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Role of matter coherence in entanglement due to
gravity
Akira Matsumura

Department of Physics, Kyushu University, Fukuoka, 819-0395, Japan

We investigate the quantum nature of gravity in terms of the coherence of
quantum objects. As a basic setting, we consider two gravitating objects each
in a superposition state of two paths. The evolution of objects is described by
the completely positive and trace-preserving (CPTP) map with a population-
preserving property. This property reflects that the probability of objects being
on each path is preserved. We use the `1-norm of coherence to quantify the
coherence of objects. In the present paper, the quantum nature of gravity is
characterized by an entangling map, which is a CPTP map with the capacity to
create entanglement. We introduce the entangling-map witness as an observ-
able to test whether a given map is entangling. We show that, whenever the
gravitating objects initially have a finite amount of the `1-norm of coherence,
the witness tests the entangling map due to gravity. Interestingly, we find that
the witness can test such a quantum nature of gravity, even when the objects do
not get entangled. This means that the coherence of gravitating objects always
becomes the source of the entangling map due to gravity. We further discuss a
decoherence effect and an experimental perspective in the present approach.

1 Introduction
General relativity describes a gravitational field as a spacetime curvature, and quantum
mechanics requires the quantum superposition principle. The unified theory, quantum
gravity, seems to predict the quantum superposition of spacetime curvature. A lot of work
is in great progress to prove such a quantum nature of gravity. The target in those works
is the entanglement which comes from the quantum superposition of the gravitational field
of a superposed massive object. The entanglement due to gravity has been becoming a
benchmark for the quantum nature of gravity [1, 2]. In sympathy with its importance, there
were several theoretical works on various experimental proposals, for example, matter-
wave interferometers [3, 4, 5, 6, 7], mechanical oscillators [8, 9], optomechanical systems
[10, 11, 12, 13], and those hybrid systems [14, 15, 16]. The detection of entanglement due
to gravity also allows us to test classical models of gravity, such as the Newton-Schrödinger
approach [17] and the classical channel gravity [18].

In this paper, we deepen the understanding of the relation between the superposition
of a massive object and the entanglement due to gravity. As a basic setting, we consider
two massive objects each in a superposition state of paths. We introduce the `1-norm
measure to quantify the coherence of each superposed object [19]. It is demonstrated that
the entanglement between the gravitating objects does not occur when their coherence is
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initially small. We then examine the quantum evolution due to gravity. The evolution
of the gravitating objects is represented by a completely positive and trace-preserving
(CPTP) map with a population-preserving property. This property represents the fact that
the probability of objects being on each path is preserved. We explore when the evolution
of the objects is given by an entangling map [20, 21], which is defined as a CPTP map [22]
with the capacity to create entanglement. By the convex property of population-preserving
non-entangling maps, we can introduce an entangling-map witness (a Hermitian operator)
to test whether a given population-preserving CPTP map is entangling or not. Applying
the theorems obtained in [23], we derive the entangling-map witness to test whether the
gravitational interaction between the objects leads to an entangling map. Through the
above analysis, we find that the entangling map due to gravity is realized as long as each
object initially has a finite amount of the `1-norm of coherence. Interestingly, we observe
that the entangling map due to gravity is realized even when the entanglement between
the gravitating objects does not occur. The present result means that the coherence of
massive objects always induces the entangling map due to gravity. We further discuss a
decoherence effect and an experimental perspective in the present approach for testing the
quantum nature of gravity.

This paper is structured as follows. In Sec.2, we present the entanglement between
two gravitating objects with coherence. It is exemplified that the entanglement does not
occur when the coherence is small. In Sec.3, we introduce the formalism to examine an
entangling map and its witness. In Sec.4, we find the witness for testing the entangling
map due to gravity, which is given by the coherence of the objects. In Sec.5, we investigate
a decoherence effect on the entangling map due to gravity, and we discuss an experimental
advantage for verifying the entangling map. In Sec.6, we summarize this paper.

2 Entanglement due to gravity in quantum objects with coherence
2.1 Time evolution of two massive objects each in a superposition
We consider the time evolution of two massive objects interacting with each other through
the Newtonian potential. The total Hamiltonian is

Ĥ = ĤA + ĤB + V̂ , V̂ = − GmAmB

|x̂A − x̂B|
, (1)

where ĤA and ĤB are the Hamiltonians of objects A and B with masses mA and mB. The
interaction Hamiltonian V̂ is the quantized Newtonian potential, which is derived from
the scattering amplitude in a linearized theory of quantized gravity around a Minkowski
background, see, for example, [24, 25]. The fact that the above Newtonian potential is not
classical but an operator-valued function leads to the entanglement between two objects
A and B. We assume that each object is superposed in two paths and that the paths of
each object are determined by the Hamiltonians ĤA and ĤB. Fig.1 in Sec.2.C presents
an example of the configuration of two objects. Those objects acquire the phase shifts
induced by the gravitational potential between them. We consider the initial state of the
objects as

|Ψin〉 = 1
2

∑
a,b=L,R

|a ; in〉A |b ; in〉B, (2)

where |a ; in〉A (|b ; in〉B) is the state of the particle A (B) with a localized wave packet with a
peak at the position a (b). The state satisfies A〈a′ ; in|a ; in〉A ≈ δa′a (B〈b′ ; in|b ; in〉B ≈ δb′b).
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The evolved state of objects A and B is given as

