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ON A METHOD OF 

SOLVING ELASTIC PROBLEMS OF PLATES 

By Shosaburo-NEGORO 

In the elastic problems of vertically loaded plates, the normal stress 
components of the direction of the thickness of the plate. are always con~ 
sidered very small in comparison with the other components and neglected 
generally without any certifications. But we cannot think that, in the stressed 
states of the plates, these normal stress components in the neighbourhood 
of the points under loads are negligibly small in comparison with the other 
components. 

In the present report, we treat the problems considering all the stress 
components and show that the general solutionsC1) "of the so-called two 
dimensional elastic problems which have already been published by the 
author can be easily derived from the general solution obtained above. 

1. Introduction. In the usual method of solving the elastic bending 
problems of vertically loaded plates, the normal stress components of the 
direction of the thickness of the plates have been set at naught without 
any certifications as mentioned above, and some11boundary conditions at 
the peripheral sides ~f the plates have also been left out of consideration. 
The papersC2> treating the problems considering these imperfections have 
been proposed lately. But we have not yet appropriate treatment of the 
methods. 

In the present report, using the following necessary conditions, namely 
(i) the equation of equilibrium, (ii) the identical equations of stress com­
ponents, (iii) the characters of stress components and displacement ones, 
(iv) the relations among stress, strain and displacement, mentioned in the 
next fundamental principle of the theory, we investigate the general solution 
of the elastic bending problems of the plates with vertical loads satisfying 
a plane harmonic equation on the upper surface. Next, as the special cases 
of the problems statecl above, we touch the general solutions of the so-called 
two dimensional elastic :r-roblems which have already been proposed by 
the author. 

2. Fundamental principle of the theory. In general, we have the fol-
lowing conditions in the elastic problems, when body.force and accelaration 
can be neglected. 
( i ) Equation of equiliblium :-

cl - - - cl--- cl---
ox (xx, xy, zx) + 0/xy, yy, yz) + oz (zx, yz, zz) == 0 (A). 
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116 S. NEGORO 

( ii) Identical equations of stress components 

~ - - ~ - - -1 ( 32 32 32 32 32 32 ) 
17 2(xx, yy, zz, yz, zx, xy) = ~1 + -;;,-;;, ;:;--:; ~ -0 ,, ;;;-------0 ;;:;--0 6J <1 uX uy", uZ", y uz, uz X, uX y (B)' 

- - - 32 32 32 
in which <1 = poisson's ratio, 6J =xx+ yy + zz, 17 2 = -0 + - + ';:-2 • 

x 2 oy 2 uz 
(iii) Characters of stress and displacement:-

172(0, J) = 0, 17 2 (w'1J, wy, wz) = 0 

17 4(xx,yy,zz,yz,zx,xy) = 0, 17 4(u,v,w) = 0 

in which 174 = (~ + ~ + ~) 2, 2 ;;;,, = ow - ov, 2 Wy = ou - ow, 
ox 2 oy 2 oz2 oy oz oz ox 

2 w = ov _ ou 
z ox ay • J = e,,,, + Cyy + Czz. 

(iv) Relations among stress, strain and displacement:-

(ou ov ow) 1 . - - ~ 
(e,,,,,eyy,Czz)= ox,oy,oz = E{(l+<1)(xx,yy,zz)-<16J} 

OU ov 1 -
e.,y = oy + ox = N xy' 

ow OU 1 -
e,., = ox + 8z = N zx' 

- ov --1- ow _ _l_ -
Cyz - oz ' oy - N yz 

in which E = Young's Modulus, and N = Torsional rigidity. 

} (C), 

(D), 

Hence, the present problems reduce to find stress and displacement 
satisfying all of the above conditions (A), (B), (C), and (D) considering 
the boundary conditions. 

Now, in the present report, we treat the elastic problems of the plate 
under vertical loads acting only on its upper surface. 

