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ON THE THEORY OF HOMOGENEOUS
AXISYMMETRIC TURBULENCE

By Michio OHJI

This paper intends to display the formulation of the spectrum of homo-
geneous axisymmetric turbulence in particular. The explicit representation
of the second- and third-order wave-number tensors together with the govern-
ing dynamical equations are shown. And further, defining the special types
of axisymmetric turbulence, that is, quasi-isotropic, axial and transverse
turbulence, respectively, we shall see how to interprete the general axi-
symmetric one as a composition of these elementary fields of motion.
Incidentally, Batchelor-Chandrasekhar’s formulation of axisymmetric corre-
lation tensors is quoted with some notes.

1. Introduction, A field of homogeneous turbulence is said to be ‘axi-
symmetric’ as well if there is present one and only one preferred direction
and all its dynamical properties are symmetrical about this direction (s, say)
in a statistical sense. More precisely speaking, homogeneous axisymmetric.
turbulence is specialized by the requirement that the joint-probability dis-
tribution of the velocity at any » points should be invariant (1) for arbitrary
translations, (2) for arbitray rotations about s, and (3) for reflexions in
planes containing s and normal to s, of the configuration of n points. It is,
of course, the next simplest form of turbulence to homogeneous isotropic,
or in other words, the simplest case of non-isotropy. The possibility of dealing
with such a case was early suggested by H. P. Robertson [5], and his plan
was realized by G. K. Batchelor [1], to whom S. Chandrasekhar [3], [4]
succeeded.

But it seems to the author that further references concerning this problem
have seldom appeared during the subsequent period of turbulence research,
and this is the reason why the present paper is written. In the following
pages, we shall find the basic expressions and equations of homogeneous
axisymmetric turbulence, where the axisymmetric spectrum tensors are
introduced. The procedure of analysis lies, in principle, within the range
of the general theory of homogeneous turbulence which is summarized in
Batchelor’s monograph [2], for instance. It may, however, still of some use
to elucidate again in what respects the axisymmetry makes an appearance
of its own. Thus, besides incompressibility of fluid, no special assumption
other than homogeneity and axisymmetry of turbulence is made, and we are
solely concerned here with the framework of the theory, reserving its
elaboration or application for another occasion.
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64 M. OHJI

2, The axisymmetric tensors. Let r = (r(, r,r;) be the space vector sepa-
‘rating two arbitrary points & and &', such that r = &’— x, and let s = (s, 82, 83)
be a unit vector_with fixed direction, where the index i (=1, 2, 3) indicates
the i-th component in orthogonal Cartesian coordinate system.

Then, if the turbulence is homogeneous and moreover axisymmetric
about the direction s, each of true tensors® representing the various two-
points correlations referred to the separation r must be expressed, according
to its order respectively, as follows?:

Qi(s;r) =Ar,+ Bs;, (2.12)
Qi(s; 1) =Arir;+ Boiy+ Csis;+ Dsirs+ Erys;, (2.1b)
Oisi(s; )= Arirsre + Brids + Crijdp + Dredy;
+ Es;8;8; + Fsi0 -+ Gs5;01 + Hsi0ij
+ Isirjr+Jris;re + Kriry sy
-+ Lr;Sjsp+ Msir;sg+ Nsis;re, 2.1¢)
and so on, 4, B,C, ... béing the defining scalars which are regarded, most
generally, as arbitrary scalar functions of the scalar products
riri=re and rnsi=rm, (2.2)

apart from any possible dependency on the time # (m is the cosine of the
angle between r and s). This is a well-known result from the invariant
theory of Cartesian tensors as is proved in [1] and [3], and such tensors
may be simply called the ‘axisymmetric r-tensors with the axis §.®

Now, turning from r-space or physical space to K-space or wave number
space through the three-dimensional Fourier transform relation defined by

3
Lij..n(S; )= (2%_[) JQ’U...n(S ;r)e ™ Tdr, (2.3)

where ¢ =v"—1, and § is the wave-number vector, the ‘axisymmetric K-tensor
with the axis s’ is introduced in association with each r-tensor Qi....(s; r).»

1) The adjective ‘true’ is used here in contradistinction to the adjective ‘skew’. It
should be noticed that correlation tensors involving an odd number of the axial vectors,
such as the vorticities, are skew, since they take the opposite sign to true ones on
reflexion in the origin. But, throughout this section, the skew case is excluded. cf. next
section, further [3] and [5].

2) . Here, and in the sequel, the customary notation of Cartesian tensors with the sum-
mation convention for repeated tensor indices will be followed. ds; is thus the unit
diagonal tensor.

3) In the strict words, we may say ‘homogeneous and axisymmetric...” but from now
on we shall frequently omit ‘ homogeneous and’ for simplicity’s sake. The subsequent
pages should be read in this sense.

4 In (2.3), dr stands for a volume element dr; dr. drs of r-space, and the integration
extends over all space. The similar convention will be consistently used hereafter.
Indeed, the definition (2.3) becomes a trivial one when the integral on the right hand
side does not converge, but by substituting the relevant cumulant tensor in place of the
correlation tensor itself if necessary, we can always ensure the existence of the Fourier
transforms occur in the theory. See [2], p. 21.
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THEORY OF AXISYMMETRIC TURBULENCE 65

We shall often refer this as the axisymmetric spectrum tensor, for which
it is evident that the above theorem still holds in a formal sense, so long
as we replace the symbol r by &, and consider 4, B, C,. .. are now arbitrary
scalar functions of

Eiky = K? and KiSi=Kp, (2.4)

¢ being the cosine of the angle between £ and s. To return from E-space
to 1-space, the Fourier inverse relation of (2.3) may be utilized, viz.

