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Introduction

As to the so-called efastic plane stress problems, 'rriany papers have
already [been proposed and in special cases the solutions are fully discussed
or obtained in the functlonal forms, the applied forces on the boundaries and
the forms of the domains being simple. But in the latter solutions, such
as the Muschelisvili’s paper etc., it is yet difficult to find the stress func-
tions so as to satisfy the given conditions in the practical c_alculat-ions.

In ithe present paper, it is intended to treat the general case referring
to a thin plate with holes acted on the boundaries by external forces in
the middle plane, the applied forces on the respective boundary and its
twisting moments being not necessarily in equilibrium and the form of the
plate, such as the forms of the outer and inner boundaries of the plate, being
quite arbitrary.

Fundamental Principle of the Theory

In such a plate as stated at the introduction, if the stress state is ap-
proximately regarded as a mean stress state of plane stress, the sh(ss dis-
tribution may be expressed by the following formulae

N ) N < aZ 82 aZ ) ro, | N %

(xx, 9y, xy)= B R —-a—&a—yx,zx=yz=zz=0 (1)

where the x— and y— co-ordinate axes lie on the middle plane of the plate :
'with’a right angle and the z—axis is normal to the plane and the y is the °
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function which satisfies the following conditions ;.
(A) At any point in the domain:

4 4
o 8¢ -2 (2)

Vir=0  Vi=gatlmyt oy o

(B) On the boundaries :
In the case of the plate with » holes, on the i—th boundaly

e - e —xxcos(xJ +xycos(yz) ] vy
A . ( 31)

_ Y= gcy.cqs xv)+yycos (vv) ]

in which the v is the outward-drawn normal of an elemental arc ds of the
-1—th boundary and (X,,Y,) are the x— and y direction components of
an external force bn the boundary:. ‘

Here, using the Eqs. (1), the above equations can be rewritten into the

fofm :
5 P; 2
(ﬂ—) = j Yp ds 4 C“ l 2
0% I A; <
. 2 (132)
(ﬂ) =j " X,ds+C,, [
Ay 3B A J
‘and, moreover, these equations are reduced to
(—al) —cos (av) j ¥, a’s+cos LVV)P,j‘ X, ds
ov P i
+ C; cos (w)p,; + Cy; cos (W)p; (3s)
‘ P; Qi P | 0Q; F; N\ | P ‘
@Wri=—| "dx[" v+ [ ay[ "xas+Cile] T+ aly| T+
Al A Aot A; Ai

where A; denotes ,the starting . point of the integration aloi_\wg the i—th
boundary, P; a given point and ; any point within the range of  the arc
length A,,»\Pi: :

(C) Along an arbitrary closed curve.

From the conditions that the disp]aéement and its inclinations for the

 x— and y—axes at a given point in the domain are, in the present problem,

one-valued functions of its position, the equations
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a az’ e
by (Vinds =

d 0 2a oy Ai v |
#(yay { Bs) ryas—(1 >78x_’|_ (4)
(j;(x g + . )vz ds+(1+0a) al‘ ".——— 0

. Wé?/— y Via’g‘ 1 Z ; i _37v~ 1

must be satisfied when the integration is taken along an arbitrary closed
curve in the domain. .

The preceding statements- tell us that the present problem is fully
solved, if we find a proper method, by which the y is d;.termined so as to
satisfy the conditions (2), (3) and (4).

Now, let us firstly examine the mathematical character of the y func-
tion of the present problem ' over again. The twisting moment about the
origin caused by the external forces acting on the i—th boundary is expres-
sed by the equation \

Mp,-=J'Al(qu, yX,)ds = [ a"”z%] +[7J:

in which Mp; denotes the twisting moment at the point P; and, as the
integration may be taken th@ugh the whole closed curve, we have
a4
oy A;
= M_xAi(Fy)i“"yAi(Fx)i (51)

where M, is the total twisting moment caused by all of the external forces
acting on the i—th boundary and (F,),, (F,); are the x— and y—components
of the total force.

