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ON A METHOD OF SOLVING TORSION AND 
BENDING PROBLEMS OF CONTINUOUS PANEL STRUCTURES 

By Shosaburo NEGORO 

In this report we treat the general solution of the torsion and bending 
problems of continuous panel structures under transverse forces, twisting, 
and bending moments, distributions of the external forces acting on the 
members of the structures and positions of the supported bars being 
quite arbitrary. The chief topics of the report are as follows: - First, 
using the Stieltjes integrations with accumulation functions of the exter­
nal forces acting on a beam, the well-known formulae of the bending are 
expressed in a new form. Second, we show that, using the formulae 
stated above, the present problems reduce to the simultaneous equations 
of the first degree as to the moments and deflections at the mtersecting 
points of the members, and the number of the equations is the same as 
that of the unknown quantities in the preseut problems. Therefore, the 
solution of these equations suffices to determine one set of unknown 
quantities and the problems are solved. Last, we show an applicable 
type for solving the above equations by means of the iteration methods 
practically. 

1. Introduction. As to the torsion and bending problems of continu· 
ous panel structures, many papers have already been published. In this 
report we treat the problems again by the method as stated above, that is 
to say, first, the well-known formulae of the bending of a beam are ex· 
pressed in a new form by using the Stieltjes integrations with accumulation 
functions of the external forces acting on the beam. Second, considering 
the conditions of the continuity of the inclination, equilibrium of the 
twisting, and the bending moments, and equilibrium of the shearing forces 
at the intersecting points of the members, the present problems reduce to 
the simultaneous equations of the first degree as to the twisting, and the 
bending moments and deflections at the intersecting points of the members 
and the simultaneous equations have the same number of unknown quant· 
ities as that of the linear equations. Then these equations suffice to define 
one set of the unknown quantitie~ and the problems are solved. It is, 
however, practically impossible to obtain an exact solution of the equations 
by the usual method of employing the determinant, as the number of the 
unknown quantities is too large, so that the well-known iteration methods 
are needed for the solution of the simultaneous equations. Last, we show 
an applicable type for solving the above equations by means of the itera· 
tion methods practically. 
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92 S. NEGORO 

2. Formulae of bendipg. Using the Stieltjes integrations with the 
accumulation functions (v(x), M(x)) of the external forces and the bend­
ing moments acting on a beam, the relations among the shearing force 
(F), the bending moment (M), the inclination (i), and the deflection 
(y) of the beam are expressed by the following formulae 

in which 

-F➔ = F ..... + Vo(x), M_,, = -M ..... + F ..... + V1(x), 
" 0 ro O 0 

Eli=Eli0 -M0 x+ !F0 x2 + ~Vi(x), 

Ely=El(yo+iox)- ~M0 x2 + !F0 x3 + !Vs(x) 

Vs(x) = a,(x) - s 0s-1(x), as(x) = f"' (x - t)• dv(t), 
Jo 

{3,(x) = [ (x - t)' dM(t), s = (0, 1, 2, 3), 

E = Young's Modulus, I = Moment of Inertia, 

(1)' 

and suffix 0 ·denotes the value at the starting point and mark ( ➔) the 
direction of the outward-drawn normal of a cross-section x. 

In the Eqs. (1), the functions V,(x) are known functions, if the external 
forces acting on the beam are given, and unknown quantities (F0 , Mo, i0 , 

y 0) are found from the bending conditions of the beam. 
-Eliminating the unknown quantities Cio, F0) from the 2nd, 3rd 11nd 4th 

of the Eqs. (1), we have 

. El x x 1 1 EI z = ~(y - y 0) + -6 (2M_,, - M ..... ) - -3 V1(x) + -2 V2(x) - ~V3(.t) (2), 
· X " 0 , 6x 

and from the 2nd of the Eqs. (1) 

F,.._ = {M_,, + M ..... - V1Cl1)}/l1 = -(F_,, + Po) l 
0 I O O j 

-F➔ = {M➔ + M,.._ - V1Cl1H/l1 
(31)' 

0 1 0 

and from the 1st of Eqs. (1) and Eqs. (31) 

-F_,, = F ..... + V1Cl1) = {M➔ + M➔ + U1Cl1)}/l1 = F ..... + P1 } 
1 0 l O 1 

F ..... = tM➔ + M ..... + ViCl1)}/l 
l 1 0 1 

(32). 

in which 

P0 , P 1 = external forces acting on a beam at the points (0, 1), 

jZ) 

Vi Cl1) = 
0 

Cl1 - t) dv(t), "Vi(l1) = V1Cl1) excepting the effect of P0 , 
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Jll JII 
U,(~1) = r,Cl1) + s a.,-1Cl1) '. , r,(11) = 

0 
t• dv(t), B,(l1) = 

0 
t• dM(t), 

li = length of the considering span, U1(l1) == U1Cl1) excepting the 
effect of P1. 

Moreover, eliminating the unknown quantities Mo and Fo from the 3rd 
and the 4th of Eqs. (1) , we have 

F0 = 6[/ {(io + i1) + 2(yo - Y1)/Zd - 3Vz(l1)/l12 + 2VsCl1)/li3 

M0 = 211[{(2io + i1) + 3(yo - Y1)/l1} - V2Cl1)/l1 + V3(l1)/li2 

and from Eqs. (41) direqtly, 

}(4,), 

F➔ = - 6El /.{(io + i1) + 2(Yo - Y1)/l1} - 3U2Cl1)/l12 + 2U3(l1)(113 } 
1 1 · 

2 I (42), 
,W➔ = El {(io + 2i1) + 3(yo - Y1)/l1} + U2(li)/li - U3(l1)/l12 

. 1 1 - . 

in which 

y,(l') = U,(l). a,(l') = r,(l), {1,(1~) = -B,(l) 

· l' = the span taking the opposite direction of l the positive side. 

Eqs. (4) are the well-known formulea .of the inclinations and the, deflec­
tions at the ends of a berun. 

3. Fundamental principle of the theory. Let us first consider the 
relations amorig the shearing force (F), the twisting moment (T), the 
bending morµent (M), the inclination (i) and the deflection (y) at any 
intersecting point (n;r) of the members of the structures. 

Now, we take the Cartesian co-ordinate axes (x, y, z) of the right hand 
system,.· the y-axis being coincident with the direction of the loads, and 
di'stinguish the quantities referring to the x- and z axes respectively by 
suffix s ( = 1, 2) attached on the left side. And, having discontinuities of 
the shearing forces and the moments at the intersecting points. of the 
merobers where the external forces and the moments are acting, we take· 
the sp.earing forces, the bending moments and the twisting ones at the 
points apart infinitesimal small quantities (e) from the intersecting points 
for the convenience of the following calculations. But, as to the inclina­
tion and the displacement, we have no discontinuity in all range of the 
structure. Then we take the · inclinations and the displacements at the 
intersecting points in the following calculation. 

