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1 Introduction

In the realm of optimization and data analysis,
the process of clustering plays a pivotal role in
discerning patterns and uncovering hidden struc-
tures within complex datasets. Traditional clus-
tering algorithms partition a collection of objects
In the

pursuit of solving single-objective multi-modal op-

into groups using shared characteristics.

timization problems, the challenge lies in exploring
intricate search spaces efficiently using proper clus-
tering algorithms.

This paper introduces a novel approach that
leverages persistence-based clustering in Rieman-
nian manifolds within evolutionary computation
(EC) algorithms to address multi-modal optimiza-
tion problems. The method leverages the concepts
of topology and geometry to discern topological
features in the EC search space, allowing for a ro-
More-
over, the proposed approach operates seamlessly

bust and insightful clustering of objects.

in Riemannian manifolds, capturing the inherent
non-linear structures in the population.

To enhance the effectiveness of our method, we
integrate it with the chaotic evolution (CE) algo-
rithm, resulting in a synergistic fusion of topolog-
ical data analysis and global search capabilities.
This integration harnesses the chaotic dynamics of
the CE algorithm to navigate complex landscapes
efficiently. The iterative optimization strategy em-
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bedded within our approach ensures the discov-
ery of previously overlooked peaks, safeguarding
against the omission of local optima.

To evaluate the performance of the proposed al-
gorithm, we conduct experiments employing nine
multi-modal benchmark functions derived from the
annual CEC competition. A comparative analy-
sis is undertaken between the new algorithm, the
CE algorithm, and the classical Genetic Algorithm
(GA). An array of evaluation metrics drawn from
CEC2021 ?) is employed to comprehensively assess
the proposal’s performance.

Through our research, we aim to not only
present a robust solution to the challenges posed
by multi-modal optimization but also contribute to
the broader landscape of data analysis methodolo-
gies. Our focus remains on the innovative appli-
cation of topological data analysis in Riemannian
manifolds, demonstrating its potential to revolu-
tionize the way we approach clustering and multi-
modal optimization problems.

The subsequent sections of this paper are de-
lineated as follows: Section 2 provides a mathe-
matical exposition of the clustering algorithm, the
CE algorithm, and delineates the proposed Chaotic
Evolution with Clustering methodology. Section 3
furnishes an elaborate description of the conducted
experiments. Section 4 expounds upon the exper-
imental results. Finally, Section 5 summarizes the
salient points of this article, proffers prospective
solutions, and charts forthcoming avenues of de-

velopment.



2 An Overview of Clustering Methods
for Multi-Modal Optimization and
Chaotic Evolution

The concept of single-objective multi-modal op-
timization problem implies the presence of multi-
ple local optimal solutions within a search space,
necessitating the discovery of the global optimal
solution. The integration of clustering methods
into single-objective multi-modal optimization al-
gorithms enhances the algorithm’s capacity to ef-
fectively explore the search space, thereby increas-
ing the likelihood of identifying the local and global

optimal solutions.

2.1 Clustering Algorithms

Clustering algorithms, essential in unsupervised
learning, categorize data based on inherent sim-
ilarities, revealing underlying patterns. Methods
include Partition-based %) | Density-based 2) and
Hierarchical 7) , along with specialized approaches
like quantum clustering ® and spectral clustering
5) . Persistent clustering on Riemannian manifolds
D) utilizes Riemannian metrics, transforming data
into a persistence diagram. These insights enhance
traditional clustering, enabling efficient data clus-
tering on manifolds, which is a model of fitness
landscape in EC.

Clustering algorithms are wvital in single-
objective optimization, especially for high-
dimensional and multi-modal optimization

challenges.  Clustering algorithms significantly
enhance efficiency, enabling more effective searches

for multi-modal problems.

2.2 Persistence-Based Clustering in Rie-

mannian Manifolds

In this section, we present a mnovel approach
for persistent clustering on Riemannian manifolds,
leveraging Riemannian metrics, which is intro-
duced to EC algorithms for multi-modal optimiza-
tion.

