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SHEARING VIBRATION OF SHIPS

By Toyoji KUMAI*

Abstract; Some investigations into the flexural vibrations of the ships’
hulls are carried out. The author pointed out that such a higher mode of
the hull vibration as which resonant to the propeller blade force excited
through the hydrodynamic action is considered as the shearing vibration.
The vibration profiles of the higher mode of the hull vibrations under some
assumptions of the distributions of the shear rigidity and of the mass are
calculated based on the shearing vibration. Also, the natural frequencies of
the fundamental mode to the eight-noded mode of the vertical vibration of
the cargo vessel, for an example, are calculated based on the shearing vibra-
tion with taking the corrections of the bending moment and the rotatory
inertia of the hull section into account. For the sake of realizing the re-
quirement of simple method of the estimation of the natural frequencies of
the hull vibration including higher modes in the stage of the initial design,
the empirical formula founded on the shearing vibration is presented. The
empirical factors of the formula were determined based on the data which
have been sent from the leading shipbuilders in Japan to the author.

1. Introduction: The investigations into the propeller blade forces
which excite the hull vibrations are of great importance in several vibra-
tion generating systems of a ship. This investigation has already been
carried out by F. M. Lewis.?®»3 One of the methods of the reduction of
the vibration excited by the propeller blade is to increase the number of
the propeller blades, for examples, the three-bladed propeller had been re-
piaced by the four-bladed one in the ‘“Mauretania.” the “ Lusitania” and
the “Normandie.”® In the present time, the same method of the vibration
prevention as mentioned above is taken into consideration, namely, the four-
bladed propellers are frequently replaced by the five-bladed ones in the
modern large tankers and the other high speed cargo boats in practice.

The mode of the vibration whose criticals resonant to the propeller blade
frequency is higher than of our expectation. For instance, the five-noded
mode was measured in the large passenger boat with the three bladed twin

D F, M. Lewis. “Propeller Vibration” Trans. Soc. N.A.M.E. 1935,

2) F. M. Lewis. “Propeller Vibration” Trans. Soc. N A M.E. 1936.

3 F. M. Lewis and A. J. Tachminji. “Propeller Forces Exciting Hull Vibration”
Reprinted paper No. 8 of Soc. N.A.M.E. 1954,

9 F. Coqueret and P. Romano. ‘“Some Particulars Concerning The Design of The
Normandie and the Elinination of Vibration.” Trans. Soc. N:A.M.E. 1936.

* Professor of Kyushu University, member of Research Institute for Applied Me-

chanics, Kyushu University.
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80 T. KUMAI

screw by F. M. Lewis,” and the seven-noded mode of the vibration in the
10,000 ton d.w. cargo vessels with four-bladed twin screw, and up to the nine-
noded mode in 32,000ton d.w. tanker with four-bladed single screw were
both observed by T. Okabe and his coworkers.®® The calculations of such
higher modes of the hull vibrations as mentioned above are hardly able to
obtain by the use of the classical method based on the bending theory,
because the shear flexibility and the rotational inertia of the cross section
of the hull have considerably influence upon the natural frequencies of such
a higher mode of the flexural hull vibration as resonant to the propeller
blade frequency. :

In the present paper, the vibration profiles and the natural frequencies
of the two-noded to the eight-noded modes are obtained as those of the
shearing vibration taking the corrections for the bending moment and the
rotational inertia into account.

So far as the author is aware, no investigation into the shear rigidities
of the hull sections under the considerations of the deck openings and of
the sectional form in way of the entrance and the run has been carried
out, thence the present paper deals with those effects on the shear rigidity.