Here, we consider the conditions of the continuity of the inclination, 
equilibrium of the twisting, and the bending moments and equilibrium of 
the shearing forces at the intersecting points of the members as stated in 
the introduction.-
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That is to say, as to inclination, from Eq. (2) 

in•r = AYn•r + B,,..r + Q,..r, i'n•r = AY'n•r+ B'n•r + Q'n•r (51), 

in which 

1AYn°r = (Yn•r - Yn-1-r)frl,..r, zAYn•r = (Yn•r - Yn•r-1)/zl,..r, 

1AY1n•r = (Yn•r - Yn-t-l 0 r)/1ln-rJ 0 r, 2AY1n•r = (Yn-r - Yn°r-t-1)/2ln•1·-t-1, 

1B,..r = 1µn•r (21M - - 1M- ) , 2B,..r = zµ,..r (2,2M - - 2M +---), 
n-.e-r n-I-t"·e•r n•r-e n•r-1-te 

1B'n•r = iµn-t-I•r (21M _......., - 1M- ) , 2B'n•r = 2µn•r-t-1(22M -- 2M +---), 
·ir-te•r n+l-e•r n•r-te n°r+1-e 

,Qn•r = J(d)n•r {-\"V1(ln.r) + ~-V2(ln.r)- 6J,._rV3(ln.r)}], S = (l • 2), 

,Q'n•r = ,[(} 1)q {-~Ul(lq) + -}Uz(lq)-- 6~9
Us(/q)}], 

(s = 1, q = n + l • r). (s = 2, q = n · r + l), µ,.,r = ( 6l I Lr• 
Then considering the condition of the continuity of the inclination (i, .. r = 
- i'n•r) and Eqs. (51), we have 

s[As i'n·r + B,.., + B',,.., + Q,,., + Q'n.rJ = 0 (52), 

in which 

1A1 i' n•,· = 1AYn;, - 1AYn-t-l•r, 2A2 i'n-r = 2AYn•r - 2AYn·r-t-1, s = (1, 2), 

from the condition of the equilibrium of the moments, 

1[M,,,r + M - + M ,._ J + 2[T - + T ,._] = 0, l 
n-t-e-r ?i-1:•r n°rt-e n•r-e 

2[M.,-r + M ....... + M +--] + 1[T......., + T +-- J = 0 
n•r-t-e n•r-1! n--t-e 0 r n-e•r 

(6)' 

in which 

8M,.,r = external bending moment acting at the intersecting point (n, r), 

from the relations between the twisting moments and the inclinations, 

1Cin•r - in.,-1] = z[A,,.r T -➔ J = 2[An.r T ---,] = 2[A1 i~.r +- AI Bn,r + AI Qn-rJ) 
'n•r-1-t-e n r-e . 

z[in•r - in-l•rJ = 1[An•r T -➔ ] = 1[An•r T -➔ ] = 1[A2 in•r + A2 Bn., + Az Qn.rJ ( 7)' 
_ n-t-te-r n-e.r 

in which 

1A2 in·r 0= 2AYn,r - zAYn-l•r, 2Al in•r = IAYn,r - lAYn-r-1, 

1A2 Bn.r = 2Bn.r - 2Bn-J.r, 2A1 Bn.r = 1Bn,r - 1Bn.r-1, 

1A2 Qn,r = zQn.r - zQn-1-r, 2A1 Qn,r = 1Qn.r - 1Q,,.,~1, An.r = (l/G C),,,r, 

G = torsional rigidity, C = torsional constant, 

and from the equilibrium condition of the shearing forces, 
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1F - + 1F - + 2F - + 2F - + P,,.r + Rn.r = 0 (81) 
,i-a•r u-te~r n-r-e ,i.r-t-e 

in which 

Pn.r = external force acting o'n the member at the point (n, r), 

Rn.r = reactional force acting on the supported bar at the point (n, r). 

Further, considering Eqs. (3), the above equation is also rewritten in 
the form 

-R.,.r = 1[(M,__ + M,__ ) /ln•r - (M___. + M,__ )/ln-n-rJ l 
n-e 0 r n-lTe•r n-t-1-e•r n-te•r 

+ 2~(M - + M ,__) fln-r - (M ---> + M <--)/ln,r-HJ + Bn.r . ( 3,) 
n-r-e n°r-l+e n°r-t-l-e n-r+e. 

in which 

Bn.,· = 1[Ui(ln.r)/ln.r + ViCln-i-1.,.)/l,.-t-1.rJ 

+ lD1(ln.r)/ln•r + l-\(ln.r-t-Dfln,r·f-1] + P,,,r• 

Moreover, the supported bar being elastic and the form of the cross-stiction 
being uniform, we have 

Yn-r = -[hR/E A],..,. (91) 

for the relation between the reaction and deflection, in which A,..,. denotes 
the area of the cross-section and hn.r. the length of the supported bar. and, 
further, the bar being approximately regarded as a rigid body, 

En.r ➔ 00 , y,,.,. '. 0 (9.) 

Here, having the supported bar at the intersecting point (n, r), we have. 
one independent equation as to y by considering Eqs. (8) and (9) , and 
having no supported bar at the point, Eqs. (8) are the independent rela­
tions as to moments. 

After all, the above results tell us that, as regards the unknown quanti· 
ties, say, the moments (M, T)n•r and the deflection (y,..r) at the intersecting 
points (n, r), we have the simultaneous equations of the 1st degree with 
the 9 unknown quantities and the same number of the equations. Now, 
for simplicity of writing the following parts, we call these equations ((5), 
(6), (7), and (8)) the fundamental equations. 

Next, let us consider the above relations at the ends of the members. 
(a) In such cases when the intersecting points (n, r) are on the boundary 

members. 
(i) case r = max. or min.: -
In these cases, we have 

2[F .-+, M ➔, T .-+J = 0 
n•r--t-e n°r+e n-r+e 

2[F - , M - , T -+ J = 0 
n•r-e n°r-l! n•r-e 

(r = m~x.), l 
(r = mm.), 

(101) 

• 
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for boundary conditions, and ·see easily that the 2nd of Eqs. (52 ) does not 
hold for the case (r = max.) and the 2nd of Eqs. (52 ) and the 1st of Eqs. 
(7) do not hold for the case (r =min.). Hence, excepting these equations, 
and putting these terms expressed by Eqs. (101 ) equal to zero, the previous 
fundamental equations hold also for the present cases. Then, in the case 
(r =max.), we have the simultaneous equations consisting of 7 equations 
for 8 unknown quantities, and, in the case (r =min.), consisting of 6 
equations for 7 unknown quantities. The above descriptions tell us that, 
considering both of the cases together, we have as many simultaneous as 
the unknown quantities. 

(ii) case n = max. or min.: -
In these cases, we have 

i[F---+ ' M---+ ' n--t-s-r n-f-8'•T 

i[F+- ' M+- ' n-e•r n-e-r 

r_ J = o (n == max.) 

} nt-e-r 

T+- J = 0 (n = min.) 
ii-e•r 

(102) 

for boundary conditions, and see easily that the 1st of Eqs. (52 ) does not 
hold for the case (n = max.) and the 1st of Eqs. (52 ) and the 2nd of Eqs. 
(7) d6 not hold for the case (n =min.). Hence, similarly as in case (i), 
excepting the above equations and putting these terms expressed by Eqs. 
(102 ) equal to zero, the fundamental equations hold also for the present 
cases. Then, in the case (n = max.) , we have the simultaneous equations 
consisting of 8 equations for 7 unknown quantities and, in the case (n = 
min.), consisting of 6 equations for 7 unknown quantities. These descrip­
tions tell us that, considering both of the cases together, we have as many 
simultaneous equations as the unknown quantities. 

