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Abstract: This paper addresses the intractability in stochastic inventory systems due to frequent 
crossover of shipments. The present scenario due to volatile markets, presence of manifold ways to 
place orders globally, vacillating requirements of customers, climate disruptions, surge in demand 
of military equipments and medical devices lead to numerous orders are getting placed at small 
interval of times, due to which shipments are arrived in different order in which they were booked. 
The fast-moving items are highly susceptible to order crossover. In this paper, based on the ratio of 
ordering cost to inventory carrying charge, fast moving items are categorized as fast movers not 
ordered enough and fast movers frequently ordered. The datasets are used for developing regression 
equations for optimal total inventory cost, order quantity and safety stock factor from the results of 
factorial experiments. The first group of regression equations are handy for decision systems lead to 
essentials items and second one is applicable in decision systems for discretionary products. The 
regression equations will help the practitioners to compute the right optimal quantity, estimate the 
correct inventory cost and compute safety stock factor, that will help their industry sustainability in 
the global world and provide a competitive edge over their competitors. 
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1. Introduction  
The phenomenon when shipments arrive in disparate 

series as they were placed is termed as order crossover 
(Riezebos, 2006). In a supply chain, unprecedented 
factors such as traffic congestions, internet glitches, 
strikes, lockdowns, natural calamities, power shutdowns, 
assemblage of group of people, disruptions face by 
companies are few reasons when the shipments are not 
reached to the customer at the expected time and the 
shipments to be arrived in a particular sequence reaches in 
different order. Moreover, due to the factors discussed 
earlier, increase in lead times due to congestions will also 
increase carbon emissions, more fuel consumption and 
inconvenience 1,2). The delay of consignments leads to 
increase the instances of shortages and to overcome for 
future the retailers’ stock more than the actual requirement 
which raises the holding cost enormously. Industries 
which can acknowledge presence of crossover of 
shipments and process shipments according to their arrival 
rather than the sequence in which are placed, can save a 
lot of cost associated to holding and shortages. Scenarios 

of crossover of shipments is observed more, when 
shipment orders are done between small amount of time. 
The fast-moving merchandises are usually experience 
crossover of shipments more in comparison to slow 
moving commodities. A lot of research has been carried 
out in the past on inventory and crossing of orders. In the 
upcoming section, significant contributions on order 
crossover made are discussed. 

 
2. Literature Review 

The studies on order crossover can be categorized as 
researchers who acknowledged existence of order 
crossover but ignored while computing total cost. The 
contributions made under this study are Galliher et al.3), 
Hadley & Whitin4). Generally, inventory literature of the 
above-mentioned school of thought made an assumption 
that consignments reach in similar fashion in which they 
were booked or considering lead time as deterministic. 
The assumption made is not practical in reality. Aliunir et 
al.5) used Simulation and optimization for inventory 
management of spare parts. Response surface 
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methodology (RSM) used by Choudhary et al.6) for 
optimizing military supplies. Some recent well-known 
studies which studied and developed inventory expert 
systems using Multi objective Particle Swarm 
Optimization (MOPSO) are Tsou7), Srivastav & 
Agrawal8,9). Srivastav and Agrawal10)  formulated slow-
moving system using multi objective cuckoo search 
(MOCS) and a two objective fast moving inventory 
system11). 

Zalkind12) explained crossover in orders with the 
distribution of outstanding orders. Hayya et al.13) made use 
of classical approach along with concept of demand 
interchangeability to obtain an expression of crossover 
probability. Studies made by Robinson et al.14), Bradley 
and Robinson15) and Robinson & Bradley16) on crossover 
of orders in periodically assessment of inventory systems. 
Riezebos17) categorized order crossover and introduced 
different conditions of crossovers of orders. Hayya et al.18). 
studied crossover in orders in perpetual assessment of 
inventory systems using effective lead time approach.  

Studies on order crossover that considered case of 
shortages as complete backorder are mentioned here. 
Srinivisan et al.19)  made use of  dynamic programming 
for developing order crossover inventory policies. Other 
prominent works on backorder inventory models that 
investigate crossover of orders are Hayya & Harrison20),  
Bischak et al.21) and Wensing & Kuhn22). Some recent 
studies that used advance optimization techniques such as 
evolutionary computation MOCS to incorporate order 
crossover are Srivastav & Agrawal23).  

