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Abstract: The adsorption sites of top and hollow on the close-packed surfaces of transition 

metals are well known. In this paper, which site is more preferred for the adsorption of atoms 

and molecular fragments on the metal surfaces is discussed based on the topology of the 

adsorption geometry. For this purpose, the method of moments for the electronic density of 

states is applied to the surface. Adsorption at the hollow site generates triangular topology, 

leading to a more negative value of the third moment (μ3) than that at the top site, which 

generates no triangular topology. When the difference in energy between the two adsorption 

sites is plotted against the band filling of the metal surface, a characteristic node at around the 

intermediate band filling can be found. This is a signature that the energy difference curve is 

controlled by μ3. Roughly speaking, the hollow site adsorption, which has a more negative μ3 

value, takes precedence at low band fillings, while the top site adsorption, which has a less 

negative μ3 value, takes precedence at high band fillings. One can conclude that an adsorption 

structure with more three-membered rings on a surface is more stable at low electron counts 

whereas that with less three-membered rings is more stable at high electron counts. However, 

if the strength of the metal-adsorbate bond is significantly greater than that of the metal-metal 

bond, the effect of the second moment (μ2) on the energy difference curve cannot be neglected. 

The hollow-site adsorption leads to a larger value of μ2 due to the topological feature of a larger 

coordination number around the adsorbate atom. As a result, the hollow site adsorption is 

preferred over the top site at any band fillings.  
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1. Introduction 

 The adsorption of atoms, molecules, and molecular fragments on transition metal 

surfaces plays an important role in various fields, such as catalysis,1,2,3 adhesion,4 corrosion,5 

friction,6 and molecular electronics7,8,9 among others. Especially in the field of catalysis, the 

importance of adsorption interactions on transition metal surfaces has long been recognized.10,11 

Many researchers have worked on the measurement and estimation of adsorption energy (heat 

of adsorption).11, 12 , 13 , 14 , 15  In addition to the energetics of adsorption, knowledge of the 

geometry of the interface between a metal surface and an adsorbate is very important in 

considering the catalytic and other effects of the surface. Infrared absorption spectroscopy has 

provided a basic insight into the adsorption structure. 16 , 17 , 18  More complex adsorption 

structures can be deduced on the basis of measurements using low-energy electron 

diffraction19 ,20 ,21  and high-resolution electron-energy-loss spectroscopy.22 ,23 ,24 ,25 ,26  Diverse 

adsorption structures observed with various methods, as exemplified above, are thoroughly 

compiled in a book by Somorjai and Li.27 

Many theoreticians have discussed the energy difference between distinct adsorption 

sites of adsorbed species on the background of the availability of density functional theory 

(DFT) calculations for surfaces with the advancement of computational power and methods. 

For example, Vasić et al.28 computationally approached the adsorption structure and energy of 

a hydrogen atom on transition metal surfaces; Kristinsdóttir and Skúlason29 constructed the 
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potential energy surfaces for H adsorption on the close-packed surfaces of almost all the 

transition metals; Bernard Rodríguez and Santana30 calculated the energies of a sulfur atom 

adsorbed at different adsorption sites on low index surfaces of several transition metals; Li and 

co-workers31  computationally investigated the variation in adsorption geometry of NO on 

transition metal (111) surfaces. They found that the preference for each adsorption site is 

different for each metal. Interestingly, even for the same metal surface, there is also a theoretical 

study reporting the preference of adsorption sites varies with surface charge.32 

To understand which adsorption structure is most stable on a metal surface, one may 

have recourse to the analysis of orbital interactions between the surface and the adsorbate.33,34 

Using theoretical techniques, such as Crystal Orbital Overlap Population (COOP), Crystal 

Orbital Hamilton Population (COHP), and Fragment Molecular Orbital (FMO) analyses, in 

conjunction with extended Hückel and/or DFT calculations, Hoffmann and co-workers have 

rationalized the stable adsorption structures of various adsorbed species on metal surfaces from 

the point of view of orbital interactions,35,36,37,38 but it seems to be mostly a matter of molecules 

or molecular fragments adsorbed on the surface. For example, CH, CH2, and CH3 essentially 

have different orbitals that interact with surface orbitals,36 and thus prefer different adsorption 

sites. 

It would be of significant help to view the adsorption of atoms, molecules, and 

molecular fragments on metal surfaces by analogy with the interaction between the central 
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metal cation and the ligand in a metal complex.35 There is a concept that characterizes ligands, 

which may be useful in this study: if two ligands have a very similar electronic description (the 

same number of frontier orbitals, the same symmetry properties, the same occupation by 

electrons, and among others), they can be said to be in the relationship of the isolobal 

analogy.33,39,40 As mentioned in the previous paragraph, if the adsorption structure depends 

heavily on the properties of the adsorbed molecule or fragment itself, why not try to remove the 

dependence by using the isolobal analogy? 

In this study, we mainly address the issue of the selectivity of adsorption sites on 

transition metal surfaces for ligands that are in the isolobal relationship. Figure 1 shows a simple 

way to see how the isolobal relationship links various main group fragments.33 The upper row 

of this figure includes a dihydrogen molecule plus hydrides of non-metallic main group 

elements of the second period. In the lower row, the fragments obtained by removing one 

hydrogen atom from them are shown. The fragments thus generated have a single frontier 

orbital with one electron in it which participates in interfragment bonding.41 

 

 

Figure 1. Generation of the isolobal relationship between main group fragments. 
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 When the ligands shown in the bottom of Figure 1 are adsorbed on transition metal 

surfaces, which adsorption site is preferred? Based on the isolobal analogy, the selectivity of 

the adsorption sites of these ligands can be attributed to the nature of the metal itself that 

constitutes the surface. In addressing this issue, it would be reasonable to start with the close-

packed (low-index) surface because such surfaces are stable and have been widely used as 

models of transition metal surfaces.42 ,43 ,44 ,45  The close-packed surface structure reflects the 

bulk crystal structure of each metal. Figure 2a summarizes whether each of the third (5d) series 

of transition metals crystallizes in the body-centered cubic (bcc), face-centered cubic (fcc), or 

hexagonal close-packed (hcp) lattice. In Figure 2b through 2d, Ta, Re, and Ir are chosen as 

representatives of the bcc, hcp, and fcc metals, respectively, to visualize the structures of their 

close-packed surfaces: bcc (110), hcp (0001), and fcc (111) surfaces. In this figure, three typical 

adsorption sites of top, bridge, and hollow are indicated. 