(iii) case (n, r) = max. or min .. : -
In theses cases, we have 

1 [F---+ , M---+ ., T---+ J = 0, 2[F +- , M +-, T +- J = 0 
n--t-e•r '1,+e•r n+s 0 r n.r+E" n-r-t-e n,r+e 

((n • r) = max.) 

1[F+-, M+-, T+- J =0, 2[F +- , M +-, T +-J = 0 
n-e•r n-e•r 1~-e•r n,r-e n•r-e n,r-e 

((n. r) = min.) 

t (10,) 

for boundary conditions and see easily that Eqs. (Sa) do not hold· for the 
case (n, r) = max. and Eqs. (52 ) and Eqs. (7) do not hold for the case (n, r) 
= min. Hence, similarly as in the cases (i) and (ii), excepting the above 
equations and putting these terms expressed by Eqs. (10.) equal to zero, 
the others of the fundamental equations hold for each case. Then,.· in 
the case (n, r) = max., we have the simultaneous equations consisting of 7 
equations for 5 unknown quantities and, in the case (n, r) = min., consist­
ing of 3 equations for 5 unknown quantities. Therefore, considering both 
of the cases together, we have as many simultaneous equations as the un­
known quantities. 

(iv) case (n = max., r = min.) or (n = min., r =max.): -
In these cases, we have 
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1[F ........ , M-➔ , T--+ J = 0, 
H--te•r n+e•r ?i+e·r 

2[F .__, M....,;:..., T .__ J = 0 
ff•J"'-1? ) ?1•r-e n•r-e 

1[F.__ , M._.:. , T.__ J = 0, 
i n-'e•r n-e-r ·u-e•r 

(n = max. and r = min.) ~ 

I 2[F -,--'-➔ , M - , T -➔] = 0, 
n•r-t-e n-r-t-e n°r-t-e 

(104) 

(n =min.and r = max.) 

for boundary conditions and see easily that Eqs. (52 ) and the 1st of Eqs. 
(7) do not hold for the case (n = max. and r = min.) and Eqs. (52 ) and the 
2nd of Eqs. (7) do not hold for the case. (n-= min. and r =max.). Hence, 
similarly as in the above cases, excepting the above eqll:ations and putting 
these terms shown by Eqs. (104 ) equal to zero, the others of the funda­
mental equations hold for each case. Then in both of the cases, we }:lave 
the simultaneous equations consisting of 5 equations for 5 unknown 
quantities. These descriptions tell us that, considering both of the cases 
togeteher, we have as many simultaneous equations as the unknown 
quantities. 
Cb) In such cases when the ends (n, r) of the members of the structure 

are built. 
Firstly, as well known, we have 

1in,r = 2i,..r = 0, Yn•r = 0 

for boundary conditions and, therefore, the following are satisfied. 
(i) case r = max. or min.: -

(11) 

In these cases, from the boundary 'conditions (II) and the fundamental 
equations, we have 

Yn-r-1/2ln.r = 2[B,..r + Q,..rJ 

Yn•r-t-d2l,..rrl = 2[B'.,.r + Q'n.rJ 

2[T -➔ + T +-] = 0, 2[M -➔ + M --J = 0 
?i•T-t-1? n~r-e n•r-t-e n•r-e 

(r = m~x.),} 

(r = mm.), 
(121) 

(r = max. or min.) (131) 

-rin-I•r = 2[An.r T -➔l = 2[An~rT -➔] = -i[JJ,..r-1 +B,.•r-1 + Qn•r-1Jl 
n.r-1-t-• n-r-• J (141 ) 

' (r = max.) 

and 

-R,..r = F +-- = 2[{M ---.+ M .__+ U1(l,,.r)l/l,..rJ (r = max.)l 
n•r-e .,,.r-e ,1°r-l+e 

. . (152) 
-R,..r = F --- = -2[{M ---+ M .__ - V1(l,..r-t-1)}/Z;,.r-t-1J (n = min;) · 

n•r-te 1,•r-t-l-e n°r;-e 

Then, in the case r = max., we have the simultaneous equation consisting 
of 5' equations (Eqs. (121), (131) and (141)) for 4 unknown quantities and, 
in the case r = min., consistipg · of 3 equations. (Eqs; (121) a:n~ (131)) for 4 
unknown ·quantities: Therefore, considering both of the cases together, 
we have as many equ.ations as the unknown quantities. Moreover, Eqs. 
(15) give the values of the reactions and the shearing forces at the end 
points (n, r). 
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(ii) case n = max. or min.: -
In these cases, similarly as case (i_), from the boundary conditions (II) 

and the fundamental equations, we have 

Yn-l•r filn,r = ~[B,..r + Qn,rJ 

Yn+l•rfiln-t-1-r = i[B',,.r + Q',,.rJ 

(n = m~x.) } 
(n = mm.) 

(122), 

1[T ... - + T-➔ J = 0, 1[M .... - + M-➔ J = 0, (n =max.or min.) (132 ) 
n-e-r 7rt-!?•r n-e·r n-t-e•r 

-zin-l·r = 1CJ,,.r T_➔ J = 1[An•r T -➔ J = -z[.JYn-l•r + Bn-l•r + Qn-l•r] ) 
n-1-t-•·r n-o-r ~ (142 ) 

(n = max.) l 
and 

-Rn,r = 1F ,__ = 1[{M-➔ + M .... - + U1(ln,r)}(ln,r] (n =max.)} 
n-e•r n-e 0 r n-1-re•r 

- (152) 
-Rn,r = 1F--+ = -1[{M-➔ +Af,__ - Vi(ln+l•r)}/l,.+1-rJ (n = min.) 

nTe•r n-t-1-e•r n+e.r 

Then, in the case (r =max.), we have the simultaneous equation consist· 
ing of 5 equations (Eqs. (122 ), (13~) and (142 )) for 4 unknown quantities 
and, in the case (n =min.), consisting of 3 equations (Eqs. (122 ) and (132 )) 

for 4 unknown quantities. Therefore, considering both of the cases to· 
gether, we have as many simultaneous equations as the unknown quantities. 
Moreover, Eqs. (15) give the values of the reactions and the shearing 
forces at the end points. 

In conclusion, the above descriptions tell us that we have as many 
equations of the form of the fundamental equations as the intersecting 
points. Therefore, these equations suffice to define one set of the unknown 
quantities and, from these results and Eqs. (1) , all of the requirements 
are found. Then the problems are solved. 

It is, however, practically impossible to obtain the solutions of the equa­
tions by usual method of employing the determinant, as the number of 
the unknown quantities is too large in general, so that the well-known 
iteration methods are needed for solving the equations practically. For 
convinience of the actual calculation, we rewrite the simultaneous equa­
tions with the unknown quantities (1i, 2i, Y)n.r referring to the inclinations 
and the deflections at the points (n, r) instead of the prev10us fundamental 
equations over again. 

