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ON THE STRESSES DUE TO PRESSURE ON THE · 

PERIPHERY OF THE HOLE IN AN ORTHOTROPIC PLATE 

By Masakazu HIGUCHI 

With the end to throw light on the peculiarity of the stress produced 
in the orthotropic plate, more examples of the plane problem are added 
to those in the previous paper:); the solutions are given in the cases 
when the orthotropic plate having a hole, circular or elliptic, is under 
the conditions; 

a) .that a pair of forces is acting at two points on the periphery of 
the hole, 

b) that uniform hydrcstatic pressure is prevailing in the hole, 

c) that uniform tangential force acts along the periphery of the hole, 

d) that a concentrated force acts on a certain point in the plane of 
the plate, 

e) that a concentrated force acts on a point of the periphery of the 
hole, 

f) that distributed pressure are on a certain part of the periphery of 
the hole, 

g) that the circular opening is expanded uniformly, together with 
the ·solutions in the cases when the plate has rigid flange, or a rig.id plug 
sticked to the periphery of the hole, and 

h) the periphery is turned a certain angle, or 

i) the plate is under the uniform shearing force acting on the remote 
outer boundary of the plate. 

The numerical calculations are worked out and the results are shown 
in the annexed figures. 

1. Introduction. In the previous paperD the writer investigated the 
distribution of the stresses in the anisotropic infinite plate having a hole 
circular or elliptic. The examples given there were concerned with the 
plate having either a free hole or a rigid plug. 

In the present paper, the writer gives a few other examples. Some of 
them are concerned with the cases where any pressure, concentrated or 
distributed, is ·acting on any part of the hole boundary in the plane of 
the orthotropic plate. The rest are the studies on the stresses. produced 
in the .plate of which the opening is elastically enlarged so that the dis­
placing of its circumference may be conformed to a compulsory deformation, 

ll Higuchi, M., Kyushu Univ., Rep. Res. Inst. Elas. Engng., IV, 4. 1947. 
Higuchi, M., Kyushu Univ., Rep. Res. Inst.· Applied Mechanics, I, 1. 1952. 
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54 M. HIGUCHI 

as well as in the plate under twisting force along the circumference of 
which is reinforced with a rigid flange. 

When the coordinate axes x, y are taken in the plane of the plate so 
that their directions may coincide with the two axes of symmetry of 
orthotropic elasticity respectively, we can use as the Airy's stress function 
the expression 

X(x, y) = Zr(Zr) + Z,(Zs) + comp. conj., 

together with Zr= X + i krY, z,. = x + i ksY and 

k,? kl= E_,. 
E' y 

kr2 + k? = E,, + 2J.1xv , 
G.,y 

for generalized plane stress, 

k,.2 k? - l - J.iv, J.1,v E,, 1 . -
- J.lxz J.l,x Ey ' 

kr2 + k? = l { E,, + 2(J.ixy - J.lx, J.l,y)} 
1 - J.lx• J.1 2 ~ Gxy 

y 

Fig. 1. q,., qy Components of an 
external force acting on the plate 
per unit depth at A, a point on 
the circumference C of the hole. 

for plane strain. 

~y 

x C, C,.-plane 

Fig. 2. Transformation of the 
ellipse C into the unit circle r. 
w Image of A in x,y-plane 

/}A= IJ. 

f, 

Regarding Z,.(z,r) as a function composed of two terms as z,. = G,. +Hr, 
we shall assume that H,. is regular on our physical region, viz., in the Zr· 
plane excepting on the region of the hole which is represented with x'/a2 + 
y 2 / b2 = l. G,. may, however; have any singularity in our physical plane. 
Using the notations 

2a,.=a + k,.b, 2(3,. == a - kr b 

and transforming the ellipse x2 /a2 + y 2 /b2 =l in the x,y-plane with 
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_ ,. + Sr Zr - a,. c,,r -
(r 

into the unit circle r in the ( r•plane (Fig. 2), we can apply the Muschelis­
vili's method and obtain 

(kr - ks)H/((r) = gr((r) + Q,((r) • 

Here 

gr((r) == 2~ f [(kr -ks) Gr' - (kr + ks) Gr' - 2k, Gs'JAl(w) ~, 
rcz I' w-(r 

. . C(w) 

Q,(C,)== 2~ f [J {k,qv(C)-iq.,(C)1dC] ~o , 
rct I' A W (r 

(1) 

(2) 

(3) 

and H/((r) is used for dHr {z,((r)1/dzr. A prime denotes the differenti­
ation with respect to the complex variable of the function. For instance, 
Gr' xepresents dGr/ dzr, while Gr' is dGr/ dz,. C in the integrals is the 
length of the curve measured along the periphery of the ellipse from a 
certain start A. The point A(x= a cos (}A, y == b sin (}A) corresponds to 
the point ei11A( == w, say) on the unit circle /' in both the ( r· and ( ,-plane. 
The identity (} A = i} A is derived easily and naturally C is a function of w. 