Literature on partial backordering which is a more 
realistic case usually occurs in grocery shops, retail outlets, 
where some customers wait till the next replenishment 
arrives and others choose to buying from some other store 
is presented below. In the past, Montgomery et al.24), Kim 
& Park25),Padmanabhan & Vrat26), Kumar et al.27) etc., 
developed mixture inventory models ignoring considering 
order crossover. Few studies that included crossover of 
orders in mixture inventory systems are Srivastav and 
Agrawal23,28). 

The literature suggests most of the work on crossovers 
of shipments, developed inventory models and conducted 
their study. The availability of few studies on inventory 
systems developed for mixture inventory systems suggest 
difficulty in incorporating order crossover in their work 
and due to stochastic nature of lead time correct estimation 
of inventory cost becomes intractable. It would be very 
difficult to understand the complexity of order crossover 
and to compute the inventory cost using above mentioned 
inventory models, by the practitioners. Therefore, in the 
present study, using exchange curve, repression equations 
are developed for the easy use of practitioners. 

Rest of the paper is organized as follows. The upcoming 
section 3 shows the notations and assumptions of the 
models considered in the paper. In the section 4 cost 
equations expressions for ignoring order crossover 
situation and order crossover situation is discussed. 

Development of Regression equations using Exchange 
curve is discussed in section 5. Section 6 concludes the 
paper. 

 
3. Assumptions  

i. Regression equations are developed from the 
exchange curve, which is plotted for fast moving 
item, for multi-suppliers and single retailer / 
manufacturer supply chain.  

ii. The replenishment lead time is assumed as 
independently and identically (iid) exponentially 
distributed.  

iii. Ordering quantity is assumed to be fixed that is 
placed by the retailer. 

iv. The cost expressions are formulated with the 
assumption that distribution of demand during 
lead time following Normal distribution. 

 
4. Cost Expression for Determining 

Inventory Cost 
Total approximate cost equation for part of backorders 

and remaining lost sales is formulated by modifying the 
cost equation of Montgomery et al.24) and Srivastav & 
Agrawal28) for considering order crossover as below. 

𝐶𝐶 = 𝐴𝐴𝐴𝐴
𝑄𝑄

+ ℎ �𝑄𝑄
2

+ 𝑧𝑧0(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏�+ �ℎ(1 − 𝑞𝑞) +

𝐴𝐴
𝑄𝑄

[𝜋𝜋 + 𝜋𝜋0(1− 𝑞𝑞)� (𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)𝐺𝐺(𝑧𝑧0)         (1) 

 
Considering order crossover, standard deviation of 

effective lead time (Hayya et al.18)) is computed as. 
σ 𝐸𝐸𝐸𝐸𝐸𝐸 = D(a + bT)   (2) 

Therefore, standard deviation for lead time is computed 
as. 

σ 𝑋𝑋 = Dσ𝐸𝐸𝐸𝐸 ≈ 𝑎𝑎σ𝐸𝐸𝐸𝐸𝐸𝐸 = 𝑎𝑎(𝑎𝑎 + 𝑏𝑏𝑏𝑏) = 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 
(3) 

 
5. Development of Regression Equations 

In this section, regression equations for optimal 
parameters are developed, so that practitioners can 
directly use them. Here two sets of regression equation are 
formulated for fast moving item. The fast-moving item 
can be classified on the basis of number of replenishments 
in two types namely fast movers not ordered enough (low 
number of replenishments per year) and fast movers 
frequently ordered (high number of replenishments). The 
factors that have taken into account to determine 
characteristic of fast-moving items are total average cycle 
stock (TACS) and total number of replenishments per unit 
time (N). The equations given by Silver et al.29) are used 
to find TACS and N as mentioned below (eqs. 4 to eq. 6). 
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The TACS is determined using below equation.  

TACS = �A
r
∗ 1
√2
∗ √Dv   (4) 

The N is determined using below equation. 

N = �r
A
∗ 1
√2
∗ √Dv    (5) 

The ratio of TACS to N is equal to ratio of fixed cost 
per replenishment to inventory carrying charge. 

TACS
N

= A
r
     (6) 

Considering a fast-moving item with D= 700, v= $5 and 
A/r [1, 1500], the exchange curve is drawn between TACS 
and N. 
 