First, from Eqs. ( 4) 

tM <---- = -(1M-➔ + 1Mn-r••r) = 1Cn-t-1•r (1ln-t-1•r + 3 1LIY 1n•r) + 1Sn-t-1•r, 
nT:£•r u-t-!?•r 

1M--+ = -{1Cn+I·r(1fn+h + 31LIY1n•r) + l~>H•r}, 
n-t-e•r 

11'1,f_.... = -(1M<----- + 1MnH-••r) = 1Cn+I•r (if'n+I•r + 31LIY'n.r) + 1KnH•r, 
:wt-1-e•r ~,+1-e•r 

1M+-~ = -hCnH•r (1f1n+l-,- + 31JY 1n•r) + l.R';,+!•r}, 
n+l-••r 

2M +-- = -(2M - .... + zM,,,r+•) = 2Cn,r+I (2fn•r+l + 3 2AY 1n,r) + 2Sn•r+I, 
n-r--1-e n•r-t-e 

2M -> = -{zCn·r+l (2fn,r+l + 3 2LIY 1wr) + 2S...,-+1}, 
n•r-t-e 
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2M --➔ = -(2M +-- + 2M,..r-t-1-e) = 2Cn,r+l (zl'n•r+l + 3 2JY1n-r) + 2Kn•r+l, 
n•r+l-e n•r➔·l-• 

2M +--- = -{2Cn•1·+1(2l'n•r+l+32AY 1,,-r) + 2Kn•r+1l, 
n•r+l-e · 

(16) 

where 

sC,..,. = 2s(El / l)n•r, 1ln.,· = 1Cin.r + 2in-I•rJ , 111,,., = 1[2i,,.r + in-l•rJ , 

2l, .. r = 2Un•r + 2in•r-1J , 2l'n·r = 2[2in.r + in,r-1J , 

1Sn+l•r = -V2(1fn+l·r)Ji[,.+l•r + Vs(1fn+:•r)/ 1l2n+I•r, 1Sn+l•r = 1S,,+:•r + 2Mn1-e-r, 

2Sn.r+l = -V2(2ln•r+1)f2l,..r+l + V s(2ln,r+1)/2l2n,r+l, 

2Sn•r+I = 2Sn,r+I + 2Mn,r+e, 2Kn•r+l = -U2(2ln,r+1)/2ln•r+l + U,(2ln,r+1)/zl2n•rt-l, 

zK,,.r+l = 2Kn,r+l + 2Mn,r+I-e, 

and substituting Eqs. (52 ) and (7) into the 2nd brackets of Eqs. (6), 

[T + 1, J [ 2 • 2 Q J 1Bn,r+1 1Bn•r-1 
2 --* ~ = 2 J1 Zn•r+I + Ai ,n+l + -,-- + --,-

n•rTE' n°r-e 2An•r+1 21ln•r 

+ 2I'n,r+l 1[J1 i' + B'n•r + Q,.., + Q'n·rJ, 

T T J r 2 • 2 Q 2Bn+l•r 2Bn-l•r 
1[ --* + ~ = 1LA2 Zn+J•r + A2 n+I•r] + --,- + -,--

wt-e•r n~e-r Illn--t-l•r llln•r 

+ 1I'n+:•r 2[J2 i' + B',..r + Qn•r + Q'n•rJ, 

where 

1I'n+l•r = __ l_ + + , 
1An+l•r llln•r 

___ 1 __ +_1_, 
2I'n,r+l - , +l zA,..r 

21l1i•r 

2 • [Ji i,,•r+l Ji in•r] ( , , )/ , 
2A! • Zn•r+l = 1 - -,-- = ILIYn•r+l - 1LIYn,r 2An,r+I 

2 lln•r--t-l "n•r 

( , , )/ J 1AYn-r+1 + 1AY,,.r-J -,, 1 
- !LIYn•r - IaYn-r-1 Zlln.r = 1 1 - 2' n-r+l lL.1 Yn-r, 

211 n•r+l 211n•r 

2 • [Jz in+l•r J 2in•r1 _ ( , , )/ , ILl2 Zn+I•r = 1 - --,- - 2aYn+l•r - 2LIYn•r I 11,,+l•r 
1 l\n--t-I•r An•r 

( , , )/ l 2AYn+l•r + zAYn-l•r T' 
- 2LIYn•r - zaYn-l•r 111 ,.•r = , 1 - l' n+I•r 2AYn•r, 

t11n+l·r l 11 n•r 

, 2 Q [Ji Q,..r-t-1 Ji Qn•r] ( Q Q )/ J 2-"'l · n•r+I = 1 - ---,-- = 1 n•r+l - 1 n•r z11,.,r+l 
2 /1.n•r-t-1 "-n•r 

( Q Q )/ J !Qn•r+l + 1Qn•r-l -,, Q 
- I n•r - I n•r-I 211n·r = -,l-- -,l-- - 2' n•,·+11 n•r, 

2 n•r-t I 2 n•r 

2 Q [,dz Q,.+J•r A2 Qn•r] (- Q Q )/ l 
1J2 n+l•r :::; ,l - ,l = 2 •a+I•r - 2 ,.., Jlln+J•r 

l n-tl•r n•r 

( Q Q )/ , zQn-tJ•r 2Qn-l•r -,, Q 
- 2 n•r - 2 n-l•r J An-r = -,l-- + -,l-. - - Jl n+I•r 2 n-r • 

l n+l•r 1 n•r 
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Then, substituting the above equations and Eqs. (16) into Eqs. (6) ;ind 
(8) , the fundamental equat_ions are rewritten in the following forms: -

1[a1 imr-1 + a2 in-]•r + ai' in-r-t-1 + az' in-H·r + (2a2 + a/) in.rJ 

- 1[fJ Yn-l·r + (0' - fJ) Yn°r - 0' Yn-t-]•rJ = [1Hn-rJo, 

2[a1 in-]·r + a2 in.r-1 + a{ in-t-l•r + az' in•r-t-1 + (2a2 + a3') in•r] 

- 2[fJ Yn-r-1 + (fJ1 - fJ) Yn-r - 0' Yn-r-t-IJ = [2Hn.,·Jo, 

1[fJ in-l•r + (fJ - fJ') i,,.r - fJ' inH•rJ + 2[fJ in•r-1 + (fJ - fJ') in.r -- fJ' i,,.r-t-iJ 

+ 1[01 Yn-t-l•r + 02 Yn-1.rJ + 2[01 Yn°r-t-1 + 02 Yn-r-1J 

+ oy,..r = -(Rn.r + ®n•r), 

in which 

1a1 = 2CGC/l),,.,., 1a/ = 2(GC/l)n-r-t-1, 1a2 = -21(Elfl)n•r, 

1az' = -21(EI/ l)n-t-l•r, 1a3 = -{4 1CEI/ l)n•r + 2(GC/l),,.r-t-l + 2(GC/l)n.rL 

1a3t = -{41(Elfl),.-i-1-r + 2(GC/l)n•r-t-1 + 2(GC/l),..r}, 1/3 = 6i(El/l2),,.r, 

1fJ' = 61(El/l2 )n-t-]•r, 101 = l21(El/l3)n-t-I•r• 1132 = l2i(El/l3),,.r, 

2a1 = 1(GC/l)n-r, 2ai' = 1(GC/l),,-t-J.r, 2a2 = -22(El/l)n.r, 

2az' = -2 2(El /l)n•r-t-1, 

2ll'.3 = -{4z(El/l)n.r + 1(GC/l),,-t-1•r + 1CGC/l),..r}, 

2aJ'= -{42(EI/l)n-r-t-1 + 1(GC/l)n-t-1•r + 1(GC/l)n.r}, 

(170)' 

zfJ = 6 z(Ef / /2 ),..,., zfJ' = 6 z(Ef / l2)n.r-t-l, z01 = 12 2(£[ / / 3),..r-t-J, 202 = 12 2(£[ / / 3),,.r, 

o = -(101 + 1o2 + 2oi + 202), E = Young's Modulu,s, G = Torsional Rigidity, 
C = Torsional Constant, 

