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Abstract 9 

Near trapping of water waves by an array of closely spaced columns is a hydrody-10 

namic phenomenon with practical applications. A numerical investigation is conducted 11 

for the second-order interaction of bi-chromatic waves with a square array of vertical 12 

columns. The cross-sectional shape of the columns can be either circular or square with 13 

rounded corners. Numerical results indicate that a four-column cluster can amplify free-14 

surface elevation through a near-trapping mechanism. Three lower-order near-trapped 15 

modes, namely p = 0, 2 and 3 modes, are primarily concerned, among which the am-16 

plification corresponding to the p = 2 mode is most pronounced. In addition, the four-17 

column cluster can create both the linear and second-order near trappings. The latter 18 

could occur when the frequency sum of a pair of incident waves is consistent with the 19 

near-trapping frequency. The linear and second-order near-trapped modes own common 20 

characteristics. The second-order near-trapping response is predominated by the 'poten-21 

tial wave' component, while the 'quadratic wave' component plays a secondary role. 22 

Meanwhile, the effect of frequency difference on the mode shape in the second order is 23 

not evident. It is also noted that a decrease in the corner ratio can enhance the hydrody-24 

namic interference effect among the columns and, in turn, evidently promote the near-25 

trapping response for the p = 2 mode. An approximate approach is developed for the 26 



second-order near-trapping response, in which the 'quadratic wave' component is eval-27 

uated exactly. In contrast, the complicated 'potential wave' component corresponding 28 

to a pair of incident waves with distinct frequencies is approximated by that in mono-29 

chromatic seas with the mean frequency. This approach is based on the hypothesis of 30 

weakly scattering of linear wave fields. Numerical results indicate that such approxi-31 

mation offers a reasonable alternative for the near-trapped modes in the low-frequency 32 

region. 33 
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1. Introduction 38 

Arrays of closely placed vertical columns have a wide range of applications in engi-39 

neering practice. Examples include offshore platforms, bridges, floating airports and 40 

wave energy converter arrays. Previous studies have addressed the possibility that the 41 

waves diffracted by columns in close proximity could constructively interfere, causing 42 

apparently amplified free-surface oscillation between the columns in certain sea condi-43 

tions (Evans and Porter, 1997; Malenica et al., 1999; Ohl et al., 2001a, 2001b). The 44 

large vertical water projection can cause severe structural damage, bringing about a 45 

long period of production downtime (Walker et al., 2008; Grice et al., 2013). Predicting 46 

the wave run-up and free-surface elevation is essential to determine an adequate airgap 47 

(height of the lower deck above mean sea level). Therefore, a deep understanding of 48 

the interaction of water waves with arrays of columns is of fundamental importance to 49 

ensure a successful design. 50 

The pronounced wave-driven free-surface oscillation in the vicinity of the column 51 

array is a weakly damped hydrodynamic phenomenon, and the underlying physical 52 



mechanism has been studied extensively in the literature. Maniar and Newman (1997) 53 

studied wave diffraction by a long array of bottom-mounted circular columns. These 54 

columns are identical and equally spaced along the array. Numerical results revealed 55 

that the near-resonant free-surface motion could occur between the adjacent columns at 56 

critical wavenumbers, which is accompanied by the vastly amplified wave force on the 57 

columns. These near-trapped modes are associated with the existence of homogeneous 58 

solutions for an infinite column array, corresponding to trapped waves around a vertical 59 

column in a channel. For a finite array, homogeneous solutions no longer exist. Conse-60 

quently, the free-surface oscillation around these critical wavenumbers becomes nearly 61 

resonant. This phenomenon is commonly referred to as near trapping. Evans and Porter 62 

(1997) concerned arrays of identical bottom-mounted circular columns with their axis 63 

at the corners of a regular polygon. Evans and Porter (1997) showed that the near-trap-64 

ping phenomenon could also occur within the region internal to the polygon. 65 

The near-trapping phenomenon has attracted considerable interest from many re-66 

searchers. Early investigations are mainly based on analytical methods, such as the ex-67 

act algebraic method by Kagemoto and Yue (1986) and the improved direct matrix 68 

method by Linton and Evans (1990). In addition, analytical methods have often been 69 

considered as the most suitable option to perform the optimization of wave energy parks 70 

with a large number of involved column-shaped devices (Göteman et al., 2015; Gö-71 

teman, 2017). Analytical approaches take the obvious advantages of high efficiency, 72 

however, they have limitations in the treatment of structures with complex geometry. 73 

Therefore, numerical models have been developed for the analysis of near trapping for 74 

platforms incorporating large diameter columns, such as gravity-based multi-column 75 

platforms, and tension leg platforms (Walker et al., 2008; Cong et al., 2014; Grice et al., 76 