 There are actually two types of hollow sites: fcc hollow sites and hcp hollow sites. The 

adsorption site we call H in Figures 2c and 2d is the fcc hollow site. Since it is known that the 

adsorption at the fcc site is more stable than that at the hcp site in many adsorption 

systems,46,47,48,49 we will limit our discussion on the adsorption at the hollow to the fcc one 

below. 
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Figure 2. (a) List of the third (5d) series of transition elements: whether they belong to the bcc, 

hcp, or fcc family is shown. The close-packed 3 × 3 surfaces of (b) bcc(110), (c) hcp(0001), 

and (d) fcc(111) are shown: Ta, Re, and Ir are chosen as representatives of the crystal systems 

of bcc, hcp, and fcc, respectively. The typical adsorption sites of top (T), bridge (B), and hollow 

(H) are indicated by black dots. 

 

 In this paper, we will try to rationalize which adsorption sites are preferred when the 

ligands shown in the bottom of Figure 1 are adsorbed on the surface of each transition metal 

shown in Figure 2. It must be mentioned that there is a thorough previous study by Hoffmann 

and co-workers.35,36,37 They have estimated the energy difference between each adsorption 

structure with the extended Hückel method and/or DFT method. The energy difference has been 

rationalized quite nicely based on the interaction between the surface orbitals and the fragment 

orbitals. From the energy values they calculated, we can learn that the ligands shown in Figure 

1 do not prefer to be adsorbed at the bridge site by and large. Therefore, in this paper, the 

discussion will mainly focus on the difference in the stability of adsorption at the top and hollow 

sites. 

What is the point of revisiting the subject, which has already undergone a thorough 
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examination by Hoffmann and co-workers? In the present study, we actually calculate the 

orbitals for the adsorbed structures, but we will mainly focus on something different from the 

orbital, linking geometry and energy: the method of moments originally proposed by Cyrot-

Lackmann and co-workers.50,51 We will detail the topological aspects of adsorption, grounded 

in orbital interactions at the interface between the surface and the adsorbate. 

To establish the relationship between geometric structures and electronic states in 

various solids, Burdett and Lee developed the method of moments within the framework of the 

simple Hückel method, in which the atomic orbital basis set is considered orthogonal when the 

Hamiltonian is diagonalized, for which the formulas are significantly simpler.52,53,54,55,56,57 The 

method of moments has been applied not only to the solid phase but also to metal clusters58,59 

and two-dimensional lattices. 60  Recently, Fredrickson and co-workers have attempted to 

extend the concepts of chemical pressure and acid-base in various intermetallic compounds 

based on the method of moments.61,62,63,64 

We use the method of moments to tackle the problem of selectivity of adsorption sites. 

We are not the first to try to use the method of moments for surface problems. Cyrot-Lackmann 

actually used the method of moments to get a good estimate of the surface tension of transition 

metals as early as 1969.65  The method of moments has been used by many researchers to 

calculate the electronic structures of various surfaces.66 ,67 ,68 ,69  However, to the best of our 

knowledge, the method of moments has never been applied to the problem of adsorption on 
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surfaces. Therefore, our approach, detailed below, would be more or less novel. 

The composition of this paper is as follows. First, in Section 2, Theoretical Background, 

we show how to link geometric structures and electronic states using the method of moments. 

Since many reviews and accounts52,53,54,56,57 have been written on this subject, we will give a 

brief explanation to the extent that it does not compromise the self-contained nature of this 

paper. Then, in Section 3., Computational Methods, we describe the setup of our DFT 

calculations for the surface, and in Section 4, Results and Discussion, we present how to analyze 

and understand the results. Finally, in Section 5, Conclusions, we state our conclusions. 

 

2. Theoretical Background 

 Mathematically, the nth moment (μn) is defined as the trace of the Hamiltonian matrix 

(H) to the nth power:52,53,54,60,62,63  

 𝜇𝑛 = Trace𝐇𝑛 = ∑ ∑ ⋯ ∑ 𝐻𝑖1𝑖2
𝐻𝑖2𝑖3

⋯ 𝐻𝑖𝑛𝑖1𝑖𝑛𝑖2𝑖1
= ∑ 𝐸𝑘

𝑛
𝑘 ,   (1) 

where μn can also be expressed as the sum of products of Hamiltonian matrix elements (Hij) as 

well as the summation over all the eigenvalues (Ek) to the nth power. As is clear from the last 

equivalence in eq. 1, the nth moment for extended systems, whose electronic structure is 

described by the density of states (DOS), is defined as52,62 

 𝜇𝑛 = ∫ 𝐸𝑛DOS(𝐸) d𝐸
∞

−∞
.       (2) 

As indicated by the second equivalence in eq. 1, in terms of the geometric structure or topology 
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of the structure, the nth moment can be interpreted as the weighted sum over all closed walks 

of length n amongst all the orbitals of the system. 

 Figure 3 shows the adsorption structure of an adsorbate at the top and hollow sites. 

Their structures are truncated to the smallest units and the topology of the resulting structures 

is represented as G1 and G2. The adjacency matrices describing G1 and G2 are respectively 

expressed as 

 𝐀(𝐺1) = [

0 1 0 0
1 0 1 1
0 1 0 1
0 1 1 0

],       (3) 

and 

𝐀(𝐺2) = [

0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

].       (4) 

Here we have used the rudiments of chemical graph theory.70,71,72  

 

 

Figure 3. Adsorption structures of an adsorbate at the (a) top and (b) hollow sites (left). These 

structures are truncated to the smallest unit and its topology is represented by a graph (right). 
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Let us consider the adjacency matrices of eqs. 3 and 4 as Hückel matrices to obtain the 

eigenvalue spectrum. In chemical graph theory, one typically states that H = −A.71 The 

eigenvalue spectrum obtained by just diagonalizing the Hamiltonian thus obtained is shown in 

Figure 4a. Within the framework of the Hückel method, the total electronic energy of the system 

amounts to73 

𝐸tot(𝑁) = ∑ 𝑛𝑘𝐸𝑘𝑘 ,       (5) 

where nk is the occupation number of the kth orbital so that ∑ 𝑛𝑘𝑘 = 𝑁. Using eq. 5, one may 

plot the total electron energy of the system as a function of the number of electrons. Also, the 

energy difference between two systems may be plotted as a function of the number of electrons. 

