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On the Stresses in Beams with Discontinuous Cross Sections 

By Tashiro SuHARA 

1. Introduction It is a matter of importance in considering the strength of structures to 
evaluate the stress concentration, plastic deformation and their strength at the geometrically 
discontinuous part, which is often observed in a welded structure such as the ship-hull. 
As the first step, the author evaluated approximately the elastic stress in beams with 
a rectangular section that changes discontinuously as shown in Fig. 1 in this report. 

The calculation was made on the basis of so-called "Two-beam theory." This two 
beam theory gives fairly good approximation at the part other than the neighborhood of 
the root of notch in case when the connecting part of two beams has little stiffness,( 1l 
but the error grows large if this theory is applied as it is by dividing the continuous 
body into two beams. 

The author, therefore, adopted the calculation of the two-beam theory, considering 
a point load at the root of notch which he introduced as representing the stress con­
centration in order to correct the above-mentioned error and then determined the magnitude 
of the point load from "the principle of the minimum potential energy of the entire beam," 
in which the energy function near the root of notch was obtained by the two-dimensional 
elasticity theory. 

The result thus obtained showed favorable coincidence with the experimental value 
except the neighborhood close to the discontinuous point (as far as about one tenth of 
the beam's depth). 

Fig. 1 gives the 
case where the 
depth of the beam 
at the central part 
is half as long as 
its length. Since 
we can, however, 
generally consider 
that the local stress 
disapears at the sec­
tion separated from 
the root of notch as 
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Fig. 1. Beam with discontinuous cross section 

far as the distance equal to the depth of the beam, the author chose this form for conveni­
ence. Moreover, he believes that it is possible to expand the above-mentioned method 
for the aualysis of various cases: when the beams have complicated sections or ribs, or 
when the beam is connected with the projecting part which is made of different material. 

Nomenclature 

M = externally applied moment present in beam 2 at the discontinuous 
section. 

n 1 h, n2h = depth of beam I and II respectively where n1 + n2 = 1. 
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/1, / 2 = moment of inertia 
of beam I and II 
per unit thickness 
of beam. 

am == horizontal normal 
stress a,, at the 
point P (Fig. 1). 

p, q = normal and shear 
stresses on the 
connecting sur­
face of two beams. 

· /J1, /J2 = horizontal dis­
placement of the 
lower edge of beam 
I and the upper 
edge of beam II. 

.YI, .Y2 = virtical displace­
ment of the neu­
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Fig. 2. Loadings of beam I and II 

tral axis of beam I and II. 
P*, S* = concentrated virtical and horizontal forces at the point of disconti-

nuity. 

2. Two beam theory. The beam is assumed to act like two simple beams loaded by 
the normal pressure p and tangential stress q on their connecting surface and the load 
P*, S* at the point of discontinuity. (Fig. 2) 

The moment equations of each beam are similar to that obtained by CorneU,CO 

l ··•(l) 

An approximate expression for normal stress p in these equations is(2) 

2kE 
p = h (.Y2- ,Y1), (k = 1.23). .................. (2) 

Using (2) and differentiating (1) twice with respect to x, we have 

l ••-(3) 

where 

Further we have another equation from the condition of continuity of the displacements 
of two beams across the connecting surface. An approximate expressions of the dis­
placements u1 and u2 of the lower and upper edge of beams 1 and 2 by the shearing 
stress q along the edges areC3) 

............... ,. .. (4) 
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Then the total displacements 31 and 32 are obtained by adding to ( 4) the displacements 
by bending and normal extention. 

Jx Jh q f'" n 1 h d2yi S* n1 h 
31 = 0 xEn1hd~i d ~2 - 0 2 dx2 d~+En1h+Eq, \ 

J ··•(5) 
" h " 0 q d n2h d 2y2 S* n2h F 

~=-tLEn2hd~, ~2 + t2 dx2 d~-Enih-Eq+En2hx. 

Since o 1 is equal to o2 , we get 

h J"Jh( 1 1 ) J" h ( d2y1 d2y2) --q=- --+-- qd~1d~2+ -- n1--+n2-- d~ 
E O "' n1h n2 h O 2 dx2 dx2 

(_1_ _1_) s• ____f______ 
- Enih + En2h x + En2hx. 

