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THEORY OF HYDRAULIC JUMP 1l 

By 

Toichiro TSUBAKI 

From Vol. 5 No. 2 

§ I. Since the disturbances in an open channel travel relative to the 

flow with the propagation velocity 1/gh , they can. travel up and downstream 

when M 2 < 1, whereas they travel only downstream when M 2 > 1; where 

M 2 is the kinetic flow factor of B.A. Bahkmeteff, i.e. M 2 = 1/lt!Z U2/ghdy 

with usual notations. When a transition from M 2 > 1 to M 2 < 1 occurs, 

the disturbances accumulate causing the abru.pt change of velocities and 

surface height etc. This phenomenon is well known as the hydraulic jump; 

the relations between the quantities related to the begining and· the end of 

jump and the length of jump have been studied. The former are obtained 

theoretically as the discontinious phenomenon, but our knowledge of the 

1atter is confined to only experimental one. 

In the present paper, the length and internal physical processes of 

hydraulic jump are discussed. The. hydraulic jump as one of the shocking 

phenomena accompanies with a definite rate of energy loss caused by the 

violent turbulence in the surface roller for the perfect jump or by wave 

motions for the undulating jump. Thus, if we can estimate the nature of 

turbulence in .. the .iump'-and hence of apparent loss of ·energy-which is 

characteristic of the phenomenon, it becomes possible to study theoretically 

the perfect jump considering energy equation as well as the .continuity and 

momentum equation. The notations used in this paper are illustrated in 

Fig. l and it is mentioned here that the suffixes 1, 2 refer to the quan~ities 

at the begining and the end of jump respectively and suffix R to the end 

of roller. 

§ 2. Now we shall confine ourselves to the problem of two dimensional 

flow. If we take the origin of coordinates at the beginning of the jump, x 

1J Abstract of "Theory of Hydraulic Jump" (in Japanese) Rep. Res. Inst. Fluid Engllg. 
Kyushu Univ. Vol. 5 No. 2 (1949) pp 16-29. 
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axis along the bed, y axis upward and denote by U .the mean velocity, by 

(u, v) components of turbulent velocities and by h the depth, then, we 

have followinf: f·quations, 

if 

' 
fl 1---.---,------L.-----

Fig. 1 

cl J'!, -- Udy=O 
dx o ' 

(2.1) 

(2.2) 

d [f" ( 1 ) ] f h ~' U · -- ~,-. pU'+pghU dy = p UV-- dy, 
dx _ o ~ . o oy (2.3) 

with usual approximations. (2.1) and (2.2) are the equations of continuity 
and momentum. (2.3) is the energy equation showing the rate .at ,which 

the flow of mechanical energy is decreased by the action of turbulent 

stress, producing the turbulent energy, 

The shearing stress - p1,iv at any point in the field is given by 

(2.4) 

where l is mixture length and v the root mean square of the turbulent 

velocity. In a hydraulic jump the turbulent energy would be generated 

mainly by ilw dolent turbulent stresses in the roller and then diffuse into 

the main stn·am and finally dissipate by molecular viscosity. Since the 

detailed analysis of these processes is too complicated to treat here, in the 

following sections we shall introduce suitable· assumptions as regard to 

these turbulent field. 
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§ 3. ,We shall now introduce the following assumptions about the 

velocity profile as, shown in Fig. 1 : 

(i) For the velocity distributions in the sections at the begining of 

jump and the sufficiently far distance downstream from the end of jump, 

we assume uniform velocities Ur, U2 respectively. 

(ii) Violent turbulence produced in the roller could not give any ap­

preciable effects to the layer near the bed, so that, we may assume in the 

Jayer from the bed to h1 (the water height at the begining of jump) the 

uniform velocity U0 which is a function of x only. 

(iii) In the upper part of roller the adverse flow takes place, accom­

panied \Vith the region of velocity defect between the end of roller and 

the end of jump. Accordingly we may assume the velocity distribution in 

these regions above hr,, 

~ =1+(37i2~2~3
) r*. l 

, r* = r-1 

(4.)) 

where r; is the, non-dimensional height from h1 defined by 'I) = { (y-h1)//l} 

(i3 is the height of water surface measured from h1), r the ratio of the 

surface velocity u. to the base velocity U0 and I:r. is the velocity profile 

parameter. It is clear that /~ < -1 in the roller, l:r_ = -1 at the end of 

roller, 0 >I'*> -1 in the region of recovering velocity and r* = 0 at 

end of jump. Prandtl's assumption concerning the turbulent velocity 

v = l (dUJdy) is valid strictly .in the state of equilibrium between the 

generation and the dissipation of turbulence 2>. But for the turbulent field 

in the jump (especially near the toe of roller), convection and diffusion­

processes appear to be more important than dissipation. So that for the, 

very complicated flow as the jump it is natural to assume a constant 

turbulent velocity throughout the jump region, which is proportional to 

some velocity characteristic to the jump. We may take as such a velocity 

the base velocity Uoc at the point M2 = 1. After Prandtl mixture length l 
is supposed to be proportional to o. Thus we have for the turbulent stress 

- au , au 
- puv = plv--:i- = apo Uoc -.,,- , uy · uy 

(3.2) 

2' M. Kurihara. Rep. Res. Inst. Fluid Engng. Kyushu Univ. Vol. 3, No. 1. (1946) 
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~here a. denotes an . unknown constant determined experimentally. Of 

course, it is not allowed that the value of a constradicts with our knowledge 

on turbulence (see § 6). 