However, if we use the eigenvalues obtained by just diagonalizing the Hamiltonian as the orbital 

energy in eq. 5, we may get wrong results. One has to use the set of eigenvalues obtained via 

the procedure called second moment scaling:53,54,55,56,57 The relative energy within the Hückel 

formalism has to be evaluated from calculations where the second moments are set equal.  

That one needs to do such an operation can be traced back to the fact that the Hückel 

Hamiltonian does not contain repulsive interactions57 and to avoid this problem one relies on 

the structural energy difference theorem.74 Note that since 𝜇2 = ∑ 𝐻𝑖𝑗𝐻𝑗𝑖, one view of μ2 is a 

measure of the coordination strength around an atom. The repulsive energy depends only on 

nearest atomic neighbors and so it should be proportional to μ2.
56 Without second moment 
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scaling, the structure with the highest coordination number is usually calculated to be the most 

stable.53 

 

 

Figure 4. Eigenspectra for graphs G1 and G2 (a) before and (b) after second moment scaling. 

 

 The eigenvalue spectrum after applying second moment scaling to the eigenvalue 

spectrum shown in Figure 4a is shown in Figure 4b (see the literature75 for how to do second 

moment scaling). Here the energy spectrum is scaled so that μ1/μ0 = 0 and μ2/μ0 = 1. By applying 

eq. 5 to the eigenvalue spectrum shown in Figure 4b, it is possible to plot the energy difference 

between the structures represented by graphs G1 and G2 as a function of the number of electrons 

(see Figure 5). The oscillatory trends in structural stability can be directly related to the topology 

of the molecule by the moments theorem first introduced by Ducastelle and Cyrot-Lackmann 
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in 1971.51 

 

 

Figure 5. Plot of the energy difference between the structures represented by graphs G1 and G2 

as a function of the number of electrons. For the generation of this plot, the energy spectra 

shown in Figure 4b were used. A positive value means that the structure represented by G2 is 

more stable whereas a negative value means that the one by G1 is more stable. 

 

 One important feature observed in Figure 5 is that the number of nodes in the energy 

difference curve (including those at N = 0 and 8) is 3, which is equal to the order of the first 

disparate moment between the two.53 Owing to second moment scaling, both have the common 

moment at least up to the second order. The values of μ3/μ0 evaluated for G1 and G2 are -0.53 

and -1.15, respectively. The energy difference curve here is of the form expected for a third 

moment problem. Another important feature associated with this energy difference curve is that 

it is the structure with the more negative third moment value which is the one that is more stable 

at the earliest orbital occupancy. 

 There are contributions to μn from the closed walks of length n that connect orbitals 
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with non-zero values of Hij. Since the orbital walks that are possible are determined by the 

atomic connectivity, one can link μn to the topology of the atomic network via the orbital 

connectivity.52,53,54 The fact that the value of μ3 evaluated for G2 is more negative than that for 

G1 clearly corresponds to the topological feature that G2 contains more triangles in its structure 

than G1. 

 The most important thing we can learn from Figure 5 is that the structure with more 

three-membered rings is more stable at low electron counts whereas the structure with less 

three-membered rings is more stable at high electron counts. The stability of the two is close at 

too high, too low, or middle electron counts. This can be proven mathematically and is shown 

in the literature along with more general statements.56 We discuss adsorption based on this 

concept. Based on Figure 5, we may say that adsorption to the hollow site is preferred on early 

transition metal surfaces, while that to the top site is preferred on late transition metal surfaces. 

 In Figure 3, we have truncated the close-packed surface of the transition metal to the 

limit so that it can be represented by a triangle with three metal atoms. The resultant cluster 

model for the surface seems extremely small and oversimplified; we may as well consider a 

larger cluster model with more remaining surface features. Based on this idea, the models 

shown in Figure 6a were generated. In the same way that we obtained the energy difference 

curve shown in Figure 5, we calculated it for these models, and the results are shown in Figure 

6b. Since these models consist of eight sites, eight energy levels are produced. Thus, they can 
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accept up to 16 electrons, so the range of the horizontal axis in Figure 6b is from 0 to 16. 

 

 

Figure 6. (a) Adsorbed structures of an adsorbate at the top and hollow sites are truncated to a 

moderately sized fragment model for graph representation. (b) The energy difference curve 

calculated for the graphs obtained in (a), plotted against the number of electrons. A positive 

value means that the adsorption structure at the hollow site is more stable whereas a negative 

value means that the one at the top site is more stable. 

 

 There are three nodes in the energy difference curve shown in Figure 6b, which has 

the appearance expected for the third moment problem. The topology corresponding to the 

hollow-site adsorption is more stable in the region with a small number of electrons and its 

value of μ3/μ0 is evaluated to be -0.93, whereas that corresponding to the top-site adsorption is 

more stable in the region with a large number of electrons and its value of μ3/μ0 is evaluated to 

be -0.77. The structure with the more negative μ3 value is more stable at low electron counts. It 

can be seen that the difference in the number of triangles in the structure affects μ3, which in 

turn creates the difference in stability depending on electron counts. In these respects, Figure 5 

and Figure 6b are essentially similar. Of course, one looks at the details, finding a number of 
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differences; however, it would be allowed to say that the graphs G1 and G2 shown in Figure 3 

are the minimal models to show the essential differences characteristic of these systems. 

 It should be noted that a lot of details have been lost when we moved from the actual 

surface adsorption structure to the chemical graphical representation, as shown in Figure 3. 

Here, it would be informative to organize the specifics that have not been retained through the 

abstraction. 1) It is assumed that the strength of the metal-metal (M-M) bond and that of the 

metal-adsorbate (M-Ad) bond are equivalent. 2) The basis orbitals involved in such bonds are 

assumed to be isotropic with one orbital per atom. 3) These orbitals are assumed to be 

orthogonal and their energy levels are assumed to be the same even for different elements. Thus, 

it seems that our model is oversimplified. Below, let us examine the results of first-principles 

calculations to see if the model captures the essence of adsorption. 