2015; Ren et al., 2021; Zhang et al., 2022). Linearisation is the usual way to treat wave-77 



body interaction, leading to a relatively more straightforward problem. Much work has 78 

looked at linear excitations, where the incoming wave frequency is around the near-79 

trapping frequency. However, near trapping driven by nonlinear processes are also of 80 

practical interest. The strong hydrodynamic interference effect between the columns 81 

can reinforce the nonlinearity in the kinematic and dynamic free-surface boundary con-82 

ditions, which results in an apparent nonlinear wave response. Malenica et al. (1999) 83 

developed a complete solution for second-order diffraction by an array of vertical cir-84 

cular columns in mono-chromatic seas. The empirical evidence of the results in Malen-85 

ica et al. (1999) indicates that the near trapping in column arrays could also occur in 86 

second order when the frequency of the second-harmonic component of incident waves 87 

coincides with the near-trapping frequency. Such a phenomenon was referred to as sec-88 

ond-order near trapping. Experimental confirmation of the presence of second-order 89 

near trapping for a four-column cluster or two rows of columns was provided by Ohl et 90 

al. (2001a, 2001b), Contento et al. (2005), Kagemoto et al. (2014), Cong et al. (2015). 91 

Experimental studies revealed the obvious effect of the second-order near trapping on 92 

the magnitude of local free surface oscillations as well as the scattered far-field radia-93 

tion. Numerical investigations have also been conducted for the nonlinear near trapping 94 

based on the finite element method (Ma et al., 2001; Wang and Wu, 2007), boundary 95 

element method (Bai et al., 2014), and the cut-cell technique (Ning et al., 2022). Nu-96 

merical results showed the amplified free-surface oscillation and wave force caused by 97 

the nonlinear near-trapping process. In addition to the open-sea cases, the linear wave 98 

trapping by an array of columns adjacent to an infinity long plane wall was investigated 99 

in Cong et al., (2020) by using the image theory, and then extended to the second-order 100 

near-trapping in Cong et al., (2021) by using the quadratic transfer functions (QTFs) in 101 

bi-directional waves. Numerical results showed that the reflected waves from the plane 102 



wall could cause the apparent reconstruction of the wave field around the columns, and 103 

lead to the noticeable near-trapped wave motion between the columns and the wall. 104 

The near-trapping phenomenon is typically relevant to arrays of equally spaced col-105 

umns. Rainbow trapping can be induced when the columns are with varying distances, 106 

i.e., a chirped column array. Rainbow trapping in a chirped column array has been in-107 

vestigated from theoretical studies (Peter et al., 2018, 2019) to model tests (Archer et 108 

al., 2019) and numerical modelling (Lu et al., 2021). It has been found that the frequen-109 

cies of the wave group can be separated by a chirped column array and the wave energy 110 

is accumulated locally, whereas the evident wave amplification is of space-frequency 111 

dependence. Another interesting phenomenon associated with a column array is cloak-112 

ing. A creative cloaking phenomenon has been found by Newman (2013, 2014) for the 113 

configuration of an interior circular column regularly surrounded by several exterior 114 

circular columns. This phenomenon is characterised by the absence of scattered waves 115 

radiating to infinity; the cloaked structure appears invisible to a far-field observer. The 116 

corresponding wave drift force acting on the entire structure becomes very small. The 117 

significant reduction of the wave drift force owing to cloaking has been experimentally 118 

confirmed by Kashiwagi et al. (2015) and Zhang et al. (2019). Meanwhile, optimisation 119 

of the geometric dimensions and the configuration of the outer columns have been con-120 

ducted to achieve broadband cloaking (Zhang et al., 2020a) and the simultaneous real-121 

isation of the wave energy concentration (Zhang et al., 2020b). 122 

The multi-column structures can be designed to tune the near-trapping frequencies 123 

above and/or below that at which significant ocean wave energy is present. This can 124 

avoid the significant free-surface responses at the wave frequencies due to linear exci-125 

tations. However, previous results indicated that the second-order responses could con-126 

tribute noticeably to the overall free-surface elevation. When the second-order effect is 127 



included in the presence of irregular waves, there are excitations at both the sum or 128 

difference frequencies for all possible pairs of incident wave frequency components. 129 

The sum- and difference-frequency excitations cover a broad frequency range, and they 130 

may be of primary concern when the near trapping is excited by them. The phenomenon 131 

of near trapping has been investigated in various works; however, the vast majority of 132 

these works are restricted to mono-chromatic waves. Grice et al. (2015) investigated 133 

the extreme free-surface elevations around the gravity-based multi-column platforms 134 

to second order using the QTFs in bi-chromatic seas. However, the characteristic of the 135 

second-order wave fields subject to bi-chromatic excitation has not been discussed. To 136 

the best of the authors' knowledge, no data have yet been published for the second-order 137 

near-trapped wave fields subject to bi-chromatic excitations. In light of the above, the 138 

main objective of this study is to promote a deep understanding of second-order near 139 

trapping in bi-chromatic waves. 140 

A numerical model for the second-order bi-chromatic wave diffraction by arbitrarily-141 

shaped three-dimensional bodies is developed based on a high-order boundary element 142 

method with successful treatment of singular and nearly singular integrals. In addition 143 

to the systematic convergence tests, numerical results are validated against semi-ana-144 

lytic solutions. Numerical and theoretical investigations are then conducted for the near 145 

trapping of water waves by a square array of vertical columns. Attention has been paid 146 

to the second-order near-trapped modes subject to bi-chromatic excitations. Three 147 

lower-order near-trapped modes, namely p = 0, 2 and 3 modes, are primarily concerned. 148 