If we put h2-h1 = h1, x/h1 = ~, o/h1 = o*, 

Uo/U1 = U*, Uoc!U1 = U*c and Mi2 = Ui2/gh1 (c.f. Fig. 
(3.1) and (3.2) into (2.1), (2.2) and (2.3) we, obtain · 

h1/h1 = (, ( o* = 8, 

1), then inserting 

u*{1+r1(1+ ~ 1~)} = 1, (3.3) 

u /{ 1 + 11( !~ r* 2 + r* + I)} + ·Ji2 (r1 + ~ a2) = 1 , (3.4) 

_!J_{_l- u*z+_l_ U*3()(__Q_ J~3+-~~-r*z+r*)}+-1T d~ 
d~ . 2 2 140 35 M1 d; 

= -1.2 o.( Ui U*c I'i. (3.5) 

§ 4. Elliminating U* between (3.3) and (3.4), we get 

-.J __ (1 +-1:.- ,Y){1 +8(1 +__!_ r*)} 2 = (1-E_ r*2) + (1+l_ r*) 2iJ (4.1) M/ 2 . 2 · 35 · 2 ' 

which gives the ~elation between iJ and I'* at any·· cross section. As the 

particular cases, we can deduce the following relations : 

(a) If we put the conditions at the end of jump /~ = 0, and {J = (, 
(4.1) gives the well known relation between the depth at the beginning 

and end of jump, that is 

(= 
h2-h1 _ -3+1/l +8 Mi2 

h1 - 2 (4.2) 

(b) By the condition at the begining of Jump ·a*= 0, 

I'*' = ~ j i~ ( 1 - ~i2) . (4.3) 

(c) By the condition at the end of roller I~ = -1, we get the follow­

ing equation for iJR; 

_l__ (1 +1-(J.)3 = _2_2_+1- (j. 
Mi2 2 35 4 . (4.4) 

It is interesting that this equation has no possitiv~ root, in other words, 

the roller can not exist physically within 1.6 > Mi2 > 1. Comparing this 

limit with the observed condition for perfect jump· Mi2 > 3, we can infer 

that at low values of Mi2(1 < M12 < 3), the undulating motions are more 
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liable to occur, than · the roller as the energy absorbing mechanism, si~ce 
the hydraulic jump must .be necessarily accompanied. by, the, loss. of energy. 

The calculated values of ,, I'*1 and a*R are shown in Fig. 2. · 

.. .,>.,,.,,,.­ ··1 

.... ,-t-::=t:==l===t===i===s1P==i==j~r..~=t 
I-:' I-/+----· -1---f---+~.:.t-V-+-----il--+--t--i I &I 

.. /,,. .r., 
• ••l--l--h;:.a-l-:~9F=t==l==i==l===t==l-l• 
• ••Hf-/-l~--/-+/-+----+-----l--+----t---t---t---t·-"' 

V 
I ••l-11-J/'-+--t---t--l---t----il---t----il---t---i-f.f 

· . 
.. 

....... ....,,.-....,,.-....,,.-....,.,'---,,_,!e----._,!:--.... ,..---,,.--, •• --,!. ... -• 

M,' 

. Fig. 2 

. § 5. . After. some . calculations, the . equation of surf~ce profile is obtained 
from (3.3), .. (3.4). and- (3.5)- by--considering- the condition-,j*-= 0 at-~ = 0, 

(5.1) 

where 

g(a*)=-Ui{(1+} r*)+} d llfu:. }{1+ tu*UA(I'*)} 

+_ {. 21 ij3* A(l~)+-M-112} + 21 U*3fJ dA (I'*) • di...,. (5.2) 
dI'* dU ' 

A ·(r ) _ 43 : r. 3 + 39 r 2 + r 
* - 140 * 35 * * . 

In (5.1) the integrand is a function of a* only; since froin (3.3) and (3.4) 
. ' 

we have the relation I'*-a*, U'if:--a* and, dI'*/dlJ~iJ* and hence by (5.2) g 
is expressed in terms of a*. 

U*c are listed in Table I and the integration of (5.1) is easily performed 

Table I Values of u;, 
.. M,~ ·I 4 I 7 10 I 30 

"' 
50 

1 
100 .. 

I 

. 0.1:1\I o.713_ I _0.67~
1
• /. 