 

3. Computational Methods 

 We performed first-principles calculations of adsorption using a slab model. The top 

view of the surface model we used has already been shown in the bottom of Figure 2. The close-

packed 3 × 3 surfaces of (110), (0001), and (111) were chosen for the bcc, hcp, and fcc metals, 

respectively. The slab consists of three atomic layers, and the bottom two layers were fixed 

during the geometry optimization. A vacuum layer with a thickness of more than 10 Å was 

added in the vertical direction of the surface. 
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 The structures of H, CH3, NH2, OH, and F adsorbed at a hollow or top site on the 

surfaces of La, Hf, Ta, W, Re, Os, Ir, Pt, and Au were optimized with periodic boundary DFT, 

as implemented in Vienna ab initio simulation package (VASP) 5.4.4.76,77,78,79 For comparison, 

the adsorption of N and O were also computed. Some readers may be interested in the 

adsorption sites of alkanethiol (or alkanethiolate). This is because its interface with metal 

surfaces is very important in organic electronic devices.38, 80 , 81  We have additionally 

investigated the adsorption sites of methyl thiolate (CH3S). The generalized gradient 

approximation was adopted with the functional described by Perdew, Burke, and Ernzerhof.82 

The Kohn–Sham equations were solved with a plane-wave basis set using the projector-

augmented wave method.83,84 The cutoff energy for the plane-wave basis set was set to 500 eV. 

The convergence threshold for self-consistent field iteration was set to 1.0 × 10–5 eV. The 

structure was relaxed until the forces on all of the atoms are less than 0.05 eV/Å. The Γ-centered 

k-point meshes with k spacing of 2π × 0.05 Å–1 were employed for sampling the Brillouin zone. 

Grimme’s D3 dispersion correction formalism with Becke-Johnson damping85 was adopted. 

We have confirmed in our previous study that this is a good method for adequately describing 

atomic interactions at surfaces.86 Surface structures shown in this paper were drawn by using 

VESTA. 87  To estimate the strength of the bonding of the adsorbates to the surface, we 

calculated the integrated COHP (ICOHP)88,89,90 using LOBSTER v4.0.0.90,91,92 The ICOHP is 

known to be a good measure of covalent bond strength.1,4,93,94 LOBSTER was also used to 
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perform the Mulliken population analysis. 

 We performed extended Hückel calculations95 to understand the results of the DFT 

calculations in connection with the simple models presented in the Theoretical Background 

section, using ATK-SE96 implemented in QuantumATK97 and YAeHMOP98 implemented in 

Avogadro.99 The standard atomic parameters taken from the literature100 were adopted. 

 

4. Results and Discussion 

 The energy difference curves for the two adsorption modes, top and hollow, of the five 

types of adsorbates, H, CH3, NH2, OH, and F, on the transition metal surfaces calculated with 

DFT are shown in Figure 7 as a function of valence electron count. The optimized structure for 

each adsorbed species on each surface is shown in the Supporting Information (SI) to this paper. 

Almost all adsorbed species were successfully optimized at both adsorption sites. However, in 

some cases, the adsorption structure at an adsorption site was not found to be a local minimum. 

In such a case, we performed a partial optimization of the adsorption structure by fixing the x 

and y coordinates but relaxing the z coordinate of the atom closest to the surface in the adsorbed 

species. The information about which structures the partial optimization was performed on is 

presented in the SI. 

 Compare the shape of the computed curves in Figure 7 with that in Figure 5. Notice 

that adsorption to the hollow site is more preferred at low electron counts while that to the top 
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at high electron counts. The reversal of preference for the adsorption site occurs around W to 

Os. As such, the preference for the adsorption site is clearly a third moment problem. 

 

 

Figure 7. Energy difference curves for the adsorption structures at the top and hollow sites on 

the close-packed 5d transition metal surfaces computed for the adsorbates of (a) H, (b) CH3, (c) 

NH2, (d) OH, and (e) F. When the value is positive, the adsorption at the hollow site is more 

stable. 
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We have drawn these curves using the calculation results for the adsorbates that are 

isolobal with each other, but there seems to be more or less influence by the type of adsorbate. 

For CH3 adsorption, there is a clear distinction between the preference for the top and hollow 

sites. In other words, the peak amplitude of the curve is large. On the other hand, the amplitudes 

of the curves for the other adsorbed species are small. In particular, in the adsorption of H, the 

overall preference for the hollow site appears to be more pronounced. This is the opposite of 

the trend seen in Figure 5, where the preference for the top site is rather pronounced. 

 Let us look at the results for the adsorption of N and O atoms, which were calculated 

for comparison (see Figure 8). The stability of the hollow site increases from La to Hf, followed 

by a decrease in the stability from Hf to Re or Os, and again an increase in the stability from 

Re or Os to Pt or Au. In that at low band fillings, the stability of adsorption at the hollow site is 

remarkable, but as the bands are filled with electrons, the predominance of adsorption at the 

hollow site declines, hitting bottom somewhere at high band fillings, the curves in Figures 7 

and 8 share similarities. In Figure 8, however, the stability of adsorption at the top site does not 

outweigh that at the hollow site at any electron counts. Nevertheless, based on the general shape 

of the curves, we may say that the third moment plays some role in the adsorption of these 

atoms as well. A similar trend was observed in the adsorption of alkanethiol (see the SI). 
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Figure 8. Energy difference curves for the adsorption structures at the top and hollow sites on 

the close-packed 5d transition metal surfaces computed for the adsorbates of (a) N and (b) O. 

When the value is positive, the adsorption at the hollow site is more stable. 

 

It is very interesting to note that these curves are very similar to that obtained using 

the very simple model. Our model dose not miss the essence in the adsorption of atoms and 

molecular fragments on the transition metal surfaces. However, there still seems to be a large 

gap between our simple models (Figures 5 and 6) and the transition metal surfaces on which an 

atom or a molecular fragment is adsorbed. In the following, we show the results of our efforts 

to close the gap. For this purpose, we have used the extended Hückel calculation, which is 

probably the best method that can mediate between the simple Hückel model and the DFT 

computations. 

In Figure 6, we can see that the third moment is clearly dominant in the energy 

difference curve for CH3 adsorption, so we decided to perform extended Hückel calculations 

for it. For the sake of simplicity, we could have investigated hydrogen adsorption. However, we 

dared to face the complexity.  

In the block of the periodic table we are interested in, Re is right in the middle. So let 
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us start to consider the structure of CH3 adsorbed at the top or hollow site on the Re(0001) 

surface optimized with DFT. It would be interesting to consider calculating an energy difference 

curve with the Re surface set to different charges at the extended Hückel level. By calculating 

a state where all Re atoms in the unit cell have a charge of +1, we may be able to calculate a 

pseudo W surface. Since our unit cell contains 27 metal atoms, it yields a huge charge of +27. 

