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On the Stresses in Beams with Discontinuous Cross Sections

By Toshiro SuHARA

1. Introduction It is a matter of importance in considering the strength of structures to
evaluate the stress concentration, plastic deformation and their strength at the geometrically
discontinuous part, which is often observed in a welded structure such as the ship-hull.
As the first step, the author evaluated approximately the elastic stress in beams with
a rectangular section that changes discontinuously as shown in Fig. 1 in this report.

The calculation was made on the basis of so-called “ Two-beam theory.” This two
beam theory gives fairly good approximation at the part other than the neighborhood of
the root of notch in case when the connecting part of two beams has little stiffness,(1)
but the error grows large if this theory is applied as it is by dividing the continuous
body into two beams.

The author, therefore, adopted the calculation of the two-beam theory, considering
a point load at the root of notch which he introduced as representing the stress con-
centration in order to correct the above-mentioned error and then determined the magnitude
of the point load from “ the principle of the minimum potential energy of the entire beam,”
in which the energy function near the root of notch was obtained by the two-dimensional
elasticity theory.

The result thus obtained showed favorable coincidence with the experimental value
except the neighborhood close to the discontinuous point (as far as about one tenth of
the beam’s depth).

Fig.1 gives the o] B
case where the !
depth of the beam
at the central part
is half as long as
its length. Since
we can, however,
generally consider L
that the local stress
disapears at the sec- D A
tion separated from
the root of notch as
far as the distance equal to the depth of the beam, the author chose this form for conveni-
ence. Moreover, he believes that it is possible to expand the above-mentioned method
for the aualysis of various cases: when the beams have complicated sections or ribs, or
when the beam is connected with the projecting part which is made of different material.
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Fig. 1. Beam with discontinuous cross section

Nomenclature

M = externally applied moment present in beam 2 at the discontinuous
section.
n1h, nsh = depth of beam I and II respectively where n;+ nz=1.
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I, I = moment of inertia
of beam I and II

per unit thickness "

of beam. n?;____- _Beam | ) ) )
oy = horizontal normal L s '

stress o, at the ++ ++\-]-\+ ++\L++++‘—’ s

point P (Fig. 1). i

p, ¢ = normal and shear i|.+4++++.}++ﬁ

stresses on the
connecting sur-
face of two beams. Beam |

81, 82 = horizontal dis-
placement of the
lower edge of beam
I and the upper
edge of beam II.

¥1, ¥2 = virtical displace-
ment of the neu-
tral axis of beam I and IL

P*, S* = concentrated virtical and horizontal forces at the point of disconti-
nuity.
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Fig. 2. Loadings of beam I and Ii

2. Two beam theory. The beam is assumed to act like two simple beams loaded by
the normal pressure p and tangential stress ¢ on their connecting surface and the load
P*, S* at the point of discontinuity. (Fig. 2)

The moment equations of each beam are similar to that obtained by Cornell,(D

‘d2 n (" n nh
End—y;= "‘TJ qu+J p(e—x)de— 5 St (h—x)P*
g o r BNGH)

d2y;  moh [* " ngh
EL—S=——"-| qd¢— | p(6—x)dsé—"-S*—(h—OP*+ M
@x
An approximate expression for normal stress p in these equations is(2)

p=2—lZ—E(yz—y1), (B=128). e 2

Using (2) and differentiating (1) twice with respect to x, we have

6hr 24k
D4y1=E—m—2D (yz ),
e (3)
Diyy=—t &( )
y'“_En22 q— Y2 — 1),
where ' D=d/d¢, &=ux/h.

Further we have another equation from the condition of continuity of the displacements
of two beams across the connecting surface. An approximate expressions of the dis-
placements #; and % of the lower and upper edge of beams 1 and 2 by the shearing
stress ¢ along the edges are(®

m mh

M="pg, wm=Td. erverer e (4)
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Then the total displacements &, and é; are obtained by adding to (4) the displacements
by bending and normal extention.

z (h z
q mi hdiyr S* mh
0] = — - _— —_
: Jo Lzzmhde‘d‘f2 JO 2 ar BT EantE D ]

ve(5)
z (R Ed
q nzhd2y~3 S* nzh F J
bi=—| | =T asd MREY gp > Tl .
: Jo JxEmth' fat JU 2 ar T Emh E ‘T Emh”

Since 0 is equal to da, we get

h 21 1 Thy aiy d%y,
Eq_—J J (n1h+ngh)qdeld€2+J07(m 2z T dxz)de

@

)S*x+

1 1 F
“<En—1h+Enzh Emi®s e )

Differentiating equation (6) twice with respect to x we have

h 11 h
—D2g = [—— —_ — 3 345) . eesessens
=D (mh+n2h)q+ 5 (m D+ na D). @
From (4) and (7)
4 11 24k
4 6 4 - — 2 = 0.  eeeensens
D[Di— D 2dk( g4 5 D e =0, ®

which is the same equation as Cornell deduced.
As the beams are geometrically symmetrical the deflection and shear equations are of
the form,

y=cié2+ frcoshaé+ gy sinhB & siny &+ k1 coshBé cosr &, «(9)
y2=1c262+ facosha & + g2 sinh 8¢ siny & + k2 coshB & cost €&, +++(10)
q =bzsinha {4+ e3sinhpécosyé + facoshpésinré, <(11)

where @, B and 7 are given by (8).