Referring to another rectangular coordinate axes X, Y, the axis X of 
which makes an angle </J with the axis x, the displacements in the direc­
tions of the axes X and Y are generally expressed as 

-2G.,yux =(Mr+ K,Mr) Zr'+ (Ms+ K,M,) Zs'+ comp. conj., } ( 4) 

-2Gxy Vy = (Nr + Kr Nr) Zr' + (N, + Ks N,) Zs' + comp, conj., 

respectively, in which 

Kr= -K, = (k,2 - k?) G.,y 
E., 

for generalized plane stress, 

Kr= -Ks= (1 - llxz 11..,)(kr2 - k,2) GE.ev ., 
for plane strain. 

When the displacements of the circumference of the opening, [uxJc and 
[vr]c, are given, the stress function is calculated from 

(m, - m,)Hr'(Cr) = g,((r) + Ur((r), 

where 

( ) = ___!_ f [(mr - ms) Gr' - (mr +ms) Gr' ]C(w) ___E!!!_ 
g, (r -2 • - , 

TCZ I' - 2k,(1- K,2) Gs' .t (J) - (r 

U,(Cr)==G.,y f {(N,+KsN,)ux-(M,+K,M,)vr}__!!__(1)_ , 
• TC I' W - (r 

(5) 

(6) 

(7) 
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and 
mr =c:" kr (1 - Kr )2, m, = k,(1 - K,)2. 

In either case the stresses can be evaluated with the formulae 

and 

-N 2 Z"+N 2 Z"+ p · <Jx - r ,. s s com . conJ., l 
O"y = 11/l,.2 Z,.'' + Ms2 Zs'' + co.mp, conj., 

i-xv = -M,. N,. Z/' - Ms Ns Zs'' - comp. conj., 

M,. == cos ifJ + i k,. sin ifJ , 

Ms =c-::c cos ifJ + i ks sin (jJ , 

N,. = - sin ifJ + i kr cos ifJ , 

Ns = -sin (jJ + i ks cos ifJ. 

(8) 

Putting ifJ = 0 in these formulae, we obtain 0"1:, O"y and i-xv naturally, the 
last two of whicl1 attract our particlar attention because most orthotropic 
materials such as Compreg are found wanting in strength for such stresses. 

The above is the resume of the mathematical part of the previous paper 
which may p:issibly be modified in sc>me points of notations. 

y 

-+-
' 

Q 
o: 

Fig. 3. Plate under a pair of forces 
directing parallel to the y-axis on the 
boundary. t B (acosflA, -bsin//A) 

y 
_l_ 

M 

Fig. 4. Plate under a pair of forces 
-I--- - x directing parallel to the x-axis on the 

boundary. 

N 

T 
2. Solutions of some basic problems. 

a) A pair of con.centrated forces. 
When a pair of forces is acting at the points A and B as shown in Fig. 

3, we can leave out the function Gr and, consequently, gr( r:, r) vanishes, and 
the othe'r term Qr(C,r) in the expression of H/(C,r] is obtained as follows. 



Therefore 

or 
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J
C(w) 

A {ks qy(C)- i q~(C)}dC"= 0, 

= -ksQ11, 

A<C<B, 

B<:.C<A. 

(kr - ks) Hr'= Qr((r) = -ks ?v ln _(r -e19 ·1 

2rr i Cr - e-i9,I , 

• k Q i9A Z '- Zsv 1 .Cr-e r - ---~- n -'---'-----c- • 
2rr (kr - ks) Cr - e-iM 

51 

(9) 

In the case when the forces .make a pair in the direction of the axis x, 

Zr' = Q,, ln Cr - li8A 

2rr (kr - ks) (r + e-19A • 

However, this is the same case that the coordinate axes in the former case 
are turned and set so as to make an angle 90° with their initial position. 
The solution in this case can be, therefore, directly derived from (9). 

In the former case, the tensile stresses at the points 11,f and N are 

1111, M = (1- + 1-) Qv cot O A , 
kr ks 1r b 2 

( 1 1 )· Qy OA 
<Iv, N = kr + ks 1r b tan 2 ' 

whl.le 

a.,, M = (kr + ks) Q,, cot rr/2 - (}A 
rr a 2 , 

a,,, N = (kr + ks) Q,, tan rr/2 ~ OA 
rr a 2 

are the stresses in the latter case (Fig. 4), which are obtained directly 
from av, M and 1111, N by replacing k, and ks with 1/ k, and 1/ ks respectively. 