The calculation of such a system with a large charge is unlikely to converge when the normal 

DFT method is applied, but this is not a problem with the extended Hückel method because the 

parameters are independent of the charge. 101  Our approach, which assumes that only the 

number of electrons and the position of the Fermi level change while the band structure and 

density of states remain unchanged, is in the spirit of the rigid-band model.102 In this way, we 

obtained the energy difference curve as shown in Figure 9. 

 

 

Figure 9. Energy difference curve for CH3 adsorption calculated at the extended Hückel level. 

DFT-optimized structures of CH3 on the Re(0001) surface were used. By varying the number 

of electrons in the unit cell while keeping the band structure and the shape of the density of 

states fixed, the energy difference for the other metal surfaces was calculated. 
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As the metal element changes, the number of valence electrons, crystal structure, 

metal-to-metal bond length, valence orbital level, and bond distance between the metal and the 

adsorbed species change. In our calculations to obtain Figure 9, all of these changes except for 

the change in valence electron counts were ignored. In addition, the essential difference between 

the DFT method and the extended Hückel method, namely the non-inclusion of the electron-

electron interaction, must also be kept in mind.103 Nevertheless, this calculation qualitatively 

reproduces the most important trend suggested in Figure 7, which is the preference for 

adsorption to the hollow site when the band filling is low and to the top site when the band 

filling is high. Therefore, the effects of different band occupancies on the energy difference are 

considered to be critical for the selectivity of the adsorption sites. 

What is included in the calculation to obtain the energy difference curve shown in 

Figure 9, but not included in the calculations to obtain those shown in Figures 5 and 6? It is the 

directivity of the basis functions. Nevertheless, in the simple model, the metal atoms and 

adsorbate are not treated only as single s orbitals. For example, the three types of orbital 

interactions shown in Figure 10a, are all described by the adjacency matrix shown in Figure 

10b. Even for systems with more complicated orbital interactions where dxz and dyz orbitals are 

involved in the π conjugation, the topology and electronic structure can be described within the 

framework of the simple Hückel method.73 
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Figure 10. (a) Triangular orbital interactions formed by three s, pz, and dz2 orbitals and (b) the 

adjacency matrix to express their topology. 

 

 By clarifying the orbital interaction between the adsorbed species and the surface metal 

atoms, we will see whether the Hamiltonian matrix for the simple model is adequate to describe 

adsorption. For this purpose, we will discuss the results of the COOP analysis on the orbital 

interaction between the surface and the adsorbed species. 

 The COOP curves for the interactions between the carbon atom of CH3 adsorbed at the 

top and hollow sites on the Re(0001) surface and the nearest Re atom (atoms) are shown in 

Figure 11. The position of the Fermi level of the Re surface is also shown in this figure. By 

reducing or increasing the number of electrons per unit cell of the slab model, the total number 

of electrons can be made the same as that of the La or Au surface, respectively. In this way, it 

is possible to estimate the Fermi levels of these surfaces, which are also shown. The Fermi level 

changes from about -14 to -8 eV as one moves from La to Au on the periodic table. Hence, one 

should pay particular attention to the COOP curve in that range. In interpreting the shift in the 

Fermi level, one should not make the mistake of thinking that because the Fermi level of Au 

appears to be located at the highest position, its work function would be the smallest. In fact, 
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the level of the d-orbitals goes down as one transitions from La to Au,104 but that effect is not 

taken into account here. The height of the Fermi level of these surfaces is determined by the 

position and band occupancy of the d-bands.34  

 

 

Figure 11. COOP curves calculated using the extended Hückel method for the Re-CH3 bond 

(bonds) at the (a) top and (b) hollow sites on the Re(0001) surface. See the adsorption structure 

shown above each graph to get an idea of the structure around the Re-C bond (bonds) for which 

COOP was calculated. The total COOP curves (black solid line) for the Re-C bond (bonds) are 

partitioned into contributions from the 2px and 2py (blue dashed line), 2pz (red dashed line), and 

2s (green dashed line) orbitals of the carbon atom. The Fermi level of the Re surface is indicated 

by the black dotted line labeled EF (Re). The Fermi level evaluated by reducing or increasing 

the band occupancy so that the total number of electrons in the unit cell is equal to that of the 

La or Au surface is indicated by the black dotted lines labeled EF (La) or EF (Au), respectively. 

 

From Figure 11, one can see that the 2pz orbital of the carbon atom is the main 
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contributor to the C-Re bond at the top site, while the contributions of the 2px and 2py orbitals 

are secondary. The picture is much the same when we move to the hollow site, but the 

importance of the 2px and 2py orbitals seems to have increased just slightly. Therefore, it is 

suggested that the σ-bond brought about by the 2pz orbital of the carbon atom is more important 

than the π-bonds due to the 2px and 2py orbitals in the interaction between CH3 and the transition 

metal surfaces. Assuming the isolobal analogy, this conclusion would also apply to the 

adsorption of H, NH2, OH, and F. 

Now that we have identified the adsorbate orbital involved in adsorption, let us try to 

identify the surface counterpart. That is obvious for adsorption at the top site. The 5dz2, 6s, and 

6pz orbitals have the proper symmetry to interact (see Figure 12a). The interaction of the dsp 

hybrid with the 2pz orbital of the carbon atom has been detailed by Hoffmann and co-workers 

(see Figure 12b).33,34,36 The topological aspect of the orbital interaction shown in Figure 12b 

may be described by the adjacency matrix in eq. 3. 

 

 

Figure 12. (a) Hybridization of dz2, s, and pz orbitals on transition metal surfaces that plays an 

essential role in their formation of a σ bond with an adsorbate. (b) Orbital interaction between 

the pz orbital of the adsorbate and the three dsp hybrids of the transition metal surface. 
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 The interaction between the 2pz orbital of the C atom and the neighboring Re atoms is 

important for adsorption at the hollow site as well, as suggested in Figure 11b. To analyze it in 

more detail, we divided the interaction into contributions from the 5dz2, 6s, and 6pz orbitals of 

the Re atoms and those from the 5dxz and 5dyz orbitals, as shown in Figure 13a. From this figure, 

it can be seen that the contribution of the dsp hybridization consisting of the 5dz2, 6s, and 6pz 

orbitals seems still significant, but the contribution of the 5dxz and 5dyz orbitals may not be 

negligible. So it would be reasonable to understand the interaction based on the d2sp 

hybridization shown in Figure 13b. As such, orbital interaction shown in Figure 13c can be 

assumed. Its topological aspect may still be described by the adjacency matrix in eq. 4. 