In addition, a number of physical parameters critical to the free-surface oscillation are 149 

examined in detail, including the cross-sectional shape of the columns and the fre-150 

quency combination of the incident waves. Their effects on the second-order near-151 

trapped wave motion have been discussed. These investigations provide new insights 152 



into the near-trapping phenomenon of offshore multi-column structures. 153 

The remaining part of this study is organised as follows. Following the introduction, 154 

Section 2 presents the expression of the second-order free-surface elevation in bi-chro-155 

matic seas. The numerical approach to the second-order free-surface elevation in bi-156 

chromatic seas is described in Section 3. In Section 4, theoretical investigation of the 157 

trapped modes of a square array of circular columns is conducted. Then, the second-158 

order near trapping subject to bi-chromatic excitations is investigated in Section 5. Fi-159 

nally, conclusions are drawn in Section 6. 160 

 161 

2. Expression of the second-order free-surface elevation in bi-chromatic seas 162 

The wave diffraction caused by an arbitrary, three-dimensional body in bi-chromatic 163 

seas is considered. A space-fixed coordinate system oxyz is used. oxyz has the z-axis 164 

pointing vertically upwards, and its original is at the undisturbed free surface. The usual 165 

framework of potential flow theory is adopted. Then, a velocity potential can be used 166 

to describe the fluid velocity vector, and the velocity potential has to satisfy Laplace's 167 

equation 168 
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The velocity potential, satisfying a nonlinear boundary condition, can be expressed 170 

as a perturbation expression in terms of the wave steepness , truncated at the second 171 

order. That is 172 

      1 22 3 .O         (2) 173 

Similarly, the free-surface elevation  can be expanded into the following form: 174 

      1 22 3 .O        (3) 175 

In Eqs. (2) and (3), the subscripts (1) and (2) are used to denote the first- and second-176 



order quantities with respect to the wave steepness , respectively. 177 

When a body is placed in bi-chromatic incident waves with the frequencies ω1 and 178 

ω2, the total first-order velocity potential can be decomposed into the following form: 179 
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where  1

j  is the first-order spatial potential at the frequency ωj; x = (x, y, z)T is the 181 

position vector of the field point. Meanwhile, the second-order velocity potential can 182 

be expressed as the superposition of the sum- and difference-frequency terms. That is 183 

              
2 2

i i2 2(2)

1 1

,  Re ,  ,  ,j l j lt t

jl j l jl j l

j l

t e e
   

     
    

 

          
x x x  (5) 184 

where  2

jl


 and  2

jl


 refer to the second-order spatial potentials at the frequencies of 185 

j l   and j l  , respectively. 186 

Similar to the velocity potential, the first- and second-order free-surface elevation 187 

can be expressed as 188 
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and 190 
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where  1

j ,  2

jl

 and  2

jl

 are the complex amplitudes of the free-surface elevation. 192 

On the free surface, both kinematic and dynamic boundary conditions exist. The former 193 

requires that no fluid can be transported across the free surface. While the latter requires 194 

that the pressure on the free surface is uniform and equal to the external atmospheric 195 

pressure, which is assumed to be zero. Then, on z = ζ, we can have 196 
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and 198 
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When the amplitude of wave motion is small, the kinematic and dynamic boundary 200 

conditions can be satisfied on the undisturbed free surface (z = 0) by carrying out the 201 

Taylor series expansion. Then, after inserting Eqs. (6) and (7) into Eq. (8b) and collect-202 

ing the terms in the same order of ε, we can have 203 
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In the meantime, the second-order free-surface elevation contains two distinct parts, 205 

which are contributed from the second-order velocity potential and driven by the inter-206 

action between linear components in local wave fields, respectively. Then, we can have: 207 
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In Eq. (10), the subscripts 'p' and 'q' are used to denote these two parts. Hereinafter, 209 

these two parts are referred to as the 'potential wave' component and 'quadratic wave' 210 

component, respectively, and they are defined by 211 
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and 213 
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Meanwhile, the following symmetric relation is held by the sum- and difference-fre-216 

quency free-surface elevation amplitude: 217 

        2 2 2 2
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 219 

3. Numerical evaluation of the second-order free-surface elevation subject to bi-220 



chromatic incident waves 221 

As shown in Eqs. (9)~(12), the free-surface elevation amplitude can be determined 222 

using the velocity potential on the free surface. For the wave interaction with stationary 223 

bodies, the velocity potential can be expressed in terms of the incident and diffraction 224 

potentials. That is

 

225 
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The detailed expressions of the first-order incident potential  1

, j I  and the second-order 228 

sum- and difference-frequency incident potentials  2

, jl I

 have been derived in previous 229 

studies, such as Kim and Yue (1990). If the classical Green second identity is applied 230 

and relevant boundary conditions are employed, we can have the following equations: 231 
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where 235 
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In Eqs. (14) and (15), x0 = (x0, y0, z0)
T is the position vector of the source point. 237 