The empirical formula for estimation of the natural frequencies including

higher modes based on the shearing
vibration is presented in the last para-

6001-'- graph of the present paper.
Ne/min

so0l- 2, Shearing YVibration of Ship's
Hull. The natural frequencies of
the flexural vibration of the elastic
100 beam vary as the square of its corres-
ponding characteristic values by the
300 classical theory of the bending vibra-
tion without the considerations of the
other effects. The results of the vib-
200 ration measurements of the ship’s hull,
however, are greatly different from
100~ that calculated by the classical theory,
/ namely, the natural frequencies of the
,,, L T.," | hull vibration are not presented by the
o/ 2 8 4 5 6 7 8 square of the characteristic values,
Fie. 1. Measured natural frequen- but are almost propertional to its values
cies up to the seven-noded mode of like as the torsional vibration of the
vertical vibration of 10,000 ton d.w. elastic beam.”® Fig. 1 shows an ex-
cargo ship in ballast condition. ample of the relation between the

5) T.Okabe, S. Fujita and Y. Matsuyama. Report of Western Soc. of N. A. Japan No. 6.
1953.

6 T. Okabe, K. Hirata and T. Kumai. Rep. of Res. Inst. Applied Mech. Vol. IV. No. 13.
1955.
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natural frequencies of the vertical vibration and its number of nodes which
have been measured in 10,030 ton d.w. cargo boat.”

It is pointed out that the cause of the above discrepancy between the
classical theory and the observation is due to the effects of the shear deflec-
tion and the rotatory inertia of the hull section. Since the discrepancy is
very much considerable in the higher node modes of the hull vibration,
the motion is approximately considered as the shearing vibration in such
a higher mode of the vibration of ship’s hull which resonant to the propeller
blade excitation.

An example of the shearing vibration has already been investigated
into the vibration of the low buildings by Dr. K. Suyehiro.” The ships’
hulls, however, have variable stiffness and irregular mass distributions
along her length, then the solutions are different from the case of the beam
of uniform section like as low buildings. If we assume that the hull form
is symmetrical amidship, and the distributions of the shear rigidity and of
the mass along her length are represented by the powers of m and #-th
order of the length coordinate respectively, the solutions of the equation of
the shearing vibration are presented by the Bessel functions as follows,
(see Appendix.)

7 :AEF]_ “

ity

A A
guﬂ) L Bgw L guty) 1
(o 1 () e
for the beam of uniform section, or in way of the parallel body of the hull,
7) becomes as the following well known form,

7= Asinlé~BcosAf. 2)

Since the vibration profiles of the higher mode of the hull vibrations are
approximately presented by the solutions of the shearing vibration, (see
paragraph 3) the effects of the non-uniformities of the shear rigidity and
of the mass upon the higher mode of the hull vibrations are qualitatively
investigated by the computed results of the modes of the shearing vibration
with the parameters # and .

The effects of some combinations of the distributions of the shear rigidity
and the mass upon the vibration profiles of the hull vibrations are shown
in Fig. 2. (a), (b) and (c). As will be seen in the figures, the amplitude
of the hull vibration in the vicinity of the stern or the bow of the ship is
larger than that of midship section except uniform box shaped one in the
case of the higher mode of the flexural vibration. It will be pointed out
that one of the reasons of the undue vibration which occurs at the stern
or the bow of the ship is caused by the considerable reduction of the shear
rigidity along the length of the run or of the entrance.

The shearing vibration of the beam in the higher mode of the flexural
vibration is also deduced from the fundamental equation of the vibration of
the elastic beam based on the bending theory with the consideration of the

7 K. Suyehiro. “Scientific and Technical Papers” p. 278. 1934.
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Fie. 2. Vibration profiles of the eight-noded mode with various distri-
butions of shear rigidities and of masses along the length of hull.

effects of the shear deflection and of the rotatory inertia which is deduced
by S. Timoshenko.® (see Appendix.)

In the case of the calculations of the natural frequencies of the hull
vibration based on the shearing vibration mentioned above, the corrections
for the effects of the energy of the bending moment and of the rotatory
inertia of the hull section must be carried out as will be seen in the fol-
lowing paragraph.