 In the literature, based on the isolobal analogy, it is pointed out that the orbital pattern 

of tetrahedral cluster compounds is topologically analogous to the hypothetical tetrahedral H4 

system.33 Similar perspectives were provided by Hoffmann and co-workers in the analysis of 

orbital interactions between trinuclear complexes and ligands, 105  as well as those in the 

adsorption of ethylidyne at the hollow site on the surface of Pt(111). 106  What we have 

uncovered here is an extension of what has been uncovered in the previous studies. 
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Figure 13. (a) COOP curve (black solid line) for the interaction of the 2pz orbital of the C atom 

of CH3 adsorbed at the hollow site of the Re(0001) surface with the neighboring Re atoms 

calculated at the extended Hückel level. This COOP curve is partitioned into contributions from 

the 5dz2, 6s, and 6pz orbitals (blue dashed line) and the 5dxz and 5dyz orbitals (red dashed line) 

of the Re atoms. The Fermi level labels of EF (Re), EF (La), and EF (Au) are the same as those 

shown in Figure 11. (b) Hybridization of dxz (dyz), dz2, s, and pz orbitals on transition metal 

surfaces that may play an essential role in their formation of a σ bond with the adsorbate is 

shown. (c) Orbital interaction between the pz orbital of the adsorbate and the three d2sp hybrids 

of the transition metal surface. 

 

 Can the orbital interactions and others typically depicted in Figures 12b and 13c be 

confirmed on the actual surfaces? Yes, we have carefully checked the wave functions (crystal 

orbitals) calculated at the Γ points for the slab models and mapped them to the wave functions 

derived from the simple, four-site models (see Figure 14). This figure suggests that the orbital 

interaction between the adsorbate and the surface can be described by the simple graph-

theoretic model. 
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Figure 14. Correspondence between the wave functions for the simple models and those 

calculated for the slab models for the adsorption of CH3 at the (a) top and (b) hollow sites. The 

wave functions for the slab models were calculated at the Γ point using the extended Hückel 

method. Their energies at the Γ point are also shown. The isosurface value is set to 0.03 

e1/2/bohr3/2. 

 

 We have shown how to relate the simple model to the actual slab model for adsorption 

in terms of the topology of orbital patterns by focusing on orbital interactions. However, one 

more issue remains to be solved: how to relate the x-axis in Figure 5, i.e., the number of 

electrons, to that in Figures 7 and 8, i.e., the band filling. In the simple model, the band structure 

is filled at 2 electrons per atom, but things will be different for transition metal atoms with d 

electrons. Nevertheless, it is clear from the previous discussion that the dz2 orbitals of the 

surface and the pz orbital of the adsorbate have the most important effect on the interaction 

between the surface and the adsorbate. We tackled the problem of correlating the x-axes by 

performing a population analysis of these orbitals. 

 We used LOBSTER to analyze the Mulliken gross orbital population for the orbitals 
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involved in the orbital interactions on the CH3 adsorbed surfaces, based on the projection of the 

DFT-level wave functions output from VASP to local orbitals. 107 ,108  The results of these 

calculations are summarized in Tables 1 and 2. The population for the 2pz orbital of the C atom 

fluctuates between 1.1 and 1.5, while that for the metal dz2 orbitals approaches 2 as one 

transitions from left to right in the periodic table. With the increase in the population of the 

metal orbitals, the sum of the populations also increases. In this calculation, the number of 

electrons per atom is at most 2, so the sum would be a good guide when getting an idea about 

the abscissa in Figure 5. 

 

Table 1. Mulliken gross orbital population calculated for the 2pz orbital of the C atom and 5dz2 

orbitals of the transition metal atoms nearby in the structures of CH3 adsorbed at the top site. 

The metal atom directly bonded to the carbon atom is denoted as M1. Although only 

information on the surface metal atoms near the C atom is shown, this calculation was 

performed using the slab model. 

 La Hf Ta W Re Os Ir Pt Au 

2pz (C) 1.34 1.49 1.38 1.38 1.35 1.35 1.25 1.11 1.21 

5dz2 (M1) 0.61 0.78 0.94 1.13 1.22 1.30 1.37 1.46 1.73 

5dz2 (M2) 0.29 0.53 0.75 0.90 1.12 1.30 1.55 1.86 1.96 

5dz2 (M3) 0.29 0.53 0.77 0.90 1.12 1.30 1.55 1.86 1.97 

sum 2.53 3.33 3.84 4.31 4.81 5.25 5.72 6.29 6.87 
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Table 2. Mulliken gross orbital population calculated for the 2pz orbital of the C atom and 5dz2 

orbitals of the transition metal atoms nearby in the structures of CH3 adsorbed at the hollow 

site. Although only information on the surface metal atoms near the C atom is shown, this 

calculation was performed using the slab model. 

 La Hf Ta W Re Os Ir Pt Au 

2pz (C) 1.38 1.48 1.40 1.41 1.37 1.42 1.32 1.18 1.21 

5dz2 (M1) 0.28 0.54 0.79 0.96 1.20 1.33 1.54 1.84 1.96 

5dz2 (M2) 0.27 0.54 0.78 0.94 1.20 1.32 1.54 1.84 1.95 

5dz2 (M3) 0.28 0.54 0.79 0.96 1.18 1.31 1.54 1.84 1.96 

sum 2.21 3.10 3.76 4.27 4.95 5.38 5.94 6.70 7.08 

 

 In Figure 5, the preference for the adsorption sites is reversed when the number of 

electrons increases from 2 to 3. In Figure 7, on the other hand, it occurs around Re. From Tables 

1 and 2, the total population evaluated for the Re surface is about 5. Therefore, there is a subtle 

difference that cannot be captured by the simple model calculation. So what are the details that 

our model fails to capture? We will go back to the Hückel calculation and clarify it by tweaking 

some parameters. 