First, let us take the x- and the y-axes perpendicularly to each other 
in the middle plane of the plate and the z axis in the direction of the loads. 
Next, we assume that stress component zz can be expressed by the equation 

zz = P(x y) · f(z) (1), 

in which p(x, y) denotes the function of distributed loads acting on the up­
per surface of the plate, h the half length of the thickness of the plate, and 

f(z) = 1- {-2 + ~ - _l__ (~)3L 
4.:-3 h 3h)" 

If so, applying the Eq. (1) to the 3rd equation of conditions (B), we have 

17 2 zz = 17i2 P · f + p • f" = _=-!___ 32 e, 
1 + <1 oz 2 
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Next, let us assume overagain that the load function p(x', y) satisfies 
a plane harmonic equation. If so, the function B can be d,etermined as fol­
lows by means of integrating the above equation twice with. respect to z 
and performing the calculation of the operator 17 2 again under the consid­
eration of the 1st equation of the condition (C), 

B = Bu+ (f!oZ - (1 + a) P · f (2)' 

in which (Bu, <p0 , P) = functions of variables x, y only and 

17i2(P,Bo) = O, 
3 1 17i2 'Po= - 2 h(l + a)p. 

Here, applying the above results to the 3rd equation of the condition 
(A), the 4th and the 5th equitions of condition (B) and considering the 
boundary conditions on the upper and lower surfaces, as to (zx,yz) com­
ponents, we have the equations 

o zx + o yz + p . f' = 0 , 
ox ay 

(yz)z=:!::h = (ZX)z=:th = 0 

~ - -1 ( a a) 
17 2 (zx, yz) = 1 + a ox' 2Y {'Pu - (1 + a) P · f'L}. 

Then, we know that, from these equation, (zx, yz) components are given 
by the following formulae, 

zx = (h2 _ z2) 1__ S 'Po _ 3 P (l _ h2 + z2
)} + oH 

oxl2(l+a) 4h 6hZ · oy 

yz=(h2-z2)~i 'Pu _3p(1 _h 2 +z2 )L_oH 
oy,2(l+a) 4h 6h2 f ox 

l (3). 

where 172 H = 0, (H)z=:th = a1 (constant). 

And, moreover, adopting the above results to the remaining condition, 
namely the 1st, the 2nd & the 6th equations of the condition (B), we have 

oxx+oxy __ ozx=o{ z (f!u-3Pz(1-~)l_o 2H 
ax oy oz ax 1 + a 2 h , 3h2 J oy oz 

oxy -1- oyy = _oyz = o { z 'Pu- 3 p z (l- z 2 )l + 32H 
ax ' oy oz oy 1 + a 2 h 3h2 J oz ax 

(41). 

- - ~ -1 ( 32 32 32 ) 17?(xx,yy,xy)=-1 + ~ ~ ;;;-~"'~ {Bu+'PuZ-(l+a)Pf} 
/J uX-, uy , uX uy . 

Hereupon, let us separate the above equations into two parts as follows, 

ZXo = J/Zu = ZZo = 0, XXo + .YYo = Bu, 

a~- a-~--cxx0, XYo) + ;:;-(XYo, YYo) - 0 ox uy (42) 

-1 ( 32 32 32 ) 
17 2 (XXo, YYo, X)'o) = 1 + /J ox2' oy2' ox oy Bo 
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and zx1 = zx, yz1 = yz, zz1 = zz 

- - - -1 ( 32 32 32 ) 
J7'2(XXr, YY1' XY1) = 1 + (J ox2, oy2, ox oy {<poZ - (1 + a) p . f} 

3 XXr + 3 XYr = a { z 'Po - p z (3 - z 2)'L - 32H 
ax ay ax 1 + a 2 h h 2 J ay oz 

OXYr+OYYr= 3{ z 'Po-P·z(3_Z 2 )\+ 02H 
ax ay ay .1 + a 2 h h 2 oz ax 

If so, we see easily that the former stressed states defined by the Eqs. ( 42) 

are the well-known plane stress states. Therefore, as well known, these 
stress components (xxo, YYo, XJ'o) are expressed by the following formulae 

in which 

~ 02 x, ~ - -
XYo = --- YZo = ZXo = ZZo = 0 ax ay, 

X1 = 1JI +Biz - 2 a . Boz 2 , 1fl, Bo, Br= functions of x, y only 
(1 + a) 

/7'r21Jf= Bo, /7'r2(Bo, Br)= 0. 