3. Corrections of Bending Moment and Rotatory Inertia for the Natu-
ral Frequeucies of the Shearing Vibration of the Hull. In the range
of the natural frequencies of the lower modes of the hull vibration, the
strain energy of the bending moment is more considerable than that of the
higher modes, on the other hand, the rotational inertia effect upon the
criticals of the higher modes is more remarkable than of which in the
lower modes. The corrections for those effects, therefore, should be taken
through all the natural frequencies into account.

Now, the total strain energy of the beam is presented by the sum of
the strain energy of the bending moment and the shear strain energy,
which is shown as the following form,

r 7
1 azy,\? 1 dys\?
V== (== d = ’ ers
2J0E (de) x+2JOkGA ) dx, 3)
where, ET bending rigidity of the hull
kF'GA shear rigidity of the hull
¥ deflection due to bending moment
Ys deflection due to shear force

 S. Timoshenko., *Vibration Problems in Engineering.” p. 338.
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x length coordinate
L overall length of the hull

On the other hand, the maximum kinetic energy of the vibration is pre-
sented as follows,
1 @aNdy [, - (dy 2
=L d I.(==) dxi, 4
2 2z {Jowy ], dx) x} @
where g acceleration of gravity
N  natural frequency of the hull vibration
w mass per unit length of the hull
y(=y+9s) total deflection of the hull

I, mass. moment of inertia of the section about its neutral
axis

Equating (3) and (4), the natural frepuency of the hull vibration based on
the shearing vibration with the correction factors becomes as the following
form,

0 | &l rea(ZYax

N= o , , ®)
N f[wyldz Q4D+
rwyzdx/[r'wyfdx )
where, A+7) = -, (6
o (22 o2 o)
r ‘_Z.X 2
<1+Tr>=l+w )
50 wyldx

For the computations of the above factors 6) and 7), the functional
. form of the shear deflection ys should be required. Fortunately, since the
exact solutions of the shearing vibration are obtained as presented in the
previous paragraph and in Appendix, the results of the above computations
are correctly obtained. On the other hand, the deflection due to the bending
moment denoted by y, in the above factors is calculated by the use of the
relations presented as follows,

= Jde = Jk,GAij—,'sdx 5
dx

and also, M=

B

ayy _ 1\ a8Ys 4.0
then, dx JL’IJ GA dx +C,,
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where, M bending moment
Q shear force
C, integration constant

Finally, the correction factors presented by (6) and (7) are both computed
under the assumption of the value of k2. The numerical calculations of the
correction factors and the natural frequencies are shown in the paragraph 5.

4, Shear Rigidity of a Ship’s Hull. The shear rigidity of the section
of the thin hollow beam like as the ships’ hulls is presented by the form,

Iz

kA= = s ®
dA
J ORI
where, I moment of inertia of the section of the beam about its

neutral axis

sectional area

moment of area above considered line about the neutral

axis of the section

t thickness of the shell at the cross point of the line con-
sidered

S

The examples of the numerical computation of the shear rigidity of
thin hollow rectangular section have already been carried out by J. L.
Taylor® and Prof. Y. Watanabe.!” Also, rough estimation of the shear
rigidity is presented by W. Hovgaard'® as the well known form,

FA= Ay, ®

where, Ay, area of the vertical web plate for vertical shear force

The effects of the under two or three decks upon the rigidity in way
of the parallel body of the hull have been carried out by the above two
investigators. However, so far as the author is aware, no investigation of
the influences of the deck openings and of the forms of the hull section
in way of the entrance or the run has been carried out except the calcula-
tions of &’ for the solid beam of ovaloid section presented by R. D. Mindlin
and H. Deresiewicz.’® In the first place, the effects of the ratio of the thick-
ness of the flange and the web, and also of the ratio of the breadth and
the depth of the section of the thin hollow rectangular tube upon the

9 J. L. Taylor. “ The Theory of Longitudinal Bending of Ships.” Trans. N.E.C.IL.
1924-25.

100 Y. Watanabe. “Effect of Shear Flexibility on the Flexural Vibtation of Ships.”
Rep. of Kyushu Soc. of N.A. Japan. 1934. :

1> W. Hovgaard. ‘ Design of Warship.”

