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On the Stresses in Laterally Loaded Plates 

By Tashiro SuHARA 

1. Three dimensional stress distribution is claculated in the case of the plate bent 

by lateral loads. Considering an infinite plate loaded on one face by the pressure 
P(r, 0) which is expressible by Neumann's integral formCl) 

P(r,0)=/,, rKdK r= r P(R,IJ))Jo{K ✓R2 +r2 -2Rr cos(l})-IJ)}R(d(J)dR) (1), 
• (I • (I • _,, 

or, if the change of order of the integrations and the summations is permitted, expanded 
in series, 

P(r,0)= i:oEn{cosn0 J= ],,(Kr)Gcu(,c),cd,c 
0 

+ sin n /J J= ]1,(K r) G8 n(K) ,c d,c} 

0 

where Gcn(K) = /" r [,, P(R, I])) con n/J) ln(K R) R(d(J) dR) 

Gsn(K)=/-rc r= r P(R,IJ)) sinn/J)Jn(KR)R(d(J)dR) 
• 0 • -7t 

we have to obtain the expressions for 
stress components in cylindrical polar 

coordinates. 

2. For the sake of convenience we 
proceed to find particular solutions of 

the fundamental equations of the present 
problem in rectangular coordinate. 

i) Equations of equilibrium. 

ii) Conditions of compatibility in 
terms of stress components in the ab­

sence of body forces. 

1 a2 
A<11j = --- ----~e 

1 + II /Jx1 /Jxj 
(4), 

z 

r 

(2), 

en The stresses in plates bent by the rotationally symmetrical loads have been 
calculated by H. Jung; Z. angew. Math. Mech. Ed. 32, S. 46, 1952. 
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NOTES 

where v is poisson's ratio, 0 = a,,,+ a11 + az, and .d 0 = 0 

Hence .d.d <1ij = 0 

i.ii) Boundary conditions. 

az = P(x, y), "yz = "z'" = 0 

11z=0, "yz="zx=O 

where h is half thickness of the plate. 

at z = h 

at z = -h 

In the beginning we define the functions <Pu, <Pu*, <P1 and <P1 *, as follows, 

. cosh K !__} . sinh K !__) 
<Po } = K cosh K + smh K. h _ K smh K -t- cosh K. h 
<Pu* 2K+sinh2K . hKz 2K-sinh2K h z 

sm h cos K,; 

h <Pi l 
h<P1*f 

K sinh K 
2 K+ sinh2 K 

sinh K!) + 

cosh K,; 
K cosh K 
----

2 K- sinh2 K 

z 
cosh K,;) 

. z ~ 
smh K,;) 

where K= K h. 
A particular solution af of the equation (5) which contents the condition, 

is 

11z=l, r'yz="zx=O 

0 z=O, 1:yz=rzx=O 

at z = h 

at z = -h 

af =(<Pu+ z <P1) ei"'"-t-iµy, cl+ µ 2 = -r-2) 

From this equation and the equation ( 4) 

€<JP= _ (l + v) ~ <P/ eii\x-t-iµy 
K 
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(5) 

} (6) 

(7)' 

} (6') 

(8). 

(9). 

Utilizing equations (3), (4), (8) and (9), we can get at first -r-fz and -r-f'" satisfying 

the conditions (6') and then have remaining components af, af, -r-';,11 ; that is, 

1 
a'"P = -- p2 K(<Po + z <P1) + 2 p2 + v µz) <P * }eii\x-J-iµy 

K3 I 

P l " 11 y = - 0 {µ" K( <Pu+ z ,p 1) + 2 (µ2 + v ;_2) <P/ }eii\x-t-iµy 

a/ = (<Pu+ z <P1) eii\,-t-iµ,y 

"yzp = i ~ {K(<Pu* + z <P/) + <P1} eii\x-t-iµ,y 
K 

iA 
"z,/ = K2 {K(<P/ + z ,p/) + <Pi{ eii\x-t-iµ,y 

1 -r-,,/ = -~{A 11 K(<Pu + z <Pt)+ 2 (1- v);. µ <P *} eii\x-t-iµ,y 
K" I 

(10). 

The desired expressions of the each of stress-components a'", a11 , , • • are, therefore, ob-
tained making use of Fourier integral form, 
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ax= ( 2 ~) 2 ff f JP(cx,/3)a,/e-i"a-iµ~dAdµdcxd/3 

() 

in which the following notations are used. 

{X = r COS fl 

y = r sin 0 

A = " cos </! 

