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Orthotropic Semi-infinite Plate with a Hole 

By Masakazu HIGUCHI 

The two-dimensional boundary value problem of the orthotropic strip having an 
elliptic hole was dealt in my previous paper.1> The similar method can be applied 
to the problem of the semi-infinite orthotropic plate having an elliptic hole. For 
a mere semi-infinite plate of orthotropic elasticity, a.number of solutions have been 
given and another solution of the same problem is, of course, unnecessary. In spite 
of it I duplicate here the solution, because it is necessary as a preliminary step for 
my calculation. 

The function (say, stress function2)) with which the stresses of the orthotropic 
semi-infinite plate are computed is 

Zr''(zr) = Fr '(zr) +_Gr''(~r) 

and 

F "( ) = 1 Joo k, py(S) - i p,,(S) + 2ks Re - 2i Im dS 
r Zr 21t i (kr - k,) S - (Zr+ i kr B) ' 

-oo 

(1) 

where 

Re= real part of [Gr''(z,) + Gs"(z.,)]x=S, 11=0 

Im= imaginary part of [kr Gr''(zr) + ks Gs"(zs)]x=B,Y=O 

and Gr''(zr) etc. are the known stress functions which may have singular points on 
the region of the plate. 

We can also obtain the solution in the form 

Fr(z,.) = J00

fr(r) exp(i r Zr/Mr) d~ 
o r 

when the straight boundary of the plate is not parallel to either of the axes of 
symmetry of orthotropic elasticity, provided that Mr=" cos 0 + i kr sin 0. 

Now, representing an elliptic hole of the plate with x2 /a2 + y2 /b 2 = 1 and using 
another variable t:r, which is given by the relation Zr= a., t:, + fJr/C:r and 2 Cir= 

a+ kr b, 2fJr = a - kr b, we can follow the method used in the previous paper and obtain 

/:( )- -kB"liP.,(r)-ksP11(r) 
r r - e r kr - ks ' 

Hr''((t: r)). = k ~ k {gr'( t:r) + Qr'( t:r) - i t ( :/;:-i-1} ddt:r 
r s m-1 r z.,. 

Px == l__ J00 

Im {kr Gr"+ ks Gs''+ kr Hr''+ ks Hs''} e-•18 dS + 21 J"" p,,(S) e-11s dS 
'rt -oo '1t -co 

D Rep. Res. Inst. for App. Mech., Vol. I, No. 1. 
2) Notations are referred to Ditto. Vol. II, No. 6. 
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Pv = .l_ J= Re{ G," + Gs''+ Hr''+ Hs"} e-i-ys dS + ..!__ f = Pv(S) e-i-ys dS 
'1t -oo 27t -00 

1 f · - -a dw gr(!:r) = 2--;- {[(kr - ks) Gr' - (kr + k.,) Gr' - 2ks Gs']A} --,.-
1t z r w - ~r 

1 f JO(w) d 
Qr(i:r)=~ [ {k,qv(C)-iq.,(C)}dCJ-~ 

'TIZ I1 A W- r 

hrm = J~[{(kr- ks) µr- 2"'fr(T) + (kr+ ks)/r(T)}µrm ]m(ArT) 

-- dr + 2ks µ,m ]m(As r)fs(r )J-
r 

and the stress function 

Zr"(zr) = Fr"(zr) + Gr''(zr) + Hr''(zr). (2) 

This does not give the solution in a closed form, but we are lead to the linear, 
simultaneous integral equations with respect to fr( r ). and fs( r) , or otherwise, the 
fii;_st-order, simultaneous equations having the infinite number of unknown constants 
hrm, hsrn (m=1,2,· .. ). 

Subsidiary relations are derived in particular when a,, and a11 are symmetrical 
about the axis y; 

fr( r) = fr( r) , h,•m = ( - )"' hrm • (3) 

On the other hand, when -i:.,11 is symmetrical about the axis y 

fr(T) = -fr(r), hrm= (-)m·rlhrm. (4) 

Numerical calculation is rather cumbersome, though not so much as in the case 
of the previous paper. We take first the example in which case both the periphery. 
of the hole and the straight edge of the plate are free and the plate is under uni· 
form tension Po along the axis x, namely G,." = - Po/2(kr2 - k,2). The following 
equations determine the approximate values of hrm, hsm successively. 

where 

in which 

= = 
hrm = Crm + L (-l)ni-l Kr, mn hrn + L (-l)"i-1 Lr,m,. hsn, ) 

hsm = Os,n + "il (-})nTI Ks, mn h,n + ~I (-l)n"t-1 Ls,mn hrn. 
?.1=1 11=1 

i b Po 
Crrn = ~ {/Jmr J(Ar, m; Ar, 1) + 'l'mr J(Ar, m; As, 1) 

+ emr J (As, m ; As, 1) + 'Pm J (As, m ; Ar, 1)}, 

Kr, mn = n { IJ,,,,. J( Ar, m; Ar, n) + 'Pm J( As, m ; Ar, n)}, 

L,·, rnn = n {'Pmr J(Ar, m; J..,, n) + emr J(J.,, m; As, n)}, 

IJ.,,,, = -(kr + ks) kr +ks+ (kr - ks) µ,.-2m 
• (kr - k 8 ) 2 

'l'mr =2ks kr + k., + (kr - ks) /lr 2m 
(kr - k,)2 

(5) 

(6) 



and 

NOTES 

•mr= -2ks kr + ks 
(kr - ks)2 • 

4kr ks 
<Fm= (kr - ks)2 

J().r, m; As, n) = µrm µsn e-<kri-kslli'Y ]m(Ar t)]n(A. r) -1. f= d 

o r 

]m denotes the m-order Bessel's function . 

. · rf · 2 
G •• ~ L 

--,cc14, o) s.: 4.!il:, _.....,..__ 

--~- ~·-,--. - ---- --- - X. 

-· -B 2 31A. 

Stress concentration of the semi-infinite plate 
of Compreg having a hole under uniform tension. 

Ew = 1,794 kg/mm2 Ey = 366.6" Gwy = 219.9" 
llxy = -0.497 (kr = 2.530, k 8 = 0.874) 
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Similarly, we are lead to the same equation as (5) in the other cases the plate is 
free on theJ)oundaries and under uniform shearing force Po, namly Gr''= i p0 /4kr 

or qnder bending force as Gr''= Zr/{2ik,• B(kr2 - k.2 )} though the expression (6) 
with which the coefficients of (5) are to be determined is varied. 

On calculating numerically, the numerical values of J().r, m; As, n) in (6) are 
necessary for m, n = 1 ~ 5, or more when th~ hole is closely located to the straight 
edge. In the example shown in the annexed figure, the values of J(Ar, m; As, n) 
are calculated directly only for m, n = 4, 5 and, for m, n = 1, 2, 3, indirectly obtained 
being referred to the easily known recurrence formulae of J(,lr, m; As, n) by use of 
the values for m, n = 4, 5, while the real part and imaginary part of Hr" are obtained 
graphically. 
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