12) R, D. Mindlin and H. Deresiewicz. “Timoshenko’s shear Coefficient for Flexural
Vibrations of Beams.” The reprinted paper of Proceedings of the 2nd U.S. National
Congress of Applied Mechanics. 1954,
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shear rigidity were
computed in the pre-
sent paper. The com-
puted results are
shown in Fig. 3. The
values of %’ obtained
by the approximation
(9) is presented in the
same figure by 2. As
will be seen in the
figure, &’ is compara-
tively low in both
cases of the vartical
and horizontal shear
provided the values of
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Fie. 3. Values of & of the thin hollow rectangular tube.

B[D take 15 to 2 and with the small value of #;/f, like as the ordinary

hull form with deck openings.

In the second place, the shear rigidities of

the typical sections in way of the run, the parallel body and the entrance of
the ship’s hull with deck openings are calculated and the results are shown
in Fig. 4 (a), (b), (¢) respectively.

The equivalent thickness of the deck plate in way of the deck openings

is calculated considering the sugges-

tion of J.-L. Taylor.'»

There is no

considerable variation of the & ex-

/
£y

vertical shear.

cept the section with large deck
openings and sharp V-shaped section
in horizontal shear and the section
of the semi-circular hollow tube in

In general case, the

L L ! distribution of the shear rigidity

may be considered almost proportion-

al to the sectional area of the hull
along her length provided the deck

84 1 openings are not so considerable.
-
D
£y
o4 @ I" =
03 03 Yot g4 —o4
0.2 a /i‘e ~@/e —0.57
Py all Y £
a ! P 1 ] | 1
0 02 o4 06 028 10 0 2z o4 a6 a8 10
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Fic. 4. Values of &’ of various section of thin hollow beams

with deck openings.
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5. Calculations of the Natural Frequencies of the Hull Vibration,

The equation of the calculation of the natural frequencies including

higher modes of the hull vibrations obtained from the results of the fore-
going investigation is presented as follows,

60 ,— gk GA
N=80%a V 0 , 10
2n ALA+7) A+ 10+ Tw0) a0
where N natural frequencies of #-noded mode per min

Yy characteristic values of #-noded mode depend on the
ship’s form and distributions of the shear rigidity and
of the mass (see Appendix.)

k/GAy,  shear rigidity of the midship section

A+71v), A+714), (A+710)  correction factors of bending moment,
rotational inertia and the virtual mass,?» 191115 respec-
tively in #-noded mode

4, L  displacement and over all length of a ship respectively

The natural frequencies up to the eightmnoded mode of the vertical
vibration of a hull were computed, for an example, by the use of the data of
10,000 ton d.w. modern cargo vessel, whose paticulars are shown in Table 1.2
The numerical calculations were carried out under the assumption of the
four kinds of the distributions of the shear rigidities and of the masses,
namely, m (=#n) =0, 1/2, 1, 2. The vibration profiles of the fundamental
node produced by the shear force and by the bending moment which denoted
by 7s and 7, respectively, are presented with above four kinds of the hull
forms in Fig. 5, and the ratio of 7, and %; for the above values of m and #

are shown in the Table. 2.

TasrLe 1. Particulars of 10,000 The correction factors of the bend-
ton d.w. cargo ship whose natural ing moment and the rotatory inertia
fraquencies were calculated and
meassered.

TaBrLE 2. Ratios of #p and s in cases

of varions forms and nodes.
L, B, D 140M X 19M X 10.5M
d 4.3M (7o) 78Ik =0,3, £=0.3
4 7,470 ton m(=n) | 2-node | 4-node | 6-node | 8-node
Ao 1.632 M2 0 5.03 0.568 | 0.254 0.142
ko 0.3 1/2 3.80 0.305 0.130 0.070
&1 03 1 3.43 0.250 | 0.105 0.040
m(=mn) 0,1/2,1, 2 2 2.58 0.190 | 0.050 | 0.015

13) J. L. Taylor. - “ Ship Vibration Periods.” Trans. N.E.C.I. 1927-28.