For the derivation of Eq. (15), the oscillating source G, which satisfies the linear free-238 

surface condition, the Sommerfeld condition at infinity and the no-flow condition on 239 

the horizontal seabed, has been used as Green's function. The second-order diffraction 240 

potential  2
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 represents the combined potential owing to the second-order incident 241 

waves as well as the free-surface forcing term  2
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 is due to all the quadratic 242 

contributions of the first-order quantities on the free surface.  2
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 can be decomposed 243 



into the following symmetric form: 244 
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The right-hand side of Eq. (15) involves the integration of the potential over the body 249 

surface. Details for the solution of the first- and second-order diffraction potentials over 250 

the body surface for mono-chromatic and bi-chromatic seas can be found in previous 251 

studies, such as Eatock Taylor and Chau (1992) and Teng and Cong (2017). Hence, they 252 

are not discussed here for brevity. Due to the interference effect, the nonlinearity is 253 

intuitively expected to be strong in the immediate vicinity of the columns. Refined 254 

meshes should be used to capture the rapid variation of the free-surface elevation. Then, 255 

under some conditions, 
0x  can be very close to the body surface Sb, leading to a nearly 256 

singular integration. The self-adaptive Gauss integration method (Sun et al., 2007) is 257 

adopted to overcome the difficulty associated with the nearly singular integration. It 258 

requires that when the nearly singular integration happens within a specific element, 259 

this element will be subdivided into a series of finer elements with a smaller size. The 260 

subdivision will not stop until the characteristic size of each sub-element is equal to or 261 

smaller than the distance between the source and field points. 262 

Eq. (15) notes that the main difference between the first- and second-order solutions 263 

lies in the evaluation of  2

, jl fI
 . The entire free surface is divided into three regions to 264 



evaluate this complex integral. The near-field water plane is bounded by the waterline 265 

and an exterior circular boundary. Within this region, the free surface is discretised into 266 

a series of quadratic surface elements, and the integration is performed numerically 267 

based on a quadrature formula. Within the middle-field region, Green's function is given 268 

in the form of a discrete eigenfunction expansion by using Graf's addition theorem. In 269 

addition, the velocity potential is expanded into a Fourier series with respect to the polar 270 

angle θ. The free surface integral is simplified into a series of radial integrals that can 271 

be integrated numerically. In the outermost region, the integral is transformed to another 272 

form in conjunction with some residuals. Using the asymptotic expansion of the Hankel 273 

function, the new integral is further reduced to one whose integrand is represented by 274 

the summation of polynomials of various orders, and each term of the polynomials can 275 

be integrated analytically. 276 

The convergence of the results with respect to the mesh discretisation is examined to 277 

confirm the accuracy of the numerical model. Two test cases are primarily concerned. 278 

The first test case involves an array of four bottom-standing circular columns of radius 279 

a = 10 m in the water of depth h = 3a. The centres of the columns are located at (±2a, 280 

±2a) on the quiescent free surface. The configuration of this column array is given in 281 

Fig. 1(a). In the second one, an array of rounded-corner square columns is considered. 282 

The side length of the cross-section of the columns is 2a = 20 m, and the radius of the 283 

rounded corner is R. The configuration of such a column array is shown in Fig. 1(b). As 284 

shown in Fig. 1, the columns in the array are numbered clockwise, with column 1 lo-285 

cated in the first quadrant. Local coordinate systems (ojxjyjzj) and (ojrjθjzj) (j = 1, 2, …, 286 

4) have been defined at each column. In addition, in Fig. 1, β is the heading angle of 287 

incident waves with respect to positive the x-axis. Numerical computation is then con-288 



ducted for the second-order sum- and difference-frequency wave run-up along the col-289 

umns for different frequency pairs. Two geometric symmetry planes are adopted to fa-290 

cilitate the computation. In addition, two meshing schemes, namely 'Mesh 1' and 'Mesh 291 

2', have been adopted for each test case. For 'Mesh 1', 480 elements on the body surface 292 

and 352 elements in the near-field water plane area with an exterior radius of 75 m. For 293 

'Mesh 2', 960 elements on the body surface and 816 elements in the near-field water 294 

plane area with an exterior radius equal to 90 m. As an example, the mesh discretisa-295 

tions for an array of rounded-corner square columns are depicted in Fig. 2. Figs. 3~4 296 

show the variation of the sum- and difference-frequency wave runup which occurs at 297 

the intersection of the column 1 and the free surface. As shown in Figs. 3~4, there is 298 

good agreement between the results based on different mesh discretisations, which sug-299 

gests that convergence is achieved. 300 

 301 

Fig. 1 Configuration of an array of (a) circular columns and (b) rounded-corner square columns 302 



     303 

Fig. 2 Mesh discretisations for an array of rounded-corner square columns based on the meshing 304 

schemes: (a) 'Mesh 1' and (b) 'Mesh 2', respectively. 305 

 306 

  307 

Fig. 3 Comparison of the sum- and difference-frequency wave run-up for an array of circular col-308 

umns with β = 45° for (a) (ωj, ωl) = (0.6, 0.8), and (b) (ωj, ωl) = (0.8, 1.2). 309 

 310 

  311 

Fig. 4 Comparison of the (a) sum- and (b) difference-frequency wave run-up for an array of rounded-312 

corner square columns (R = 6 m) with β = 45° for: (a) (ωj, ωl) = (0.6, 0.8), and (b) (ωj, ωl) = (0.8, 313 

1.2).  314 



 315 

To further verify the reliability of the present results, a comparison with the published 316 

data is conducted. A vertical circular column of radius a in the water of depth h = 4a is 317 

considered. Numerical computation is then performed for the frequency pair  ,  j lv a v a  318 

= (1.4, 1.6), where 
   

2

j l j l
v a g . In addition, the incident waves travel along the pos-319 

itive x-axis. In the computation, 410 quadrilateral elements are used in each quadrant 320 