 We shall start with the effect caused by the difference between the orbital levels of the 

adsorbate and the metal atom. Similar to the treatment of heteroatoms in the Hückel method,73 

we constructed Hamiltonian matrices as shown in Figure 15a. By varying the value of parameter 

α from 0, the difference in energy level between the adsorbed species and the transition metal 

atoms is taken into account. Electronegativity is useful in determining whether the value of α 

should be positive or negative.33 There may be a lot of debate about how to define 
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electronegativity, but in general, adsorbed species consisting of main group elements are more 

electronegative than transition metal elements.104,109,110,111 Therefore, α takes a negative value. 

The more electronegative the element of the adsorbed species, the more negative its value. 

 

 

 

Figure 15. (a) Modified Hamiltonian matrices and corresponding graphs G1’ and G2’. The 

shaded node corresponds to the adsorbate, whose energy level is represented by α with respect 

to the energy level of the metal atom. (b) The energy difference curve for G1’ and G2’ obtained 

by the method similar to that used to obtain the energy difference curve in Figure 5. Here, the 

value of α in the Hamiltonian matrices was varied from 0 to -1.5. 

 

Figure 15b shows how the energy difference curve changes when α is set to a negative 

value and its absolute value is gradually increased. The depth of the valley bottom at high 

electron counts becomes shallower and shallower, while the height of the hill top at low electron 

counts becomes higher and higher. One can see how the region where adsorption at the hollow 
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site becomes stable is expanding. This change suggests that our ideal model is getting closer to 

reality. 

 Let us explore the cause of the change seen in Figure 15b. With the introduction of 

parameter α, walks of length 3 shown in Figure 16 have started to contribute to the third moment. 

It is clear from this figure that these walks appear to be counting the coordination number of 

the adsorbate atom. Since the coordination number is larger for adsorption at the hollow site, 

the number of walks contributing to μ3 is also larger. As such, a more negative value of μ3 for 

the hollow site adsorption ensues. This is how the stability of adsorption to the hollow at low 

band fillings is increased. 

 

 

Figure 16. Walks on (a) G1’ and (b) G2’ (b) which get to contribute to the third moment due to 

the introduction of the parameter of α. 

 

 Since the level of the d-orbital of the transition metal decreases as one moves from left 

to right on the periodic table,104 the difference between the energy level of the adsorbate and 

that of the metal atom shrinks. Thus, one may assume a model in which the absolute value of α 

becomes smaller as the number of electrons increases. 
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 The next thing we will examine is the difference in coupling strength. In our model, 

all of the non-zero off-diagonal entries of the Hamiltonian matrix are set to the same value. This 

implies that the strength of the M-M bonds is assumed to be equivalent to that of the M-Ad 

bond. In general, however, this is not the case. Naturally, the strength of the bond will vary 

depending on the type of adsorbed species. Now, let us approach this problem by first 

examining the ICOHP for each bond. 

 For each metal, the ICOHP values per bond for the M-M bond in the bulk and the M-

Ad bond at the surface were calculated, their averages shown in the SI. Based on the averages 

of the ICOHP, the ratio of the strength of the M-Ad bond to that of the M-M bond was calculated 

and plotted in Figure 17. Here are some of the features that are observed: 1) M-Ad bonds are 

generally stronger than M-M bonds, 2) the strength of M-Ad bonding at the top site is about 

two times greater than that at the hollow site, and 3) the ratio of bond strength tends to be larger 

at both ends. The last point is probably due to the fact that the M-M bond strength becomes 

weaker at both ends. This could be traced back to the cohesive energy tendency of each metal.112 
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Figure 17. Average ICOHP value for the M-Ad bond divided by that for the M-M bond 

calculated for each metal surface structure with the adsorbate adsorbed at the (a) hollow or (b) 

top site. 

 

Let us try to refine our model again, keeping in mind the observations 1) and 2) noted 

above. However, since we have already gained a good understanding of the effects of the 

difference in energy level between the metal and the adsorbate, we will not consider those 

effects for now. We will see the combined effects of these two factors as noted later and 

presented in the SI. The Hamiltonian matrices for the modified model are shown in Figure 18a. 

By weighting the edges corresponding to the M-Ad bonds, the difference in strength between 

the M-M and M-Ad bonds is represented. The difference between the M-Ad bond strength at 

the top site and that at the hollow site is also factored in. The energy difference curve calculated 

under these conditions is shown in Figure 18b. 
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Figure 18. (a) Modified Hamiltonian matrices and corresponding graphs G1’’ and G2’’. The 

weighted edges, corresponding to the M-Ad bond, are represented by thicker lines. (b) The 

energy difference curve for G1’’ and G2’’ obtained by the method similar to that used to obtain 

the energy difference curve in Figure 5. Here, the value of β in the Hamiltonian matrices was 

varied from -1.2 to -3.0. 

 

 From Figure 18b, one can see that there is a significant change at high electron counts. 

As the M-Ad bond becomes stronger, the depth of the valley bottom of the energy difference 

curve becomes shallower. The adsorption state at the top site appears to get less stable. On the 

other hand, at low electron counts, the height of the hill top becomes lower and lower, but the 

degree to which the top gets lower is smaller than the degree to which the bottom gets higher.  

As shown in Figure 15, taking the difference in the energy levels between the metal 

and the adsorbate into account, at high electron counts, the trend of change in the energy 

difference curve observed is similar to what is observed here. However, the trend observed at 

low electron counts is different between Figure 15 and Figure 18. It follows from this that if we 
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take both of the two factors into account at the same time, the change in the energy difference 

curve at high electron counts will be accentuated, while that will be less noticeable at low 

electron counts (see the SI). This suggests that the result output from our simple model is 

asymptotically approaching the observed fact that for many adsorbed species, the degree of 

stabilization of adsorption is greater at the hollow site than at the top site, as shown in Figure 7. 

We have rationalized the change in the energy difference curve shown in Figure 15b 

based on the walks shown in Figure 16, can something similar be done here to rationalize that 

in Figure 18b? Now let us see how the walk of length 3 changes with the introduction of the 

parameter of β. On graph G1’’, there is no walk of length 3 through the weighted edge. On the 

other hand, on graph G2’’, there are some, as shown in Figure 19. These walks appear to be 

counting triangles that the adsorbate takes part in. 

 

 

Figure 19. Walks on G2’’ which get to make an important contribution to the third moment as 

the parameter of β introduced. Since each walk passes through the weighted edge twice and the 

non-weighted edge once, the contribution of each to the third moment is -β2. 