19 T, Terada. “On the Vibration of a Bar Floating on a Liguid Surface.” Proc.
Tokyo Math-Phys. Soc. III, pp. 103-109, 1906.

15 H. W. Nicholls. “Vibration of Ships.” Trans. LN.A. 1924.

16 F. N. Lewis. “The Inertia of the Water Surrounding a Vibrating Ship.” Trans.

Soc. N.AM.E. 1929,
17) C, W. Prohaska. “ Vibrations Verticales du Navier.” Associa. Tech. M. et A. 1947.
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and of the virtual mass for the natural frequencies were computed as
shown in Fig. 6. The shear rigidity coefficient is assumed to be equals to
0.3 in the present calculations.

In the results, the natural
frequencies of the vertical vibra-
tion of the typical cargo boat
mentioned above were computed
as shown in Fig. 7 with the para-
meters of various distributions of
the rigidities and the masses.
The results of the measurements
of the natural frequencies of the
above ship are plotted in the same

figure. Fie. 5. Two-noded vibration profiles
The relation between natural of shear flexural and of bending flexural
frequency and the number of node vibration with various distributions of

is found in fairly good agreement rigidities and masses.

provided m (=#n) =2 as will be

seen in Fig. 7. ol
Ny .
i
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aa[ ’ G X measured.
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2 4 [} 8 9 1 2 3 4 5 6 7 8
Fie. 6. Computed values of correc- Fia. 7. Comparison of the natural
tion factors for bending flexibility, rota- frequencies obtained by the theory and
tory inertia and virtual mass of water. the results of measurements.

6. Empirical Formula Estimating the Natural Frequencies of the Hull
Vibtations. The foregoing method of the calculation of the natural fre-
quency of the hull vibration is applicable under the assumptions of the
distributions of the rigidity and the mass along the length of a ship's hull.
In the actual ships, however, these distributions are not so simple like as
those of the above assumption, moreover, the calculations are much laborious
in the design room. Thence, the empirical formula of the estimation of
the natural frequencies of the hull vibration based on the shearing vibration
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for the practical use in the stage of the initial design of the ships is
presented in this paragraph.

The formula computing the natural frequencies based on the result of
the foregoing investigation is presented as the following form,

where

Ny

p’

L
a

A, x10°

= S
Np=a(n i L

, an

n-noded natural frequency of the flexural vibration of-

the hull per minute

number of nodes of fiexural vibration

sectional area of the web plate amidship in M?

displacement with virtual mass of water, for instance,
B .

4= 4(1,2—5-%), B, d, breadth and draft respectively

in vertical vibration, 4 is displacement in ton'

length between perpendiculars of ship in M

empirical factors obtained from the results of vibration

measurements

The empirical factors ¢# and @ are computed by the following equations
respectively,

150+
100
sv -

M’m'n ! n b

550 Nn

500 a= e Ap10°°

450 <n 4L

400 n=2,3, ),
350

where N, and N, are measured
300 natural frequencies of the hull
250 vibrations. The mean values of
£ and of a which obtained from

_noded.
200 o 38" og = o200
the results of the vibration test

d&A -1/50 .
2o 5hoo of the thirteen cargo vessels
T of 10,000ton d.w. class shelter
1% decker type in the trial trip con-
1 ] 1 1 I} 1 ] 1 1 0 L : M

U5 36 37 38 39 40 4/ 42 43 M %5 d%twn,.m the case of the vertical
X0 vibration, for an example, are

-V LppA (B accounted as follows,*

Fia. 8. Natural frequencies of the vertical

vibration of 10,000 ton d.w. class shelter
decker type cargo ships obtained by the use
of the empirical formula and comparisons
with measured ones.

r=0842, a=2685.

The results of calculations
of the natural frequencies of

* p and a of three islander type and tankers are accounted of Aslightly different from
those of shelter deker type.
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the vertical vibration up to seven noded mode by the use of (11) with the
above values of # and @ are shown in the Fig. 8 The measured results
are plotted in the same figure.