On the other hand, as to the latter stress states defined by the equations 
( 43), let us first take the following forms as the solutions of the Eqs. ( 43), 

XX1 = _z_ 'Po - p_ _!_ (3 - z2
) + 2 ~ JH dz + 02 X2 

1 + a 2 h h 2 ax ay ay 2 

yy, = _z~ 'Po - p__ _!_ (3 - z2) - 2 ~ JH dz+ 32x2 
1 + a 2 h h 2 ox oy ox 2 

xy, = (.~ - ~) JH dz - 32x2 
oy 2 ox 2 ox oy 

If so, the 7th and the 8th equations of the Eqs. (4.1) are always satisfied 
without reference to the function X2. Because, substituting the Eqs. (52 ) 

in these equations, we have 

3 xx 1 + c1_xj,____! = _(1__ {_z_ 'Po _ p_ _!_ ( 3 _ z 2 ) L _ 32 H 
ox oy ox 1. + a 2 h h 2 f oy oz 

3 XJ'1 + 3 YY1 = 3 ( z 'Po - p z (3 - z2)} + o2H 
ox ay ay i 1 + a 2 h h 2 oz ox l 

and the above equations are nothing but these equations of the Eqs. ( 43). 
Next, as to the function X2, from the Eqs. (52) and the Eqs. (1) & (2), 
we have first the following condition 

/7'r2X2= _l - a <poZ + P j_!_ (3 - z 2
) - (2 + a)f} 

1 + a l h h 2 

Further, applying the above equations and the 1st equation of the Eqs. (52) 
to the 4th equation of the Eqs. ( 42), we have 
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- 3 p l 32 
17 2 xx == -- - z + ---- {cp0 z - (1 + 11) Pf} 

2 h3 1 + 11 oy 2 

_ z ,,. 2 3 p 32 ("' 2 X 32 X2 ) 
- 1 + 11,, 1 'Po + h3 z + 3y2 ,, 1 2 + 3z2 

3 p z 3 32 [ 1 - 11 { z ( z 2 ) == -- - + - P z + - --- 'Po Z + P - 3 - -
2 h3 h3 3y 2 1 + 11 h. . h2 

- (2 + 11)/} + 0;::] 

32 [a2x2 2 - 11 { z ( z2 ) }] - ----<puz+p - 3-- -(1+11)/ =0. oy2 3z 2 1 + 11 · h h2 

Similarly as the above descriptions, applying the 2nd and the 3rd equa­
tions of the Eqs. (52) and the Eqs. (61 ) to the 5th & the 6th equations of 
the Eqs, (43), we have 

( a2 32 ) [a2x2 2 - 11 · { z ( z2) }] - -- --. - --<puz + p - 3- - - (1 + 11)/ == 0. 
ox 2 , ox 3y 3z 2 1 + 11 . h h2 

Then, integrating these equations with regard to the variables (x, y) 
and neglecting the independent terms of stress states, we have 

2 - 11 l z3 
( 1 z2

) ff } X2== . 'PoZ3 -·P - 1--- -(1+11) f(dz) 2 +'P1Z+'P2, 
6(1+11) 2h 10h2 

in which 'P1,'P2==functions of the variables (x,y) only. 
Mo,reover, performing the calculation of the operator er i2) for the above 

equation and using the Eqs. (61), the function X2 can be determined as 
follows, 

2 - 11 p z2 { 3 - 11 z ( 1 z2) l X2 = 6 (l + l1) z 3 'Po - 4 - (1 + 11) + - 2 - h 1 - 10 h2 J + cp, z + 'P2 (62), 

in which 

2 3 p l-11 ( 11) 
f1 (/)1 == 4 (2 - 11) h - l + 11 'Po' f12 (/)2 = 1 + 2 p. 