(210 elements on the body surface and 200 elements in the near-field water plane area 321 

with an exterior radius of 6a). The results of the second-order sum- and difference-322 

frequency wave run-up along the column are shown in Fig. 5. The semi-analytical re-323 

sults based on a ring-source integral equation method (Kim and Yue, 1990) have also 324 

been shown for comparison. There is good agreement between the present results and 325 

the semi-analytical results, which further confirms the validity of the present model. 326 

327 

 328 

Fig. 5 Comparison of the second-order (a) sum- and (b) difference-frequency wave run-up compo-329 

nents, i.e., the 'potential wave' component 
 2

, jl p


 and the 'quadratic wave' component 
 2

, jl q


, along 330 

a vertical column of radius a in the water of h = 4a for  ,  j lv a v a  = (1.4, 1.6). The lines and sym-331 

bols represent the present results and those in Kim and Yue (1989), respectively. 332 

 333 

4. Trapped modes of a square array of circular columns 334 

Before investigating near trapping, it is essential to find the wave frequencies most 335 



likely to respond violently by identifying the trapped-mode wavenumbers for specified 336 

structures. The trapped-mode wavenumbers are defined as those at which the pure wave 337 

trapping occurs (with no waves radiated away from the structure). Evans and Porter 338 

(1997) developed a theoretical method to predict the wavenumbers for pure wave trap-339 

ping and the associated mode shapes based on the Fourier–Bessel expansion of the ve-340 

locity potential. Meylan and Eatock Taylor (2009) investigated the trapped modes in 341 

the time domain for arbitrary initial displacements by using the generalised eigenfunc-342 

tion expansion. For more general configurations, such as semi-submersibles, an approx-343 

imation method was developed by Grice et al. (2015) using the symmetric and antisym-344 

metric properties of the mode shapes. 345 

An array of four bottom-standing circular columns is then considered. Its configura-346 

tion is given in Fig. 1(a), similar to that used in Malenica et al. (1999). The elegant 347 

method of Evans and Porter (1997) is suitable for this configuration, and hence it is 348 

used. The total wave field resulting from the wave-structure interaction is modelled by 349 

a Fourier–Bessel series. By allowing the frequency to be complex, it is possible to iden-350 

tify the wavenumber theoretically at which a phenomenon of pure wave trapping occurs. 351 

A violent response could happen when the matrix of coefficients associated with the 352 

expansion series has a determinant close to zero. The wavenumbers leading to a zero in 353 

the determinant are the trapped-mode wavenumbers. The trapped-mode wavenumbers 354 

are often complex. The value of the imaginary part gives a measure of the wave damp-355 

ing due to radiation to infinity. In a complex space with the imaginary part in [‒0.2, 0], 356 

the first three trapped-mode wavenumbers have been found, which are ka = (0.484, –357 

0.140), (1.671, –0.094) and (4.404, –0.145), respectively. 358 

The mode shapes of the three trapped modes are shown in Figs. 6~8, respectively. 359 

Fig. 6 shows a mode shape which does not vary apparently along the circumferential 360 

direction within the region internal to the column array. The internal fluid oscillates 361 



almost uniformly and behaves like a rigid body. In contrast, Fig. 7 exhibits a mode 362 

shape characterised by a 2 × 2 arrangement of peaks and troughs formed in the area 363 

close to the column surfaces. Troughs are created around neighbouring columns simul-364 

taneously when an apparent peak appears in the vicinity of a certain column in the array. 365 

This in turn creates a 
  
 
  

 wave pattern. A more complicated mode shape is shown 366 

in Fig. 8. The remarkable peaks and troughs formed in the vicinity of the columns are 367 

in a 
  
 
  

 pattern. In addition, another 3 × 2 arrangement of peaks and troughs is 368 

included in the central region of the internal free surface. They are symmetric with 369 

respect to the x-axis while symmetric with respect to the y-axis, creating a 

  
 
  
   

 370 

wave pattern. 371 

 372 

Fig. 6 Mode shape for an array of four bottom-standing circular columns with ka = (0.484, –0.140) 373 

and β = 45°: (a) real part, (b) imaginary part, and (c) modulus 374 

 375 

Fig. 7 Mode shape for an array of four bottom-standing circular columns with ka = (1.671, –0.094) 376 

and β = 45°: (a) real part, (b) imaginary part, and (c) modulus 377 



 378 

Fig. 8 Mode shape for an array of four bottom-standing circular columns with ka = (4.404, –0.145) 379 

and β = 0°: (a) real part, (b) imaginary part, and (c) modulus 380 

 381 

5. Near trapping of water waves by a square array of vertical columns 382 

Near trapping can be considered the situation if one sets the imaginary part of these 383 

complex wavenumbers to zero. Each near-trapping frequency is associated with a mode 384 

of strong local free-surface oscillation. It is close to the pure wave-trapping, but still 385 

with wave radiation leaking out to infinity. In this section, an investigation is conducted 386 

for the near trapping of water waves by a four-column structure. The cross-sectional 387 

shape of the columns can be either circular or square with round corners. 388 

 389 

5.1 Linear near trapping and near-trapped modes 390 

First, the linear near trapping by a square array of circular columns are concerned. 391 