Qij..n(s;1)= Jzi,i...ﬁ(s; E)e*"dE. (2.5)

The defining scalars of %;...(S; ) will be written explicitly in terms
of those of Qij...(s; ) and vice versa by carrying out the integration of the
right-hand side of (2.3) or (2.5). In view of the considerable complexity
of their general expressions, however, we shall not enter into details here.

3. The double velocity correlation tensor. Following the customary no-
tation, let us write

Riy(r,D=u(x, 1) -us(x+r, 1)  (=uwuy, in short), (3.1)”
for the double velocity correlation tensor. We have then
Rij(r) =Ru(—1), 3.2)

from homogeneity of .turbulence, and at the same time continuity of
incompressible fluid requires the solenoidal condition with respect to both
indices, saying

ORy(r) _ ORu(r) _ (3.3)
ari al‘) ’ )

Now, in the case of axisymmetry, it has been proved by Batchelor [1]
that this tensor should be symmetrical in its indices, viz.

Ri(s; r)=Ru(s; 1), G4
in virtue of (3.3) and that accordingly it must have a form
jo(S ;r)=Ryrr;+ Rgaij + Rasis;+ Ri(sir;+1i85) , (8.5)%

where R, R,, R; are even, while R, is an odd, functions of their arguments
r and rm. To be noted, contrary to the case of isotropy, a second-order
axisymmetric tensor is by no means necessarily symmetrical in its indices,
unless it is solenoidal in both of its indices. Inserting now (3.5) into (3.3),
we have

OR, ' 1 9R, m ORs 9R, 1—m? OR,

4R'+'a'r+7 or Trem T T4 em

=0, (38.6a)

5) Unless specially needed, the symbol of time variable ¢ will be dropped in the follow-
ings, for, so far as kinematics is concerned, the role of time can be disregarded at all. ’

6 The figures 1, 2, ... attached to the defining scalars are not tensor indices, but no
confusion will be caused by such a usage.
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66 M. OHJI

and

1 OR, OR:  1—m? OR3 OR, _
r8m+ 8r+ r 8m+4R‘+r8r— ’

(3.6b)

which are two differential relations between four defining scalars R;, R., R;
and R.. Thus, only two of them are independent each other, but unfortunately
the fact that these relations (3. 6) cannot be expressed in an integrated form
makes it quite troublesome to proceed further. ’

In this respect, however, Chandrasekhar[3] showed how it was convenient
to introduce a skew tensor into the course of analysis. Namely, since the.
curl of any skew tensor becomes a solenoidal true tensor of the same order
automatically, there must always exist a second-order skew tensor g;;(r)
such that

Ri(r) = curl gi;(1), 3.7

where in view of (3.3) the curl may be applied to either index. And
according to Chandrasekhar, it is seen after some reasonings and tensor
manipulations that in the axisymmetric case the relevant skew tensor
qi;(s; 1) can be written in the form

: 10 -
0:;(S 5 1) = Q1€45x T + G2S; €1 Sp 11 + — a—‘:—r‘lrjemsm , (3.8)P

in which only two arbitrary scalars ¢ and ¢, appear. The four defining
scalars of Ry(s; 1) expressed in terms of ¢; and g, are:

RZw—rz;—r~2q1 r(l—m )gq—°~qz—m%+(1~ )gz—;}l‘z
+m(1 ~m2)%1n—i , (3. Qb)
R3=r%"f+qz—g—i‘g—m§%, (3.90)

satisfying (3.6) identically and showing that ¢; and ¢, are even functions
of r and rm. Especially, if ¢; is independent of m and also ¢g.=0, (3.9)
reduce to

qu and R3=R4=0,

which yield

7) €45 is the unit alternating tensor which is zero when i, j and k are not all different
and is equal to +1 or —1, according as i, j and k are in cyclic or acyclic permutation
of (1, 2, 3) respectively.
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THEORY OF AXISYMMETRIC TURBULENCE 67

AR 4+ roR 1R
or r or
that is, the turbulence is then in fact isotropic.
The mathematical formulation of the axisymmetric double velocity corre-
lation tensor was hereby completed, but from the practical point of view

a few words will be added later (sections 5. and 9.).

4, The energy spectrum tensor. We shall now turn to K-space, and con-
sider the basic kinematics of energy spectrum tensor @;;(k), or the Fourier
transform of R;;(r), for axisymmetric case. First, by definition we have
generally

\3
OB (—1—) JR”(r) e ™ "dr, (4.1a)
2r
together with the inverse relation
Ri(r) = qu(ﬁ) e "de, (4.1b)
which gives, at r=0,
Ri;(0) = uiu; = wa(ft) de. (4.1¢)

To be readily found, the conditions of homogeneity and solenoidality in k-
space is written as

0i;(E) = 05(—E) = Oi(K) , (4.2)®
and

E; d)”(ﬁ:) =Kj w;;(n) = 0 , (4. 3)
these being equivalent to (3.2) and (3.3), respectively. @;;(K) is, therefore,

an Hermitian tensor which is complex in general except its diagonal elements.
In the axisymmetric turbulence, however, we have at once

Dis(s; B)=0u(s; ), 4.4
from (3.4), and hence it must be an entirely real tensor having the form
Di;(s; B)=0,k:6;+ 0,015+ Os8:8; + Ou(sik; + £455) (4.5)
in quite the similap/manner as Ri;(s;r). And in view of (4.3) we find
4 K20, + 0,4+ kp 0, =0, ' (4.62)
and
p20;+£0,=0, (4.6b)

by means of which some two of four defining scalars can be readily elimi-
nated. For instance, eliminating @, and ®@,, (4.5) becomes

$An asterisk indicates the complex conjugate.
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68 M. OHJI

d)“(s; n) = 0‘ KiKj— (16201'—‘/12 @3) 35; + 03S¢Sj—-% mg(st/:j -+ IC@SJ') , (4 7)

where @, and @; are even functions of £ and «£u. This will reduce to the
isotropic expression provided that @;=0 (= 0,) and also @, (= — 0:/x*) does
not depend on . Thus, the solenoidality needs here no special device such
as the use of a skew tensor.