Fig. 8 will be available for the estimation of the natural frequencies
including higher modes of the vertical hull vibrations in the design stage.

The same method as above is also applicable to the horizontal transverse
vibration of ships’ hulls and to the other types of the vessels.

Replacing A by BD?/L? and always put #=2 in the present formula,
the same formula as which has been presented by F. H. Todd" is obtained.
Also, Baier’s rough ‘estimation formula'® of the frequencies of the higher
node mode of the hull vibration is obtained provided # =1 and N, is known.
In general case, however, # takes the value less than unity, thence the
Baier’s formula is applicable only in the special type of vessels, for instance,
in the case of the vertical vibration of tankers of large type.

7. Conclusions. The theoretical investiation into the higher mode pro-
files and its natural frequencies of the hull vibration was carried out taking
the shearing vibration into consideration. The vibration profiles of the beam
of variable cross section like as ship’s hull are obtained and the effects of
the distributions of the shear rigidity and of the mass along her length
upon the amplitude of the vibration were clearly shown in the high mode
of the hull vibration. By the process of the corrections of the bending
moment and the rotational inertia of the section, the natural frequencies up
to the eight-noded modes of the vibration of the typical hull formed beams
are obtained. The calculations of the natural frequencies of the 10,000 ton
d.w. cargo vessel were carried out as an example, the results of the calcu-
lations are clearly explained the relation between the natural frequencies
and its corresponding nodes of the measured ones. The convenient formula
based on the foregoing theory of the shearing vibration was presented and
whose empirical factors were determined by the data of the measured
natural frequencies of the vertical vibrations of the thirteen modern shelter
decker cargo vessels built in Japan in trial trip condition. The empirical
formula will be usefull for estimation of the criticals up to the blade
frequencies of the vertical vibrations including higher modes of this type
of cargo ships in the stage of initial hull design.

The investigations described in this paper were discussed in'the meet-
ings of the Western Section of Shipstructure Committee of Japan in 1955.
Valuable guidance and help is afforded by Prof. Y. Watanabe in the prepera-
tion of this paper. Also, the data of vibration measurements of cargo ships
recentely have been built were given by the courtesies of the leading ship-
builders in Japan.

18) F. H. Todd. “Some Measurements of Ship Vibration.” Trans. N.E.C. 1933.
19 L. A. Baier and J. Ormondroyd. “ Vibration of the Stern of Single Screw Vessel.”
Trans. S.N.A.M.E. Vol. 60. 1952.
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Appendix.

Shearing Vibration of the Beam with Variable Cross Section

1. Solutions of the equation of the shearing vibration.

The equilibriun of the clement of the beam which is subjected by the
vibratory shear force @ and the inertia force is presented as the following
form,

o2y

0Q 4, =229 4, S a

w
ox g
length coordinate
deflection perpendicular to x direction
mass of element per unit length
acceleration of gravity
time coordinate

D
~
&

where

w8 ey

Now, the shear force is represented by the slope of the element, namely,

i 0y
Q==F GAE; , 13
where, £’ is the coefficient of the shear rigidity which is defined by
S. Timoshenko® A is the sectional area of the element of the beam and
G is the shear modulus of the material of the beam.
The beam is now under the action of the simple harmonic motion, or
y =y cospt, provided x/L=¢ and y/L =7, (13) becomes

d dan w A

—kGA=L 2—7=0. 14

dE d 5—!—17 P /) s
For the sake of simplicity, the section of the beam is assumed to be of
the symmetrical form about its midpoint and has the variable cross section
between the length 0<¢6< &, also the origine is taken at the end of the
beam. The shear rigidity and the mass are assumed to be of the forms,

k’GA = ku’GAu <5/El)m

w=w,(§/E)"
where, m and » are both positive number, 2/GA, and the w, are shear
rigidity and the mass respectively at the section of the parallel body &< &

