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Introduction 

F'-

.• 

As to the so-called elastic plane stress problems, many papers h~ve ., 

already fbeen proposed ~md in special cases the solutions are fully discusi3ed 

or obtained in the functional forms, the applied forces on the boundaries and 

the forms of the domains being_ simple. But in the latter solutions, such 

as the Muschelisvili's paper etc., it is yet difficult to find the st1·ess func­

tions so as to satisfy the given ccmditions in the practical calculations. 

~n the present paper, it is intended to treat the general case referring 

to a thin plate with ·holes acted on the boundaries by external forces in 

the middle plane, the applied forces on the respective bo,,undary and its 

twisting moments being not necessarily in equilibrium and the form of the 

plate, such as the forms of th~ outer and inner bounda6es t>f the plat<"? being 

quite arbitrary. 

Fundamental Principle of the Theory 

In such a plate as stated at the introduction, if the stress state i? ap­

proximately regarded as a mean stress state of plane stress, the stress dis­

tribution may be expressed by the following formulae 

,......, ,,...._, ,......, ( a2 a2 a2 ) . ,......, ,,...._, r--. 
(xx, y y, x y) = o:J , ox2 , - oxoy x, z x = y z = z z = o ( 1 ) 

' 
where the x- and _y- co-ordinate axes lie on the middle plane· of the plate 

with a right angle and the z-axis is normal to the plane and the x is the · 

' 
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function which satisfies the following conditions;· . 
(A) At any point iti the domain : 

( 2) 

(B) On the boundaries : 

In the case of the plate with n holes, on the i-th boundary 
~ ~ 

XIJ = x x cos (.xv) + X Y cos (yv) 1 
J 

~ ~ 

Y, = f y .CQS (xv~+ y y cos (yv) 

in which the v is the outward-drawn normal of an elemental arc ds of the · 

. i -th boundary and .(XJJ, YIJ) are th~ x- and y-direction components of 
' an external force t:m the ·boundary. 

Here, using the Eqs. (1), the above equations can be rewritten into the 
I 

form 

( ~X) = jpi XIJds+ C2j 

y Pi Ai 

l 
J 

. and, moreover, these equations are ·redu~ed to · 

( ~~-) = -cos (xv)p,r' Y,ds+ c~s (yv)p,( X,ds 
Pi Ai Ai 

+ cli cos (xv)Pi + C2i cos (y.v)pi ( 33) 

[pi ·Qi I pi "Qi I I pi ·I I pi 
(X)Pi = - J dx j YIJds+ dyj X,ds+ C1; X . + C2i,Y + c3i 

A; Ai Ai Ai Ai Ai I 
/ -

where Ai denotes the starting: ·. pojnt of the integration alopg the i-th 

boundary, Pi a · given point and Qi any point within the range of , tJ:ie arc 
~ \ 

length APi; 

(C) Along an arbitrary closed curve. 

From the conditions that the displacement and its inclinations for the 

x- and y-axes at a given point in. the domain are, •in the present problem, 

one-valued functions of its position, the ,equations · 1 
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(4 ) 

must be satisfied when the integration is taken along an arbitrary closed 

curve in the domain. 
The preceding statements · tell us that the pres~nt problem is fully , 

solved, if we find a proper method, by which the x is determined so as to 

satisfy the conditions (2), (3) and ( 4). 

Now, let us firstly examine the mathematical character of the X func­

tion of the present problem · over again. The twisting moment about the 

origin caused by the external forces acting on the i--- th boundary is\ expres­

sed by the equation 

·'P· . [ a a JP· [ JP· MPi = j 
1 

(xX, ,-yX.., )ds = - x 0; + y 0; '+ x 
1 

, 

. A i _ . . _ A i /4i -
in which MPi denotes the twisting moment at the point Pi and, as the 

integr?tion may be taken thrpugh the whole closed curve, we have 

where ~ is the total twisting moment caused by all of the external forces 

acting__ on the i- th boundary and Wx )i , (Fy\ are the ·x- and y~ components 

of the total force. 