It may be worth noting that further restrictions are necessarily imposed

on @;;(s; €). Namely, (1) the integral j]ﬂ)“(s; E)|dE should be finite; other-

wise a certain divergent catastrophe would occur in the correlation tensor,
(2) the scalar product a;«;@;;(s; ) should be non-negative for an arbitrary
choice of the constant vector @, since this quantity represents the spectrum
density of mu;o;c; =ul2.® This property will be utilized in section 8.

Another relevant quantity of interest is the wave-number magnitude
spectrum, or simply &-spectrum, say, defined by

Vy(k) = J'(Dij(lt)ds(x), A (4.8)

where dS{(x) is a surface element and the integration is over the surface
of sphere of radius #. Clearly, ¥;(#)dx is the contribution to wu; from
wave-numbers the magnitudes of which lies between £ and « + dk, viz.

oo

wit; = j 0.,(K) dk = J ¥,(k)dE. (4.9)

0
Now, according to (A.8) of the Appendix, it is seen that
V(s £) =¥a(£) 045+ To(K) 5185, (4.10)
and the expressions of ¥,(k) and ¥,(x) in terms of @, and @; are:
o[ K2
Va(r) = — 46?5 <L 1) 000 = 0D |, (411a)

and

To(k) = — drk? 52_2<(1—3#2) 05, —<(1—245) 0>, ], (4.11b)

respectively, where the abbreviation

1
1
<...>p=5J (...)duy
-1
is to be understood. Again, in the isotropic case, these reduce to

?I/'a(/c)=—%n/:2(l)1(lc) and  ¥y(k)=0.

9) These are the physical aspects of the Cramér’s theorem established in complex form
for general continuous stationary process (cf. [2], p. 25). Also note that as a special
case of this theorem, the diagonal elements of @4;(k) are proved to be always real and
non-negative. An inequality @;#2 < @3 thus comes from the requirement @y(s; £) = 0.
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THEORY OF AXISYMMETRIC TURBULENCE 69

5. Some relating quantities. Before introducing the dynamical relations,
let us derive in this section several quantities particularly accessible to
experimental technique or physical interpretation.

(1) The important correlation functions
To begin with, the ‘total’ correlation function (R, say) is obtained by
contracting R;;(s; r) with respect to i and j, that is,

R(r,rm) = Ry(s; r)=wu/ =r*R, +3R;+ Ry + 2rmR,

__ 1097, 2 0 2y (941

== a5 2+ A—m )qz}]+ Tm[(l m )(am +qu):|, ¢.1
this being an invariant for the choice of coordinate axes. One of the corre-
lations suitable for practical measurement, on the other hand, is that between
velocity components parallel to the direction of separation r. Let R} denote

this ‘longitudinal’ correlation function, then we have

P (S
Ri(r, rm) = Uiti Z”J ry _ Ri(s ;21') Fity
=7r2R;i+ Ry+m2Rs+ 2rmR,= —[2¢q, + (1 —m?) q:] . (5 2)

And, subtracting (5.2) from (5.1), there
comes the sum of an arbitrary pair of A

‘lateral’ correlation functions, Ry and X x
R’; (see Fig. 1). 1t is thus found that
, 2 p! (a) R:
R::+R'Z=R—RZ=—1—M
r or
9 (29
el N
0 n
(5.3) 9| & e
R': //x'
which is to be compared with the well-
known isotropic relation (v) R” and R™
2
2RZ=2R/Z=£3(§&_ Fig. 1.
r

(2) The energy tensor and the energy spectrum functions
Considering (3.5), (4.9) and (4.10), the expression (4.1c) of energy tensor
can be written as

ﬁ = Ri,(o) = Rz(O) 6ij -+ Rg(O) 83 85

oo

=J Wij(fc>dx=5ijj Wa(lf)dlf—i-SgSJJ ?.Vb(x)dx, (5. 4)
0 0 0

showing that

Ry(0) = { V() de(= —24.(0) —g2(0)), (5.5a)

©0
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70 ' M. OHJI

_and

oo

" Rs(0) = J V() de (= gx(0)), (5.5b)

0

where Ry(0) stands for the value of Ry(r,rm) at r=0, and the like. And
further, the following expressions are readily obtained:

E = -;—uiui= %R(O)=% [3Ry(0) + Ry(0)] = J §(yde,  (5.6a)

{

Ej =~1W,2= é—ﬁ;sis,:% [R2(0) + Rs(0)] = J En(r)de, (5.6b)

2 0
~and
EBy= Lt (E—Ep) =~ Ry(0) = J £1(s)dr, (5. 60)
2 2 2 0
provided that
28(k) =Tu(k) =3¥(k) + ¥u(k), (5.7a)
280(e) =¥y(k)sisi=¥a(£) +¥o(£), (5.7b)
and 281(8) =E(k) — &) =¥alx). (5.7¢)

The symbols // and 1 refer to the directions parallel and perpendicular to
the axis §, and for the time being we shall call £(x), &y(k) and £, (k) the
‘total,” the ‘axial’ and the ‘transverse’ (energy) spectrum functions re-
spectively, whereas E, E; and E) will be called the total energy (density)
and so on. Evidently, we must have

(k) =0 and  ¥o(k) = — ¥alk), (5.8)

since each spectrum function is by no means negative. By the way, we can
also write

wu;=2E; 8 + 2(Ey — E,) 815, (5.4)

for the energy tensor.
When i=J, w;u; represents the turbulent shearing stress e, viz.

5= es;S; =2(EII_E.L)Sist Y (e)de, G+, (6.9
0

and hence if we take any one of the coordinate axes, x-axis, for definiteness,
in parallel with s, all members of e; vanish identically, for s;=01;. Let us
refer such a coordinate system as the ‘s-system’ hereafter. Then we can
also say that the s-system corresponds to the principal axes of Reynolds
stress tensor and that accordingly the vanishing turbulent shear in s-system
is not a sufficient condition of isotropy.