For the isotropic plate, putting k, = k, = 1, we obtain 

-- 2Qy 0,1. 
ay, ,u = ~ cot 2 etc. 

b) Uniform hydrostatic pressure on the boundary. 
In the case where is hydrostatic pressure q0 prevailing in the hole (Fig. 

6), inserting 

qm(C) dC = q0 dy = b q0 cos O dO, 

qy(C) dC = .:._q0 dx = a q0 sin O dO, 

in the integrand of (3) together with ew = w, and evaluating tlie integral 
with the residues, we obtain 

z,.' = ks a - b • q0 • 

2(k,- ks) (r 

The stress 11., at either end of the major axis of the ellipse is 

(10) 
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1111= {- k:k. +(L + ~J :}qo, 
This is interesting compared w.ith the stresses of the plate with a hole 
under uniform tension Po at the remote end in the direction of the axis y. 
The stress at the same point is in this case 

1111 = { 1 + ( ;r + ;.) : } Po • 

When the uniform tensile force is acting parallel to the axis x, on the 
other hand, the stress at the same point is compressive and 

1 
1111 = - kr ks Po• 

Consequently, the fact is that we can arrive at the same solution (10) by 
superposing three stress functions, viz., the two funcions in the above­
mentioned cases and one in the case when a plate having no hole is under 
uniform hydrostatic compression throughout its region. 

The opening of the shape x2 + y 2 = a is distorted as 

x2 
{1 + (kr + ks - kr ks - Vx11) Qo/ E}2 

+ 2 ./2 2 = a2. (11) 
{1 + (kr ks+ k, ks - kr ks - V.,y) Qo/ E} 

Since k, = ks = l and v.,y = -v for isotropic materials, we have 

x 2 + y 2 = a2 (1 + Qo/2G)", 

which is naturally the equation of a circle, 

c) Uniform tangential force on the boundary. 
When the plate has a uniform tangential force on the circumference of 

its circular hole, 

dq,. = -a q0 sin(} d(}, 

dq 11 = a Qo cos(} d(} , 

and 

z, _ l - ks • i a Qo 
r - kr - ks 2(r 

is obtained, The hole is distorted as 

2G.,y kr ks - l K . 2() 
- -- Ur = k k r Sln , 

a Qo r - S 

- 2Gxv u9 = ~ (sin2 (} + kr ks cos2 0) + (1- kr +~Kr). 
aq0 k,-ks kr-ks 

(12) 
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d) A concentrated force in the plate. 
Now, with 

Gr'= Cr ln(Zr - Cr)' 

where 

Cr= Brr ;,Kr {(1 + Kr) Q., + i kr (1 - Kr) Qy}, 

59 

(13) 

and Cr= X 0 + i krYo, we can obtain, from (1), the stress function in the 
case where the plate with a hole is under a concentrated force at the point 
(x = x 0 , y = y 0), the components of which are Q., and Qy, If the edge of 
the hole is free from any external force, 

Q,.=0, 

and 

Z/= kr+ -~~Crln C:r-{J)r2 * +~C,ln(r-{J),2 * +Crln((r-{J),.1), 
kr - k, ( r kr - ks ( r 

(14) 

where Cr and Cs are the complex constants conjugate to Cr and Cs given 
in (13) respectively, and {J),2 * and {J)s2 * are determined by the relations 

{J)r2 * = etf}r I Pr 

{1)82 * == ei-Ds I Ps 

together with 

Cr = ar Pr ei-Dr + fir e-i,Jr I Pr' Pr> l, 

and 

Cs = as Ps ei-Ds + fJs e-t-os; Ps, Ps > 1. 

e) A concentrated force on the boundary. 
The procedure to transfer the singular point c,. of load in the solution 

(14) just on the point of the circumference of the hole leads to the stress 
function by which the stress state of the plate having a load on the edge 
of the hole is represented. Considering the case in which the shape of 
the hole is a circle and the external force is concentrated at the point A 
(x = a cos(} A, y = a sin(} A) in Fig. 1, we have 

{J),2* ➔ ei9A, {1)82 * ➔ eiOA 

and 

Zr' = Q., + i k. Qy ln {J) A - ( r + C, In ( r, 
2rr (k,. - ks) (r 

(15) 

where Cr is given by (13). 
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This is derived, of course, from (1) directly. We should then assume 
the function Gr.= Cr ln ( r where Cr= Ar+ i Br, Ar and B, b3ing unknown 
constants, and are to be determined so that the dislocation does not exist 
anywhere in the plate excepting the inside of the hole. On the other 
hand, the solution must be the periodic function of (}. These two conditions 
provide the values of Cr as well as of Cs. 