Moreover, from the Eq. (5;) and the 2nd. equation of the Egs. ( 33), we
have :

%

] i
‘=MAi+xAiI—aly;' + Y
A;

4,

. y:dxjj Y, ds + j:jéyjA,X e MRyl

We 'see from the above equations that the boundary value of the ¥
. increases the amount of the righthand side value of the Eq. (5,) for one
turn of the point P, through along the i—th boundary, provided that the
total force and its twisting moment are not in equilibrium on the i—th
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boundary alone, and accordingly the y i8, in the present problems, a’many-
~ valued plane biharmonic function.

Now, in Considering of the conditions (5,), let us .put the y in the form ~

: , :
g #—kz {M,— x(F )ty (Fo)y)arctg 225 yk ot (6)
That is, the first term is a known many-valued biharmonic function, the y*
; an unknown one-valued biharmonic one, and (x;, yk) denote the co-ordinates
% (e at any point in the inside domain of the k—th boundary, (F ) (F,)r the x—
: v and y—components of the total‘force acting on the boundary and M, is the

twisting moment of the force. ,
i & Here, as to the y* in order that the ¥ satlsﬁes ‘the conditions (3;) and
i (4), we have the following conditions :

Substituting the Eq. (6) into the Egs. (3) and (4), we have the equations

Y= - > (Mi—p(F) k+yp,(Fx)k}arctgy”' 2t

-

; P; Q4 P; Q; P; P ; X
‘ —j dxj Yvds+§ dyS X,ds+C, x' G y\ L
h A; ™ A; AR ; A; ' Aj
az* oAy 1 "[ - yl’z )
(-57 ¢ gt {(F)rcos(y)p;>(F,)rcOs (xv),,,}arctg _ (7)

b (Mot 3o} i e ,fk’g)z""s"‘”’” ]

G - —Cos(av)p J Y.ds+cos (yV)p,j iX,ds+C1,~cos(xu)p,~+ Clicos (3)p; ‘
‘ A, A; )

along the i—th boundary:from the Eqgs. (3) and the equations

) 3
4;,@(‘712 1)=0

B BNy T S st
§(r 5~y )i dot g 1=)| & (Farcta L= A_—O 59
ff)( g +Y—)V1 y*ds+‘~(1—n) Z(F )rarctg y_% =0 -
A;

along an arbitrary closed curve in the domain from the Egs. (4).
~ In the Egs. (7) the pomt P; turning around along the 7—th boundary,
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the value of the arctg (yp;,—¥u)/(xp;—x;) is 27 (1=0) or —27 (z#()) when the
point (x,, ¥,) is in the inside domain of the iz—th boundarv and is zero
when the point is in the outside domain of the boundary, so that the func-

'~ tions ¥*p; and (;az*/BVjpi expressed by the Egs. (7) are obviously one-valued

functions in considering of the Eq. (5,) as well as the fact that the total
force acting along all the boundaries of the domain and its twisting moment
are always in equilibrium. Hence we see that conditions (7) satisfy the

'assumptlon that y* is a one-valued biharmonic function.

Above all, the results obtained above tell us‘,‘_that for solving the present °
problem, we have,to find the function y* which is a one- -valued biharmonic
function and satisfies the conitions (7) on the i—th boundary and the coi-

_ditions (8) along ‘an arbltrary closed curve in the give domain.

\However, we have yet unknown constants (C,, C,, G); in the Eqgs. (7)
at the respective boundaries and accordingly the boundary values of the y*
can not be determined. '

Hence, let us put the x again as the form :

=Yt Z (Cin+ Gy +»C3X3), ; (9
rm which we have at any point m the domain ; $
it (Xp, Yiis Hoir Xa) =0 oo (10)
and on the i—th boundary, from the Egs. (7) and (9) :
(ors = e 83 DM (B 3 FJarct 20
P; Qi P Qi
—j dxj des+‘ dyj X, ds (11y)
Ai “A; Al
o P
(e Azs 1) =( x ‘y 1)C,-(s,>
dv, 1 ARy | 53
(% )H o ! x)kcos(y'J)p,-,—(F,,)kCOS(xv)p,-}arctgH
; FiM A (F e+ Vi Fop} v kdipy = xk)COS(J’V)m (Ypi—Yr) COS(x”)P;
s ) (Xpi— X + Vpi— Y0l ;
(11,)

. P; P; :
B (x‘u),,,.j Yads & cos yu),,,.j X, ds
A; A;