|Ψout〉 = e−iĤ(tout−tin)/~|Ψin〉

= e−i(ĤA+ĤB)(tout−tin)/~T exp
[
− i

~

∫ tout

tin

dtV̂I(t)
]
|Ψin〉

= e−i(ĤA+ĤB)(tout−tin)/~T exp
[
− i

~

∫ tout

tin

dtV̂I(t)
]1
2

∑
a,b=L,R

|a ; in〉A |b ; in〉B

≈ 1
2e
−i(ĤA+ĤB)(tout−tin)/~ ∑

a,b=L,R
eiΦab |a ; in〉A |b ; in〉B

= 1
2

∑
a,b=L,R

eiΦab |a ; out〉A |b ; out〉B, (3)

where V̂I(t) is the interaction Hamiltonian in the interaction picture with respect to ĤA +
ĤB, and |a ; out〉A = e−iĤA(tout−tin)/~|a ; in〉A and |b ; out〉B = e−iĤB(tout−tin)/~|b ; in〉B are
the states of wave packets of A and B with peaks at positions a and b, respectively. For
the approximation in the fourth line, each object is assumed to be localized on each path
during the evolution. The phase shift Φab is evaluated along paths as

Φab =
∫ tout

tin

dt

~
GmAmB

|xaA(t)− xbB(t)|
, (4)

where xaA(t) and xbB(t) represent the trajectories of objects A and B, respectively. Using
the initial and final density operators, ρout = |Ψout〉〈Ψout| and ρin = |Ψin〉〈Ψin|, we can
rewrite the above evolution as

ρout = |Ψout〉〈Ψout|

= 1
4

∑
a,b=L,R

∑
a′,b′=L,R

ei(Φab−Φa′b′ ) |a ; out〉A〈a′ ; out| ⊗ |b ; out〉B〈b′ ; out|

=
∑

a,b=L,R

∑
a′,b′=L,R

(EG)aba′b′ M̂a ⊗ N̂b ρin M̂
†
a′ ⊗ N̂ †b′ , (5)

where (EG)aba′b′ = ei(Φab−Φa′b′ ), M̂a = |a ; out〉A〈a ; in| and N̂b = |b ; out〉A〈b ; in|. A general
feature of this evolution will be discussed in Sec.3 based on quantum information theory.

2.2 Coherence of the initial state of objects
We consider the initial state of two massive objects at t = tin as

ρin = ρA ⊗ ρB, (6)

where

ρA = 1
2
(
|L ; in〉A〈L ; in|+ |R ; in〉A〈R ; in|+ c1|L ; in〉A〈R ; in|+ c1|R ; in〉A〈L ; in|

)
, (7)

ρB = 1
2
(
|L ; in〉B〈L ; in|+ |R ; in〉B〈R ; in|+ c2|L ; in〉B〈R ; in|+ c2|R ; in〉B〈L ; in|

)
. (8)

The parameters c1 and c2 (−1 ≤ c1 ≤ 1, −1 ≤ c2 ≤ 1) characterize the interference effects
of each object. When c1 = ±1, the initial state of object A is (|L ; in〉A ± |R ; in〉A)/

√
2,

which is the superposition state of two wave packets around the positions L and R. When

Accepted in Quantum 2022-09-27, click title to verify. Published under CC-BY 4.0. 3



c1 = 0, the initial state is (|L ; in〉A〈L ; in|+ |R ; in〉A〈R ; in|)/2, and object A has no inter-
ference effect. The same feature is observed in the initial state of object B for c2 = ±1 or
c2 = 0. The degree of the interference effect (the quantum superposition) is quantified by
the `1-norm [19] of coherence,

C(ρ) =
∑
i 6=j
|〈i|ρ|j〉|, (9)

where {|i〉}i is a complete orthonormal basis. The `1-norm of coherence for the initial state
of each object are

C(ρA) = |c1|, C(ρB) = |c2|, (10)

where the bases {|L ; in〉A, |R ; in〉A} and {|L ; in〉B, |R ; in〉B} were chosen.
To understand what the parameters c1 and c2 characterize in a more realistic situation,

we focus on the setting in [1], where the spatial superposition of an object with a spin
is assumed to be created by a Stern-Gerlach apparatus. In such a setting, the states
|L ; in〉X and |R ; in〉X of object X = A,B are regarded as |L ; in〉X = |C ; in〉X| ↑〉X and
|R ; in〉X = |C ; in〉X|↓〉X, respectively. Here, |C ; in〉X is the state of the external degrees of
freedom, and |↑〉X and |↓〉X are the states of the spin internal degrees of freedom. Each
object with spin moves in an external magnetic field within the Stern-Gerlach apparatus.
The initial states of objects A and B are

ρA = |C ; in〉A〈C ; in| ⊗ 1
2
(
|↑〉A〈↑|+ |↓〉A〈↓|+ c1|↑〉A〈↓|+ c1|↓〉A〈↑|

)
, (11)

ρB = |C ; in〉B〈C ; in| ⊗ 1
2
(
|↑〉B〈↑|+ |↓〉B〈↓|+ c2|↑〉B〈↓|+ c2|↓〉B〈↑|

)
. (12)

If the parameters c1 and c2 are nonzero, each object is spatially superposed in the apparatus
and has an interference effect. From a practical viewpoint, the initial state of each spin
is prepared through an experimental procedure. When c1 = c2 = 0, each spin state
is completely mixed, and then the apparatus cannot create the spatial superposition of
objects. Roughly speaking, the parameters c1 and c2 determine whether a spin state with
coherence is prepared or not.