y 

co•• l Q=2aq; 
-x--1-.. -oi,-:::_::.-1-1 .... ,._ -

Q't'xy 

Fig. 5. The shearing stress on the 
circular boundary of the plate of Com­
preg. The case 0 = 0 in the Eq. (16) 
and kr = 2.530, ks= 0.874. 

oi--:= ~~ J 

£) Distributed pressure on the boundary. 
We shall study on the stress state of the plate with a circular hole, on 

the circumference of which the distributed force is acting and its compo­
nents are 

dQ,, =ad(}• q0 cos((} - ¢)•cos¢, } 

dQy = adO • q0 cos(O - ¢)·sin¢, 

dQx = dQv = 0, 

"'-!!___<(}<"-+ re 
'f' 2- ~'f' 2' 

¢ + !!___ < (} < ¢ + 3-rc • 
2 2 

The function Z/ is deduced as 

Z 1 _Mr+ Kr Mr l f' + a qoMs I r - ~----aqo Ilc,r 
4rc kr Kr 2rc (k,. '-- ks) ' 

where 

. jsr ( i<{,) f' - • i<{, !<{, l=!__ { e-1¢+~ ln "r ze_ }dc;r_7r_!;____ln(r. 
2 (/ (r+ie•¢ 2(r 

For ¢=go•, • <J J _ (l + l) q o __ (1- ..1. l ) 2'/1_ 
L Y ;~g - kr ks 2 - k, ' k, 4b ' 

and for ¢ = o• , [<lx]x=O = (kr + ks) <J.2Q = (kr + ks) Q.,, 
Y=b 4a 

(16) 

Qy being the resultant force in the direction of the axis y and equal to 2aq0• 
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t's,Jq, etc, 

8 

6 

4 

2 

oL....: ~, \ .....,. ... \ \ ::.Al 

-2 

-4 

Fig. 6. Comparison of the stresses 
on the circular boundaries of the plates 
of Compreg under the uniform expan­
sion of the opening and under the 
uniform hydrostatic pressure. 

Computed with k,- = 2,530, ks= 0.874, 
Ex= '1,794 kg/mm2 , G1y = 219.0 kg/mrn2 

and v 1Y = - 0.497. 
The stresses in the case of uniform 

exp.msion are given as the ratios to 
o · G~y/a. 

g) Uniform expansion of the opening. 
It is interesting to investigate the stress state on the hole boundary 

when the circular hole is expanded uniformly by u in radius (Fig. 6). 
P;.1tting 

c,.' = o, Vy= 0, Ux = o ( = const.) 

in Eq. (5) and evaluating the integral in the equation, we get 

Z/ = a . Gyx {(1- Ks) ks - (1 + Ks)} l. 
m.r - ms (r 

The stress <Jr, being used instead of ax, is not constant any more. 

Fig. 7. Numerical examples of the 
calculation in the writer's previous 
paper. Plates of Compreg with a cir­
cular rigid plug, or a rigid circular 
flange reinforcing the edge. The elas­
ticity constants are the same as the 
preceding. It is a noteworthy fact that 
ar > 0 may happen at O = 90°, with a 
minor value though. 

0-,/poetc :, 

I 
Rigid Flange 

4 

2 

-2 

y 

~, I f t I 

O'l/p, 

,· 

(17) 
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h) Rotation of the periphery with a rigid plug. 
Next, let us consider the case 

Gr'=O, 

The solution is obtained as 

Ux = 0 and Vy = ,J. 

Zr'= i ,J. G.,11 }(Ks -1) ks+ (Ks +1)} l__. 
mr - m, Cr 

(18) 

This is the case when the hole boundary is reinforced with a rigid flange 
and the flange is turned in the plane of the plate by an angle ,J/ a rad. 
round the center of the circular hole. 

-T = 4n-a ,J. Gx11 {kr - k., -(kr + l)(ks + l)Kr} 
mr - ms 

is the twisting torque necessary for the rotation ,J/a of the flange when 
the plate is kept from rotating at the outer part remote enough from the 
hole. 

O"•Jp,etc. 

4 

I 
-·T--f-+:r--l.-i 

P,L 

o-,;p. 

{"~II/Po 

Fig. 8. The stresses on the circular 
boundary of the plate of Compreg with 
a sticked plug, or a rigid flange. 

Elasticity constants are the same as 
those in Fig. 6. 