9y Oy, 0 | S e
; (_a%l' ) '55—2) ’a{i)i_;{cos(xv)l’i ’ COS(yV)Pi ) 0} Ci(s)



6 Shosaburd Negoro ®

the C(s) being the characteristic function of the i—th boundary which
denotes . :
C(sy=L1 (along the i—th boundary)
Cls)=10 (along all the boundaries except the i—th).
Then it is obvious that the y* expressed by the Eq. (9) is a biharmonic
function and satisfies the conditions (7). {
Here, the boundary values of the functions (Yo Y1i» ¥2i and ys;) and their
inclinations of the outward normal direction of the i—,th 'boundary become
-knowri quantities from the uconditions (11), so that- these biharmonic func-
tions under the conditions (11) can always be found, as is well known, by
using the numerical calculating method.
Therefore, the y* can be determined from the Eq. (9), provided that

- the unknown constants’ (C;, C,, G); in the Eq. (9) can be obtained. And

these vcons'tantS' are determined a% follows: e
- Firstly, substituting the Eq. (9) into the Egs. (8), we have

Aff)%[vxz{xo + g(.cl?fl+ Core +'C3)g3) ,»}]ds =0

§[<J’*§; —x“ﬁi’ )VIZ{ZO ik g (Cin+ G+ C32{3)i}]d5

L° 1~ o) (B, arete 2= |
+—2;(1 a) ;(F‘,)kalctg X—%,

= (12)
A; :

o é[(x@% +J‘}‘%‘>VIZ{X°+ Z'Z_’; (Gt GCrt C3Z;)i}]d$

Aj
=l
A;

+i(,1—a)

ot ¥V
5 ; (Fy)rarctg B

These equations have to be held along an arbit‘rary closed curve in the
given'domain and the unknown quantities are constants (C,, C,, C); only
in the equations as the ‘functions ¥, and (y, 'zz, 73); are already known
functions. Now, adopting as the arbitrary closed curves the so-called
independent closed one, each of which encloses at least a new closed bound-
ary, we have n such curves in the domain with 'z holés and accordingly
3n simultaneous equations of the first degree for 37 unknown constants.

* Therefore, the solution of the equations gives us one set of the values of

¢
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the unknown. constants and the present problem may perfectly  be solved.
That is to say, firstly the bihormonic functions 4, and (y;, 7., 7:) under the
boundary conditions (Eqs. (7)) are found by a numerical calculatlng method
and secondly the constants (C,, C,, G); from the simultaneous equatlons (Eqgs.
(12)) and then the y* function is determined from the Eq. (9) and next the
% function from the Eq. (6). The y being thus obtained for the present
problem, the required stress distribution in the given. domain is found from
the Eq. (1).

8 & \

Conclusion

In the present paper, it has been shown that the Airy’s stress function

is a many-valued. plane biharmonic function when a given domain is multi- .

ply-connected and the applied forces of the respective boundary and its twist-

ing moments are not in equilibrium, and that the function .can be-separated_

into two parts, the one being a known bihermoni€Tfinction expressed by the
arctangent series, the other an .unknown biharmonic one as stated in the
Eq. (6) and we have fully discussed that the function can always be found
by .utilizing the numerical calculating method, however arbitrafy the domain
may be.

Of course, in such a special case that the applied forces on the respec-
tive houndary and its moments are in equilibrium, the present‘ method may
be adopted in the similar way, if we put-all the terms concerning with the
M;, (F,); and (F)); in the conditions for the functions stated in the present
paper to zero. ' :

Hence, we see that the so-called elastic plane stress probléms can _

always be solved by the method vproposed in this paper.

Howevef we do not consider that the present method is satisfactory,
because, at the practical calculatlon of finding the Airy’s function the
method is fairly tedious, while the suitable . numerxcal calculatmg instruments
for finding the biharmonic functions satisfing the given boundary conditions
can not be used freely, and the accuracy falls, in geﬁeral, considerably in
_the twice numerical differentiation of the Airy’s function which is necessary
+ for finding the qrgquired stress distribution in the given plate.

Thus we are still in course of research for the method of finding the

il
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stress distribution directly without the twice numerical differentiati(;n
metioned above.

Lastly the author expresses' his gratitude to assistant researcher T.
Sekiya for his valuable helpfulness. : &
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