2.3 Effect of coherence on entanglement due to gravity
We introduce the notion of a separable (non-entangled) state and evaluate the entanglement
between the gravitating objects considered in the previous subsection. A density operator
ρAB of a bipartite system AB is said to be separable [27] if the density operator is written
as

ρAB =
∑
i

piρ
i
A ⊗ ρiB, (13)

where pi is a probability, and ρiA and ρiB are the density operators of each of the subsystems
A and B. The positive partial transpose criterion [28, 29] and the negativity [30] are useful
to judge whether a given density operator ρAB is separable or not. For a density operator
ρAB of a bipartite system AB, we define the partial transpose ρTA

AB with the components
given by

A〈a|B〈b|ρTA
AB|a

′〉A|b′〉B = A〈a′|B〈b|ρAB|a〉A|b′〉B (14)

for a basis {|a〉A|b〉B}a,b of the Hilbert space HA ⊗ HB of the system AB. It is shown
that if the density operator ρAB is separable then its partial transposition ρTA

AB is positive
semidefinite (has only non-negative eigenvalues). Hence, if the partial transposition ρTA

AB
has a negative eigenvalue then the density operator ρAB is entangled. This is called the
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positive partial transpose (PPT) criterion [28, 29]. In particular, the PPT criterion is the
necessary and sufficient condition for a two-qubit system (C2 ⊗ C2) and a qubit-qutrit
system (C2⊗C3) [29]. We obtain an entanglement measure (quantifier) based on the PPT
criterion as

N =
∑
λi<0
|λi|, (15)

where λi is the eigenvalue of the partial transposition ρTA . This is called the negativity
[30]. The PPT criterion means that a density operator ρAB with nonzero negativity is
entangled.

We demonstrate the entanglement due to gravity adopting the configuration shown in
Fig. 1. Two massive objects are separated by a distance D in the x-direction. Each object
is in a spatial superposition along the x-direction, whose length scale is L. The splitting
and refocusing times of the trajectory of each object are τ , and the superposition is kept
during a time T . The concrete trajectories are

xaA(t) = [xa(t), vyt, 0]T, xaB(t) = [xa(t) +D, vyt, 0]T, (16)

where vy > 0 is the velocity in the y-direction and

xa(t) = εa


vxt tin = 0 ≤ t ≤ τ
vxτ τ ≤ t ≤ T + τ
vx(T + τ − t) + vxτ T + τ ≤ t ≤ T + 2τ = tout

(17)

with εL = −εR = −1 and vx(> 0) is the velocity in the x-direction. In this setting, for
simplicity, we assumed that the two objects are instantaneously accelerated at t = tin, t =
tin+τ and t = tin+τ+T . If each object has a spin degree of freedom, in this setting, a non-
uniform magnetic field is instantaneously injected at each time to split and refocus each
trajectory of the objects. The present setting is just used for a theoretical demonstration
of entanglement due to gravity. For a more realistic setting as in Ref.[1], the fluctuations
of the magnetic field lead to a decoherence effect. The effect might be absorbed in the
parameters c1, c2 or the damping (decoherence) rates γA, γB discussed in Sec.5. In the
present paper, we do not analyze the effects in detail.

Figure 1: A configuration of two massive objects A and B. In this setting, the length scale of super-
position is L and the separation between two objects is D. The superposition is preserved during the
time T .
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The phase shift induced by the gravitational potential is

Φab =
∫ tout

tin

dt

~
GmAmB

|xaA(t)− xbB(t)|

= GmAmB

~

{ 4τ
(εb − εa)L

ln
[
1 + εb − εa

2
L

D

]
+ T

D + (εb − εa)L/2
}

≈ GmAmB

D + (εb − εa)L/2
T

~
, (18)

where L = 2vxτ and T � τ is assumed for the approximation in the last line. The
final state ρout is obtained from the initial state ρin (6) and Eq.(5). We can compute the
negativity of ρout as

N = max[0,−λ],

λ = 1
4
[
1− |c1||c2| −

√
(|c1| − |c2|)2 + 4|c1||c2| sin2

(ΦRL + ΦLR − ΦLL − ΦRR

2
)]
, (19)

where

ΦLL = ΦRR = GmAmB

D

T

~
, ΦLR = GmAmB

D + L

T

~
, ΦRL = GmAmB

D − L
T

~
. (20)

Fig.2 shows the negativity as a function of T for the fixed masses mA = mB = m, the
same degree of the coherence c1 = c2, and the fixed distance D = 2L. The blue dashed
curve given for c1 = c2 = 1 presents a large generation of the negativity. On the other
hand, the green dot-dashed curve shows a small amount of entanglement for c1 = c2 = 0.6.
The brown dotted curve given for c1 = c2 =

√
2 − 1 corresponds to the case without

entanglement generation. To understand why such a critical value
√

2 − 1 emerges, an
analysis in terms of quantum information might be needed. However, the entanglement
degradation is explained as follows. The incoherent noise during the preparation of the
initial state causes a small initial coherence. The noise makes it difficult to measure the
phase shifts and the entanglement generation due to gravity. The green dot-dashed and

0.0 0.5 1.0 1.5 2.0

0.0

0.1

0.2

0.3

0.4

0.5

T [πℏD/Gm2]



c1=c2=1

c1=c2=0.6

c1=c2= 2 -1

Figure 2: The behavior of the negativity (dimensionless quantity) of two gravitating objects with various
degrees of coherence.

brown dotted curves give us a lesson about the relation between the quantum superposition
of objects and the entanglement due to gravity. For nonzero c1 and c2, each of objects A
and B has a coherence, that is, each is spatially superposed to some extent. The objects
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with nonzero coherence may induce the quantum superposition of gravitational fields (or
spacetime curvature). However, the entanglement due to gravity does not appear in those
objects.

In the following, we will introduce the notion of an entangling map and clarify that the
coherence of objects can be the source of the entangling map due to gravity.

