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On a Method of Solvirfg
the So-called Elastic Plane Stress Problem

By

Shozaburo NEGORO

Summary

A general method of solving the so-called elastic plane stress problems
for a multiply connected domain is, in the present paper, investigated theoret-
ically with full discussion, the forms of the outer and inner boundaries of
the domain being assumed to be arbitrary, and the chief items of the paper
are as follows:

(1) We know from the general expression of the plane stress, that the
present problems are solved, if we determine properly the stress
function (so-called Airy function) of a given domain, which satisfies
the equation

at any point on the domain, and the equation
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along any one of the boundary curves, in which X,, ¥, are the x and y-
components  of the given force acting on the boundary, and (¢, ¢, ¢); in-
tegrating constants. :

Then, from the observation that the displacement and its inclination at

a point are, in the present problems, one-valued functions of its position,
the following equations are obtained as the conditions for the determination
of the constants in Egs. (2): :
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In" these equations, the integrationé are performed around arbitrarily
closed curves in the domain, » being the normal of an elementary arc ds
of the closed curves. Egs. (1) and (2) together with Egs. (3) are pointed
out to be the necessary and sufficient conditions for the solutions of the
present problems.

(2) The values of the constants in Egs. (2) at the respective boundaries

(and accordingly the stress function) are determined as follows. The
function y is expressed by
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in which » is the number of the holes in the domain, and y, and &,
satisfy the equations

I/14z0= O 5 ; V12$2£= 0 .................................... (5)

at any point of the domain, as well as the equations

P;
Lo = —S de Yds + J dyj X ds (along each of boundaries)

el (6)
Eg,: it (along the z-th boundary)

S= 0 (along all the boundaries except the #th)

The % expressed by- Eq. (4) satisfies clearly conditions (1) and (2), and
(¢1, ¢, 3); denote the constants in Egs. (2), along the #th boundary, and we
see that arbitrary 3 constants referring to any one boundary, say (¢, ¢, €)o
of the constants (¢, ¢, ¢;); can be neglected as effectless upon the stress
distribution. Then, if the y, & &, functions can be determined, in the ex-
pression of y given by Eq. (4), the unknown quantities become the 3 #
constants.
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Now, the y has to satisfy the condition in Egs. (3) at each of the so-
called independent closed curves, which encloses a so-called independent
boundary, and we have » such curves in a domain with 7 holes. From
this: condition, we obtain 3 # simutlaneous equations of the first degree of
the ¢’s, the solutions of which give of the values the ¢’s.

~ (3) We have ascertained that the &, defined by Egs. (5) & (6) are
' always found by fneans of the method of approximate solution of a
plane harmonic fnnction and ¥, can also be determined by using the
following numerical method : :
- The plane biharmonic equation (Vi'y =0) can be approximately re-
written into the form
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by wsing the two- dimensional interpolation formulee, in which we have
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Now, a finite number of rectangular net lines being drawn upon a given
‘figure, the Eqgs. (7) considered at all the points of intersection of the net
lines become simultaneous equations for y;,, and these equations can be
solved numerically by means of the so-called “lteration Method .

Eventually, we reach the conclusion that the required function ¥ and
accordingly the present problems for quite arbitrary domains can always be
solved practically by using the method mentioned above.