Riemannian metrics offer a natural means of
quantifying distances between points on a mani-
fold. We utilize both the Riemannian metric and
the Euclidean metric to compute the geodesic dis-
tance between data points. We create a persistence
diagram, which records the inception and cessa-

tion of topological features as the spatial scale un-
dergoes transformation. Subsequently, clusters are
derived from the persistence diagram, enabling the
discernment of significant and enduring clusters on
the Riemannian manifold.

In optimization algorithms, a “neighborhood”
typically denotes a set of feasible solutions sur-
rounding the present solution. In such neighbor-
hoods, only one or a few variables have undergone
modification relative to the current solution. These
neighborhoods delineate a search space, represent-
ing a local region surrounding the current solution
that is considered a candidate set for potentially
superior solutions.

The incorporation of neighborhoods into opti-
mization algorithms generally serves to heighten
their efficiency and precision. This is primarily
due to their capacity to narrow the scope of the
search space, expediting the process of identifying
the optimal solution while obviating the necessity
of exploring the entire solution space.

When identifying the neighborhoods of points,
it becomes imperative to compare their fitness val-
ues. As depicted in Figure 1, the neighborhood
of point D encompasses both point C and point
E. Notably, the fitness value of point C surpasses
that of point D, whereas the fitness value of point
E falls below that of point D. Consequently, based
on their fitness values, points C and D are unam-
biguously categorized together.

2.3 Chaotic Evolution Algorithm

The CE algorithm 9 represents a global opti-
mization algorithm that draws upon the principles
of chaotic systems and evolutionary algorithms. It
melds the stochastic and non-linear characteristics
of chaotic systems (as expressed in equation 1)
with the adaptive and global search capabilities
inherent in EC algorithms. This amalgamation
equips the algorithm to effectively address non-
linear, non-convex, and multi-modal optimization
problems.

Within the framework of the CE Algorithm, the
chaotic system (as defined by equation 1) serves
as the exploration mechanism for the search space.
The introduction of chaotic sequences ensures that
the search process continually executes random
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Fig. 1: Neighborhood diagram. There are three
points C, D, and E. Points C and D are classified
into the same category, while points E and D are

classified into different categories.

jumps, thereby preventing entrapment in local op-
tima.

In a chaotic system(equation 1), the chaotic pa-
rameter (C'P;) governs the search range of the CE
algorithm within the search space. The direction
factor, D;, regulates the exploration and exploita-
tion functions of the CE algorithm.

mutant; = target; - (D; - CF;). (1)

with

Clustering in

3 Multi-modal Optimization

Persistence-Based
Riemannian Manifolds

The CE with clustering algorithm (CECA) is a
clustering algorithm grounded in the principles of
chaotic evolution. Our proposed CECA algorithm
is shown in Algorithm 1. It amalgamates the er-
ratic traversal of chaotic dynamics with the global
search capabilities of the CE algorithm to enhance
the clustering effectiveness.

The effectiveness of our method is assessed
through the application of established metrics tai-
lored for clustering on Riemannian manifolds. Ad-
ditionally, we engage in comprehensive parame-
ter tuning to optimize the clustering outcomes,
thereby ensuring the method’s robustness across

diverse multi-modal problems.

Algorithm 1 Chaotic Evolution with Clustering
Algorithm (CECA)
Require:
1. Fitness function f(z), Search space X, Maxi-
mum number of iterations mazx_iter, Popula-
tion size N, Neighborhood radius R

Ensure: Best solution z*
2: Initialize population P with N individuals ran-
domly in X
3: Initialize the chaotic system
4: for t =1 to max_iter do

5. Generate a chaotic sequence r(t) using the
chaotic map
6:  Evaluate fitness of each individual in P
7:  Find the best individual z* in P
8 fori=1to N do
9: Find neighboring individuals of P; within
radius R
10: Set Finax = F;
11: for each neighbor B; ; do
12: if FBZ.J. > Fhax then
13: Set Finax = FBZ.’],
14: end if
15: end for
16: if F; = Fi.x then
17: Record P; as a vertex
18: else
19: for each neighbor B; ; do
20: if Fp,, > F; and dist(P;, B;j) <
dist(P;, By ;) for all k # i then
21: Classify P; and B;; as the same
vertex
22: Break the loop
23: end if
24: end for
25: end if