 
Fig. 1: Exchange curve for fast moving inventory item 

 
The Figure 1 shows the exchange curve between total 

average cycle stock and number of replenishments for fast 
moving inventory item. Figure illustrates the two regions, 
one of fast movers not ordered enough (A/r =11 or more) 
and other for fast movers frequently ordered (A/r less than 
11). Based on these two regions, regression equations are 
developed, by selecting the range of A/r in between the 
desired region. 

For conducting factorial experiments, the levels of 
different factors are to be selected. Here, seven different 
factors are considered. The different values of inventory 
carrying charge (r) for both types of fast moving item is 
considered as 0.24, 0.32 and 0.40. The cost of item (v) is 
$5, so holding cost for both types of fast moving item is 
$1.2, $1.6 and $2. The replenishment cost (A) is 
determined on basis of selection of A/r ratio. The shortage 
cost π is considered as backorder cost and π0, lost sales 
penalty is considered as 1.2 times π. 

The shortage cost in two situation is determined by the 
following relation.   

𝑏𝑏𝑇𝑇𝑇𝑇 =
�𝑄𝑄𝐷𝐷�

𝑃𝑃(𝑧𝑧>𝑧𝑧0)
    (7) 

From the eq. (4) the stockout risk, P (z>z0) for mixture 
model and eq.(6) of time between stockout is computed, 
and obtain the following expression for stockout cost for 
mixture inventory model.  
𝜋𝜋 + 𝜋𝜋0(1 − 𝑞𝑞) = ℎ𝑄𝑄

𝐴𝐴
� 1
𝑃𝑃(𝑧𝑧>𝑧𝑧0)

− (1 − 𝑞𝑞)�  (8) 

 
The shortage cost components, backorder cost and lost 

sales penalty over backorder are estimated from this 
formula by keeping Q equals to economic order quantity, 
D and h values as discussed above. The stockout risk is 
substituted as 0.05. Johnson & Montgomery30) 
recommended to keep stock out risk as 0.05, as most 
companies  prefer to operate at this stockout risk. The 
backorder cost and lost sales penalty are computed from 
equation is shown in Table 2 and Table 5 for fast moving 
not ordered enough and fast moving freqently ordered 
item respectively. 

The regression coefficients obtain to estimate standard 
deviation of effective lead time considering order 
crossover from given standard deviation of lead time with 
exponential mean 2.5, 5 and 7.5 is shown in Table 1. These 
regression coefficients will be used in estimation of 
standard deviation of effective lead time for both types of 
fast moving items.  

 
Table 1: Estimation of standard deviation of ELT (0 < T≤ 2) 

 
The Table 2 shows 7 factors and 3 levels for fast moving 

not ordered enough item. There are total 37 (2187) 
experiments are conducted to obtain regression equation 
considering order crossover for mixture inventory fast 
moving not ordered enough items. 

The Table 3 shows the regression equations for the 
optimal parameters cost, order quantity and safety factor 
for fast moving not ordered enough item. The regression 
equation is obtained from 2034 data sets. The data sets, 
which gave high residual error, are removed. The adjusted 
R-square value 99% shows very good fit for ln(C*) 
equation. The adjusted R square value for ln(Q*) is 78.1%, 
which is tolerable and for safety stock factor z0* is 83.1% 
value of adjusted R square is good.  All the p values are 
zero in the three regression equations, which shows each 
factor is significant. This set of regression equation is 
applicable in mass production systems where frequency of 
replenishment is few and average cycle stock is quite large. 

The Table 4 shows the validation of regression 
equations given in Table 3 for fast moving item not 
ordered enough. The average cost, order quantity and 
safety stock factor for 2034 combinations of data sets are 
compared for both normal approximation and regression 
equations and error is determined. The error range for all 
optimal parameters is within permissible range, hence it 
validates the regression equation. 

 
 

𝝈𝝈𝑳𝑳𝑳𝑳   

 

𝝈𝝈𝑬𝑬𝑳𝑳𝑳𝑳 Coefficient          

a 

Coefficient 

b 

Adj. 

