,
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42 M. OHIJI

[ﬂw—*gKuww;>—£L<mmum>+ <H0>———<mF>

2
o arjarm Cwany’ > _% {uy’ ) =0, from (Al).

Similarly, we have
[r']w=[r"]14=0

Another example is

() 0
[1", 1'”] = 5y < uk”uml uL,/I > ” <uk” "y m > _ ark’ <P/Iullll >
. m

0 02 02 02 ,
_W Lud'P"S + ZV(arm,arm, +arm,arm,, + arm,,arm,/) Luu/" >

_—Bat- lud''w/" . (B2)

Now, putting "’ —r'=s, we have

0 0 0 0
= Bsi 0 = ot (B3)

for operations on functions of s. Thus (B2) reduces to
7 74 a UPrnidi a 11, 117
[1‘,1’]1;1=—a7—<uk U >—7<uk u; >=0,

with the aid of (Al), and similarly we have
[r, r"] =17, '] x=0.
Finally, by virtue of (B3) and the like, it is readily found that

(g;a:n_’_l_%m') Cu"'w”" > %<§;+aa//><u1ul/,/> = <a?.m +ar )<uJ w" > =0,

from which we obtain «yx=0, and hence Eq. (2.7).
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