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THE EFFECT OF DISTRIBUTION OF LOAD UPON THE
VIRTUAL INERTIA COEFFICIENT IN THE
VERTICAL VIBRATION OF A SHIP*

By Toyoji KuMAI**

Abstract. Here is investigated the effect of distribution of load on the virtual
inertia coefficient in the vertical vibration of a ship. The author emphasized that,
since the inertia coefficient is defined as the ratio of kinetic energy of the vibra-
ting water surrounding the ship hull to that of the ship itself, the velocity am-
plitude of the hull vibration should be taken into account in the calculation of
the inertia coefficient under consideration. Some numerical examples on the effects
of load distribution and the number of nodes of vibration upon the inertia coef-
ficient are shown and the results are confirmed by the model experiments,

Introduction

Since the virtual inertia coefficient in the flexural hull vibration of a ship
is defined as the ratio of the kinetic energy of the added mass of the surrounding
water to that of the ship itself, the velocity amplitude of the ship vibration should
be taken into account in computing the maximum kinetic energies mentioned above.
The energy of the ship hull in the nodal vibration considerably depends on the
load distribution along ship length, whereas the energy of the vibration of the
added mass of the water is influenced only slightly by the load distribution due
to a little change of the velocity amplitude. Accordingly, the inertia coefficient
of water in the nodal hull vibration is considerably affected by the distribution of
ship load along her length. Present paper shows some numerical examples on the
problem mentioned above with the aid of an experiment using a model of cargo
ship.

1. [Expression of inertia coefficient in the vibration of a ship

The natural frequency of the vertical vibration of a ship in which shear
and rotary inertia effects are ignored is computed by

2= (L)z J:El(ﬁ;")gdx
’ 2/ J:my,,?dx(l +15)

(@)

* The paper was read before the spring meeting of Western Society of Naval Architects
of Japan on May 1962.
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2 T. KUMALI

where,
L
Iome Yol dx

Tn = A -J n (1)
j my,* dx
[
The m. and m denote the added mass of water and mass of the ship per unit
length respectively, and y,, is the n-noded mode of vibration of the ship hull in
water. J, presents the three-dimensional correction factor defined by Lewis [1] and
Taylor [2], and 7, the virtual inertia coefficient of water under consideration.
From the above relation (a), the well-established formula is derived as follows,

—a/ El,
fn——ﬁ}’ mr—n)— ) (b)
where, 4 denotes displacement and 5 the eigenvalue which includes the integral
value. In the expression (b), z, is the inertia coefficient defined by equation (1).
As was seen in equation (1), the r-value is defined as the ratio of the kinetic
energy of the vibration of the entrained surrounding water to that of the ship
itself, but it is the ratio of added mass of water to displacement only in the fol-
lowing two special cases: In the first place, the distributive functions of m, equals
to that of m, such as cylindrical ship form with uniform load. Next, in the case
of translational oscillation of a hull or o-node vibration such as heaving of the
ship. In these two cases, the inertia coefficient yield

JLmedx
a2 @

The above expression of ¢ is the well known Lewis’s method. In general
cases, the distributive function of m, in the ship vibration differs from that of m,
and o node mode vibration is beside the question. In calculating the virtual inertia
coefficient of the water in ship vibration, therefore, the equation (1) should be
generally used instead of the Lewis's method. Lewis confirm:d his calculation by
Nicholls's experiments in three cases. This experiment was carried out using uni-
form bar, instead of ship model. The formula (2) is therefore available as uni-
form disiributions for both of m. and m.

On the other hand, in. order to determine the inertia coefficient by the ex-
periment, the natural frejuency and the mode of the vibration of model ship should
be mesasured in air and in water. The natural frequency of the ship in air is
expressed by

) 3

where, y.; mode of vibration of the ship. model in air. Taking the ratio of (3)
to (a), the inertia coefficient r is easily obtained from the following relation,
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f=(ff";)2 Cv—1, (4
. J:‘«%)zdx . J:’"”’”gdx . (5

e T '

If we assume y, as equaling to y,, v takes unity. As an approach, v-value may
be assumed to be unity in practice.