R2 

2.5 0.4645+0.5481T 0.4645 0.5481 94.97% 

5 0.5854+0.8846T 0.5854 0.8846 94.53% 

7.5 0.8547+0.9322T 0.8547 0.9322 95.70% 
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Table 2: Factors and levels of fast moving item not ordered 

enough 

 
 
 
 
 

 
 
 
 
 
 

 
Table 3: Regression equations for optimal cost, order quantity 
and safety stock factor of fast moving item not ordered enough 

Regression equations for 

mixture inventory model 

for fast moving item not 

ordered enough 

Adj. R2 p- 

Values 

𝑙𝑙𝑙𝑙(𝐶𝐶∗) = 5.04 + 0.00133 𝑎𝑎 

+ 0.00333 𝐴𝐴 + 0.508 ℎ + 

0.0363 𝜋𝜋 + 0.0137 𝜋𝜋0- 

0.155 𝑞𝑞 + 0.109 𝜎𝜎𝐸𝐸𝐸𝐸 

 

99.0% 

All p 

values are 

zero 

𝑙𝑙𝑙𝑙(𝑏𝑏∗) = 3.82 + 0.00109 𝑎𝑎 

+ 0.0180 𝐴𝐴 + 0.0593 ℎ - 

0.0793 𝜋𝜋-0.0243 𝜋𝜋0 + 0.394 

𝑞𝑞 + 0.0273 𝜎𝜎𝐸𝐸𝐸𝐸 

78.1% All p 

values are 

zero 

𝑧𝑧0∗= 1.76 + 0.000137 𝑎𝑎 - 

0.00822 𝐴𝐴 - 0.315 ℎ + 

0.136 𝜋𝜋 + 0.0480 𝜋𝜋0 - 

0.607 𝑞𝑞 - 0.0110 𝜎𝜎𝐸𝐸𝐸𝐸 

83.1% 

 

All p 

values are 

zero 

 
The Table 5 shows the different levels selected and 

computed for seven factors for fast movers frequently 
ordered. 

The Table 6  shows the regression equations for the 
optimal parameters cost, order quantity and safety factor 
for fast moving frequently ordered item. The adjusted R-
square value 94.3% shows very good fit for ln (C*) 
equation. The adjusted R square value 80.6% for ln (Q*) 
and 84.9% for safety stock factor z0* are good.  All the p 
values are zero in the ln (C*) regression equation except 
value of A = 0.202, which suggests that factor A  is 
moderately significant. The p value for factor A is little 
more than 0.1, as ordering cost component in frequent 
replenishments as JIT plays little dominant role as 

compare to other factors. All the p values are zero in the 
ln (Q*) regression equation is zero except A= 0.002, 
which shows all factors including  A are significant. All 
the p values are zero in the z0* regression equation, except 
D and A. The p value of D is slightly more than 0.1 and p 
value of A is less than 0.1, therefore, all factors including 
D and A are significant. This set of linear regression 
equations are applicable in JIT systems, where frequent 
ordering is done in small order sizes. 
 

Table 4: Validation of regression equations for fast moving item 
not ordered enough 

 
Table 5: Factors and levels of fast moving item frequently 

ordered 

 
The Table 7 shows the validation of regression 

equations given in Table 6 for fast moving item frequently 
ordered. The average cost, order quantity and safety stock 
factor for 2187 combinations of data sets are compared for 
both normal approximation and regression equations and 
error is determined. The error range for cost and safety 
stock factor is within permissible range, and for order 
quantity regression equation is little higher. 

 

Factor Level 1 Level 2 Level 3 

𝑎𝑎 500 750 1000 

𝐴𝐴 10 12 14 

ℎ 1.2 1.6 2 

𝑞𝑞 0 0.5 1 

𝜋𝜋 2.25 3.5 4.75 

𝜋𝜋0 2.70 4.20 5.70 

𝜎𝜎𝐸𝐸𝐸𝐸 2.5 5.0 7.5 

Factor Level 1 Level 2 Level 3 

𝑎𝑎 500 750 1000 

𝐴𝐴 1 2 3 

ℎ 1.2 1.6 2 

𝑞𝑞 0 0.5 1 

𝜋𝜋 1.20 1.70 2.20 

𝜋𝜋0 1.44 2.04 2.64 

𝜎𝜎𝐸𝐸𝐸𝐸 2.5 5.0 7.5 

Method Average 

𝐂𝐂∗ 

Average 

𝐐𝐐∗ 

Average 

𝒛𝒛𝟎𝟎∗  

Normal 

Approximation 

2035.31 138.86 1.6212 

Regression equation 

(Factorial 

Experiments)  