26: end for

27:  for each vertex P, do

28: Using the Gaussian noise

29: Get the optimal value x* of each peak
point from each vertex P;

30: end for

31: end for

32: return number(z*) and fitness(z*)




To illustrate the application of the CECA algo-
rithm, we selected a one-dimensional benchmark
function from the test set of the CEC2021 compe-
tition. Figure 2 illustrates a general experimental
procedure diagram. The experiment begins with
a randomly generated initial population. We then
performed ten generations to optimize the popula-
tion. CECA is used to find the position and num-
ber of peaks in each generation. finally, we will ac-
cumulate the different peaks found in each genera-
tion. In addition, in order to enhance the discovery
of the optimal peak of the objective function, we
apply Gaussian mutation (as shown in equation 2)
to the best individual in each peak of every gener-
ation, where p represents the fluctuation the mean
value, o represents the standard deviation of the
fluctuation. The larger o is, the greater the noise
fluctuation is, and the smaller o is, the smaller the

noise fluctuation is.

Gaussian(x) =

e
V22

Figure 2 depicts the population distribution sub-
sequent to the application of Gaussian mutation,
highlighting the gradual convergence of the popu-
lation toward the optimal peak during the search
process.

CE algorithms have demonstrated their ability
to swiftly navigate away from local optima and
discover global optima, rendering them proficient
in global search tasks. Additionally, the CE algo-
rithm incrementally approaches the optimal solu-
tion by emulating the natural process of survival
of the fittest and the mechanism of cross-mutation
between generations. The CE algorithm is distin-
guished by its robust global search performance,
adaptability, and ease of implementation. Our pro-
posed approach furnishes a potent technique for
multi-modal optimization using persistent cluster-

ing on Riemannian manifolds.

4 Experimental Evaluation
4.1 Experimental Settings

In this study, we conduct a comprehensive per-
formance assessment of our proposed algorithm
using the CEC2021 benchmark. The CEC2021
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Fig. 2: Comparison of distributions after initial
population, application of CECA algorithm and
application of Gaussian mutation



Table 1: Test Function

No. Name dimension Form Range Peak maximum | Peak number
80(2.5 —2),0 < x < 2.5,
64(x — 2.5),2.5 <z < 5.0,
64(7.5 —x),5.0 <z < 7.5,
. 28(x — 7.5),7.5 <z < 12.5,
F1 Five-Uneven-Peak Trap 1D flx) = z € 0,30 200.0 5
28(17.5 — 2),12.5 < z < 17.5,
32(x — 17.5),17.5 < z < 22.5,
32(27.5 — x),22.5 <z < 27.5,
80(x — 27.5),27.5 <z < 30
F2 Equal Maxima 1D f(z) = sin%(5mz) z €(0,1] 1.0 5
F3 | Uneven Decreasing Maxima 1D flz) = efl;p(72log(2)(”&ggﬂg)z)sin,ﬁ(&r(m% —0.05)) z €[0,1] 1.0 5
F4 Himmelblau 2D f(z) =200 — (2% +y—11)2 — (z +y> — 7)? x,y € [—6,06] 200.0 4
F5 Six-hump-camel-back 2D flz,y) = (4 —2.12% 4 %) 2 +xy + (74 + 41/2) y? | xe[-1.9,1.9],y € [-1.1,1.1] 1.03163 4
F6 Shubert 2D F@) = =TIy X5y deos[(G + 1w + ) z,y € [-10,10]2 186.731 18
F7 Vincent 2D f(@) =337 sin(10log(x;)) x,y € [0.25,10]2 1.0 36
F8 Shubert 3D f(@) =- H1D:1 Z‘;:l jeos|(j + 1)xi + j] x; € [-10,10]P 2709.0935 81
F9 Vincent 3D f(@) = 532, sin(10log(z;)) z; € [0.25,10]P 1.0 216