H J ,,,. I'. (Q Q' ) + 241 Qn.r-t-1 2J1 Qn•r 
[1 n-r O = -i[1nn°r + 2 1,•r-t-l n•r + 11•r , - --, 

2"n•r-t-1 2"n•r 

lµn•r-t-1 (2 K. S ) + lµn•r-1 (2 K S ) + --- n-,·-t-1 - n·r-t-1 -).-- n•r-1 - n•r-1 
2An°r-t-l 2 n-r 

- (1 + 2 2I'n.r-t-l lµn-t-1-r) s,,-t-I•r - 1Kn•r + 2I'n-r-t-1 '1Kn-t-1°r] ' 

[ H J _ rM, + ,--, (Q + Q' ) + 1,d2Q11-t-l•r 1J2Q,n 
2 n•r O - -2L n•r 11 n-t-I-r n•r n•r ). - --).-

I n+1•r l n•r 

zµn-t-J·r (2 K S ) 2µn-l•r (2 K S ) + --- n-t-I•r - n-t-I·r + -).-- n-I•r.- n-1-r 
]An-t-l•r 1 11•r 

· - (1+21I'11-t-1•r zµn•r-t-1) S,,.r-t-1 - R,,.r + 1I'n-t-1•r 2µn•r-t-l Kn-r-t-lJ , 

1 1 
1I',,-t-l•r = -).-- + -).-- ' 

1 n-t-l•r l n•r 

1 1 
zI'n-r-t-1 = -- + -- , 

2An•r-t-l zAn•r 

An•r = (l/G(;),..r, µ,..r = (l/6EI)n.r, 

sSn,r = -Vz(,,ln.r)/sln•r + V3(sln-r)/,l2n•r, 

,Kn•r = - Uz(.Z~-r) / sln•r + Uo(,l,,.r) / sl2n.r, 2K,,.r = 2Kn.r + 2Mn.,·-e , 
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2Sn•r = 2Sn•r + 2M,,.r-1+e, 1Kn-r = 1Kn,r + 1Mn-,,r, 1'5,,.,. = 1S,i•r + 1Af,.-1+,•r, 

2.11 Qn•r-t-{ = 1Qu•r-t-l - 1Qn•r, 1J2 Qn+I•r =· zQnH•r - zQn,r, 

8Q,.,r = ,[ - l;r Vi(l,..,.) + -~ V,.(ln,r} - 6L,. Vi(l,.,r)], 

e,..,. = Pn,r + [U1Cln-r) + 'V;(l,.+l•r)] + [Di(ln,r) + V1Cln,r+1)] 
I ln,r ln+l•r 2 ln,r ln,r+l 

1 1 + -1-(1Kn•r + 1S,,.,.) - -1--(iKn-t-l•r + 1Sn+l•r) 
l n•r l n+I•r 

1 1 + -1- (zK,,,r + 2Sn,r) --1-- (zKn,r+l + 2Sn,r-t-1) • 
2 n•r 2 n•r+1 

Next, at the points (n, r) on the boundary, we have forms slightly 
different from Eqs. (170), because some of Eqs. (5) and (7) do not hold 
as the previous discriptions. Then, let us show these equations at the 
points (n, r)on the boundary. 

(i) case r = max. or min.: -
In these cases, the boun<lary conditions are expressed by Eqs. (101) and 

the 2nd of Eqs. (52 ) does not hold, as the previous descriptions. Moreover, 
in the case (r = min.), we take the following equations for the 2nd of 
Eqs. (7) , 

-2Ct1n-r - i'n-l•rJ = 1[A,,,r T-➔ ] = 1[A,,,,. T-➔ ] 

n-I-te•r n-E"•r 

= -1[.J2i''n•r + J2B"n•r + ,JzQ"n•rJ 
in which 

1J2 i",..,. = zJy',..,. - z,Jy',.-I•r = (Yn•r - Yn•r-t-1)/zl,.,r+I 

- (Yn-I•r - Yn-J•r-t-1)/zln-l-r+l 

1.J2B"n•r = 2B'n•r - 2B'n-I•r = zµn,r-t-12[2M -➔ - M .--J 
n•r-t-e n•r+1-e 

- zµn-l•r-t-l 2'_22 M -➔ - M .___] 
n-l•r-t-, n-l•r-t-1-• 

1J2 Q"n•r = z[Q'n•r - Q'n-I•rJ 

Then, considering the suffix of the unknown quantities in the fundamental 
equations and putting the quantities about the fictious members equal to 
zero, we have the following equations by similar ways as the case (i) : -

L 1 • 2 ') . . {al in,r-l }] az .Zn+l•r + ( az + a3 Z,..,. + a2 Zn-l•r + 1 • 
I a1 Zn,r+I 

+ JW(Yn-t-I•r - Y?Z•r) + /3(y,,,r - Yn-:-r)] = f [1H,,.,.J1' J (r = max.) 
t [1H,,,rJ1" (r = min.) ' 

[ , . + . + {a3 in•r + a2 i,.•1·-1 }] 
a1 Zn+I•r a1 Zn-l•r I • I • 

.,:l a3 Zn,r + az Zn•r-t-l 

+ [{{3~y,..,. - Yn,r-1) }] = fzHn,r~q 
2 /3 (Yn,r-t-1 - Yn,r) [2Hn•rJl 

(r = max.) 
(r = min.) ' 
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·[{3 in-l•r + ({3 - /3 1) in•r - /3 1 in+r] + [c/3 - /3 1) in•r + { _ ~/~•r-l }] 
1 2 I' Zn•r-t-1 

in which 

+ OYn•r + 1[01Yn-t-l•r + 02Yn-I•rJ + [{~2Yn,r-l}] 
2 U 1Yn•r-t-1 

= -{[Rn•r + 6ln•rJ1'} 
[Rn.r + e,.,rJ1 1 

(r = max.) 
(r =min.) ' 

(171). 