Moreover,• from the Eq. (51) and the 2nd. equation of the Eqs. (33\ we 

have 

We see from the above equations that the boundary value of the X 

increases the amount of the rightharid side value , of the Eq. (51) for one 

turn of the point Pi through along 'the i~ th· boundary, provided that the 

total force and its twisting moment are not fu equilibrium on · the i-th 
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boundary alone, and accm dingly the x is, in the present problems, a many­

valued plane biharmonic function. 

Now, in considering of the conditions (51), let us put the x in the . form 

That is, the first term is a known -·many-valued biharmonic 'function, the x* 
an unknown one-valued biharmonic one, and (xk, Yk) d~note the co-ordinates 

, • I 

at any point in the inside domain of the k-th boundary, (Fx)k ·(F_, ,)k the x-
and y-components of the total 'force acting on the boundary and Mk is the 

twisting moment of the force. 

Here, as to the x'* in order that the y_ satisfies . the conditions (33) and 

( 4)!... we have the foilowing conditions: 

Substi~uting the Eq. (6) into the Eqs. (3) and (4), we bave the equations 

x*; = _2_!_ :E {M~-XpJFy)k+ Yp;(Fx)k}arctg YPi-Yk 
7T: k=I . Xp;- Xk 

(7) 

-Cos(xi;)p1JP1 

Y..,ds+ cos (y~).Pijpi X.,,ds + C1icos(x1.1)Pi+ c;icos(yi;)Pi 
Ai - Ai 

along the i-th boundary•from the Eqs. (3) and the equations 

th -0
-(v?x*)=O r. a)) 

( 8 ) 

along an arbitrary closed curve in the domain from the Eqs. ( 4). 

In the Eqs. (7), the point ~ turning around along' the i- th boundary, 
• I , 
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the value of the arctg (YPi-Yk)/(Xpi-xk) is 2rr (i=O) or -2rr (i=j=O) when the 

point (xk, yk) is in the inside domain of the i-th boundary and is zero 

when the point is in the outside domain of the ~oundary, so that the func­

tions x*Pi and (ox*/ov)Pi expressed by the Eqs. (7) are. obviously one-valued 

functions in considering of the Eq. (52) as well as the fact that the total 

force acting along all the boundaries of the domain and its twisting moment 

are always in equilibrium. Hence, we see that conditions (7) satisfy the 

, assumption that x* is a one-valued biharmonjc function. 

Above all, the results obtained above tell us that for solving the present 

problem, we have to find the function x* which is a one-valued biharmonic 

function and satisfies the conitions (7) on, the i-th boundary and the con­

ditions (8) alpng an arbitrary closed curve in the give :domain. 

,However, we have yet unknown constants (C1 , C2 , C3)i in the Eqs. (7) 

at the respective boundaries· and accordingly the boundary values of the x* 

can not be determined. 

Hence, let us put the x* again as the- form 
n 

x* = Xo+ ~ (C1X1 + C2X2 + C3x3), 
i=Q 

in which we have at any, point in the domain 

V14 (Xo, Xii, X2i, X3i) = 0 
and on the i-th boundary, from the Eqs. (7) and (9), , 

r~ ,~ . 
-cos(xv)PiJ Y11ds+cos (yv)PiJ Xtlds 

Ai Ai , 

(~~
1

, 
0
0:

2 , ~ )i= {cos(xv)Pi, cos(yv)Pi, O}Ci(s) 

I 

( 9) 

(l_O) 

\ 
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the Ci(s) being the characteristic function of the i-th boundary which 

denotes 

(along the i-th boundary) ClsJ = 1 

Cb)= o (along all the boundaries except the i-th). 

Then it is obvious that the x* expressed by the Eq. (9) is a biharmonic 

· function and satisfies the conditions (7). 