(3) The one dimensional spectrum functions
If a spacial Fourier analysis of the turbulent velocity is made along
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THEORY OF AXISYMMETRIC TURBULENCE 71

a line, the energy spectrum function representing the contributions from
every slices in E-space perpendicular to that line is obtained. This is the one-
dimensional spectrum function conveniently measured in usual experiments.
Taking the s-system, and analyzing the velocity variation along xr-axis,
we have

04(k,) = 2L7r J R;j(r,0,0)e™" "1 dr, = J J 0Ky, kg, £2)dradrs,  (5.10)

oo

where &= &kpg and &2+ k2= k2(1—pu?). After simple calculations it is
found that

oo

@11(K|)=27rj ( —%‘22)((173—/;2@)16&;, (5.11a)
Ky

: < 2 2
and @22(N1)=@33('f1)=2ﬂj‘(1 %2—(173—%<1+%)/:2(Dl:|xdm, (5.11b)

the other elements of 0;;(x;) being all zero.

6. Dynamical equations. As is well established, the basic equations govern-
ing the dynamics of Ry(r, #) and 0;(K, t) are written in the following way :

i.e. in r-space, %{0 —2VP2Ryy(r, t) = Ty(r, t) + Piy(r, 1), (6.1)

and in K space, 20 20 k204K, £) = Tk, £) + (K, ©) (6.2)

00,;(E, ©)
ot

where Ti(r, 1) = 587 (wsupu) — wug'uy’) = JH;(K, He*"dr, (6.3)
k
1 /opuy Op'w .
Py(r, t) =~ (%P4 _ OP'M) _ )
=2 ( T ) ok, e "ds,  (6.4)

D being the pressure, ¥ the kinematic viscosity, p the density and F2= 82/9r, or;.
These are derived from the Navier-Stokes equation of viscous incompressible
fluid

)

a—l:—l-(ugrad)u=~%gradp—l—u72u,

. and are valid for general homogeneous turbulence. Of course, Ty (1) or
I'ij(B) and Py(r) or II;;(K) represent the inertia and the pressure actions

respectively, both of which stand for the non-linear character of the problem.
But from the kinematical considerations, we have

0 —
ﬂj(0)=—3~mu¢u,u:¢=0 = Jrij(n)dn=0, (6.5)

and Py(r)=0 =5 IHy(E)=0. (6.6)

Furthermore, in virtue of the relation
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72 M. OHJI

V*p=—p div(u grad)u,
which is the divergence of Navier-Stokes equation, it turns out to be

_ 0T, (1), 2Tu(r)
V2Pi(r) = - ark[ or or,

: szj(n) = — [lii‘ICk ij(n) + LY Fik(n)] . (6 7)

showing the connexion between the pressure action and the inertia action
(see [2] 5.2).

Now we shall introduce the condition of axisymmetry and for conciseness’
sake consider below in K-space exclusively. At the beginning, since I';(s; E)
as well as Il;;(s; B) is not solenoidal, there is no reason to suppose it is
symmetrical in indices, so we have to assume in general that

Rj(s 5 K)T—F;ﬁ,‘f/ﬁj—*’ 1—725“"5-1—'35,;.9}—]-]14&/51—5“ F5I€1Sj, (6 8)
which gives after (6.7)

Iy(s; B) = (24Tt k p( Lt TD] 5L s
‘ —(uTs+£T5)™, (6.9)
“where the relation (6.6) giving
B2+ Do+ 20+ p (T + 1) =0 (6.10)

has been used. In addition, from the requirement (6.5) we get two integral
relations '

j £2<k2(1— 2+ 2> de =0, (6.11a)

0

and . J K22+ (1 —p)oude =0, (6.11b)

0 ‘
being together with (6.10) the restrictions imposed on the five defining scalars
of I'i,(s; B). At the same time, (6.8) and (6.9) give immediately

’ft7

Ti(s; B) + ILi(s; B) = — ([y— /121‘3) + I 2045+ I's8:8;

- —1:3 (sik5+ KeSy), (6.12)

that is, the right-hand side of the equation (6.2) is, like @;(s; K) itself,
symmetrical in the indices and is determined by only two scalar functions
as it ought to be so.

Then, integrating (6.2) over the surface of sphere of radius #, the
equation of k-spectrum ¥;;(x) is obtained. The result is that

aW“(fC, t)

o -+ Zyﬁsz(li, t) = EU(K, t) , (6 13)
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THEORY OF AXISYMMETRIC TURBULENCE 73

where B (k, 1) = E(k, 1) 0i; + Ey(k, ) 8,585, (6.14)
and Eo(k, 1) =2n &2 [<(1+ ) Ipp + <p2(1— o) Tyl , (6. 15a)
Ey(r, 1) =2 [{(1—3p)IDu+<2—3p2) (1 —p) I'sy] .
(6.15b)
from (A.8). To be noted here, it is found in virtue of (6.11)
SJ (K, 1)dr + J (&, t)de =0. (6.16)
0 0
Thus, theré comes the following set of equations
BUED ¢ pumrgy(e, )=+ [Eule, D+ B(s, D], (6.072)
?%f’—’) +2vK2E (k, £) = _;_ Eu(k, 1), (6.17b)
and by integration from £ =0 to oo, we have also
9’%’;(—’) + va K281,(k, 1) dr = — J Zalr, O dr | (6.18a)
0 0
dEL(D) | o, J K26, (k, Dde =L | Eu(r, Hdr, (6.18b)
dr o 2/,

where use is made of (6.16).
The decay of total energy, on the other hand, is described by the equation

dE—U)+2uJ £28(k, t)de =0, (6.19)
dz o

which tells us that the inertia action (including pressure action) does not
affect the total energy decay, while it plays a part in the dynamical
processes of partial energies E;(¢) and E;(#) as is seen in (6.18). Namely,
the directional transfer of kinetic energy is well represented by the quantity

j: Zo(k, f)dr alone. Subtracting now (6.18a) from (6.18b) and comparing
with (5.7) and (5.9), we get

deT(tt) +2v | £?¥u(k, t)de = — 3J Eo(k, 1) dk . (6. 20)
v 0 0

This is the equation for the change of turbulent shearing stress.