1a'3 = -{4 (E1I) + ( GlC) } (r = max.), 
l n-t-1•1· 2 n•r 

{ (EI) (GC) } 1as' - - 4 - + ---
- 1 l n-t-I •r 2 l n •r-t-1 

(r =min.), 

o = -12{ ('E1/) + (E1[) + (Et[) } (r =max.), 
l n-t-I•r 1 n•r 2 wr 

o = -12{ (El) + (El) + (EI) } (r =min.), 
I l3 n-t-l•r 1 13 n•r 2 13 n•r-t-I 

[ H J I __ [M + Q'n•r + Qn•r-I + 1µn,r-I (2 K _ S ) 
I n•r I - 1 n•r 2A,.,r zAn•r n•r-1 n,r-l 

(1 + 21µn-t-l•r)-s K + Jµ,n-t-l•r-K ] - ---;-- n-t-I•r - n•r -,-- n-t-I•r , 
21\n•r 211n•r 

[ H J II __ [~,,- + Qn•r-t-1 + Q'n•r + Jµn,r-t-1 (2 K _ S ) 
I n•r I - lV.Ln•r , , ,.•r-t-1 n•r+l 

l 211n•r-t-I 211 ,i•r-t-l 

(1 + 2 lµu-t-J•r)-s -K- + ]µr,-t-l•r K ] - --,- ,i-t-l•r - n•r --,- u-t-l•r , 
211 n•r-t-1 211 n•r-t-l 

[2H,,,rJ1' = - [ M,..r + 1.Jl Q,,-t-I•r - Kn•r + 2µ,n-t-l•r (2 Kn-t-I•r - Sn-t-I•r) 
2 Jl\n-t-I•r 

+ 2µ~-I•r (2 Kn-I•r - Sn-]•r) - 1I',,-t-h 2µn,r (2 K,,•r - Sn•r)] • 
Jlln•r 

[ H 7 I/_ [M ,1 z QII S- + 2µn-t-I•r-t-I (2S- K- ) 2 n•rJI - - - ,,., - I.:,2 n-t-I•r - n•r-t-I , n-t-I•r-t-1 - n-t-I•r-t-I 
2 • I11 n-t-l•r 

,-, (2 S- K- ) + zµn-I•r-t-1 (2 S- K- )] - 11 n-t-I•rzµ,,,r-t-1 - n•r-t-I - n•r-t-1 , ,,-I•r-t-I - n-1•r-t-I , 
Illn•r 

[Q,.,rJr' = Pn•r + J U1(l,,.r)/l,,,r + V1(ln-t-1,r)/l,,-r1,r] + Ui(2ln•r)htn•r 

1 1 + -1-(rKn,r + 1Sn•r) - -1-- (1K,,+l•r + 1Sn-t-l•r) 
1 n•r I n-t-I•r 

1 + -1- (zKn•r + zS,,,r), 
2 n,r 

• 
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[Qn,rJ1'1 = Pn,r + Jc.Ti(ln,r)/ ln,r + V1Cln-r1,r)/ ln-t-l•rJ + Vi.(2ln,r-t-1)/zl,.,r-t-l 

1 1 + -1-(1K,.,r + 1Sn,r) - - 1-- (1Kn-t-J•r + 1Sn-t-l•r) 
l n,r I 11-t-l•r 

1 
- -1-- (2Kn-r-t-1 + 2Sn,r-t-1), 

2 11•r-t-l 

, 2 Q" _ [,12 Q",.-t-:•r J2 Q"n•r] _ zQ 1,,-t-1•r - zQ'n,r zQ'n,r - zQ' n-J•r 
1.:12 n-t-l•r - - - -

1 An-t-J•r An,r JAn-t-l•r 1An,r 

_ 2Q' n-t-J•r + zQ' n-l•r _ I' Q' 
- , , , 1 n-t-l•r2 n•r, 

I 11 n-t-t•r l"n•r 

_. 2 Q _ zQn-t+r zQn-J•r ,-, Q 
t.:12 n-t-l•r - --,- + -,-- - l1 n-t-l•r 2 n•r, 

l lln-t-J •r 1 lln,r 

and the other coefficients coincide with that of Eqs, (170). 

(ii) case n = max. or min.: -
In these cases, the boundary conditions are expressed by Eqs. (102) and the 

1st of Eqs. (52) does not hold as the previous descriptions. Moreover, in the 
case (n =min.), we take the following equations for the 1st of Eqs. (7) 

-1[i'n•r -i'n-r-1J = z[A,.,r T -➔J = z [A,,,r T -J 
•u•r-1--te n•r-e 

= -z[,:l1i 11n,r+ J1B"n,r+ J1Q''n,rJ 

in which 

z,:l1i"n•r = 1JY'n•r - 1JY1n,r-1 = (Yn,r - Yn-t-l•r)filn-t-l•r 

• - (Yn,r-1 - Yn-t-:Or-1)/iln-t-I•r-l, 

2J1 B" n•r = 1B' n•r - 1B'n•r-l = lµn-t-l•r(2 1M -➔ - 1M<-- ) 
n-t-e•r n+l-••r 

- lµn-t-I,r-1(21M-➔ - lM..__ ) . 
n-t-e•r-1 n-t-1-e•r 

Then, considering the suffix of the unknown quantities in the fundamental 
equations, and putting the quantities about the fictions members equal to 
zero, we have the following equations by a similar method as in the treat­
ments for case (i) and (ii): -

[ • 1 , {Cl'.3 in,r + Cl'.z in-l•r}1 
Cl'.1 Zn,r-1 + Cl'.! Zn,r-t-1 + , . + 1 • 

l Cl'.3 Zn,r Cl'.2 Zn-t-l•r 

+ {10,CYn•r - Yn-l•r)} = l[1Hn,r]2;,} 
10 (Yn-t-l•r - Yn,r) [1Hn,rJ2 

(n = max.) 
(n = min.) ' 

[ • I • (2 + ') · {Cl'.1 in-l•r}] Cl'.z Zn,r-1 + Cl'.z Zn,r-t-1 + ll'.2 Cl'.3 Zn,r + 1 • 
2 Cl'.J Zn-t-l•r 

+ 2[0(Yn,r - Yn,r-1) + 0'(Yn,r-t-1 - Yn,r)J 

= {[2Hn,rJ2'} 
[2Hn,rJ2'' 

(n = max.) 
(n =min.)' 

(172)' 
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[ 1 • { /3 in-I•r}l I • J__ , • '. • (/3 - /3 )zn•r + '- CH • - 2[/3 Zn.,·-t-J , (/3 - /3) Z'!•r - /3 Zn,r-iJ 
2 µ Zn-t-I•r • • 

in which 

+ I> + r" + s, J {102Yn-I•r} uYn•r 2LOI Yn•r-t-1 uzYn•r-I ·+ . " 
LOI Yn-t-I·•r 

= -{[Rn•r + ®n•rJ/} 
[Rn,r + ®n•rJz" 

(n = max.) 
(n =min.)' 