..................... ~6) 

Differentiating equation (6) twice with respect to x we have 

h (1 1) h -D2q = --+ -- q + -(n1D3y1 + n2D3y2). 
E n1 h n2h 2 

......... (7) 

From ( 4) and (7) 

[ 4 ( 1 1 ) 24k ] D 4 D 6----D4 +24k -+- D2--- Y1or2=0, 
n1 nJ n1 3 n23 n14 n24 

......... (8) 

which is the same equation as Cornell deduced. 
As the beams are geometrically symmetrical the deflection and shear equations are of 
the form, 

y 1 = c 1 ~ 2 + / 1 cash a ~ + g I sinh /1 ~ sin r ~ + k 1 cash /1 ~ cos r ~ , 

y 2 = c2 ~2 + /2 cash a ~ + g2 sinh /1 ~ sin r ~ + k2 cash /1 ~ cos r ~ , 

q = b s sinh a ~ + e 3 sinh /1 ~ cos r ~ + /3 cash /3 ~ sin r ~ , 

where a;, /1 and r are given by (8). 

... ( 9) 

···(10) 

... (11) 

Substituting (9) (10) and (11) into the equations (1), (3) and (6) we have seven 
relationships of the coefficients and four equations of the boundary conditions from which 
the eleven constants in (9) ~ (11) should be determined as linear functions of P* 

and S*. 

where 

a;3 E 
b3=a2-,J22hf, 

E c-µg+-rrk] 
e 3 = 2h -114X2 ' 

E [µk+11g] 
/3 = 2 h v2 + ,iz , 

,j2 = 1 
n1n2 

f =n1f1 + n2f2 , 

g = n1 g1 + n2g2 , 

k=n1k1+n2k2, 

µ =-r(30Z-r2)(112-r2-,J2)+2r/12(132-3r2), 

II = fJ2-r2-J2, 

"' = _ fJ (3r2- fJ2)(fJ2-r2- .:12) + 2 rzfJ (3fJ2- r2), 

.l.= 2rfJ. 

... (12) 
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where 

T. SUHARA 

I'n12a4+ 1 
l2 = I'n22a4+1l1 • 

(µ11t1 + 1•1.l1)g1 + (J.11 - .l,)k1 
g2 = µ,2+ J.112 • 

kz = (µ11t1 + J.11.l1)k1-(J.11-.l1)g1, 
µ12+ J.112 

r = ~n2 
24k ' 

µ1= ([:J4-6(32r2+ r4)I'n22+ 1, 

J.11 =4/3rI'n22 (/3 2-r2), 

"1 =((3!-6(32r2+r4)I'n12+1, 

.l1 = 4 /3;. rn,2(132-r2). 

b cosh a e3 ( . h . h ) 
3 --a~ + 132 + r2 r sm /3 sm r + /3 cos /3 cos r 

+ 13/j r 2 (/3 sinh /3 sin r - r cosh /3 cos r) 

=- S* + E n,n2[6M +(n12-n1n2+n22 )h2___!'_____] 
h h2 E En 2 h ' 

.- c:_ci~h a go {( 2 2) . h . h 1 Jo a,z + (/32 + r 2)2 /3 - r sm /3 sm r - 2 /3 r cos /3 cos r 

+ (/32 :\2) 2 {2 /3 r sinh /3 sin r + (132 - r 2) cosh /3 cos r} 

n1 2 [ n22 F] = - 2kE h (ni + 3n2) M + 2 (n2- n,) h2 n2h • 

f sinh -x go ( . h h . ) o -- + - 2--2 - r sm /3 cos r + /3 cos /3 sm r 
a /3 +r 

+ 2 ko_2 (/3 sinh /3 cos r + r cosh /3 sin r) 
fl + r 

P* 
=-2kE' 

.. ,(13) 

.. ,(14) 

3. The elastic energy stored near the root of notch. When a sector with its vertex 
angle /3 and two radial edges of stress free is subjected to extension in its plane (Fig. 3), 
the stresses produced near the corner are expressed approximately as follows.C 4l(5 l 

11r* = ,-AO-I [/"(0) +(.lo+ l)f(O)], 

110* =r.\0- 1[J.o(.lu+l)f(8)], 

<'ro* =r,\0 - 1[-.lof'(O)] 

f(O) = A [;.
0

~ 1 { (,lu-1) sin (,lo+ 1) 8 - (.lo+ 1) sin (,l0-1) 0} 

cos .lo/3 + cos /3 ] +--:--~-- .-{cos(.lo+l)O-cos(,lo-1)8} , 
sm.lo/3+sm{3 

.. ,(15) 
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and in the present case fJ = f" and 

.lo= 0.545. Similarly the corresponding 
displacements can be obtained. Then 
the strain evergy Vs stored in the small 
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region of radius ah and ; <8 < f" 
(hatched region in Fig 3) is calculated 
by 

J
J!.,, !It 

Vs= : J j2~(a,*2+ae*2) 

I 
I 

I 
I 
\ ,-x 

\ I 
' I \ I 

\, I / 2 (J 

V 1 } -Ea,*a0*+2c"r9*2 rdrd8. 