3 Path-entangling evolution and its witness
3.1 Characterization of path-entangling evolution
We begin with the definition of a completely positive trace-preserving (CPTP) map, a
separable map, and a non-entangling map. A CPTP map is a general evolution of a
quantum system, which can describe a unitary evolution and the dynamics of an open
system. A CPTP map Φ on a density operator ρ is given as

Φ[ρ] =
∑
`

K̂` ρ K̂
†
` , (21)

where K̂` are called Kraus operators, which satisfy
∑
` K̂
†
` K̂` = Î [22]. The other maps, a

separable map and a non-entangling map, form a subset of CPTP maps.
A separable map [31, 32] is a CPTP map with K̂` = Â` ⊗ B̂`, where Â` and B̂` are

local operators on two subsystems A and B, respectively. Any local operations and classical
communication (LOCC), which characterizes the operational features of entanglement, is
included in a class of separable maps [31, 32, 26]. In addition, it is known that the set of
LOCC operations is a proper subset of separable maps [33].

As a larger class of separable maps, we can introduce a non-entangling map defined by
a CPTP map that does not generate entanglement in any separable state [20, 21]. Namely,
a CPTP map Φ such that Φ[ρ] is separable for any separable state ρ is a non-entangling
map. If an initial separable state ρ evolves by a CPTP map Φ and the evolved state
Φ[ρ] is entangled, then the CPTP map Φ is called an entangling map. In the previous
section, we observed the entanglement between two gravitating objects which are initially
in a separable state. Hence, the gravitational interaction leads to an entangling map on
the objects’ state.

We next focus on the evolution of path-superposed objects as discussed in the previous
section. The probability of such objects being on each path is preserved during evolution.
This property is called population preserving in [14], which is represented as

Tr
[
|a ; out〉A〈a ; out| ⊗ |b ; out〉B〈b ; out| ρout

]
= Tr

[
|a ; in〉A〈a ; in| ⊗ |b ; in〉B〈b ; in| ρin

]
, (22)

where |a ; in(out)〉A and |b ; in(out)〉B are the states of A and B with wave packets around
positions a and b at a time tin(out), respectively. ρin(out) is the total density operator
of objects A and B at tin(out). We assume that the evolution of the objects is given by a
population-preserving CPTP map Φ. The representation of a population-preserving CPTP
map Φ is obtained in [23]:

Theorem 1. Let Hin
A ⊗ Hin

B and Hout
A ⊗ Hout

B be the Hilbert space with the complete
bases {|a ; in〉A|b ; in〉B}a=1,2,...,dA,b=1,2,...,dB and {|a ; out〉A|b ; out〉B}a=1,2,...,dA,b=1,2,...,dB, re-
spectively. A map Φ : ρin 7→ ρout = Φ[ρin], where ρin and ρout are density operators each
on Hin

A ⊗ Hin
B and Hout

A ⊗ Hout
B , is a population-preserving CPTP map if and only if the

map Φ is represented by

Φ[ρin] =
dA∑

a,a′=1

dB∑
b,b′=1

Eaba′b′M̂a ⊗ N̂b ρin M̂
†
a′ ⊗ N̂ †b′ , (23)
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where M̂a = |a ; out〉A〈a ; in|, N̂b = |b ; out〉B〈b ; in| and the coefficients Eaba′b′ form a dAdB×
dAdB non-negative matrix E with the diagonal elements 1 ( Eabab = 1). Here, a matrix E
is said to be non-negative if w†Ew ≥ 0 for all complex vectors w ∈ CdAdB or equivalently,
E has only non-negative eigenvalues.

Theorem 1 says that the properties of a population-preserving CPTP map Φ are deter-
mined by Eaba′b′ . The following theorems in [23] play an important role to judge whether
a population-preserving CPTP map Φ is entangling or not.

Theorem 2. Let Φ be the population-preserving CPTP map in Theorem 1. Φ is a separa-
ble map if and only if the dAdB×dAdB matrix E with elements Eaba′b′ in the representation
of Φ is separable, that is, each element Eaba′b′ has a following form,

Eaba′b′ =
∑
k

λk (Ak)aa′ (Bk)bb′ , (24)

where λk ≥ 0, and Ak and Bk are non-negative matrices with components (Ak)aa′ and
(Bk)bb′, respectively.

Theorem 3. Let Φ be the population-preserving CPTP map in Theorem 1. Φ is insepa-
rable if and only if Φ is entangling.

Theorem 2 is derived from the theorem in [34], in which the non-negative matrix E
plays a similar role to the Choi matrix [35, 36]. Theorem 3 follows from a straightforward
calculation with the help of Theorem 2. These theorems mean that the inseparability of E
associated with a population-preserving CPTP map Φ determines whether Φ is entangling.

3.2 Entangling-map witness and its construction
In this subsection, we introduce an observable (a Hermitian operator) to verify an entan-
gling map, which will connect the entangling map due to gravity with the coherence of
massive objects. For this purpose, we focus on the following set of density operators,

SNE[ρin] = {σ |σ = Λ[ρin],Λ ∈ population-preserving non-entangling maps }, (25)

where ρin is the initial state of two objects (for example, it is given by Eq. (6)). Using this
set SNE[ρin], we can consider the possibility that the gravitational dynamics of a quantum
object is described by a non-entangled map such as LOCC. For example, in Ref.[18], a
LOCC model of gravity using continuous measurement and feedback was proposed. In
this case, even if gravitating objects are in a quantum superposition, those dynamics is
described by a non-entangling map.