The configuration is the same as that in Fig. 1(a). Linear near trapping is induced by 392 

the first-order mono-chromatic incident waves, which can be regarded as a limiting case 393 

of bi-chromatic waves with j  = 
l  = ω and Aj = Al = A. In view of this, in this 394 

section, the subscripts 'j' and 'l' are removed from the symbols of the free-surface ele-395 

vation and other physical quantity for simplicity. Fig. 9 depicts the variation of the first-396 

order wave run-up amplitude along the downstream column (in Quadrant 1) for β = 45°. 397 

When β = 45°, the four columns form a diamond arrangement with respect to the direc-398 

tion of wave propagation. It clearly shows the occurrence of peak wave run-ups at ω = 399 

0.652, 1.280 and 2.078 rad/s, respectively. The wavenumbers corresponding to the three 400 



wave frequencies are k = 0.0484, 0.1671 and 0.4404 m
–1, respectively, which are close 401 

to the real part of the complex trapped-mode wavenumbers. It indicates that the peak 402 

wave run-ups are induced by the near trapping of water waves. 403 

 404 

Fig. 9 Variation of the first-order wave run-up amplitude along the downstream column in an array 405 

of four circular columns with β = 45°. 406 

 407 

As shown in Fig. 9, the peak wave run-up along the downstream cylinder appears at 408 

the up-wave point (θ1 = 225°). Hereinafter, this point is named the featured point G1. 409 

The location of G1 is also given in Fig. 1. The first-order incident potential can be ex-410 

pressed in a Fourier series in terms of the polar angle θ: 411 
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where 413 
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In Eq. (20), ε0 = 1, and εm = 2 when m ≥ 1; Jm(·) is the Bessel function of order m. 415 

Correspondingly, the first-order wave run-up is decomposed into the following form: 416 

        1 1

0

,  ,  ,  , cos ,m

m

x y x y m    




  
   (21) 417 

where 
 1

m  represents the wave run-up component caused by the mth order Fourier 418 

component of incident waves. Fig. 10 depicts the variation of the first-order wave run-419 

up amplitude at the featured point G1. It illustrates that the amplification of the wave 420 



run-up owing to near trapping is more apparent at β = 45° compared to other wave 421 

headings, i.e., β = 0°, 15° and 30°. Fig. 11 shows the variation of the wave run-up com-422 

ponents at G1. It demonstrates that the noticeable peak wave run-up at ω = 0.652, 1.280 423 

and 2.078 rad/s are mainly contributed by the 0th, 2nd and 3rd order Fourier component. 424 

In view of this, the near-trapped modes at these three frequencies are named p = 0, 2 425 

and 3 modes, respectively. In addition, 0p  , 2p   and 3p   are used to denote the 426 

near-trapping frequencies for p = 0, 2 and 3 modes, respectively. Among the three near-427 

trapped modes, the complex wavenumber corresponding to the p = 2 mode has the 428 

smallest imaginary wavenumber component. It indicates that the p = 2 mode is the 429 

closest to pure-trapping with rather weak damping due to wave radiation to infinity, and 430 

therefore has the largest response when excited by incoming waves. 431 

 432 

Fig. 10 Variation of the linear wave run-up amplitude at the featured point G1 for an array of four 433 

circular columns. 434 

 435 

Fig. 11 Variation of the linear wave run-up components at the featured point G1 for an array of four 436 

circular columns with β = 45°. 437 

 438 

The mode shapes for different near-trapped modes are shown in Fig. 12. The near-439 



trapped modes can be regarded as a mixture of both standing waves and outward prop-440 

agating radiation waves. Therefore, the mode shapes in Fig. 12 are different from those 441 

in Figs. 6~8 for pure wave trapping. They lose the characters of symmetry or anti-sym-442 

metry with respect to the x- or y-axis, and the peak wave run-up responses around dif-443 

ferent columns are no longer uniform. 444 

 445 

Fig. 12 Mode shapes for different near-trapped modes of an array of four circular columns with β = 446 

45°: (a) p = 0, (b) p = 2, and (c) p = 3. 447 

 448 

We then concern an array of rounded-corner square columns, a common type used to 449 

construct offshore structures. The configuration of the column array is the same as that 450 

in Fig. 1(b). Fig. 13 shows the variation of the linear wave run-up amplitude along the 451 

downstream column for R = 6 m and 8 m, respectively, with β = 45°. Meanwhile, the 452 

wave run-up amplitude at G1 is plotted in Fig. 14 for different wave headings. As shown 453 

in Figs. 13 and 14, prominent local peaks are attained at 0.657, 1.315 and 2.155 rad/s, 454 

respectively, for R = 6 m. While for R =8 m, the peak frequencies shift to 0.667, 1.304 455 

and 2.122 rad/s, respectively. Those peak frequencies are close to the near-trapping fre-456 

quencies of an array of circular columns but do not coincide exactly. It suggests that the 457 

near trapping could also occur in an array of rounded-corner square columns, and give 458 

rise to the noticeable amplification of wave run-up. In addition, the change in the corner 459 

ratio R/a leads to a slight shift in the near-trapping frequencies. For the p = 0 mode, in 460 

which the entrapped fluid behaves like a 'piston', a decrease of the corner ratio could 461 

reduce the inertia of the entrapped fluid, which in turn shifts the near-trapping frequency 462 