 

 What we witnessed above, at first glance, would help the adsorption structure at the 

hollow site have a more negative value of the third moment. The height of the top of the hill at 

low electron counts was expected to increase as the strength of the M-Ad bond increases, but 
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this turned out not to be true. On top of that, in the SI, the difference in μ3 between G1’’ and G2’’ 

is plotted against β, and it can be seen that the difference shrinks as the absolute value of β 

increases. What in the world is going on here? The complexity lurking in the simplicity inspires 

us to explore it as detailed below. 

 Note that the third moment we are looking at here is the one obtained after the second 

moment scaling, where the nth moment is scaled by the factor of 𝜇2
−𝑛 2⁄ .75 Since 𝜇2~𝛽2 (see 

Figure 20), the third moment is scaled by 𝜇2
−3 2⁄ ~𝛽−3. The third moment for G2’’ before scaled 

is of the order of β2 (see Figure 19), so after scaled, it is of the order of β-1. As for G1’, the third 

moment before scaled is independent of β, so after scaled, it is of the order of β-3. By comparing 

them, one can see that the difference in the third moment between G1’’ and G2’’ is governed by 

β-1. This may be the reason why the difference in the third moment becomes smaller as the 

absolute value of β increases. Given the above, what we saw in Figure 18 turned out to be a 

decrease in the peak amplitude of the energy difference curve, caused by the decrease in the 

difference in the third moment due to the second moment scaling. Nevertheless, note that the 

value of the third moment for G2’’ is still more negative than that for G1’’, so the shape of the 

curve can be said to be unchanged in a qualitative sense.  
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Figure 20. Walks on (a) G1’’ and (b) G2’’ which get to make an important contribution to the 

second moment as the parameter of β introduced. The contribution is on the order of the square 

of β. 

 

We would like to note that a more detailed discussion of the intervention of the second 

moment in the energy difference curve dominated by the third moment can be found in the 

literature.52,55 The reader may have already realized a consequence of the effect of the second 

moment on the energy difference curve dominated by the third moment already in this paper as 

well. It can be seen in the energy difference curves for the adsorption of the N and O atoms. 

The shape of their energy difference curves implies the dominance of the third moment, but for 

all of the metals, adsorption at the hollow site is preferred over at the top site. This is probably 

because the M-N and M-O bonds are much stronger than the M-M bonds, and the second 

moment for these structures would be evaluated as large.  

Data supporting the above claim is presented in the SI. Graphs of the ICOHP values 

calculated for the M-O and M-N bonds are shown there: compared to the strength of the M-H, 

M-CH3, M-NH2, M-OH, and M-F bonds, the M-O bond is about twice as strong, and the M-N 

bond is about thrice as strong. On top of that, when the strength of the M-O and M-N bonds 

were artificially weakened on the computer, it was observed that the adsorption at the top site 
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becomes more stable than that at the hollow site. 

Things may not be so simple. Unlike the ligands shown in Figure 1, which are in the 

isolobal relationship, the contribution of π-bonds cannot be ignored in the adsorption of N and 

O atoms (see the SI for more detail). As it stands, our simple model cannot explicitly capture 

such an effect. It can only be incorporated as a difference in the strength of the bond. Further 

improvement of the model is an issue for the future. 

 The attempt in this paper to understand site preference on surfaces in the context of the 

method of moments can also be related to the so-called coloring problem of site preference in 

solids and molecules, as elaborated by Burdett and co-workers.52,113,114 An ultimately simple 

example of the coloring problem is the question of whether the A-B-A or A-A-B molecule is 

more stable. Assume that atom B has a higher electronegativity than atom A. In other words, 

the diagonal element of the Hamiltonian matrix corresponding to atom B is more negative than 

that for atom A. Thus, it can be seen that the self-returning walk on atom B is more important 

than that on atom A. 

 Figure 21a shows the typical shape of the energy difference curve for A-B-A vs. A-A-

B.52 The shape of the curve suggests that this is a third moment problem. The A-B-A molecule 

is more stable at low electron counts, while the A-A-B molecule more stable at high electron 

counts. This means that the A-B-A molecule has a more negative value of μ3 than the A-A-B 

molecule. However, neither of the molecules has a triangular topology. The difference in the 
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coordination number around the B atom with high electronegativity creates the difference in μ3 

(see Figure 21b). This is exactly the same situation we witnessed in Figure 16. The minimum 

requirement for discussing the problem of site preference may be the difference in coordination 

number. However, we would like to add that a change in the number of triangles around an 

adsorption site will require a change in its coordination number. Note that this is not always 

true for the molecular system. 

 

 

 

Figure 21. (a) Schematic representation of the energy difference curve for whether the ABA or 

AAB molecule is more stable. This figure was drawn by referring to what is found in the 

literature.52 The curve suggests that this is a third moment problem. (b) Walks expected to play 

a decisive role in producing the difference in the third moment between the ABA and AAB 

molecules. 
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5. Conclusions 

In this study, we have investigated the selectivity of adsorption sites for atoms and 

molecular fragments on the close-packed surface of transition metals using DFT calculations. 

There has been a vast accumulation of such computational studies as presented in the literature. 

However, the novelty of our study is that we have used the method of moments as an 

interpretative tool for explaining the results of the DFT calculations. We have clarified the 

consequences of the topology of the adsorption structure of atoms and molecular fragments at 

two typical adsorption sites, namely top and hollow. 

In the hollow site adsorption, the geometric structure of a trigonal pyramid can be 

identified by focusing on the local coordination environment of the adsorbate atom. The 

pyramid consists of triangles forming the base and lateral faces. However, in the top site 

adsorption, such a triangular geometry cannot be found. The geometry of the triangle in the 

local structure, when reflected in a chemical graph representation, is reduced to the topology of 

a closed walk of length 3. The topology can be recovered as the third moment of the DOS 

obtained from the electronic structure calculation of the adsorption geometry. This is why the 

selectivity of adsorption sites is a matter of the third moment. 

The most important consequence deduced from the dominance of the third moment is 

that at low band fillings, the topology with the more negative third moment, i.e., the hollow-

site adsorption, is preferred, while at high band fillings, the topology with the less negative third 
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moment, i.e., top-site adsorption, is preferred. However, when the bond between the adsorbate 

atom and the metal surface is too strong, the second moment is likely to intervene in the 

dominance of the third moment. The stability will be skewed toward the topology with a larger 

second moment, i.e., the geometry with a large coordination number, which is the hollow-site 

adsorption structure. 
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