benchmark is a well-established and publicly ac-
cessible test suite widely recognized in the field of
EC. This benchmark encompasses a diverse array
of optimization problems, encompassing continu-
ous, constrained, and multi-objective optimization
scenarios. Leveraging the standardized evaluation
metrics offered by the CEC2021 benchmark, we
systematically compared our algorithm with state-
of-the-art methodologies. This approach allowed
us to objectively gauge the algorithm’s efficacy and
efficiency across a spectrum of problem instances.

We employ a set of nine multi-modal functions,
which are detailed in Table 1, as the experimental
subjects. The table (Table 1) provides a clear sum-
mary of the function dimensions and the number
of peaks. The experimental environment is Win-
dows 11 system. The algorithm is implemented by
anaconda’s spyder and implemented in python3.9
language.

4.2 Evaluation Metrics

The peak ratio(PR) metric offers distinct advan-
tages in the evaluation of single-objective multi-
modal optimization problems. It provides a com-
prehensive performance assessment and demon-

strates robustness. By normalizing the objective

function values, the PR metric furnishes a straight-
forward yet effective means of evaluating and
comparing the efficacy of various single-objective
multi-modal optimization algorithms. CE, GA and
CECA are used to evaluate the performance of
searching for global optimal performance and find-
ing multi-modal capabilities.

e Peak Ratio: PR3 is a commonly used perfor-
mance metric for evaluating multi-modal opti-
mization algorithms, typically for continuous
multi-modal optimization problems. In equa-
tion (3), NPF; denotes the number of global
optima found at the end of the i-th run, NK P
is the number of known global optima, and
N R is the number of runs.

NR
PR = Zrunzl NPF@

NKPx+NR -~ 3)

e Objective Function Value: The value of the
objective function of the global optimum
found by the algorithm, used to measure the

optimization performance.

4.3 Experiment Results

CECA exhibited exceptional performance across
the benchmark functions F'1 to F'9 (Table 1), con-



Table 2: Peak Ratio

No. Name Feg|Faa|Focrca
F1| Five-Uneven-Peak Trap |1.00/0.95| 1.00
F2 Equal Maxima 1.00/1.00| 1.00
F3 |Uneven Decreasing Maxima|1.00/1.00| 1.00
F4 Himmelblau 0.9811.00| 1.00
F5 Six-hump-camel-back 0.95/0.97| 1.00
F6 Shubert_2D 0.91]0.87| 0.99
F7 Vincent_2D 0.96/0.83| 0.99
F8 Shubert_3D 0.94]0.88| 0.98
F9 Vincent_3D 0.96|0.80| 0.96

sistently delivering outstanding results. In terms of
identifying the maximum fitness values, the CECA
algorithm outperformed the other two algorithms
across all tested benchmarks. However, it notes
that the CECA algorithm necessitated more time
to reach the maximum values in certain bench-
mark tests compared to the other two algorithms,
as CECA operates as an iterative optimization al-
gorithm that incrementally refines solutions.
From Table 2, we conducted an in-depth analysis
of the PR for the benchmark functions. The CECA
algorithm demonstrated exceptional performance
across all benchmark functions, including F1, F2,
and F3, achieving a PR of 1, signifying proxim-
ity to all peak numbers. For the F5 function, the
CECA algorithm achieved a PR of 1, while the
GA algorithm and CE algorithm achieved PRs of
Overall, the CECA

algorithm delivered satisfactory PR results in the

0.97 and 0.95, respectively.

majority of benchmark functions, either matching
or surpassing the performance of the alternative
algorithms.