I 
,0.502.: I., U*c. / 0.555 L 0.,432 <; \;·· .; 
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by :quadrature; · Thus,· the relation between 1.2 af and nondimensional depth 

a* is· obtained as in the following Table and in Fig. 3. 

Table II Relation between 1211-f and ,1* 

o 0.1 1 0.2 ) o.3 j o.4 J o.5 j o.6 ) ·0.1 ) ·o.~ / o.9 j o.94 ) o.98 

10 
I 

0 I 0.0075010.0145 ·1 0.0211 I 0.02751 0.03391 0.04091 0.04891 0.05911 0.07671 0.08951 0.1196 

30 i 0 I 0.0102 \ 0-0185 0.02581 0.03251 0.03881 0.0449 0.05191 0.05991 0.07231 0.08051 0.0991 ; 
I 

50 1· o I 0.0111 I 0.0196 0.0268 l _0-03331 0.0392 0.0451 I I I' ! 0.05101 0.0582 0.0688 0.07611 0.0920 

100 I o I 0.01281 0.0212 i 0.02791 0.0340 I 0.0395 0.04481 0.05021 0.05611 0-0650 I 0.07091 0.0828 

, .. 
/~ I:;:::: --

... 
: 0.'1 

IA ~ 
0 'I/ 

1l=--1 V, 1(/j 

0.5 

0.1 

I '/JI ·---,--

.J /, "I 
I ¼'I .. 

//;, //-
o.t 

0 

/J, w 
~ 

0.06 0,10 C 0.12 .... 1.z.ot 
ft C 

Fig. 3 

Using o*R obtained from Fig. (2) we can easily find the length ~R• On 
the other hand, the length of jump ~ L is indeterminate owinJ? to the 
asymptotic approach of the surface profile to 1, so that we more or less 
arbitrarily define it as ; corresponding to o* = 0.98 in our theory. Finally, 
the numerical values of 1.2 ~R and 1.2 a;L are given in Table III. 
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Table III Values of 1.2 a~R and 1.2 aeL. 

M,i 4 I 7 I 10 30 50 100 
I 

i 
1.2aERr 0.0455 1 · 0.0692 I -0.0771 0.0862 0.0853 0.0822 

. 1.2aE£/ 0.150 I 0.127 I 0.1196 0.0991 0.0920 0.0828 

§ 6. The comparison between the calculated and experimental curves 

measured by K. Safranez,3l B. A. Bahkmeteffll and E. T .. Mavis51 are shown 

in Fig. 4 with a= 0.0145. The agreement is good, particularly with 

'Bahkmeteffs result. This_ value of a is physically plausible, since if we 

assume //o~0.1 and. v/Uac~0.1 according to view of turbulence, we have 
a~0.01 . by (3.2). 

'I -----7-----------------.-----,---. 
. \. I 

I -

10 21> lill . YI) BO 

Fig. 4 

31 K. Safranez, Wasserkraft und Wasserwirtschaft. (1933) 
41 B. A. Bahkmeteff and A. E. Matzke, Trans. A.S.C.E. Vol. 101. (1936) pp 630-680. 
5i E. T. Mavis and A. Luksch, ditto. pp 669-672. 

100 
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The length of roller was measured by E. T. Mavis and A. Luksch 

(shown in Fig. 4);- Besides for M? > 50 the length of jump may be re­

garded as the length of roller, since they are almost identical for large 

values of Mi2 see Fig. 1). Then, the observed, values of ~R increase with 

M12 and through the very slight maximum at about Mi2 -· .- 30 approaches 

to a constant" (f R · . 5) · for Mi2 > 50, showing the good coincidence with 
the calculated result· corresponding to a = 0.0139. Although the values 

found for a in ; L ,and· -~Ii are slightly different ,owing to the accuracy of 

theory and experiments, the agreement· of the average quantities .-such as 

the length ~L and ~R is generally good. 

Assuming that the turbulent velocity is constarit throughout the jm:np· 

and proportional to Uoc, we could not expect such a good agreement be­

tween the theory and the observations about the local quantities as about 

the average. Neverthless, we may say that the comparison between the_ 

surface profile measured by Bahkmeteff and the calculated results_ with 

a = 0.0145 shows a fairly good agreement of thein (see Fig. 3 and Fig. 8 

in the Bahkmeteff's paper). Both of them show that the profile are gener­

ally characterized by the abrupt rise near the beginin•g. of the jump and 

gradual approach to 1 near the end,_ and that the rise of profile are pro­

mient in the head part of the roller for small Mi2 and in the rear part for • 
large Mi2 respectively. 

This success - on the surface profile makes us possible to discuss the 

change of velocity and mechenical energy. After some calculations, we 

can see that the loss of energy is mainly caused by the roller in which 

energy is transformed to .turbulent one. This role of roller is seen. m:ost 

clearly for the case of large Mi2. 
In conclusion, the author takes great pleasure in thanking professor M. 

Kurihara for his suggestion of the problem and his helpful advice through­

out this work. 