7. The third-order spectrum tensors and further details of I7;. So far
we have not entered into the further detailed expression of Ij;(s; E) which
may be called the energy-transfer spectrum tensor. But, in general, if we
introduce the third-order E-tensors 1 ux);i(E) and 1 ,(B) such that
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74 M. OHJI

Y ) (B) = (if Jui ueus’ e 7 dr (7.1
27 ’ '

3 —_——
and Vi (B) = (%r) Juiuk’u/ e“ "dr, (7.2)

the relation (6.3) in r-space is translated into
Ti(B) = £, [T a3 (B) — Vi (B)] - (7.3)

In isotropic case this reduces to a single scalar relation, since each of
Y );(B) (= — Yixs»(B), in that case) and I, (E) has only one defining scalar
function. In axisymmetric case, however, the corresponding expression be-
comes somewhat lengthy and complicated as is shown below.

That is, the general properties of third-order spectrum tensors in homo-
geneous turbulence are:

Yip(B) =Y au(—B), (7.4)
from homogeneity, and
£5 Yy (B) = £ o p(B) =0, (7.5)
from incompressibility together with the obvious conditions
Tys(B) = Yaays(B)  and  Yigp(R) = Tise(B).  (7.6)

And, taking these into considerations, we can assume for axisymmetric
turbulence that'®

%T(uw(s s B) =11 [£2(KiOkj + Ex0iy) — 2K K6 K]
+ (Vakikr + Vil + Visiso) (1 £; — £.55)
+ V5 [(Sikp+ KiSk) B3 — £2(8; 05 + S£05)]
and + Vo [(Sirr+ £i56) 85— £ (505 + s1.01)],  (7.7)

%Ti(kj)(s s B) = =117 [£2(K;0k + £x0s5) — 264 Ki 5]
+ (Yo kjkr+ T3 0+ Vi sis6) (U ks — E5;)
+ 25 [(85 6+ £555) £ — £2(8500 + Sk045) ]
— Vo [(Sykp+ £386) 5i— k& (850, + S:055)],  (7.8)
where we put
ik, ep)=0(k, —kp), Yo (&, £p)=7y(k, —£p), and so on,

in view of the fact that # changes sign with the component #;, whereas &
remains in the same sign for replacement of € by — K. In this connexion,
we shall conveniently divide each scalar function into its even and odd
(with respect to #) parts designated by the superscripts o and e respectively.
Namely, we have, for example

10} Y arys(s; B) and Yyxj)(s; B) are pure imaginaries, and hence ¢ appears in (7.7) and
(7.8) so that each defining scalars may be real. As to the corresponding expressions
in r-space, see Chandrasekhar'[3].
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THEORY OF AXISYMMETRIC TURBULNECE 75
T1=T18+T10, T1"=1"1"——1"l°,
and 2Ve=0, +7,—, 27°=01;—0,".

In these ways, we arrive at via (7.3) the following expressions of five
I's:

Ti= 20k (kT — o) — (2T + T (7.92)
To=2k2[— &k (£1° — pT5°) + £20] , ' (7.9b)
I=22(uYeP+71¢), (7.9¢)
Ti= — £ [(620 s + T5) + 22 s — 2470 (=—Ts-),  (7.9d)
To= £[(R2 2+ 1) + w2 ' —2u7¢] (= —TI'), (7.9)

showing that Iy, I's, I'; are even, and I'y+ I's is an odd. functions of #, and
that the relation (6.10) is, as is expected, automatically satisfied. Further-
more, by using (7.9) in (6,9) it is seen at once that

]I,;;(S;n)ZZ,UIIOICsz—FK(Hsikj'—ﬂ_ltiSj), (7.10)
where O= g2+ T3+ p20— 247, 7.1

and it is one of the remarkable feature of axisymmetric turbulence that
a single function II(«, k) is suffice to determine the direct action of pressure
on the energy spectrum tensor. By the way, the relations

1 1 3 |— 7 KT — —
?(271,') qu; € dr=: II(N") ICSj), (7' 12)
3
and (1) (2171) Jp’m e dr = ¢ 1T~ (ur— £ 57) (7.18)

sheculd be noticed here.

Let us now recall the state of affairs in isotropic turbulence. There
simply Ti(#) =7,"(x) and all other 1”’s are zero. So far as the second- and
third-order isotropic tensors are concerned, therefore, the governing dynamical
equation (either in K-space or in r-space) reduces to a single scalar relation
which makes it possible to evaluate one of them from the knowledge of the
other. And first in the fourth-order tensor, there appear more than one
defining scalars, the evaluation of which requires some independent physical
hypothesis such as the ‘hypothesis of zero fourth-order cumulant of the
velocity field,'? for instance. In the axisymmetric case, on the other hand,
the number of defining scalars is six for third-order tensor, while it is two
for second-order one. This means that even the complete knowledge of the
latter is not sufficient to determine the former without introducing any kind

11) This is the generalization of the ‘hypothesis of normal joint-probability distri-
bution of the velocity field’ use of which can be traced back to M. Millionshtchikov (1941).
The proposal of this generalized form and an elaborate analysis based upon it has been
made recently by T. Tatsumi (Proc. Roy. Soc. A, 239 (1957) 16). Also the work of I.
Proudman and W. H. Reid (Philos. Trans. A, 247 (1954) 163) may be consulted in these
connexions.
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76 M. OHJI

of special assumption already at this stage. The similar can be said about
the pressure term too. That is, in isotropic case it is well known that IT =0
identically, but here to estimate II itself is the very question. Thus we
cannot help to confront a deeper problem of turbulence theory by one stage
earlier, so to speak, than the case of isotropy.