< &, the coordinate at the midpoint of the beam is denoted by &.. Sub-
stitute the relation (15) in (14), the following Bessel equation is obtained,

}ogege,, 15)

arm  may nemp— 0
gz g ge TAETM=0. (16

The solutions of (16) is obtained as following form provided m —n < 2

=Ag]_y ()4 Bens, (L) an

v\ MUY =N/
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and also provided m —27=2

-1 _m=1
n=A¢& * sin(Blogé)+BE * cos(Blogé), (18)
where, 2= gmnp2
p*w.nL ,
A= —1= 17
ko’ GAU ( )
_1—m _1+n
e
J«, J-Bessel function of A __th order
vy p+y

B=l//hz—(—7£:4——p—2.

The solutions in way of the parallel body are presented as the well
known form,

7 =Asini&+ BcosiE. (19
The characteristic value 4 and the integration constants A and B are

determined byithe boundary conditions at the sections £ =0, £ = &; and § = &,.
The determination equation of 4 of (17) is presented as the following form

i%l(l‘_i"ﬁi { cotd(&:—&) _ o (20)
T8

—tand(&— &) ’
in the above equation, upper side of the second term takes the 4 in the case
of even number nodes, and the lower side the odd number nodes.

The foregoing calculation is applicable for the beam of variable cross
section with parallel body like as ship’s hull form. In the ship’s hull,
however, the mass of the corresponding beam is replaced by the displace-
ment of a ship. Thus, the natural frequencies of the ship’s hulil is presented
by the following form, which is deduced from (17)".

/_@ - l/g_k_O/G__AQ 21
N _2”/ c A I @D

where, N’ natural frequencies of the hull vibration per min. with-
out corrections
4 displacement of ship

[(lowdg 4w (8-

woé

Cc =

The actual natural frequencies of the hull vibration are obtained from N'
with the corrections of bending moment and rotatory inertia of the section
and of the virtual mass of water surrounding hull surface which described
in the paragraph 3 of this paper.
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2. Equation of the shearing vibration deduced from the bending theory
under the consideration of the shear deflection and the rotatory inertia.

For the sake of simplicity, the vibration of the uniform beam is investi-
gated in the following discussion. The fundamental equation of the vibra-
tion of the beam taking the effects of the shear flexibility and of the.
rotatory inertia into account is presented as follows,®

4 2
Ia_y_(ﬂ EIp> oty _]_pI p oty  pA%y —0.

oxt g +g/e'G ox2012 g gk'Gott g o2

(22)

The equation is easily deduced to ordinary form provided y =y coespf,
namely

y oI Elp\d% (oI pp* _pAP?\ _
EI p(g gk’G)dxl+(g gk'G g )ly—O, (23)

as will be seen in the above equation, the coefficient of ¥ consists of ‘two
terms, the first term of this coefficient is smaller than the second term and
is ignored for the second term provided the critical p takes small value,
for instance, in the case of fundamental mode of the hull vibration. The
second place, the first term of the coefficient of ¥ becomes large when the
value of p increases, consequently when both terms take the equal values,
or p=p;, the last term in (23) vernishes. The third place, » becomes
higher than p,, the coefficient of vy takes positive sign. The solutions of
the equation (23) in the foregoing three cases caused by the values of p
take different forms as follows,*”

P < pi; y=Asingx+ Bcosgx+ C sinhrx + D coshrx, @
p=p; y=Asinsx+Bcossx+Cx+D, (25)
p>p; y=Asing,x-+Bcosqix+Csinv,x + D cos7, x. (26)

The frequency of the hull vibration excited by the blade flequency is
approximately estimated by the second place in the above three cases, which
has alreaby been presented in thé author’s previous paper.? The funda-
mental equation whose solutions present by (25) is of the shearing vibration
provided the coefficient of » vernishes and replacing ¥ by »s;, moreover
ignoring the rotational effect in the equation (23). Thence, the fundamental
equation of the shearing vibration is also obtzined from the equation based
on the bending moment taking the effects of the shear flexibility and of
the rotatory inertia into account.
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