Po shearing force working uniform· 
ly at the remote outer part of the plate. 

i) A rigid plug in the Plate under uniform shear. 
Another example of the opening reinforced with a rigid circular flange, or 

otherwise of the opening with a sticked plug, is the case when the shear­
ing force Po working uniformly at the remote outer part of the plate. 
We have then 

G , _ iPo d _ _ 0 r - - Zr an Ux - Vy -
4kr 

and therefore 

Zr'= i a Po {(1- Ks) ks+ (1 + K,)} _!_ + i&_ z,. (19) 
2 (m, - ms) (r 4k, 
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Since the external shearing force is in this case not working symmetrically 
about the axis of symmetry of the orthotropic elasticity in spite of the 
symmetrical shape of the opening, we have need of a resisting torque in 
order to insure Vy = 0. Referring to the equation of moment we get 

T = [Zr Zr' - Zr + Zs Zs' - Zs + comp. conj.]Al'A 

f dZr' d f dZ,' d p . = z,. ~~ (,· + Zs~- - (s + com . con;. 
r d(,. I' cl(s 

= ~,·i•-=-! · 2rr a2 Po . 
mr -- ms 

If the rigid flange is allowed to turn freely as a whole, we must super­
pose the present solution on that in the preceding example so as to cancel! 
the twisting torque, with the consequence that the stresses will be· modified. 
The rotaion of the rigid flange arises under such circumstance -and its 
magnitude is 

,,d = a Po Kr . kr ks - l 
2Gxy k,. - k,, - (kr + l)(ks + 1) Kr 

The other remarkable difference from the stress state in the case of the 
isotropic plate will be recognized from the annexed figures. 
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ERRATA 

On The Two-Dimensional Stress In Aeolotropic Bodies 

Ry Masskazu Hrnucm 

(Reports of Research Institute for Elasticity Engineering, Vol. 4, No. 4, 1947) 

Page 57, Equ. (25), for " = cos2 O + • • ·," " = sin2 O + • ·" and "sin O cos O - • · ·" 

read " = cos2 0 - · · ·," " = :;;in2 O ·- · · • " and "sin O cos O + 
11 58, 11 (28), for" (a+ ks b)e2iq," read "(a+ ks b) cos 2rJ· + i (ks a+ b) sin2¢." 
11 11 11 (29) , for "e".i<f, (a + ks b )," 

read "-2{(a + ksb) cos2cp + i(ksa + b) sin2¢}." 
11 59, 11 (32), for" i p/2" read" i P/8." 

Calculation Of The Stresses Of The Orthotropic Strip With A Hole 

By Masakazu Hrnuum 

(Reports of Research Institute for Applied Mechanics, Vol. 1, No. 1, 1952) 

Page 34, line 25, for "u..c" re.ad "vz." 

I/ 

I/ 

I/ 

I/ 

I/ 

I/ 

I/ 

I/ 

I/ 

= = 
39, 11 1, for" -·i l; h1<2,,,-t-ll/( 12m-t-1" read "-i L (-· )m h/n,-t-J/( 1,n-t-l." 

m~ m~ 

.- = dr 
// Eq. (10), for "lz1(2m-t-l)=c=:21 l{(k1-·k2)11cCZmt·D+(k1+k2:,,121n-t-l}-··l·-" Jo- r 

I/ 

I/ 

I/ 

I/ 

// 

1/ 

45, 

read "h/"•-t-ll=c=: ~ : 00 [{(k1 - k2) l'1-Cm-t-llf1(r) + (k1+k2)1'1""-r1/1(r)}]m-t-1Utr) 

-- dr + 2k2!12"'i-1]m-t-1U2r)f2(r)J-- ." 
1 

line 5, for "fzm-t-1 ( J.,y) " read "]m-t-1 ( Ar 1 )." 
I/ I/ for "2m + 1" read "m + 1." 
I/ 10, for "]zm"Tl" read "]rn-t-1." 

I/ 13, for " ) " read " ) " 
• C • p 

= = 
I/ 16, for" -i L h1Cm-t-D/(L2m-t-l" read" -i L (-)>nh1(m-t-Dj( 1m-t-l." 

rm=) m==O 

II 25, for "h1(2,n-t-i) and h2<2m-t-D," read "h/m-t-l) and h,<m-t-D." 
Table, for "E kg/mm2 E kg/mm2 G kg/mm2 " 

read "Exkg/mm2 Eykg/mm2 Gxykg/mm2." 

Besides, it seems that there are not a few mistakes in English usage because of 
my poor knowledge of English. But, to my regret, it can not be helped now. - M. H. 