After all, from the above treatments, the stress components (xx, YY, xy) 
are found by simply summing up both of the above stress states expressed 
by the Eqs. (51) and (52) respectively and the results are as follows 

xx == -- <p0 - - - 3 - - + 2-- H dz + -- z p z ( z2) 32 f a2x 
1 + 11 2 h h2 ax oy · ay 2 

YY == -- 'Po - - - 3 - - - 2-- H dz + -- z p z ( z2) 32 f a2x 
1 + 11 2 h h2 ox oy ox 2 

(5a), 

- ·( 32 32 ) f a2x 
xy == 3y2 - 3x2 H dz - 3x oy 
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in which 

. z2 
X = '/JI+ 'P2 + z (191 + 'P1) - 6 1 {3 a 190 - (2 - a) 'Po z} ( + a) 

1 { 3 - a z ( 1 z2)} - -p z2 (1 +a)+ -- - 1 - - -
4 2 h 10 h 2 ' 

2 3 P 1-a Ji I 'fl = - (2 - O') - - -- 'fo 
4 h l+a ' 

In conclusion, from the above descriptions, we know that the stress 
states of the present problems are given by the following formulae.-

xx = _z_ 'Po - p__ ..!... (3 - z2) + 2 ~ f H dz + 32x 
1 + a 2 h h 2 ox oy oy 2 

YY = _z_ 'Po-P...~(3- z2)-2~ fHdz + 32x 
1 + a 2 h h2 ox oy ox2 

- ( 32 32 ) j a2x xy = --- Hdz---
oy2 ox2 ox oy 

zx=(h2-z2)~{ 'Po _3p(1 _h2 +z2)}+0H 
ox 2(l+a) 4h 6h 2 oy 

(7), 

yz = ( h2 _ z2) ~ I 'Po _ 3 P (l _ h2 + z2 )} _ oH 
oyh(l+a) 4h 6h2 .. ox 

in which 

J712 '/JI = 190' 

3 p l-a J? 'f 1 = - (2 - O') - - -- 'fo , 
4 h l + a 

.,. 2 2+ap 
y 1 <p~ = -2- ' 

J7i2(P,19u,191)=0, J7 2H=O, (H)z=±11,=(a1,a2) (constant), 

(P, 190,191, '/JI, 'Po, 'Pi, 'P2) = functions of variables x, y only, 

p = the function of distributed loads. 

Next, let us consider the displacement components. These displacement 
formulae can be easily derived from the stress equatinos (7) obtained above 
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and the conditions (D) as follows. That is, applying the stress equation (7) 
to the 1st, the 2nd and the 3rd equations of the conditions (D), we have 

au { 82 f o2 X} E - = 0u + (1 + 11) p + 2 -- H dz - - . 
ox ox oy ox 2 

av { 32 J 32x} E-=0u+(l+11) P-2-- Hdz--·-
oy ax ay · ay 2 

(8). 

ow 
E oz = (1 + 11) 2 Pf- 11 (0u +'Puz) 

Then, integrating each of these equations with respect to variables (x,y,z) 
respectively and using the remaining equations of the conditions (D) and, 
moreover, neglecting the terms expressing the displacements of the whole 
plate as a rigid body, we have 

E u = ~o - (1 + 11) {0X - 21- f H dz - ~l l , 
ax ay l 

Ev= 71 0 - (1 + 11)g; + 2 0: f Hdz -r;i}, 
(9)' 

~ 1 { z ( z ) 3
} 1 1!-W= 16 (I+11) 2 Pz -8+6h- h -~z(00 + 2 <puz) 

5 + h 2 <p0 + (1 + 11) 'Pr - 4 (1 + 11) h · P 

in which 

a a 
~(~o,~1) = ~(7/u,7/1) = (@o,P), 
ux oy 

a a 
;:;--(~u.~1) = -;:;-(7/u,7/1), 
oy ux 

X = the function defined by the Eqs. (7). 

These equations, namely, are the requited displacement formulae. 
In conclusion, the results described above, namely the Eqs. (7) and (9), 

are the general solutions of the present problems of the plate in such cases 
as the vertical loads acting on its upper surface satisfy a place harmonic 
equation. Thereupon, in the practical calculations, we have only to deter­
mine the unknown functions of these formulae, namely the stress equations 
(7) and the displacement equation (9), using the following binded conditions 
at the periphery of the plate. That is to say, taking the s-axis in the direc­
tion of the touching line to the intersecting curve of the x -y plane and 
the periphery plane of the plate, the n-axis in the direction of the loads, 
these binding conditions are as follows:-

In such problems as the external forces acting on the periphery plane 
of the plate are known, as to the binding conditions, we have 

iin = ciin), ns = ens), iiz = cnz), 
Mn = (Mn), Tns = (Tns), T,n = (Tzn) 

} (101)' 
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) denotes the boundary value and in which the mark ( 

Mn = r nn · z dz , 
., -h 

Tns = J" ns · z dz , T,n = J" zn · z dz. 
-Ii -Ii 

In such problems as the displacements occuring in the periphery plane 
are known, the binding conditions are as follows 

Un = (Un), Vs = (Vs), Wz = (W,), 

Wn == (Wn), Ws == (Ws), Wz == (Wz). 
} (lo.2). 