As was seen in equation (1), the kinetic energy of the mass of the ship will
considerably change for the distribution of the ship load, whereas the distribution
of the kinetic energy of the vibration of added mass of water is almost constant.
Accordingly, it is necessary to consider the effect of the distribution of the ship
load on the inertia coefficient in the vibration of a ship hull.

2. Numerical examples and experimental verification

Since an analytical calculation of the energies in (1) is difficult to make
even in a model ship, the numerical examples should be illustrated first by the
use of the results of vibration measurements given on a model ship in the present
section.

A wooden model with 1/100 scale of a cargo ship was used for the numeri-
cal calculations and measurtements of virtual inertia coefficients of water in the
vertical vibration of the ship hull with three types of load condition.

The principal dimensions and particulars are shown in table I, and also the
body plan of the model ship is given in Fig. 1. The vibration tests were carried
out in a small tank with the ratio of depth of water to draught about 10.

Table I. Particulars of the cargo ship model used
in strip calculation and experiment.

L 145  (cm)

B 196 N0 /

D 125 \\ 7

d 6.13 X ‘

\/
4 10.04(kg) !
Fig. 1. Body plan of the cargo ship used
hull wt. 640 ~ : for strip calculation and experi-
load 364 ment.

The vertical vibration was excited by a vibrator of a moving coil type speaker
connected to thin rod at the end of the model, and the crystal pickup was used
for measuring the natural frequency and its mode of the vibration of the model
ship in air and in water. The inertia coefficient is computed from the formulae
(4) and (5), provided that the measured results of the mode y. and y., and the
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4 T. KUMAI

frequencies in air f, and in water f,, are used.

On the other hand, the inertia coefficient is calculated from the formula (1)
by means of the strip method, in which the Lewis’s C-value of each section of
the ship hull is obtained using the convenient chart proposed by Prohaska [3].
The modes of the nodal vibration measured in experiments were adopted in the
present strip calculation. Fig. 2-(a), —(b), —(c) show the computed results of
distribution of added mass of water and that of mass of the ship in which the
displacement in half load takes unity with three kinds of load distribution cases I,
II and III respectively in top view. The measured amplitude of the natural vib-
ration of the model ship in air and on water, and square of y, are shown in
next view, and the distributions of energies of the vibration of added mass of water

(2) (b)

Fig. 2. Results of calculations of me,m and mey?, my?
on the model ship in three loading conditions.

©

Table II. Inertia coefficients obtained by calculations and

experiments.
Case 1 Case 1I Case I i Ju
TIT0 1.64 1.64 1.64
%0 1.54 1.54 1.54 0.94 (Lamb)
2 (Lowis) 121 121 121 0.74 (Taylor)
eI 131 1.06 0.755
s 097 | 0.78 0.56 0.74 (Taylor)
T2exp 0.94 070 050 -
fa cps 310 ! 242 215 —
fw ews 27 19 181 | —
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and of the ship in water are presented in bottom view of Fig. 2. The two-dimen-
sional inertia coefficients under consideration are computed by integration of the
energy curves obtained as above. The three dimensional or longitudinal coefficients
J,-value in the vertical vibration of a ship obtained by Taylor [2] was used in the
present calculation of r. The numesrical results are shown in table II.

As will be seen in the results, the inertia coefficient in the nodal ship vibra-
tion is different from that of the translational oscillation of the ship or that
obtained by Lewis’s method in the same draught of a ship. In addition, the effect
of the load distribution on the inertia coefficien: under consideration may be clearly
seen in the present illustrations of the calculations and experiments as shown in
the figure and table.