8. Decomposition of axisymmetric turbulence. In section 4. we have got
the expression (4.7) of axisymmetric energy spectrum tensor which may
be now rewritten as

0i;(s; B)=0:(kik;— £20;;) + @3 [/123/5_7 -+ 885 — %(Silfj +Kki5)]. (8.1)

This shows that an axisymmetric energy spectrum tensor is composed of
two parts represented by 0.(x, k¢) and @;(k, ku), respectively. And each
part can be regarded as describing a special type of axisymmetric turbulence,
since both of them individually satisfy the conditions of hormogeneity and
solenoidality by themselves. Accordingly, so far as the energy spectrum
tensor is concerned, general axisymmetric turbulence appears as if it were
a composition of the specified fields of motion. It is, of course, far from
being a simple superposition of velocity fields, unless these partial fields are
statistically orthogonal each other, and further there must exist a certain
complicated interaction of non-linear character between these parts at least
during the earlier stage of decay; nevertheless it may be of some interest
to speak of the ‘decomposition’ of axisymmetric turbulence in this context.
It is a procedure to express the general axisymmetric field in terms of the
elementary ones. The mode of such a decomposition, however, is rather
arbitrary, the representation like (8.1) being a mere example. So let us
mention in the followings the other modes which seem to be more intuitive
in their physical meanings.
To begin with, if we put

0,=—(Z+ Y1), and 0;= —£k2Y;, (8.2)
(8.1) becomes
0i;(s; B) =Z1(k201— ki k5)
+ Yi[k2(1 — p2) 05— ki k5 — £25: 85+ k£ (Scky + £:5;)],  (8.3)
from which it follows
Di5(s; B)sis;=k2(1— p2) Zy,

showing that Y; does not contribute to the axial energy E;; at all; in other
words, the second term on the right-hand side of (8.3) corresponds to a plane
motion perpendicular to s.'® The first term, on the other hand, is similar
to the isotropic functional form except that Z; is dependent on xz as well as
on k. Thus, for convenience’ sake we shall refer the former as transverse

12) We must distinguish this from a purely two-dimensional motion in which all velocities,
even the instantaneous ones, occur uniformly along the direction normal to the plane
of motion.
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THEORY OF AXISYMMETRIC TURBULENCE 77

term and the latter as quasi-isotropic term. Or supposing their physical
realities, the words ‘transverse turbulence’ and ‘ quasi-isotropic turbulence’
also will be used.”™ Then from the requirements of the Cramér’s theorem
(p. 68) applied to each of them we find

Z; =0 and Y =0.

And, making use of (8.3) in (4.11) and (5.7) it turns out that

Vo(£) =283 (k) =2mk* [<(1+ ) Zu + <A —#*) Yul, (8.4a)
V() =2[8 () —E1(K)] =27 [<(1 =3 D) ZDp— <A — ) Y] ,
(8. 4b)

together with a pair of dynamical equations

BZI+2VK2ZI=F2+(1—_—#2)F3, (8.5a>
ot £?

Y, R

—atr—l—zyﬁ“yx——?, (85b)

derived from the tensor equation (6.2). In these equations there appears
the cross term I'; representing the interaction between two partial fields of
turbulence. Evidently, this term is no longer capable of being decomposed
in the same sense as before, and so it should be emphasized again that the
notion of decomposition is limited in this respect, too.

Next, we shall have an another representation on putting

O, =—Zn+ 242X and O;=£2(1 + p2) X1, (8.6)
that is,
0(s; B) =Zu(k20:; — £i£;3) + Xul2 2k 65— £2p2(1 — %) 0y
+ (1 + 2 {r?s s, — kp(siks+rsy)] &7

In spite of its somewhat lengthy appearance the physical implication of this
expression is fairly simple, namely, from (8.7) we nave

0u(s; 8)—0i(s; ) si55=£2(1+ p2) Z1r,

and hence the term of Xy corresponds to a rectilinear motion parallel to s,
having no contribution to the transverse energy E,. It may, therefore, be
called ‘axial turbulence’ Again, in virtue of the Cramér’s theorem, the
necessary conditions

Zy = 242 X =0
can be obtained. The related functions and dynamical equations are

Vu(k) = 26.(x) = 2k <(L+ 1) Zi>w, (8. 82)

13) In a strict sense, the proper use of these terminologies should be restricted to the
case of non-interacting coexistence, but as an expedient we shall often use them for
other general cases as well.
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78 M. OHJI

Vy(e) = 2[E1(k) — EL(R)] =27 k! [K(1 — 34 Zidw + 2<(1 — ) Xidu]

(8.8b)
0Zn 27 s+ p2[Fa+ (1 — ) Is]
and ar + 2vE*Zy EYE s (8.92)
al” R _ I;
ot + 2vE X]{———(1+#2)’C2. (S.Qb)

Two modes of decomposition I and II, say, stated above may be convenient
to consider the correspondence to isotropic turbulence as is naturally supposed.
Comparing (8.2) and (8.6), however, we see

i+ Y1=Zn—212 X and Yi=—AQ+ ) Xu, (8.10)

which shows that the requirements Y3 = 0 and X1 = 0 are incompatible unless
Y1=Xu=0. Accordingly, we have to say that these two representations
are so to speak exclusive each other in the sense that when a given field
of turbulence is composed of transverse and quasi-isotropic terms, then the
decomposition into axial and quasi-isotropic ones will be physically fictious,
where the axial term, conflicting the Cramér’s requirements, does not represent
a possible field of motion, and vice versa. So long as we bear this in mind,
interchanging the representations is only a simple algebra after (8.10), but
it seems to be preferable to avoid the use of any fictious element in the
dynamical theories. Moreover, there is no kinematical reason why we may
disregard certain cases in which the spectrum tensor must be differently
decomposed for different K. In such cases appropriate formulation will become
more or less troublesome.