·········(16) 

It is easily seen from (15) and (16) 
that Vs is the function of one variable 
As"" (==w). 

' I 
' I ' / 

-------+---_ _,, / 
y 

Fig. 3. Infinite sector of both 
radial edges free 

4. Determination of P* and S*. 
S' are given by 

From the assumption of previous articles p• and 

J!lt 

P*= 
0 

a9*(1t)dr 

Jelt 

S* = r,.9*(1t)dr 
(J 

......... (17) 

which are also the functions of variable w. 
Now the energy of the beam ABCD (Fig. 1) is equal to the work done by the stresses 
ax and <"xy along the discontinuous section OA, that is 

V = _!_ J {(uB + u*)(aB +a*)+ (vB + v*)(<"B + r*)}dy 
2 OA 

·········(18) 

where un, VB are horizontal and virtical displacements and aB, <"B are horizontal normal 
stress and shear stress along the section OA and are the functions of P* and S* which 
are deduced from the equations (9), (10) and (ll), and u*, v*, a* and r* are the local 
displacements and stresses in the vicinity of the notch. Neglecting the second- order 
effects, equation (18) is simplified as 

1 J 1 1 J"" V=- UB<1J1dy+-02F*+2 cu··a*+v•r·•)dy 
2 OA 2 0 

·········(19) 

where J•lt 

F* = 
0 

a R* ( f) d y , 

and the third term of the right hand side is equal to Vs. From the principle of mini­
mum potential energy we have 

av 
-=O aw 

from which the value of w can be calculated. 

.................. (20) 
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120 T.SUHARA 

5. Analytical and Experimental Results. Analytical results were obtained for the 
specimen of n1 = 1/4 and n2 = 3/4 under pure bending and the results were put in the 
form of stress ratios based on the horizontal normal stress am at the point P. (thick 
lines in Figs. 4~6) The fine lines in these figures show the results of calculation 
based on the ordinary two-beam theory in which the stress-concentration at the dis­
continuity is not taken into consideration and the chain lines show the photoelastic 
results. It must be noted in Fig. 4 that the horizontal normal stresses along the lower 

two Uc:un theory 

corrected t.wo Uea.111 thenry 

--0-· Jlhotoelastic rcs11it~ 

End of upper bt:';on 

20 lE 
"' IS 

1.0 

('':'l--~---.,_ __ ....1... __ _,_ __ --,,.0'::_5 __ __. ___ .L_ __ .,L __ .....1. __ .....JJ8 

Distance fnm1 111id-~cctio11 of beam 

Fig. 4. Horizontal normal stress d,, along the connecting surface of two beams. 

lwo lwam tht~ory 

corrected twu beam theory 

-~- pltutoelastic 1·c:mlh; 

__.... Di:--tancc frum 
mid-Hcction of beam 

10 

End 1..,I 
upper ht:'am 

-z._ 

Fig. 5. Virtical normal stress ay on th~ connecting surface of two beams. 
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two beam theory 
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•--0-· photoelastic results 
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Fig. 6. Shearing stress -rxy on the connecting surface of two beams. 
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-edge of beam I and upper edge of beam II are not equal to each other, and we defined 
the stress ax along the connecting surface as the mean of them. In general, the results 
thus obtained showed favorable coincidence with the experimental value the main dis­
crepancies being in the neighborhood close to the discontinuous point (as far as about 
,one tenth of the beam's depth). 

The author offers his acknowledgement to Professor Y. Watanabe of Kyushu Uni­
versity for his kindly advice during the course of this work. 

He also wishes to express his appreciation to Professor K. Senda of Osaka Uni­
versity for valuable suggestions. Further, he would like to express his thanks to 
Messrs. T. Hashimoto and H. Hiyama and Miss. S. Aoki for assistance in the experi­
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