3. Estimation of the inertia coefficient in the vertical vibration of a ship

It is necessary to estimate the tendency of increase or decrease of the z-
value for various load conditions of a ship. So that some analytical evaluations
of inertia coefficients should be carried out under the appropriate assumptions of
the distributions of added mass, ship’s mass and the mode of the nodal vibration
of the ship.

i. Effect of load and added mass distributions on the inertia coefficient in
the fundamental mode of the vertical vibration of ships

As the first example, the ship load as well as the added weight of water
are assumed to be symmetrical about midship, and the function of both distributions
of m, and m which are close to the end of the ship are assumed as square of a
quarter length of sine wave and the length of run or entrance in both curves as
parameters respectively. In the mode of two-node vertical vibration, a cosine
curve with corrected base line is assumed as an approach in the mode of the nodal
vibration. The above mentioned three curves are written as follows, and also
shown in figure 3-(a).

=
T

me,=my sin® 2% ; 0 << E<é,
e
=my ;o e E<L1/2,
G o<e<e 6
m=1_z. 28n =5 ="n (©)
__ e
—l_é-m ’ "m;fél/z

y=cos 2r¢ + «a.

In the above expressions, £, and &, are coordinates of the ends of parallel
parts of the curves m, and m respectively. The m, is written by
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6 T. KUMALI
provided that,
L
% [ max=1.

where,
Cyz; Lewis’s C-value at midship
Cy block coefficient
Bf/d breadth-draught ratio

By substitution of the above expressions into equation (1), the z-values are an-
alytically evaluated, and the parameter, «, in the above quation is determined by
means of the minimum energy principle as follows,

12 _my /1 1 1 .
, mey2de = [(-2— +a2)(1 _58)_? {al———4fe2 sin 2zée
1 1 .
+35° 11652 sin 4z¢, }],
1 1 1 1 @
172 - / 2\ _ 1 v
| e =g | (5 et (=) — - fa g g sin 20k
1 1 .
+§ .TTfszln 4rép, }:t,
&) Jl/g(me_l—m) yidé
from 2 S =0,
1 . 1 1 .
. my 1—4c 2 sin 2z&. +1TE-; . {—4¢.° 48m2 sin 2z¢,, (8)
a 2z§1+mo(1—¢&.)} )

The above results are illustrated in Fig. 3—(b), letting &, and &,, be variable
and parameter respectively. As a special case, if we put é,=¢,, the r-value will be
presented by dotted straight line, as seen in the figure. This line just shows
Lewis’s expression (2). As .an example, when a fine ship (assume £,=0.5) is fully
loaded along ship length (assume ¢&,=0.15), the r-value becomes a half of that
obtained by Lewis’s method. As an extreme case, taking &,=¢&,,=0, this value
will show that of the vibration of a uniform bar. On the contrary, if the load is
concentrated almost at the midship (£,=0.5) on the above ship form (£.=0.5),
the r becomes maximum, it corresponds to the Lewis’s result. The distribution of
the ship load, however, shows no such concentrated load, because the hull weight
is generally distributed along ship length. As mentioned in the above examples,
the r-value is seen to be smaller than that computed by Lewis’s method in an or-
dinary type of ship.

ii. Inertia coefficient in the higher mode of the hull vibration
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1 Il H
© 0.1 0.2 0.30.%40.55

0.8 —=—— Lewis's 'Czt,(if%e) i

0.6F —_ the present c:\lculutl')'n
o.uh $strip method on the wmodel ship
i
0.2F 1
[ 1 §€
0 0.1 0.2 0.30.00.58 ° o-b 0.2 D3 0.4 0.5
@) (b)

Fig. 3. The results of calculations of r-value with given me, m and y.