Further, as the binding conditions, we have often such cases as some 
parts of the combined conditions of the Eqs. (101) and (102) stated above 
are given. 

Next, as the special case of the above descriptions, from the above 
results (7) and (9), let us derive the general solutions of the so-called two 
dimensional elastic problems composed of the problems of (i) the generalized 
plane stress, (ii) the mean stress of the generalized plane stress, (iii) the 
plane stress, (iv) the mean stress of the plane stress and (v) the plane 
strain, which have already been proposed by the author. 

(i) Generalized plane stress. 
We call the stress states ocurred in such a plane "generalized plane 

stress " as the plate is acted by external forces in the direction of the plate 
only and have not any force on its upper and lower surfaces. 

First, in these cases, from the conditions stated above, we know easily 
that the functions defined by the Eqs. (7) are as follows 

z2 
p = 0, X = 1J! + <p 1 z - ---{311 Bu - (2 - 11) 81 z}, 

6 (1 + 11) 

/7 2 H= 0, 

Therefore, applying these results to the Eqs. (7), we have 

xx= - 1- 81 z + 2,,, 0: JH dz+ ~2 x, 
1 + 11 uX uy uy2 

- 1 a2 ) a2x yy = -- 81 z - 2 -- H dz + - , 
1 + 11 ox oy. ox2 

- ( 32 32 ) J a2x 
xy = oy2 - 3x2 H dz - ox oy' zz = 0 

~ a { 1 } zx = oy H+ 2 (l+ 11)(h2 -z2)G1 , 

- a { 1 } yz = -- H + ----(h2 - z2) G1 , 
ox 2 (1 + 11) 

and these equations are the required stress formulae. 

(12), 
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Next, applying the Eqs. (11.) to the Eqs. (9), we have easily 

E u = ~o - (1 + 11) g:- 2 0°y J H dz} , 

· ax · a J 
Ev=r;0 -(l+11){0y+2 0x Hdz}, 

1 E w = h 2 B1 + (1 + 11) 'Pi - 11z (Bo+ 2 Biz) 

in which cl~o = clr;u = 6Jo clr;u = - cl~o 
ox oy • oy ox · 

That is, these equations are the required displacement formulae. 

(ii) Mean stress of generalized plane stress. 

i23 

(13), 

To simplify the caluculation stated above, we substitute sometimes the 
arithmentical mean values of the stress and the displacement obtained in the 
previous part (i) for the thickness of the generalized plane stress approxi­
mately. We call these states "mean stress of the generalized. plane stress." 

In such cases, we have orily to execute the above calculations about 
the functions of the Eqs. (11) and (12). Thus, the required stress formulea 
are as follows 

a2x 
xx = ay2, a2x 

yy = OX 2 ' 

a2x 
xy = -ox oy 

- cl {- h2 } 
zx = oy H + 3 (l + 11 ) G1 , 

- 8 {- h2 } 
yz = -ox H + 3 (1 + 11) Gi ' 

zz = 0 
in which 

X=1fl- 11 h2 6J 0 -26J1~P, fi?P=6Jo, 
6(1+11) 

(14), 

I
,, 

H= 2\ Hdz, f7 2 H=0, (H),=±1i=a,, B1 +iG1 =f(x+iy). 
. -Ii 

And similarly, from the above results and the Eqs. (13), the displacement 
formulae are derived as follows 

in which 

Eu= ~o - (1 + 11) !; , ax 
Ev= r;u - (1 + 11 ) oy 

E w = h2 'Po+ (1 + 11) 'Pi - ; h 2 8 == (1 + 11) ({)1 

cl~o _ cl'f/u = 6Jo, ax - oy 
8r;0 _ cl~u 
ox - -ay• X = '1[!, 

f7 2 1Tr £> f7 2 m - l - 11 m f7 2('ii' <p ) - Q I ':J:' = l'.l'Q, I -r l - - 1 . -rO, I l'.l'o, 0 - , + 11 

l (15). 
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(iii) Plane stress. 
We call the following stress states "Plane stress" 

zx=yz=zz=o. 
Therefore, in this case, applying the above definition to the Eqs. (12), we 
have 