Figure 3 presents the benchmark functions and
the number of peaks identified during the CECA
For most benchmark functions, CECA
successfully identified all solutions. In the cases
of the Shubert and Vincent benchmarks, CECA
located all peaks after 20 generations on the

process.

shubertsp function, surpassing the performance
of the other two algorithms. As the dimension-
ality increases, the search space required by the
algorithm grows larger, and the number of peaks
exceeds those at lower dimensions, increasing the

complexity of the search. In multiple experiments,

it may not be guaranteed that all peaks can be
identified every time in high dimensions. For 3-
dimensional functions, the CECA algorithm con-
sistently located all peaks in most cases, as indi-
cated by Table 2. This data corroborates the su-
perior performance of the CECA algorithm when
compared to the other two algorithms.

4.4 Discussions

Table 2 illustrates the superior performance of
the CECA concerning PR when compared to other
benchmarked algorithms. Consistently, the CECA
algorithm attains significantly higher PR values
than its alternative counterparts. These results
substantiate the efficacy of the CECA algorithm in
capturing inherent clustering structures within the
initial population, ultimately leading to improved
PR values. It demonstrates a remarkable ability to
accurately identify and emphasize distinctive peak
regions.

Table 3 indicates that the CECA algorithm con-
sistently achieves high fitness values throughout
The CECA algorithm

demonstrates exceptional convergence toward op-

the optimization process.

timal solutions, as evidenced by its superior fitness
values. These outcomes underscore the CECA al-
gorithm’s capacity to optimize clustering perfor-
mance, resulting in the maximization of cluster fit-
ness. Figure 4 presents three illustrations to eluci-
date CECA’s performance in benchmarking fitness

across varying dimensions.

Table 3: Peak Fitness

No. Name For Faa Fepca
F1| Five-Uneven-Peak Trap |199.9971 | 199.9234 | 199.9717
F2 Equal Maxima 0.9999 0.9999 0.9999

F3 |Uneven Decreasing Maxima| 1.000 1.000 1.000

F4 Himmelblau 199.9985 | 199.9681 | 199.9996
F5 Six-hump-camel-back 0.975 0.971 1.000
F6 Shubert_2D 186.729 | 186.601 | 186.7308
F7 Vincent_2D 0.9999 0.9995 0.9999
F8 Shubert_3D 2709.0359|2673.8931|2709.0902
F9 Vincent_3D 0.9999 0.9962 0.9999

In summary, the CECA algorithm exhibited
commendable performance in terms of maximiz-
ing fitness values across the majority of the test
functions. Notably, it excelled in capturing global
optima for test functions F'3 and F'8 demonstrat-
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Fig. 3: Peak number. Above three figures show
the peak number results of the three methods in
the three functions.

ing its effectiveness in addressing complex and

multi-modal optimization challenges. These out-

comes suggest that the CECA algorithm possesses
a strong capacity to optimize fitness values and
converge toward optimal solutions for a variety of
test functions.

In conclusion, the CECA algorithm displayed
promising performance in terms of maximizing fit-
ness values across a broad spectrum of test func-
tions. However, its performance in the context
of the peak number metric exhibited variability
among different functions, with notable success ob-
served in functions F'7 and F8. These findings
underscore both the strengths and potential limi-
tations of the CECA algorithm, underscoring the
need for ongoing research to enhance its perfor-
mance and address the challenges associated with
accurately determining the peak number in opti-
mization problems.

5 Conclusion and Future Work

We have introduced a pioneering concept that
employs persistence-based clustering in Rieman-
nian manifolds in EC algorithm for multi-modal
optimization. The proposal transforms the land-
scape of evolutionary algorithms to Riemannian
manifold for complex multi-modal optimization
challenges.

Our framework provides a versatile methodol-
ogy applicable to various evolutionary algorithms.
Applied to the CE algorithm, it led to the devel-
opment of the CECA.

Extensive experiments, including rigorous test-
ing on benchmark functions like the CEC func-
tions, demonstrated proposal’s effectiveness. It
showcased faster convergence and superior global
and local search capabilities compared to tradi-
tional methods for multi-modal optimization, high-
lighting the framework’s adaptability and robust-
ness. Furthermore, our research will extend be-
yond the domain of single-objective multi-modal
optimization, venturing into the intricate realm of

multi-objective multi-modal optimization tasks.
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