2023.83 137.05 1.6195 

Error in percentage 0.57% 1.32% 0.10% 
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Table 6: Regression equations for optimal cost, order quantity 
and safety stock factor of fast moving item frequently ordered 

  Regression equations for 

mixture inventory model 

for fast moving item  

frequently ordered 

Adj. R2 p values 

𝑙𝑙𝑙𝑙 (𝐶𝐶∗) = 4.93 + 0.00138 𝑎𝑎 + 

0.00329 𝐴𝐴 + 0.409 ℎ + 0.175 

𝜋𝜋 + 0.0346 𝜋𝜋0 - 0.387 𝑞𝑞 + 

0.0992 𝜎𝜎𝐸𝐸𝐸𝐸 

94.3% All p values 

are zero, 

except 𝐴𝐴 = 

0.202 

𝑙𝑙𝑙𝑙 (𝑏𝑏 ∗) = 3.08 + 0.00132 𝑎𝑎 

+ 0.0246 𝐴𝐴 + 0.408 ℎ - 

0.265 𝜋𝜋 - 0.0855 𝜋𝜋0  + 

1.23 𝑞𝑞 + 0.0896 𝜎𝜎𝐸𝐸𝐸𝐸 

80.6% All p values 

are zero, 

except 𝐴𝐴 

= 0.002 

𝑧𝑧0∗ = 1.89 + 0.000035 D - 

0.0127 𝐴𝐴 - 0.582 ℎ + 

0.379 𝜋𝜋 + 0.126𝜋𝜋0  - 1.28 

𝑞𝑞  - 0.0452 𝜎𝜎𝐸𝐸𝐸𝐸 

 

84.9% 

 

All p values 

are zero, 

except 

𝑎𝑎= 

0.180 

and 𝐴𝐴 = 

0.051 

 

Table 7: Validation of regression equations for fast moving item 
frequently ordered 

 
This section has discussed on factor analysis of datasets 

and development of optimal regression equations of fast-
moving items for essential and discretionary products. 

 
6. Concluding Comments 

There are several industries of real world, which may 
experience the order crossover due to stochastic lead times 
of suppliers. Those industries can be benefitted by 

recognising the phenomenon of order crossover when 
demands are substitutable. Two separate sets of regression 
equations are developed for fast moving items as fast 
movers that are not ordered enough and fast movers 
frequently ordered for the inventory managers, 
practitioners, industry to compute inventory cost, amount 
of quantity to order and safety stock to be maintained. The 
first group of regression equations are applicable for 
decision systems of discretionary products like skin care, 
grooming products in comparison to frequently ordered, 
that are fast movers but not ordered enough. The second 
set of regression equations is applicable in decision 
systems for fast moving frequently order items such as 
essential products like grocery, dairy items, consumables 
in industry such as oils, coolants, water etc. The results 
suggest that average operating inventory cost is higher for 
fast movers not ordered enough in comparison to fast 
movers that are frequently ordered. 
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Nomenclature 

C = Expression for cost of crossover of 
shipments 

A = Replenishment cost for an order 
D  = Annual requirement (Demand) 
 h  = holding cost per unit per unit time 
q  = part of shortages backordered 
1-q  = part of lost sales 
Π = backorder cost per unit shortage 
π0  = extra lost sales cost over backorder cost 

per unit lost 
Q  = order quantity with order crossover 

situation 

σx   = standard deviation of demand during 
lead time 

σLT  = standard deviation of lead time 
σELT = standard deviation of effective lead 

time 
z0  = safety stock factor, with z~ N(0,1)  
G(z0)  = expected shortage pe replenishment 

cycle on the standard normal curve 

Method Average 

𝐂𝐂∗ 

Average 

𝐐𝐐∗ 

Average 

𝒛𝒛𝟎𝟎∗  

Normal Approximation 1617.51 238.49 0.9962 

Regression equation 

(Factorial 

Experiments) 

1604.06 221.58 0.9950 

Error in percentage 0.84% 7.63% 0.12% 
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a, b = coefficients to be determined for 

regression 

s = reorder point 
r = inventory carrying charge 
v =  unit cost of item 
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