(~ ~){H+ l (h2 -z2)G1}·. =O. 
ox,oy 2(1+11) 

Then, integrating these equations with respect to x and y, the function H 
is expressed by the equation 

H = F(z) - l (h" - z2 ) G1 2(1+11) • 

F(z) being an integral function of the variable z only. 
In the above equation, considering that H is a harmonic function, we 

see easily that H, Gr, <t>o, cp and X are given respectively as follows 

H = ~ {(a1 + a2) h2 + (a1 - a2) h z}, G1 = r (constant), 

(.) ( t t) - t;;\ - 1 - 11 ,:! ( 2 2) cp0 = P cons an , <t>1 - 01 4 (l + 11 ) P x + Y , 

(16). 

{ l-11 } X = TJ'" + rF) I - --- {3 (x 2 + y 2 ) Z 
4(1+11) 

z2 
l. ){3110u-(2-11)/3z} 

6 ( + 11 

Thereupon, applying the above equations to the Eqs. (12) and arranging 
some terms of these equations and, moreover, neglecting the independent 
terms of the stress states, we have the stress formulae as follows 

in which 

02 x xy = --­
ox oy, 

X = 1Jf + {@ 1 + E__ (x 2 + y 2)} z - 11 8 0 z? 
4 2(1+11) ' 

P'i2'ffl=0u, P'i2(0o,01)=O. 

l (17). 

And from the Eqs. (16) and (13), the displacement formulae are easily 
derived as follows 

ox 
Ev = "f)o + {3 y z - (l + 11) oy 

E w = (l + 11) 81 - _l (1- 11) S (x 2 + y 2) - 11 z (eu + _l S z) 4 2 · 

l (18). 
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in which 

0~0 = O'f}o = Bo O~o 
ox oy ' oy 

or;o 
-3.x• 0 = constant, P'i2 (Bo, 81) = 0. 

(iv) Mean stress of plane stress 
To simplify the calculation stated above, we substitute sometimes the 

arithmetical mean values of the stresses and the displacements obtained 
in the previous part (iii) for the direction of the thickness of the plate 
approximately instead of the plane stress. We call these stress states 
"mean stress of plane stress". 

In such cases, from the Eqs. (17) and (18) the stress formulae and the 
displacement ones are directly derived as follows. 

Namely, first, as to the X of the Eqs. (17), we have 

- 1 j1t a h2 
X = 2 h -n X dz = 1Jf - 6 (1 + a) 6) 0 = 1Jf (19), 

i::l which P'i2 1J! = Bo. 

Therefore, applying the above equations to the Eqs. (17), we know that 
the stress formulae are expressed by the following equations 

in which 

a2x 
xx= oy2 • 

a2x 
yy=·ax 2 ' 

ZX=YZ=ZZ=O 

a2x 
xy = -ox oy 

P'?'i =Bo, P'i26Jo = 0 

and from the Eqs. (18) the displacement formulae are as follows 

a· 
E u = ~o - (1 + a) a: , _ (1 ) ox EV = 'lo - + (J oy . 

E w = (1 + a) 81 - l_ ( 1 - a) S ( x 2 + y 2) 
4 

l (20,). 

l (21), 

Further, let us rewrite the Eqs. (201) in the other form. First, putting 
the X as the form 

in which l"i2 (~o, ~1) = 0, 

X = ~1 + l_ ~o X , 
2 

O~o _ ~!JJ,_ =Bo, ·ax - oy 
O~o _ c!7Jo = Go , -3.Y - ox 

and adopting the new functions ( ~, r;) such that 

02 ~1 02 ~1 a2 r;1 1 -- = -- = ~-=r;- -Bu . ox 2 oy2 ox oy 2 

_ 02 ,;1 = 02,;1 = 02 ~ 1 = ~ + 1 Go, 
oy2 ox 2 ox oy 2 l 
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we know easily that the Eqs. (201) are also rewritten in the forms 