1a3 = - 4 - + -1 { (EI) (G C) } 
·· 1 l n-t-I•r 2 l n•r-tl 

(n =min.), 

, { (EI) (G C) } 2a3 = - 4 - + -
2 l n•r-t-1 1 l n•r 

(n =max.), 

2a3' = -{4 ( Ell) + (G1C) } (n =min.), 
2 n•r-t-1 1 n-t-1 •r 

[1Hn•r]2' = - [Mn•r + 2J12 Qn,r-t-1 -1Kn°r + I~n•r-t-I (2Kn,r-t-I - Sn•r-t-I) 
1 21ln•r-t-l 

+ 1µ~.r-I (21Kn•r-l - 1S n,r-1) - 2I'n•r-t-l Jµn•r (2 1Kn•r - 1S n•r )] , 
21ln•r 

[1Hn,r72'1 = -J Mn,r - 2J12 Q"n•r-t-I - 1Sn-t-!•r 

Iµn-t-J•r-t-1 (2 S- K- ) lµn-t-I•r-1 (2 S- I{- • ) + 1 n-t-l•r-t-1 - n-t-I•r-t-1 + 1 a n-t-I•r-I - n-t-I•r-1 
21ln•r-t-1 Zlln'l"I'" 

- 2I'n,r-t-l lµni I•r (2 Sn-t-J•r - Ka-t-~•r)], 

TT 7 , [M + Q'n•r + Qn-J,r + zµn-l•r (2 Tf 5 ) [z□ n•r.,2 == - n•r -----~ --- -P-n-l•r - n-I•r 
2 IAn•r 1An•r 

_ (1 + 2 2µn•r-+-1) S- _ K-- + zµn,r-t-1 I:[ J , n•r-t-1 n•r , 2 n•r-t-I , 
111.n•r IAn•r 

[ u- 7 11 __ [M + Q'n•r + Qn-i-1-r + 2JJ...!!'i:l-.r (2K , _ 5 ·) 
2un,r.,2 - n•r 1 ,. n-t-l•r n-t-l•r 

2 )lln-t-I•r Jlln-t-l•r ' 

(1 2 zµn•r-t-I) ·s- K + zµn,r-t-1 K- ] - + --,-· - n•r-t-1 - • n•r -,-. - 2 n•r-t-1 , 
Jlln-t-I•r Jlln-t-!•r 

[®n•rJz1 = Pn•r + U1(rln-r)/1ln.r + 2[U1Cln.r)/ln•r + l7-i(ln,r-t-I)f ln,r-t-1J 

1 [ 1 + -l- (1Kn,r + 1Sn•r) + -1 - (Kn•r + Sn.,-) 
1 n•r 2 n•r . 

- -1 l (Kn,r-t-1 + Sn•r-t-1)] , 
n•r-t-1 
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[0n,rJz'' = Pn,r + Vi(1ln-t-l•r)/iln-t-l•r + 2[U1Cln,r)/ln,r + V1(ln,r-t-1)fln,r-t-1J 

1 . [ 1 - -1-- (1Kn+l•r + 1Sn-1-J.r) + -1-(Kn,r + Sn,r) 
l n+l•r 2 n•r 

- _l_ (Kn,r-t-1 + Sn,r-t-1)] , 
ln,r-t-1 

A 2 Q" _ [.Ji Q"n•r-t-1 _ .Ji Q",,•r] _ 1Q',.•r-t-l + 1Q'n,r-l _ /' Q' 
2"'1 n+l•r - , - , , 2 n•r-t-11 n•r, 

. 2 An,r-t-1 "n•r 21ln,r-t-l 21ln,r 

2 Q 1Qn,r-t-l + 1Qn,r-l /' Q 2£11 n-t-l•r = --,- -,-- - 2 n•r+I 1 n•r, 
2"n•r-t-1 2"n•r 

and the other coefficients coincide with that of Eqs. (170). 

(iii) case (n, r) = max. or min.: -
In these cases, the boundary conditions are expressed by Eqs. (103) and 

Eqs. (52) do not hold for the case (n, r) = max., and Eqs. (52) and Eqs. (7) 
do not hold for the case (n, r) = min. as the previous descriptions. Then, 
considering the suffix of the unknown quantities in the fundamental equa­
tions and putting the quantities about the fictions members equal to zero, 
we have the following equations by a similar method as the above cases: -

1[a3 in,r + a2 in-l•r + a1 in,r-1] + 1f3(Yn•r -Yn-+r) = [1H,.,rJJ' 

((n • r) =max.), 

1[a3' in,r + az' in-t-l•r + a1' in,r-t-lJ + 1f3'(Yn-t-!•r - Yn-r) = [1Hn,rL" 

((n • r) = min.), 

2[a3 in,r + a2 in,r-1· + a1 in-l•rJ + 2f3(Yn,r - Yn•r-1) = [2Hn,rJi 

((n • r) = max.), 

2[a/ in,r + az' in,r+I + a1' in-t-l•r] + 2/3'(Yn•r-t-1 - Yn,r) = CzHn,rJJ'' 

((n • r) = min.), 

1[(/3 - /3') in,r + /3in-l•rJ + 2[(/3 - /3') in,r + /3in,r-iJ 

+ OYn•r + 182 Yn-l•r + 282 Yn•r-1 = -[Rn,r + en,rL' 

((n • r) =max.), 

1[(/3 - /3') in,r - /3'inH•rJ + 2[(/3 - /3 1) in,r - f3'in,r-t-1J 

+8Yn•rH + 181 YnH•r + z01 Yn•r-t-l = -[Rn,r + en,,.]3" 

((n • r) = min.), 
in which 

1a3 = -{4/~1t.r + 2(GzCt.J ((n · r) = max.), 

1a3' = -{4 (E11) + (G1C) } ((n · r) = min.), 
1 n-t-l•r 2 n•r+l 

za3 = -{4 (E11) + (G1C) } ((n • r) = max.), 
2 n•r 1 · n•r 

(173)' 
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2as' = -{4 ( Ell) + (G1C) } ((n · r) =min.), 
2 n,r-t-1 1 n-t-I-r 

a= -12{ (El/) + (E1/) } ((n. r) =max.), 
l n,r 2 n•r 

a= -12{ (E 1) + (E 1) } ((n • r) =min.), 
1 / 3 n-H•r 2 13 n,r-t-1 

u- J , [•.r + Qn,r-I - Qn,r v +· IPn•r-I (2 K S ) [1nn,r 3 - - 1V1n,r 1 - n.n,r -,-- n,r-1 - n•r-1 
1 2"n•r 2"n•r 

_ )µn,r (2Kn,r - Sn,r)], 
2/..n,r 

rr Jr,_ [•.r Q'n•r-t-I -Q'n•r 5- + Jµn+-J•r+-1(2S- K ) 
.C1nn,r 3 - - lV.ln,r - 1 - n+-J•r 1 n+-J•r+-1 - n+-l•rt-, 

1 2"n•r·rl 211n,r-t-I 

Iµnt-I•r (2 S- K- )] - --,- n+I•r - n-t-l•r , 
211n•rt-l 

H J , _ ["" + Qn-l•r 2Pn-I•r (2 K 5 ) K- ] [2 n•r 3 - - 1V1n,r -,-- + ,---- n-I•r - n-I•r - n•r , 
2 I"n•r I"n•r 

H J ,, [ ".r + Q' n•r (i + 2 2Pn-r+-l) 5- + zµn,rt-1 K- ] [z n•r 3 = - lV.ln,r -.-,- - --,-. n•rt-1 --,- n•r+l , 
2 l"n+-l'r l"nl-l•r I"nt-l•r 

- -- 1 
[0n,rJs' = Pn,r + Ui(ifn,r)/iln,r + U1(2ln,r)/zln,r + -1- (1Kn,r + 1Sn,r) 