We note that the following statement holds for all 0 ≤ p ≤ 1:

Λ1,Λ2 ∈ population-preserving non-entangling maps
⇒ pΛ1 + (1− p)Λ2 ∈ population-preserving non-entangling maps. (26)

Hence the set SNE[ρin] is convex, that is, for all 0 ≤ p ≤ 1,

σ1, σ2 ∈ SNE[ρin] ⇒ pσ1 + (1− p)σ2 ∈ SNE[ρin]. (27)

Since SNE[ρin] is convex, by the Hahn-Banach separation theorem (or similar discussions
on entanglement witness [29]), we always find a Hermitian operator Ŵ such that

Tr[Ŵρ] < 0 for a given ρ /∈ SNE[ρin] and Tr[Ŵσ] ≥ 0 for any σ ∈ SNE[ρin]. (28)
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A geometrical interpretation of this fact is shown in Fig.3. The Hermitian operator Ŵ is
the observable to test whether a given map is entangling or not. Let the density operator
ρ /∈ Sin be given by ρ = Φ[ρin] with a population-preserving entangling map Φ. Then, the
signature of entangling map is confirmed from the negative expectation value Tr[Ŵρ] <
0. Such an observable Ŵ is called the entangling-map witness in this paper. We can

Figure 3: The hyperplane between the convex set SNE[ρin] and the point ρ /∈ SNE[ρin] corresponds
to the geometric meaning of the Hermitian operator Ŵ . Its positive or negative expectation value is
assigned for the regions above or below the hyperplane.

obtain a strategy to find an entangling-map witness from the representation theorem of a
population-preserving CPTP map (Theorem 1). Using the representation of the map Φ
given in (23), we can write the expectation value of Ŵ for the density operator ρ = Φ[ρin]
as

Tr[Ŵρ] = Tr
[
ŴΦ[ρin]

]
= Tr

[
Ŵ

dA∑
a,a′=1

dB∑
b,b′=1

Eaba′b′M̂a ⊗ N̂b ρin M̂
†
a′ ⊗ N̂ †b′

]

=
dA∑

a,a′=1

dB∑
b,b′=1

Eaba′b′Wa′b′ab

= tr[E W], (29)

where in the second line Wa′b′ab was defined by

Wa′b′ab = Tr[ŴM̂a ⊗ N̂b ρin M̂
†
a′ ⊗ N̂ †b′ ], (30)

and in the last line the dAdB × dAdB matrices E and W with elements Eaba′b′ and Waba′b′

were introduced to rewrite the expectation value in a simple form. Similarly, we obtain
the expectation value of Ŵ for the density operator σ = Λ[ρin] as

Tr[Ŵσ] = Tr
[
ŴΛ[ρin]

]
= Tr

[
Ŵ

dA∑
a,a′=1

dB∑
b,b′=1

Faba′b′M̂a ⊗ N̂b ρin M̂
†
a′ ⊗ N̂ †b′

]

=
dA∑

a,a′=1

dB∑
b,b′=1

Faba′b′Wa′b′ab

= tr[F W]. (31)
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Here, Faba′b′ are the components of a non-negative dAdB×dAdB matrix F with the diagonal
elements 1 (Fabab = 1), which give the representation of Λ. According to Theorem 2 and
Theorem 3, the matrix E associated with the population-preserving entangling map Φ is
inseparable, and on the other hand, the matrix F associated with the population-preserving
non-entangling map Λ is separable. The above equations (29), (30), and (31) give us a
strategy to get an entangling-map witness. We first find a dAdB × dAdB matrix W such
that tr[E W] < 0 for the inseparable matrix E and tr[F W] ≥ 0 for any separable matrix
F . Then, choosing an observable Ŵ satisfying Eq.(30), we get the witness Ŵ for the
population-preserving entangling map Φ.

We perform the above strategy for the case where the Hilbert space of each object is
two-dimensional: dA = dB = 2. Let the bases in Theorem 1 denote {|a ; in〉A|b ; in〉B}a,b=L,R
and {|a ; out〉A|b ; out〉B}a,b=L,R. We then find the following representation of a population-
preserving CPTP map Φ on the objects,

Φ[ρin] =
∑

a,b=L,R

∑
a′,b′=L,R

Eaba′b′M̂a ⊗ N̂b ρin M̂
†
a′ ⊗ N̂ †b′ , (32)

where M̂a = |a ; out〉A〈a ; in|, N̂b = |b ; out〉B〈b ; in| and the coefficients Eaba′b′ form a 4× 4
non-negative matrix E with the diagonal elements 1. The inseparability of such a 4 × 4
matrix E is completely characterized by the PPT criterion: the partial transpose ETA with
the elements (ETA)aba′b′ = Ea′bab′ has a negative eigenvalue if and only if the 4× 4 matrix
E is inseparable. This fact helps us to derive an entangling-map witness. Let ETA have a
negative eigenvalue and let w = [wLL, wLR, wRL, wRR]T be the eigenvector of the negative
eigenvalue, that is,

ETAw = νw, (33)
where ν < 0. Choosing the matrix W defined around (30) as

W = (ww†)TA , (34)

we have

Tr[Ŵρ] = tr[E W] = tr[E (ww†)TA ] = tr[ETA ww†] = ν tr[ww†] = νw†w < 0, (35)

where Eq.(29) was used in the first equality, and the last inequality follows by ν < 0. For
the density operator σ = Λ[ρin] with a population-preserving non-entangling map Λ, whose
representation is specified by a separable 4× 4 matrix F , we obtain

Tr[Ŵσ] = tr[F W] = tr[F (ww†)TA ] = tr[FTA ww†] = w†FTAw ≥ 0 (36)

where in the first equality Eq.(31) was substituted, and the last inequality holds from the
fact that the partial transpose FTA is non-negative because of the PPT criterion for the
4× 4 separable matrix F . Hence, the matrix W given in (34) satisfies that tr[E W] < 0 for
the inseparable matrix E and tr[F W] ≥ 0 for any separable matrix F .