Here·, tliie boundary values of the functions (Xo , Xii , Xzi and X3;) and · their 

inclinations of the outward normal direction of the i- th boundary become 

known quantities from the conditions (11), so that • these biharmonic func­

tions under the conditions (11) can always be found, as is well known, by 

using the numerical calculating method. 

Therefore: the r.* can be determined from the Eq. (9), provided that 

the unknown constants· ( C1 , C 2, C3\ in . the Eq. (9) can be obtained. And 

these constants· are determined a's follows: 

· · Firstly, substituting the Eq. (9) into the Eqs. (8), we have 

p 33).) [ vi2{xo + ~ (C1Y.1 + C2X2 + C3x3) j}]ds = 0 

p [(Y :).) -x :s )vi2{xo + ~ (C1x1 + C2x2+ C3x3);}}s 

·+ 
2
1·· (1 - a) I~ (F_v)k arctg ~ -Yk \ Ai = 0 
7[ k=l x-xk Ai 

(12) 

+-21 (1-a) 1± (Fx)ka;ctgY=Yk !Ai = 0 
7r k=J X Xk Ai 

These equations have to be held along an arbitrary closed curve in the 

given domain and the un.known quantities are constants ( C1 , C2 , C3)i only 
' . 

in the equations as the \functions Xo and (X1, X2, X3); _are already known 

functions. Now, adopting as the arbitrary closed · curves the so-called 

independent closed one, each of which encloses at least a new closed bound· 

ary, we have n such curves in/ the domain with ·n holes and accordingly 
I 

3n simultaneous equations of the first degree for 3n unknown constants. 

• Therefore, the solution of the equations gives us one set of the values of 

• 
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the unknown . constants and the present problem may perfectly be solved. 

That is tQ say, firstly the bihormonic functions Xo and (X1 , x2 , X:i) under .the 

boundary conditions (Eqs. _(7)) are found by a numeric_al calculati•ng method 

and secondly the constants ( C1, C2, C3\ from the simultaneous equations (Eqs. 

(12)) and then the x* function is determined from the Eq. (9) and next the 

x function from the Eq. (6). The x being thus obtained for the present 

problem, the req t.iired stress distribution in the given domain is found from 

the Eq. (1). 

• Conclusio11 · 

In the present paper, it has been shown that the Airy's str~ss function 

is a many-valued plane biharmonic function when a given domain is multi­

ply-connected and the applied forces of the respective boundary and its twist­

ing mom'ents are not in equilibrium, and that the function can be· separated 

into two parts, the one being a known bihermonic nction expressed by the 

arctangent series, the other an unknown biparmonic one as stated in the 

Eq. (6) and we have fully discussed that the function can always be found 

by .utilizing the numerical calculating method, however arbitrary the domain 

may be. 

Of course, in such a special case that the applied forces on the respec­

tive boundary and its moments are in equilibrium, the present rpethod may 

be adopted in the similar way, if we put all thE: terms concerning with the 

~ , (Fx )'i and (Fy)i in the conditions for th~ functions stated in the present . . 
paper to zero. 

Hence, we see that the so-called elastic plane stress problems can 

always be solved by the method proposed '1n this paper. . 

Howevef, we do not consider that the present . met od is 'satisfactory, 

because1 at the practical calculation of finding tpe Airy's function the 
• I • 

method is fairly tedious, while the suitable . n~merical calculating instruments 

for -finding the biharmonic functions satisfing the given boundary conditions 

can not be used freely, and the accuracy falls, in gen.eral, considerably in 

. th twice numerical differentiation of the Airy's function which is necessary 

• fOT findi ng the required stress distribution i~ the given plate. 

Thus we are still in course of research for the method of finding the 

' I 
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stress distribution directly without the twice numerical differentiation 

me~ioned above. 
Lastly the author expresses his gratitude to assistant researcher T . 

Sekiya for his valuable helpfulness. 
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