to the low-frequency region. While for the p = 2 and 3 modes, the fluid oscillates along 463 

the diagonal line of the column array. As the corner ratio decreases, the distance be-464 

tween the columns on the diagonal line is reduced, shifting the near-trapping frequency 465 

to the high-frequency region. 466 

A comparison of the mode shapes between different corner ratios, i.e., R/a = 0.6, 0.8 467 

and 1.0, is shown in Fig. 15. A corner ratio of R/a = 1.0 represents a limiting case of a 468 

circular column. The mode shapes corresponding to different corner ratios follow a 469 

similar trend. The amplification of the wave run-up is most pronounced at G1. In addi-470 

tion, the change in the corner ratio can impose an evident impact on the wave run-up 471 

response at G1. Since the rounded-corner square columns have flat panel parts, there is 472 

stronger wave reflection between adjacent columns than circular ones. With a lower 473 

corner ratio, circular cylinders evolves into square cylinders. The resultant parallel side 474 

faces from lines of square cylinders would lead to stronger reflection of waves. It is 475 

noted that such strong reflection would superimpose the local wave field and enhance 476 

the maximum wave run-up for p = 0 and p = 2 modes. While a reversed trend is ob-477 

served from the p = 3 mode, in which the maximum response generally decreases with 478 

the decreasing corner ratio. 479 

480 



 481 

Fig. 13 Variation of the linear wave run-up amplitude along the downstream column in an array of 482 

four rounded-corner square columns with β = 45°: (a) R = 6 m, and (b) R = 8 m. 483 

484 

 485 

Fig. 14 Variation of the linear wave run-up amplitude at the featured point G1 for an array of four 486 

rounded-corner square columns: (a) R = 6 m, and (b) R = 8 m. 487 

 488 

Fig. 15 Comparison of the mode shapes for an array of four rounded-corner square columns with β 489 

= 45°: (a) p = 0, (b) p = 2, and (c) p = 3. 490 



 491 

5.2 Second-order near trapping and near-trapped modes in bi-chromatic seas 492 

In order to avoid possible near trappings, traditionally, offshore structures have been 493 

designed so that the near-trapping frequency does not fall into the frequency range of 494 

significant ocean waves. However, in an irregular sea state, consisting of a superposi-495 

tion of regular wave components, two or more wave components that act together can 496 

generate higher-order waves at the sum- or difference-frequencies of a pair of combin-497 

ing components. The sum- and difference-frequency excitations cover a wide frequency 498 

range and may be of primary concern when they are close to the near-trapping frequen-499 

cies of structures. The second-order near trapping is then concerned in this section. For 500 

the results presented in this section, the second-order sum- and difference-frequency 501 

free-surface elevations are divided by 
j lA A   and 

j lA A  , respectively, customarily 502 

defined as the quadratic transfer functions (QTFs). 503 

The configuration of a square array of circular columns (see Fig. 1(a)) is the first 504 

concern. Besides G1, another three featured points, namely G2, G3 and G4 are adopted. 505 

G4 is at the centre of the internal free surface. In addition, G2 and G3 are located on the 506 

surface of the columns in Quadrant 2 and Quadrant 3, respectively. Fig. 16 plots the 507 

second-order sum-frequency free-surface elevation QTFs at the featured points G1, G2, 508 

G3 and G4 for different frequency combinations with β = 45°. Fig. 16 is characterised 509 

by the remarkable amplification of the free-surface elevation when 2j l p     , 510 

which is most visible at G1 among different featured points. It indicates that the near 511 

trapping could also occur in second order when the frequency of sum-frequency waves 512 

is close to the near-trapping frequency. As the second-order free-surface elevation holds 513 

a symmetric relation (see Eq. (13)), the results in Fig. 16 are symmetric with respect to 514 

the leading diagonal. 515 



516 

 517 

Fig. 16 Sum-frequency free-surface elevation QTFs    2

jl j lA A
  at the featured points G1, G2, 518 

G3 and G4 for a square array of circular columns with β = 45°: (a) G1, (b) G2, (c) G3, and (d) G4. 519 

 520 

 521 

Fig. 17 'Potential-wave' and 'quadratic-wave' components of the sum-frequency free-surface eleva-522 

tion at the featured points G1 for a square array of circular columns with β = 45°: (a)    2

, jl p j lA A
 , 523 

and (b)    2

, jl q j lA A
 . 524 

 525 



As shown in Eq. (10), the sum-frequency free-surface elevation can be split into the 526 

'potential wave'  2

, jl p
  and the 'quadratic wave' component  2

, jl q
 . The variation of the 527 

two distinct components with respect to the frequency combination is plotted in Fig. 17. 528 

Fig. 17 shows clearly a ridge of high amplitude running perpendicular to the leading 529 

diagonal at a response frequency around 
2j l p     . It is noted that around 530 

2j l p     ,  2

, jl p
  is predominated, and follows a similar trend to that of  2

jl
 . It 531 

suggests that  2

, jl p
  takes the primary responsibility for the second-order near trapping. 532 

533 

534 

535 

 536 



Fig. 18 Variation of the second-order sum-frequency wave run-up amplitude at the featured point 537 

G1 for an array of circular columns for different frequency differences: (a) β = 0°, (b) β = 15°, (c) β 538 