The next concern is whether we can get an entangling-map witness Ŵ from Eq.(30),
which is explicitly written as

[(ww†)TA ]a′b′ab = 〈a′b′ ; out|Ŵ |ab ; out〉〈ab ; in|ρin|a′b′ ; in〉, (37)

where we used M̂A
a = |a ; out〉A〈a ; in| and N̂B

b = |b ; out〉B〈b ; in| and defined |ab ; in(out)〉 =
|a ; in(out)〉A|b ; in(out)〉B. For a simple case 〈ab ; in|ρin|a′b′ ; in〉 6= 0, we obtain the following
elements of the entangling-map witness Ŵ ,

〈a′b′ ; out|Ŵ |ab ; out〉 = [(ww†)TA ]a′b′ab

〈ab ; in|ρin|a′b′ ; in〉
. (38)

In the next section, we will find that Eq.(38) bridges the coherence of massive objects and
the entangling map due to gravity.
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4 Coherence as a source of entangling map due to gravity
For the setting in Sec.2, we have observed that the evolution of two gravitating objects
is described by Eq.(5). The evolution is regarded as a population-preserving CPTP
map, which is characterized by the 4 × 4 matrix EG with the elements (EG)aba′b′ =
ei(Φab−Φa′b′ ) (a, b, a′, b′ = L,R). Explicitly, we can write down EG and its partial trans-
pose ETA

G with (ETA
G )aba′b′ = (EG)a′bab′ as

EG =


1 ei(ΦLL−ΦLR) ei(ΦLL−ΦRL) ei(ΦLL−ΦRR)

ei(ΦLR−ΦLL) 1 ei(ΦLR−ΦRL) ei(ΦLR−ΦRR)

ei(ΦRL−ΦLL) ei(ΦRL−ΦLR) 1 ei(ΦRL−ΦRR)

ei(ΦRR−ΦLL) ei(ΦRR−ΦLR) ei(ΦRR−ΦRL) 1

 , (39)

and

ETA
G =


1 ei(ΦLL−ΦLR) ei(ΦRL−ΦLL) ei(ΦRL−ΦLR)

ei(ΦLR−ΦLL) 1 ei(ΦRR−ΦLL) ei(ΦRR−ΦLR)

ei(ΦLL−ΦRL) ei(ΦLL−ΦRR) 1 ei(ΦRL−ΦRR)

ei(ΦLR−ΦRL) ei(ΦLR−ΦRR) ei(ΦRR−ΦRL) 1

 . (40)

For 0 ≤ ΦLR + ΦRL−ΦLL−ΦRR ≤ 2π, the negative eigenvalue ν and its eigenvector w of
ETA

G are

ν = −2 sin
(ΦRL + ΦLR − ΦLL − ΦRR

2
)
, w =


wLL
wLR
wRL
wRR

 = 1
2


−e−

i
2 (ΦLR−ΦRL)

ie−
i
2 (ΦLL−ΦRR)

−ie
i
2 (ΦLL−ΦRR)

e
i
2 (ΦLR−ΦRL)

 . (41)

The matrix (ww†)TA with the elements [(ww†)TA ]a′b′ab = wab′w∗a′b is

(ww†)TA = 1
4


1 ie−

i
2 (ΦLL−ΦRR−ΦLR+ΦRL) ie−

i
2 (ΦLL−ΦRR+ΦLR−ΦRL) −e−i(ΦLL−ΦRR)

∗ 1 −e−i(ΦLR−ΦRL) −ie
i
2 (ΦLL−ΦRR+ΦLR−ΦRL)

∗ ∗ 1 −ie
i
2 (ΦLL−ΦRR−ΦLR+ΦRL)

∗ ∗ ∗ 1

 ,
(42)

where ∗ s are determined by the Hermiticity of (ww†)TA . To get a simple form of a witness,
we set the phases ΦLL,ΦLR,ΦRL and ΦRR to zero. Then, the above matrix (ww†)TA is

(ww†)TA = 1
4


1 i i −1
−i 1 −1 −i
−i −1 1 −i
−1 i i 1

 . (43)

Assuming the initial state ρin = ρA⊗ρB given in Eqs. (6), (7), and (8), we get the following
Hermitian operator as the candidate of entangling-map witness:

Ŵ =
∑

a′,b′=L,R

∑
a,b=L,R

〈a′b′ ; out|Ŵ |ab ; out〉|a′b′ ; out〉〈ab ; out|

=
∑

a′,b′=L,R

∑
a,b=L,R

[(ww†)TA ]a′b′ab

〈ab ; in|ρin|a′b′ ; in〉
|a′b′ ; out〉〈ab ; out|

= Î− c−1
1 ŶA ⊗ ẐB − c−1

2 ẐA ⊗ ŶB − (c1c2)−1X̂A ⊗ X̂B, (44)
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where X̂A = |L ; out〉A〈R ; out|+|R ; out〉A〈L ; out|, ŶA = −i
(
|L ; out〉A〈R ; out|−|R ; out〉A〈L ; out|

)
,

and ẐA = |L ; out〉A〈L ; out| − |R ; out〉A〈R ; out|. X̂B, ŶB, and ẐB are defined in the same
manner. The obtained operator (44) corresponds to the entanglement witness proposed in
[4] by reinterpreting L and R with the spin degrees of freedoms and by setting c1 = c2 = 1.
The expectation value of Ŵ is

Tr[Ŵρout] = 1− 1
2
(

sin[ΦLL − ΦLR] + sin[ΦLL − ΦRL]− sin[ΦRR − ΦRL]− sin[ΦRR − ΦLR]
)

− 1
2
(

cos[ΦLL − ΦRR] + cos[ΦLR − ΦRL]
)
. (45)

Substituting the equations of ΦLL,ΦLR,ΦRL and ΦRR given in (20) into the above equation
and assuming a small T , we have

Tr[Ŵρout] ≈ −
2L2

D2 − L2
GmAmBT

~D
< 0. (46)

Hence, the expectation value of Ŵ can be negative, and the operator works as the entangling-
map witness.