2 - c. 3Bo 2 XX = l'Yo - X - - 1'J , 
ox 

zx = yz = zz = 0 

- 3Bu 
2 y y = Bo + X 3x + 2 r; , 

2xy = -(2~ + X 0
0~'), 

in which ~ + i r; = f( x + i y) , V i2 Bu = 0 • 

(v) Plane strain 
As well known, the stress states of plane strain are defined as follows 

u, v = functions of variables x, y only, 

W =Co+ Ci X 
} (22), 

co, Ci being constants. 
First, from the above definition and the conditions (D), the following 

equations are derived, 

ZZ = E Ci + IJ Bo , yz = ix = 0, (23), 

in which Bo = ( xx + yy) = plane harmonic function. 
Therefore, let us separate the stress states into two parts of (xx, YY, xy) 

states and iz ones. Next, finding the former stress states, we know that 
the latter stress states can be easily found from the results B0 =(xx+ yy) 
and the Eqs. (23). 

On the other hand, the former stress states coincide with the ones 
described in the part (iv) as to the charcters of these definitions. Accord­
ingly we know that the stress formulae are directly found from the Eqs. (201) 
as follows 

22 x xy = --­
ox oy, 

ZZ = E Ci + IJ Bo 

in which Vi2 X = Bu, X =function of variables x, y only, 
or from the Eqs. (202) 

- 3Bo . - ~ 
2 xx = Bo - x 3x - 2 r; , zx = yz = 0, 

~ oB ~ 
2 YY = 0o + X oxo + 2 r;, ZZ = E C1 + IJ B0 , 

2 XJ' = -( 2 ~ + X OO~o) ' 
in which ~ + i r; = f ( x + i y) , V i2 Bo = 0. 

l (24,). 
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Next, as to the displacements, from the 1st, the 2nd, and the 3rd equa· 
tions of the conditions (D) and the definitions (22) we have 

au aeo a2x 
2N-=(l-<1)--211Nc1--1 3x ax 3x 2 

av 3r;o a2 x • 
2N- = (1- 11)~ - 211 Nc1 - ~ 

3y 3y 3y2 

Hereupon, integrating the above equations with respect to x and y and 
applying the remaining equations, namely the 4th, the 6th of the Eqs. (D), 
for these results we have 

in which 

ax 2 Nu = (1 - 11) eo - 2 11 N c, X - -
ax 

ax 
2 NV= (1 - 11) 'f)o - 2 O" N Ct y - ax 

W = C1Z 

l (25). 

17i2 X = B0 , 
aeo = 3r;o = Bu , aen 
ax 3y 3y 

3'1)11 -ax· C1 = constant. 

These equations are the required displacement formulae, 
After all, the above descriptions tell us that all of the general solutions 

of the so-called two dimensional elastic problems are easily derived from 
the general solutions of the elastic bending problems of the plate treated 
in the present report. 

3. Conclusion, In the present report, we find the general solution of 
the elastic bending problems of the plate under the vertical loads acting 
on its upper surface and being a plane harmonic function. As stated above, 
in the present formulae, the normal stress component zz neglected usually 
and the boundary conditions at the periphery set aside in the well-known 
formulae, such as the conditoins (un = Us= 0, Wn = w. = 0) of the Eqs. (102) 

mentioned above when the plate is built in the frame at the periphery, 
are also taken into the consideration. Therefore, in carrying out the nu· 
merical calculations, the present method will be found some more complex 
than the usual method. But we think that these complex treatment must 
be considered an inevitable consequence when we need to find more accurate 
results than obtained by the usual method, or to clarify douftful poiuts of 
the usual solutions or to point out the degree of the errors involved in 
the usual solutions. 

Next we show that the general solutions of the so-called two dimen­
sional elastic problems which have already been proposed by the author<3) 

can be easily derived from the general solutions of the elastic bending 
problems of plates obtained above. 
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Last, in the report, as stated above, we treat the problems under the 
restriction tb.at the loads acting on the upper surface of the plate have to 
satisfy a plane harmonic equation. Therefore, the application of the present 
method are confined within the narrow limits. Thus we are still in the 
course of research of getting rid of the above restriction about the loads. 
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