Thus, the third representation expressed in terms of transverse and axial
fields will be added. Namely,

@“(S 5 IE) = Yn[[li2(1 — /12) Bu—— ...like (8. 3)] + XI]I[Zﬂ?Iiilfj'—— ...like (8. 7)]

(8.11)
is the desired expression, where in view of the relations
A—-—)Xm=2Z1=Zn+ (1 —p?) Xu, (8.12a)
and A= Yim=A—- ) Y1+ QA+ p)Zi=AQ+ u)Zy, (8.12b)

negative values will never occur in both of Xy;; and Yy as in Z; and Zj.
We can therefore use (8.11) for every cases, being free from the above
inconvenience. To be readily seen, we have now

q)‘a('f) =2nkt<(1—p*) Yau, (8.13a)
Uo(£) =2mk* [2<AA — )2 XD — <A — £ Yl (3.13b)
% 1 9z

ot 1—p2 ot

E)Ym _ 1+ p? oZn
ot 1—p* ot

(8.14a)

(8.14b)
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THEORY OF AXISYMMETRIC TURBULENCE 79

and the isotropic conditions are that (1 -+ #?) Xjr= Ymwr and that (1—#%) Xm
is a function of £ (and of ) only.
Let us end this section with an illustrative example shown below.

The spectrum of turbulence behind a damping screen.

The theory of damping screen or a plane sheet of woven wire gauze used in the
wind-tunnel practice was successfully established by G. I. Taylor and Batchelor [6],
and [2] 4.2. Suppose that the spectrum tensor of the turbulence is @;(E) far
upstream and is @;7'(E) far downstream from the gauze placed at right angles
to the main flow. According to their analysis, the connexion between these two
tensors can be written concisely as

0:" (k) = ciyor; O/ (K), (8.1)
. J—a){&201;— k1 K5) . ,
with » oi;(k) = x22+;32 L2500+ adyy, (8.2)

where the xj-axis is directed downstream, and J is related to the aerodynamical
characteristics, a and k, of the screen through

;_(B+02ap+¢(ak—1—a)]
B—0)[28+c(k+1+a)] ’
on putting B = & (k22 + £23)~1/2,
When the turbulence far upstream is axisymmetric about the direction of the
main flow (or specially, is isotropic), then so is the case in the section far down-
stream, too. For ready comparison with the original work, we shall assume here that

(8.3)

oy — €O i
Oif (B) =T (20— Kik), 8.4
namely, that the turbulence far upstream is isotropic. Substituting (8.4) into
(8.2), and replacing now 61; by si, £1 by xg, and 2432 by £2(1— u2),
respectively, (8.1) yields

0:'(B) = i- xf((Tx-)-—,u_z) [(a%+ p2JT*%)(transverse term, like (8.3))
+ JJ*(axial term,
like (8.7))] . (8.5)

In general, k£ (the resistance co-
efficient of the gauze) and a (the index
of deflection at the gauze, see Fig. 2)
are the functions of the incidence
angle ¢, but experiments show that
under the ordinary conditions we can
regard them as practically constant ) \w
and the empirical relationship normal

az(14+k)=121  (8.6) 9’=alﬁ
seems to be confirmed. It is thus a . )
straightforward procedure to find the ypstream
attenuations of axial and transverse
energies. In fact, since neither of a
and J depends on x, we have, noting

downstream

bl

gauze

that Ej=E'= %‘ j: &(x)de, readily Fig. 2.
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80 M. OHJI

oo

1
By =5 <= ) I, J & (k) de = »2—<(1 —uDJIISLE;,  (8.7)
0

1 _ o
and E'= 3 SartudJIE>, J &(x)de =%(a2+ <u2JI>)EN',  (8.8)
0
after (5.6),(5.7) and (8.13), and hence
B3 gy
ﬂ// - E) T2 <A—aJs w
_A2—darr 3, A2 B2 4 v/ Bi—1
Y (AZ-—4a2_B2——4)(1—B1/T?2—4 arctanh )1, (8.9)
E " A 2
ﬂ_,_=‘-'E‘ (a2+<u2JJ*>u)—a2+ 3 l: 7 (8.10)

where A=ak—1—a, and B=k+1+4+a>2 (in virtue of (8.6)). (8.11)

These are exactly the same as those obtained by original authors.

9. Notes on the expression of the correlation tensor. Returning now to
r-space, we shall consider again the double velocity correlation tensor. Let
us see the expression (3.9) on p. 66. It will be found that like the energy
spectrum tensor also the correlation tensor is composed of two parts, namely,
¢~ and grterms satisfying the kinematical conditions respectively. We may
regard this as the decomposition in r-space as it were. And, considering
that 9q,;/dm =0 together with g;= 0 are the conditions of isotropy, the g,-term
can be interpreted as an analogue of the quasi-isotropic field. Whereas it
must be the field of transverse turbulence that is represented by the func-
tion ¢,, because ¢» disappears in the expression of the correlation uu,’
= Rw(s r)s;is;.9  Correspondingly, in connexion with the series expansions

ai(r, rm) = q.(0) + r*[q%’ + m*q%’] + r*[gf + m*gSY + m*q D1+ ..., (9.1a)

and

q.(r,rm) = ¢:(0) + r* (g’ + m*q$] + r'[qif + m* g5 + m'gP) + ..., (9.1b)
near r=20, the relations
Ej=—q(0) and E.=—aq(0)— -;—q2(0) 9. 2)

should be noticed (cf. (5.5) and (5.6)).