The purple curve in the left panel of Fig.4 shows the behavior of Tr[Ŵρout] given in
(45) as a function of T in the unit π~D/Gm2 for fixed D = 2L and mA = mB = m.
The other plots present the negativity shown in Fig.2. The witness works well until T ∼
0.4π~D/Gm2. The right panel of Fig.4 shows the geometric picture of the witness Eq.(44)
and the orbit of the evolved state ρout in the state space. Around T ∼ 0.4π~D/Gm2, the
orbit of ρout crosses the hyperplane determined by Ŵ . In the left panel of Fig.4, we find
that the entangling map due to gravity is observed through the witness Ŵ even when the
entanglement negativity is not generated for a small coherence (small c1 and c2).

Tr[Wρout]

 for c1=c2=1

 for c1=c2=0.6

 for c1=c2= 2 -1

0.0 0.5 1.0 1.5 2.0

0.0

0.5

1.0

1.5

2.0

T [πℏD/Gm2]

Figure 4: Left panel: the behavior of the negativity and the expectation value of the entangling-map
witness Ŵ . The witness becomes zero around T ∼ 0.4π~D/Gm2. Right panel: the geometric picture
of the entangling-map witness and the orbit of the evolved state ρout in the state space.

We are in the position to explain the connection between the coherence of objects and
the entangling map due to gravity. According to (44), the witness Ŵ is well-defined for
the nonzero measures of coherence C(ρA) = |c1| > 0 and C(ρB) = |c2| > 0. Then, the
witness Ŵ can test the entangling map due to gravity because Tr[Ŵρout] < 0 as shown
in Eq.(46). This means that the coherence of objects is essential to induce and probe the
entangling map due to gravity.

This statement is very intuitive and may not be surprising. However, its implication
is important in terms of the theorem that LOCC processes do not generate entanglement
[26]. In the community of gravity and quantum information, as mentioned in Ref.[1], the
theorem plays a key role to probe the quantum nature of gravity. If gravity generates
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entanglement, then gravity is not described by any LOCC process. Furthermore, when
locality holds (LO is satisfied), the theorem implies that gravity can communicate quantum
information content.

The theorem on entanglement and LOCC is very useful, but it should be noted that
the converse statement does not hold; a non-LOCC process does not always generate
entanglement. Entanglement generation may not be essential for verifying a non-LOCC
feature. The present result in this paper rigorously shows that not entanglement generation
but the coherence of objects is crucial for probing the entangling map (non-LOCC process)
due to gravity.

The present witness given in Eq.(44) verifies the entangling map due to gravity. In-
tuitively, such a quantum feature seems to be caused by the quantum superposition of
gravitational fields of objects with coherence. However, the authors in Ref.[37] demon-
strated that two quantum probes AB can be entangled via a classical mediator M when
they initially are entangled across A:BM or AM:B. Here, the meaning of “classical" is that
there is no quantum discord between AB and M and that M is not in a quantum super-
position. This statement says that the entanglement between gravitating objects (probes
AB) may be mediated by a classical gravitational field (a classical mediator M).

On the other hand, in Ref.[38], it was shown that the entanglement generation between
the probes AB signifies the nonclassicality of the mediator M in the absence of initial
entanglement for A:BM or AM:B. This says that entanglement generation can be a witness
for revealing the nonclassicality of mediator under such an initial condition. According to
this argument, it is expected that, under a suitable assumption on objects and gravitational
fields, the present approach can be used to test the quantum superposition of gravitational
fields.

5 Decoherence effect on superposed particles
In this section, we discuss the decoherence suppressing the interference effect of objects.
Such suppression can be modeled by introducing the damping factor as

|L ; in〉X〈R ; in| → e−γXT |L ; out〉X〈R ; out|, |R ; in〉X〈L ; in| → e−γXT |R ; out〉X〈L ; out|,
(47)

where γX (> 0) is the damping rate for the interference term of X = A,B. Here, we assume
that the damping effect occurs during the time T keeping the superposition (see Fig.1).
The damping rate depends on the length scale of superposition, the temperature for the
internal degrees of freedom of objects, and other experimental parameters. In the present
analysis, the damping rate is treated as phenomenological parameters. Taking into account
the damping factor, we find the following total evolution map Φ̃ as

Φ̃[ρin] =
∑

a,b=L,R

∑
a′,b′=L,R

(ẼG)aba′b′M̂a ⊗ N̂b ρin M̂
†
a′ ⊗ N̂ †b′ , (48)

where ρin is the initial state of objects A and B, and (ẼG)aba′b′ are

(ẼG)aba′b′ = ei(Φab−Φa′b′ )e−γATσaa′−γBTσbb′ (49)

Accepted in Quantum 2022-09-27, click title to verify. Published under CC-BY 4.0. 13



with the gravitational phase shifts Φab (20), σRR = σLL = 0 and σRL = σLR = 1. The
matrix ẼG with the elements (ẼG)aba′b′ is