The distributions of m,, m, and y are assumed in the higher mode of vibra-
tion as follows,

my=my sin’*z¢&, 1
T .

m =m f,u—i-(l—,u)sm 755}, (9)

y =cosnzé +a cos (n—2)z€, n=2,3, - J

where 2 is a parameter which gives the distribution of load. The n is the number
of nodes of the vibration of the ship. Substituting m., m and y mentioned above
into (1), the results will be written as

1 i i .
jomey2d6=%[(Haz—“)—“(““) 3‘1?2%2)4,,)”—%2_%(;123)6,2”] , (10)

t 2 : _
J e =L (Lvaty + ) sin(2n—4)r_
0

2(1— e 1 1 1
— 2 {Z(Zn—3) a5+ a5+ =1y (2n=3) )+ o ge=i) A
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The parameter « in the expression y should be determined according to
the minimum cnergy principle as follows,

2(1—u) { | . 1 LY sin(2n~4)rr}
nr+2(1—=) 13 (2n~1)(2n—3)}—r 4 { n—dHz
) { {/.m sin(2n—4)x 2(1—p) }+ rﬂ{l+sin(2n——4)n_lsin(2n—6)7rl
1T/m~\~2(1—,u) 2n—4)=x (2n—3)(2n—-5) 2t Qn—4Hr 2 2n—6)x )
(12)

-
V.8 e =4

(a) (b)

Fig. 4. Computed r,-values in the higher modes of vibration of ships

Fig. 4-(a) shows assumed distributions of m,, m and y, and « determined for
mo=4. Fig. 4—(b) presents the results of calculations of 7,. It will be interesting to
note that, for given value of x in the load distribution, it greatly influences to the
7, as well as the number of nodes n, as seen in the expressions (10), (11), (12)
and the figure. The illustration mentioned above will give us a clear understan-
ding on the tendency of the relationship of the inertia coefficient and the number
of nodes of vibration and the load distribution.

iii. Empirical formula

As was seen in the expression of (2) in the previous section, if the ship
form is uniform, the existing Lewis’s method of calculation and Todd’s formula
for inertia coefficient in the vertical hull vibration is available. However, in a
general case, as the velocity amplitude of the vibration should be taken into
account in a ship hull vibration, the empirical expression of the inertia coefficient
of a cylinder considerably differs from that of a ship hull as will be seen in
Fig. 5.

As a result, the formulae yield as follows,

n=c S, (13)

where, ¢=0.35; for a cylinder, (14)
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¢=0.24; for a ship hull (15)
2-' ¢ ) Q cylindcr model
¢ —

a ® ship mogel

L/B=15
/01.) elliptical eylinders(8]q L/B=10

T=1o OL/B-10
0.3k ’ torpedo boat (Terada)[6] *
cargo ship @y torpedo hoat (Yokota)(7]

y ¢

e L
Ca:’clig /. cargo ship,

0.2r tanker (8]
111 @
0.1}
% measured in shallow water tank, h/d=2
) L . L L . B
1 2 3 b 5 6 d

Fig. 5 c-values obtained by experiments on elliptical cylinders
and ship-shaped models (see also [6], [7] and [8]).

Conclusions

In the present paper, the author emphasized that since the virtual inertia
coefficient in a ship hull vibration is defined as the ratio of kinetic energy of the
vibration of water entrained by ship hull to that of the ship itself, the velocity
amplitude of the hull vibration should be taken into account in the calculation of
the virtual inertia coefficient. As the results of the calculations of the coefficients -
on a model ship and the analytical evaluation of energies under appropriate ds-
sumptions, the inertia coefficient in a ship vibration is seen to be considerably
smaller than that in the translational oscillation of a ship or the flexural vibra-
tion of a cylinder. In addition, it is to be noted that the load distribution as
well as the number of nodes of the hull vibration considerably affects the inertia
coefficient in the ship hull vibration. We may safely assume that one of the rea-
sons of the discrepancy between the Lewis’s r-value and the experimental result
on board ship, as suggested by McGoldrick and Russo [5], Dr. F.H. Todd [4] and
P. Kaplan [9], is clearly explained by the present investigation. Further study into
the three-dimensional correction in the above problem is required for determining
the virtual inertia coefficient of ship hull vibration.
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