But, to be obvious, —¢:(0) and —¢:(0) is necessarily non-negative, and
accordingly it follows E;; < E: (oblate type, say), so long as each elementary
field is a physically possible one. This suggests that in the case of Ej, > E.
(oblong type, say) an alternative way of expression would be preferable, the
above representation inevitably being fictious from the physical point of view.
In other words, so far the expression equivalent to the decomposition II or
IIT of the foregoing section is wanting. The following remarks will be
worth noting in this respect.

14) The correct relations between ¢; and gz in 7-space and Y; and Zi in KE-space,
however, are reserved here. .
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As is pointed out by Chandrasekhar [3], the general axisymmetric skew
tensor of the second-order must be a linear combination of the six fundamental
tensors

€irle, CurSt, Si€mScli, Fi€uaScti, Si€imSclh
and ri€jn Skl (9. 3)

of which, however, only four are linearly independent, and further the con-
tribution from €;%s; can be eliminated by a kind of gauge-transformation
in view of the identity

curl (qéwk Sk) = Curl(“<% aa"l%l 85 €ir1 Sk rl) -+ curl‘”[(—; 5;' —_ F 5;1) ¥ €ix1 Sk r;:l ,
(9.4)

for an arbitrary function g of r and rm.'” Mathematically, therefore, three
tensors of (9.3) suffice to construct the second-order skew tensor g;(s; 1)
in general for the purpose of deriving an associated axisymmetric true tensor
curl®g;;(s; r). Thus, taking the first, the third and the fourth of (9.3),
we have

qi;(S 5 1) = q1€4ju1e + 25, € Sk Ty + G3T5€ura Sk 1y, (9.5)

and by means of the fact that the symmetry in indices of Ry;(s; 1) requires

12
" rom’

(9.6)

we arrive at the assumption (3.8). But, in principle, the choice of fundamental
tensors is certainly left at our disposal; other combinations will yield other
representations. Although these various representations are all identical
in the mathematical sense, their physical implications are not the same.

Now, we need only to find out the adequate combination of fundamental
tensors (9. 3), corresponding to the desired mode of decomposition in 7-space.
It seems, nevertheless, we shall gain little from the attempt to do so, since
the condition of indices-symmetry has no longer such a tractable form as
(9.6) for any assumption other than (9.5). We must, therefore, be contented
with the previous representation which is to be properly applied to axi-
symmetric turbulence of oblate type. For the case of oblong type, the care
should be taken of its fictious character.

10. Acknowledgements. In conclusion, the author’s best thanks are due
to Professor Hikoji Yamada of Kyushu University for continual encourage-
ment and valuable instructions. He is also grateful to Professor Tomomasa
Tatsumi of Kyoto University who has been kind enough to help him in the
plan of this work.

15) The symbol curl(d indicates that the curl-operation should be applied to the index j.
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Appendix
Evaluation of the surface integral

We shall here suppose that
Xi;(S; B)=Aki£;+ Boy;+ Csys;+ Dsye;+ Ekys; (A. 1)
is a second-order axisymmetric tensor in general, and show the evaluation
of the surface integral jxij(s; k)dS(x) introduced in section 4.

In the first place, let us consider the rigid rotation of coordinate axes
from the k;-system to s-system (p. 70) in which «,/, ¥’ and k;’ are the co-
ordinates. The transformation is clearly represented by

where F=Tuk, } (A.2)
rii=r5 and  Turm=0y,
but, since the positive &,’-axis is directed in parallel with s, we have
TU=7i= S5, (A.3)
and accordingly it follows
TeTi+ TEaTs= TikTic— TaTi = 0y — Si 8. (A. D)
Then, introducing the spherical polar coordinates («, 8, ¢) through
k/'=rkcosl=kp, k'=&ksinl cos¢p, k3s=ksinl sing, (A.5)
the surface element dS(x) of the sphere of radius & becomes
dS(k)=k?sinfdf d¢ = — k2duds, (A.6)

and we have

(~ (1 2n
.)Alcilcde(lt)=lfzJ [ Ararake £/ déddp,
-1

Y0

and the like. But, we find readily

27 2 2z
kidd =27k, J "fz'd¢=J Ky dp=0,
0

0

Jo
2z 27 2

J k2 = 27 k2422, J ky'2dg — J k2dé = 21— ), | (A7)
0 0 0

Jxk'x,'d¢=o (for k=£1).
0

From these together with (A.3) and (A.4), considering that 4, B, ... are
independent of ¢, there comes the result
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4mK?

i s mastor =[5 < e+ <o
[ A= 3) Aout <Cout (D EYuJsiss, | (AB)
where we write ‘ (L.ode=2<...>u.

Another way to obtain the same result is as follows:
In view of the condition of axisymmetry, we can assume ab initio that

in/(s s B)AS(k) = Au(K) 05 + Ao(E) 5185 .
Then we have
ands= JWA +8B+C+rp(D+E)]dS(k) =34+ A,
together with

;8 JX“ dS= J[/cz,u‘lA +B+C+eu(D+E)]dS(k)=Adg+ Ay

Solving these (algebraic) equations with respect to 4, and 4,, and consider~
ing that the integrands are now scalar quantities, we get readily (A.8)
again. i
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84 ERRATA

ERRATA

Sand Transport along a Model Sandy Beach
by Wave Action
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Page 1, line 26 from the bottom, for “ Dr. Iwagki” read “ Dr. Iwagaki”.
“ S 108 ”»
Page 21, Fig.-11, for the oridinate of the figure LoH gHy X
BN

““ S »
——— X 10°
read LoHo gHo
V52

Page 24, Appendix

For Read
Colomn 10 Qs/ LoV gHp? (Qs/ Ly VgHgE) x 10*
g Hy gHy
11 Sv/Lo Hy 5t (Sb / LoHy —U—uz) X 108
gHy &Ho 6
12 S /oS (8 /Lm0 ) x10
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