Substituting (9) (10) and (11) into the equations (1), (3) and (6) we have seven
relationships of the coefficients and four equations of the boundary conditions from which
the eleven constants in (9)~(11) should be determined as linear functions of P*
and S*.

a3 E
b3=mﬂf, f=mfi+nfz,
_Er—ng+nk _
es—ﬂ : u2+/12_]’ g=ng1+ng2,
Erek+mn _
f3=ﬁ mg], k=niki+nzks,
1 (12)
where 42 = s
ning
u=—r@Bp2—r)(BE—ri—4%)+27 p2(B2—37D),
v = p2—y2—42,
n =—p(3r2—p(RZ—r2—42)+ 2728 (3B%2—12),

= 2rB.
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cpL =¢Cz2,
fo = I'n2at+1
T Iagat+1
_(am g+ (ni—A)k

82= #1224 vy 2 ’
By — (mmy+vid) ki — (vi— l.)g;
w24 v,2 .u(ls)
where r = gi;;: '

p1=(B—6p272+ r)I'my2 +1,
vi =487 I'mp?(B2—12),
=B —6p2724+ 7)) 'm2+1,
Al =4BA'n2(B2—12).
bscos;w ﬁz-l- 2(7 sinh B sinr + B cosh 8 cost)
+ 3 (B sinh B siny — 7 cosh B cos7r)
BZ+ 12

S* E M F
=2 4= &z 2 2
7 + hzmnz [6E + (2 —ning + n22)h2E"2h],

cosha g0 , . .
fo oo + B2+ 122 {(B2—72) sinh B siny —2Br coshB cost}

—k—v—{ZBT sinh 8 siny + (82— 7%) cosh B cos 7}

(32+ r2)2
2
=—?I:11E—}l[(n1+3nz)M+ n—;‘(nz—nl)m’%], +(14)

sinh g0 . .
fo o BZ-H‘?(—T sinh B cosy + B coshB sinr)

lej- z(ﬁs1nhﬁcosr+rcoshﬁsxnr)
P*
T 2RE’
n1 F-
a=a=6[z 5%
where Sfo=fo—f1, go=gz—g and ko=ki—Fk1.

3. The elastic energy stored near the root of notch. When a sector with its vertex

angle B and two radial edges of stress free is subjected to extension in its plane (Fig. 3),
the stresses produced near the corner are expressed approximately as follows.(4)(5)

op% = pN=1[f"(0) + (Ao + 1) F(0)],
agt = rN=1[2o(Ao+ 1) (O],
Trg* = N1 2 f7(6)]

£y = A[ 7 {(ho—1) sin (Ao +1)0 — (Ro+ 1) sin (2o—1) 0}

-+(15)

cosAgB + cos B
LA il o — Ao— l
in 4o si {cos(Ao+ 1) —cos(Ao—1)6}
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. 3
and in the present case B=?ﬁ and

Ap=0.545. Similarly the corresponding
displacements can be obtained. Then
the strain evergy V' stored in the small

region of radius ¢~ and %<0<%1‘:

(hatched region in Fig 3) is calculated x
by
3_ en
2" ! 1 *3 *2
Vs = . {é-E‘(Ur + gg )
2 ‘o

y 1
—Edr* ao*+ﬁrrg*2}rdrd0.

......... (16)
It is easily seen from (15) and (16)
that Vs is the function of one variable Fig. 3. Infinite sector of both
AN (=w). radial edges free

4. Determination of P* and S*, From the assumption of previous articles P* and
S* are given by

e
Px= J og*(n)dr

0

gh

Sk = J r9*¥(n) dr
0

which are also the functions of variable w.

Now the energy of the beam ABCD (Fig. 1) is equal to the work done by the stresses

o, and T4y along the discontinuous section 04, that is

V=%J' {(up+u*)(6p+ %)+ (v +v*)(rp+ t¥)}dy  veeeeen (18)
04

where up, vg are horizontal and virtical displacements and o5, vp are horizontal normal
stress and shear stress along the section 04 and are the functions of P* and S* which
are deduced from the equations (9), (10) and (11), and «*, v*, ¢* and t* are the local
displacements and stresses in the vicinity of the notch. Neglecting the second- order
effects, equation (18) is simplified as

en

1 1 1
V== upopdy+ 02 F* + — (U o* 4+ v5c%)dy  eeeeenn 19)
2 04 2 2 0

e
where F*=J op (= dy,
a(3)

and the third term of the right hand side is equal to V5. From the principle of mini-
mum potential energy we have
v

o= 0 e, (20)

from which the value of w can be calculated.
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5. Analytical and Experimental Results. Analytical results were obtained for the
specimen of 7, =1/4 and #2=3/4 under pure bending and the results were put in the
form of stress ratios based on the horizontal normal stress o, at the point P. (thick
lines in Figs. 4~6) The fine lines in these figures show the results of calculation
based on the ordinary two-beam theory in which the stress-concentration at the dis-
continuity is not taken into consideration and the chain lines show the photoelastic
results. It must be noted in Fig. 4 that the horizontal normal stresses along the lower

— two beam theory
——— corrected two beam theory i g
-—O—- photoelastic  results 2.0 {
I
0
G Q— - —O—-— 1.0
End of upper beam
L 1 : i 1 i 1 1 1 L Q
0 05 1.0

T Distance from mid-scction of beam

Fig. 4. Horizontal normal stress 0, along the connecting surface of two beams.

— two beam theory 4

- corrected two beam theory

-—O—- photoelastic  results

End ot
upper beam

——= Distance from

mid-section of beam

Fig. 5. Virtical normal stress ¢y on the connecting surface of two beams,
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— two beam theory /

I 4
— corrected two beam theory
-—Q—- photoelastic results % )

0 0.5 1.0

—— Distance from mid-section of beam

Fig. 6. Shearing stress tzy on the connecting surface of two beams.

edge of beam I and upper edge of beam II are not equal to each other, and we defined
the stress o5 along the connecting surface as the mean of them. In general, the results
thus obtained showed favorable coincidence with the experimental value the main dis-
crepancies being in the neighborhood close to the discontinuous point (as far as about
one tenth of the beam’s depth).
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