1 n•r 

1 + -1-- (2Kn,r + 2Sn,r), 
2 n•r 

[0n,rJ:i" = Pn,r + V1(1ln+-1•r)ftlnt-1•r + V1(2ln,rt-1)f 2ln,rt-l 

1 . 1 
- -1-- (1Kn+-I•r + 1Sn-t-1°r) - -1-- (Kn,rt-1 + Sn,rt-1), 

1 n-t-I•r 2 n•r-t-1 

and the other coefficients coincide with that of Eqs. (170). · 

(iv) case (n = max. and r = min.) or (n = min. and r =max.):-
In these cases, the boundary conditions are expressed by Eqs. (104) and 

Eqs. (52) and the 1st of Eqs. (7) do not hold for the case (n = max. and 
r =c min.) and Eqs. (52) and the 2nd of Eqs. (7) do not hold for the case 
(n = min. and r = max.) as the previous descriptions. Then, considering 
the suffix of the unknown quantities in the fundamental equations and 
putting the quantities about the fictions members equal to zero, we have 
the following equations by similar method as the above cases: -

1[a1' in,r+-1 + az in-I•r + a3 in,rJ + 1f3(Yn,r - Yn-I•r) = [iHn,rJl 

' (n = max. and r = min.) 

1[a1 in,r-1 + az' in+-1-r + as' in,rJ + 1f3'(Yn-i;1,r - Yn,r) = [1Hn,rJl 

(n = min. and r = max.) 
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2[a1 in-l•r + ai in,r-t-1 + aa' in,rJ + 2[W(Yn•r-t-l - Yn,,)] = [2Hn,r]l 

(n =max.and r = min.) 

2[ai' int-1,r + a2 in,r-1 + a3 in,rJ + 2[0(Yn,r - Yn,r-1)] = [2ffn,,J[ 

(n = min. and r = max.) 

1[(0 - /1') in,r + 0in-l•r] + 2[(0 - 0 1) in,r - Win,r-t-1] 

+ ayn,r + 1a2 Yn-l•r + 2a1 Yn,r-t-l = -[Rn,r + Bn,rJl 

(n = max. and r = min.) 

1[(0 - W) in,r - Win-t-l•r] + 2[(0-: rn in,r + 0in,r-1J 

+ ayn,r + 1a1 Yn-t-l•r + 292 Yn,r-l = -[Rn,r + Bn,rJl' 

(n = min. and r = max.) 

in which 

1a3- - 4 - + -{ (El) (G C) } 
- 1 l n•r 2 l n•r-t-1 

(n = max. and r = min.), 

1al- - 4 - + -{ (El) (GC) } 
- l l n-t-l•r 2 l n•r 

(n = min. and r = max.), 

2a3= - 4 - + -{ (El) (GC) } 
2 l n•r 1 l n-t-l•r 

(n = min. and r =max.), 

, { (El) (GC) } 2a3=-4 - + -
2 l n •r-t-I 1 l n ,r 

(n = max. and r =min.), 

a--l2 {(El) +(El) } 
- I 13 n-t-1 •r 2 J3 n,r 

(n = min. and r =max.), 

a= -12 { (E1/) + (E1/) } (n = max. and r =min.), 
I n•r 2 · n•r-t-1 

[ H J , - rff,f" + Qn,rt-l - Qn,r K + Iµn,r-t-1 (2K s ) 1 n•r 4 - - lV.Ln,r , - n•r --,- n•r·t-1 - n,r·t-1 
1 2An,r·t-1 2An,r-t-1 

- I;n•r (2 Kn,r - Sn,r )] , 
2An,r-t-1 
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(174) , 

[ ff J 11 _ [ffA" Q'n•r-1- Q'n•r -S + lµn+l•r-1(2S- K,- )' 
1 n•r 4 - - lV.Ln,r - , - 1 n·t-I•r A n+J•r-1 - n-t-l•r-1 

1 2An,r 2 n•r 

_ lµn+I•:! (2 Sn+J•r - Kn+I•r)], 
2An,r 

r_H, J 1 _ [ffA" + Q'n•r - Q'n-I•r 5- 2µn,r-t-l (2S- K- ) 
1..2 n•r 4 - - lY~n•r , - 2 n•r+l - -,-- n•r-1-1 - n•r-t-1 

2 1 An,r lAn,r 

2µn-l•r-t-l (2 5- -K )] + , n-l•r-t-1 - n-I•r+I , 
JAn,r 
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[ H J ,, _ [•r + Qn-t-\•r - Qn•r 37 + 2Pn-t-I•r (2 u 5 ) 2 n•r 4 - - 1Un•r , - Z-L'-n•r --,- L'-n-t-I•r - n-t-l•r 
2 Jlln-t-l•r Illn-t-l•r 

_ 2Pn•r (2Kn•r - Sn°r)], 
An-t-I•r 

[@n.,JJ' = Pn•r + U1(1ln.r)/iln•r + Vi(2/n•r-t-I)f2ln•r-t-l 

1 1 + --1-(iKn•r + tSn.,) - - 1-- (2Kn•r-t-1 + 2Sn•r-t-1), 
l n•r 2 n•r-t-1 

[6Jn•rJ4'1 = Pn•r + V1(1ln-t-l•r)/iln-t-1•r + ¼(2ln.r)/zln•r 

1 1 
- -1-- (1Kn-t-l•r + 1Sn-t-1•r) + -1- (2Kn•r + 2Sn•r), 

I n-t-I•r 2 n•r 

and the other coefficients coincide with that of Eqs. (170). 

Moreover. in such case when the end of the member is built, as well 
known, we have the following equations instead of Eqs. (17) 

sin•r = 0, Yn•r = 0 (171). 

In conclusion, the above results tell us that the simultaneous equations 
(17) can always be solved by the well-known iteration methods and the 
solution suffices to determine one set of the quantities (sin,r, Yn•r) at the 
intersecting points in the structure. Then it is clear that substituting these 
values into Eqs. (1) and ( 4) , all of the requirements are diredly found 
and the present problems are solved. 

4. Conclusion. By the present method, the torsion and bending pro• 
blems of continuous panel structures can always be solved when the deflec­
tions of the members of the structure are all small. But the method,- as 
it is, cannot be used for the large deflections, beacuse both of the restriction 
conditions at the supported points and the boundary conditions become far 
more complex than stated in the report. Moreover, when the size of the 
cross-sections of the members are large, the restrictions received by the 
deformations occured in the cross-sections of the members under the ex­
ternal forces are sensible quantities, so that we need consider these points 
fully in the practical designs of the structures. 

Further, it is also obvious that vector analysis can be applied for the 
moments, as well known, when deflections of the members are small, so 
that the theory and the method presented in this report are also applicable 
to such cases when the members of the structures cross ·each other with 
angles slightly different from rectangle by modifying the coefficients of 
the fundamental equations stated in the report. 

Last, in this report we neglected the effect which must appear when 
an external twisting moment acts on a member of the structure at any point. 
Thus, we are still. in the course of research of the theory in which the 
effect of fhe twisting moment stated above is considered. And, moreover, 
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it is intended to calculate some actual examples by the method mentioned 
in this report. 

The auther expresses his gratitude to assistant researcher M. Ikui for 
his valuable helpfulness. 
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