ẼG =


1 ei(ΦLL−ΦLR)−γBt ei(ΦLL−ΦRL)−γAt ei(ΦLL−ΦRR)−(γA+γB)T

ei(ΦLR−ΦLL)−γBT 1 ei(ΦLR−ΦRL)−(γA+γB)T ei(ΦLR−ΦRR)−γAT

ei(ΦRL−ΦLL)−γAT ei(ΦRL−ΦLR)−(γA+γB)T 1 ei(ΦRL−ΦRR)−γBT

ei(ΦRR−ΦLL)−(γA+γB)T ei(ΦRR−ΦLR)−γAT ei(ΦRR−ΦRL)−γBT 1

 ,
(50)

and its partial transposition ẼTA
G with (ẼTA

G )aba′b′ = (ẼG)a′bab′ is

ẼTA
G =


1 ei(ΦLL−ΦLR)−γBt ei(ΦRL−ΦLL)−γAt ei(ΦRL−ΦLR)−(γA+γB)T

ei(ΦLR−ΦLL)−γBT 1 ei(ΦRR−ΦLL)−(γA+γB)T ei(ΦRR−ΦLR)−γBT

ei(ΦLL−ΦRL)−γAT ei(ΦLL−ΦRR)−(γA+γB)T 1 ei(ΦRL−ΦRR)−γBT

ei(ΦLR−ΦRL)−(γA+γB)T ei(ΦLR−ΦRR)−γAT ei(ΦRR−ΦRL)−γBT 1

 .
(51)

We examine the decoherence effect on the entanglement between the objects and the en-
tangling map due to gravity. We assume the same initial state ρin = ρA ⊗ ρB considered
in Sec II. The entanglement negativity is evaluated as

N = max[−λ̃, 0],

λ̃ = 1
4
[
1− |c1||c2|e−(γA+γB)T

−

√
(|c1|e−γAT − |c2|e−γBT )2 + 4|c1||c2|e−(γA+γB)T sin2

(ΦRL + ΦLR − ΦLL − ΦRR

2
)]
.

(52)

The expectation value of the entangling-map witness Ŵ is

Tr[Ŵρout] = 1− 1
2
(
e−γBT sin[ΦLL − ΦLR] + e−γAT sin[ΦLL − ΦRL]− e−γBT sin[ΦRR − ΦRL]

)
− 1

2e
−γAT sin[ΦRR − ΦLR]− 1

2e
−(γA+γB)T ( cos[ΦLL − ΦRR] + cos[ΦLR − ΦRL]

)
.

(53)

We adopt the same masses mA = mB = m, the same coherence c1 = c2 and the same
damping rates γA = γB = γ. Fig.5 presents the behaviors of the negativity N for c1 =
c2 = 1 (left panel) and c1 = c2 = 0.6 (right panel). The negativity is suppressed by the
decoherence effect and does not appear when γ = 0.8Gm2/π~D.
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Figure 5: The behaviors of the negativity N taking the decoherence effect into account. The left panel
and the right panel present the negativity for c1 = c2 = 1 and c1 = c2 = 0.6, respectively. The upper
inset in the right panel shows the negativity during the time interval 0 ≤ T ≤ 0.5π~D/Gm2.
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In particular, in the right panel of Fig.5, for the coherence c1 = c2 = 0.6, the negativity
does not appear when γ = 0.2Gm2/π~D. On the other hand, according to the lower inset
in Fig.6, the expectation value of Ŵ can be negative even when γ = 0.2Gm2/π~D. Hence
we can test the entangling map due to gravity for γ = 0.2Gm2/π~D.
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Figure 6: The behaviors of the expectation value of the witness Ŵ for the various damping rates γ.
The lower inset shows the behaviors for 0 ≤ T ≤ 0.5π~D/Gm2. As shown in Eq. (53), the expectation
value of the entangling-map witness obtained in the present paper does not depend on c1and c2.

We finally discuss an experimental perspective of the approach using entangling-map
witness. As discussed in Sec.2. B, for the setting of a massive object with a spin, the
parameters c1 and c2 are the coherence of each spin state of two objects A and B. To get a
maximal coherence of spin (|c1| = |c2| = 1), we need a quantum control to prepare such a
spin state. The approach in this paper works well even for a finite small coherence to verify
the entangling map due to gravity. Hence, we do not require the procedure to prepare the
state with high coherence. However, it is still important to manage the decoherence effect
to test the entangling map due to gravity.

6 Conclusion
We investigated the gravitational interaction between two quantum objects in terms of
coherence. It was observed that the entanglement between the objects does not occur
through their gravitational interaction, when they initially have a small amount of the `1-
norm of coherence. To explore the quantum nature of gravity sourced by the objects with
coherence, we analyzed their time evolution adopting the notion of an entangling map.
Identifying the evolution of the objects as population-preserving CPTP maps, we can use
the theorems for those maps to proceed with the analysis. We obtained the entangling-map
witness (the Hermitian operator) to judge whether the gravitational interaction between
the objects induces an entangling map. It was shown that the witness correctly tests the
entangling map due to gravity as long as the objects initially have a finite coherence. We
also found that the witness can capture such a feature of gravity even when the initial
coherence of the objects is small and they do not get entangled. This means that the
coherence of the gravitating objects is the source of the entangling map due to gravity.

In the last part of this paper, we discussed a decoherence effect and an experimental
advantage. Even in the present approach for testing the quantum nature of gravity, the
decoherence effect should be suppressed. However, we might not need the preparation of
an initial state with high coherence in the approach. For the approach to work well, it
only requires a finite coherence of the initial state of the objects. We hope that this paper
helps us to prove the quantum nature of gravity in future progress.
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