{µ =" sin </J' 

Utilizing (10) and the formula 

{ex= R cos (l) 

/3 = R sin (1) 

{ x - ex = p c~s 'P 

y - /3 = p Slil (fl 

and transforming (11) into cylindrical-polar coordinates, we have, 

6 r =-l;f u1+f2)KdK r l,r P(R,(l))lo(r.p)R(d(l)dR) 
() () • -1( 

+ 4~ r U1 -l2) "d,c r r,rP(R, (l)) cos2('P - O) 12 (,r p) R(d(l) dR), 

6 0 =-41"'f u1+f2)KdK rr,rP(R,(l))lo(Kp)R(d(l)dR) 

-4~r U1-f2)KdK r r P(R,(l)) cos2(<p-fl)l2(1rp)R(d(l)dR), 
0 () -1t 

6 z = z~r(t1-~l2),cd,cf~f P(R,(!))10 (,cp)R(d(l)dR), 
n • o -7t 

-rrz = - 2\ J= g1 K d,c f = r P\R, (l)) cos ('P - fl) 11 (K p) R(d(l) dR)' 
() • 0 -'It 

'z0 =-{;:_J= g 1 1rd,c r r P(R,(l)) sin('P-O)]t(1rp)R(d(l)dR), 
(J • () • -1(. 

-r,.e = /"J 00

u1-fz)KdK f= r P(R,(l)) sin2('P-0)lz(Kp)R(d(l)dR), 
() • () -7t 

<2) Watson ; Theory of Bessel Function p. 124. 

(11). 

(12). 

(2) 

(13) 

(14), 



NOTES 

where 

2 
f1 =<Pu+ z 'Pi +-;,\01* 

f, = '2,__ V <1'1 * 
" IC 

. 1 ✓ .. 2 2 g 1 =<Pu",-j-Z'P0*-l--'P1 , P= {R"-j-r - Rrcos(a>-0)} 
IC 

<P is the function of r, 0, R, a> as shown in ( 12) . 

These are the solutions corresponding to the loads given by ( 1). 

3. To evaluate the above integrals we expand ]µ,( ,c p) in the integrands as 

lµ,(,cp) = lm-t-i,cR) lm-t-i,cr) dl'-cos[(m-j-µ)(a>-0)} 
(~-p~=ml:./cm-t-µ, (,cR)I'- (,er);-· d{cos(a>-fl)}I'---
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(;{) 

( 15) , 

where , n is defined to be equal to 2 when n is not zero and to be equal to 1 when n 
is zero, and integrate term by term about the variable a>, expressing P, R, a>) in series 
given by (2). The n th terms of the series calculated are, then, 

{cosnO}j= {Gcn(,c)} a,,.,, = - sin n O f1 ln(K r) c,n(,c) IC d,c 
[) 

rcosn0}j= { ln(Kr) }{GcnCK)},cd,c +j - fl U1-f2) n(n-l)·--+Jn-t-/,cr) G (' r-, 
Slll n IC r sn Ii,~ K 

(I 

{cosnfl}j= (Gcn(,c)} 
(J0n = - sinnO f2ln(,cr) 1c,n(,c) ,cd,c 

() 

{cosnO}j= { ln(,cr) }{Gcn.(,c)},cd,c 
- sinnfl U1-f2)n(n-l)~+ln-t-1(,cr) Gw(,c) -;,-;:, 

() 

{ cos n O l J =(, 1 ) J Gen (IC)} 
azn = sinnO) f1--;;-f2 ln(Kr)lG,n(,c) ,cd,c, 

0 

(16)' 

'Z"rzn = {cos n fl.} 1= { ln(,c r) }{Gcn(,c)} 
· 0 g1 n -ln-t-1(,cr) G () ,cd,c, sm n ,c r sn ,c 

() 

f sinnO}j= ln(,cr){Gcn(,c)} ,- = - n g, --- ,c d,c 
z9n -cosnO ,er G,n(,c) ' 

(J 

{ sinnfl}j= / . ln(,cr) }{Gcn(,c)},cd,c 
'"ron=n -cosn{} Cf1-f2l\(n-l)~+ln-t-t(,cr) G,,i(,c) ;;, 

u 

where Gen and Gsn are given by (2). Remaining integrals about ,c can be easily evaluated 
by the usual method of summing up the residues of functions f 1 , f, and g 1 in the upper 
or lower half of complex ,c-plane. 

(Received October 21, 1954) 

(3) Watson; loc. cit., p. 362. 