= 30°, and (d) β = 45°. 539 

 540 

The sum-frequency wave run-up amplitudes at G1 for different frequency differences, 541 

i.e., ∆ω = j l   = 0.0, 0.1, 0.2, 0.3 and 0.4 rad/s, are shown in Fig. 18 for β = 0°, 542 

15°, 30° and 45°, respectively. Noticeable application of wave run-up appears around 543 

2j l p     , which is most pronounced when β = 45°. This is consistent with the 544 

observation from the linear near trapping. Compared to the p = 2 mode, the near trap-545 

ping at p = 0 and 3 modes have much less impact on the sum-frequency wave run-up. 546 

This can be explained from two aspects. One is that for p = 0 and 3 modes, the imagi-547 

nary part of the complex wavenumbers is much larger, causing a larger amount of 548 

waves radiated to the far-field region and a weaker free-surface oscillation in the near-549 

field region. The other can be attributed to that when 
j l   is close to 

0p 
 or 

3p 
, 550 

 2

, jl q
  is comparable to  2

, jl p
  which is mainly responsible for the second-order near 551 

trapping. Then,  2

, jl q
  can make a noticeable disturbance to the wave field and suppress 552 

the rising wave run-up caused by  2

, jl p
 . 553 

Fig. 19 depicts the mode shapes for the p = 2 near-trapped mode in second order with 554 

the frequency difference varying as ∆ω = 0.0, 0.2 and 0.4 rad/s. It is noted that both the 555 

linear and second-order near-trapped modes follow a similar trend. They own the com-556 

mon characteristics of generating the dominated peak at the up-wave point of the down-557 

stream column and forming nearly standing wave motions between neighbouring col-558 

umns. It is also noted that the frequency difference imposes a negligible impact on the 559 

mode shape in the second order. This can be explained by the fact that the p = 2 mode 560 

is a lower-order near-trapped mode, and the corresponding near-trapping frequency is 561 

not high. The p = 2 mode can be excited at second order by the frequency combination 562 



of  2 22 2,  2 2p p      . The corresponding linear incident waves are in 563 

the low-frequency region and have long wavelengths, resulting in weak scattering in 564 

the linear wave fields. As a result, when 
2j l p     , the adjustment of ∆ω does not 565 

apparently affect the second-order near-trapping response which depends much on the 566 

linear wave fields. 567 

 568 

Fig. 19 Mode shapes for the p = 2 near-trapped mode at second order of a square array of circular 569 

columns with β = 45° for different frequency differences: (a) ∆ω = 0.0 rad/s, (b) ∆ω = 0.2 rad/s, and 570 

(c) ∆ω = 0.4 rad/s. 571 

 572 

An array of rounded-corner square columns is then considered. The sum-frequency 573 

wave run-up amplitudes at G1 are presented in Figs. 20~21 for different frequency dif-574 

ferences and wave headings. Figs. 20~21 clearly exhibit the occurrence of near trapping 575 

at 
2j l p     . As shown in Fig. 22, the mode shapes corresponding to different cor-576 

ner ratios follow a similar trend. When β = 45°, the pronounced wave run-up at the 577 

featured point G1 gets gradually enhanced with decreasing corner ratio, which is con-578 

sistent with the observation from the linear near trapping. This can be attributed to the 579 

stronger wave reflection between columns with a lower corner ratio. 580 

581 



582 

583 

 584 

Fig. 20 Variation of the second-order sum-frequency wave run-up amplitude at the featured point 585 

G1 for an array of rounded-corner square columns with R = 6 m for different frequency differences: 586 

(a) β = 0°, (b) β = 15°, (c) β = 30°, and (d) β = 45°. 587 

588 

589 



590 

 591 

Fig. 21 Variation of the second-order sum-frequency wave run-up amplitude at the featured point 592 

G1 for an array of rounded-corner square columns with R = 8 m for different frequency differences: 593 

(a) β = 0°, (b) β = 15°, (c) β = 30°, and (d) β = 45°. 594 

 595 

Fig. 22 Comparison of the mode shapes for the p = 2 near-trapped mode at second order of an array 596 

of rounded-corner square columns with β = 45°: (a) ∆ω = 0.0 rad/s, (b) ∆ω = 0.2 rad/s, and (c) ∆ω 597 

= 0.4 rad/s. 598 

 599 

The second-order difference-frequency wave run-up amplitude and its constituent 600 

components at the featured point G1 are shown in Fig. 23 for an array of circular col-601 

umns with β = 45°. Narrow-banded seas are assumed, and the frequency difference ∆ω 602 

varies from 0.0 rad/s to 0.4 rad/s. Analogous results to those in Fig. 23 but for rounded-603 



corner square columns are shown in Fig. 24~25. As the excitation frequency is away 604 

from the near-trapping frequency, the second-order near trapping cannot be excited by 605 

the difference-frequency waves, and a significant amplification of  2

, jl p
  cannot be 606 

formed. When 
j  or l  is close to 

2p 
, the amplified first-order wave fields can 607 

give rise to the notable enhancement of  2

, jl q
  and  2

, jl p
 . The amplification of  2

, jl q
  is 608 

much more obvious than that of  2

, jl p


, and leads to the noticeable amplification of 609 

 2

jl
 . 610 

 611 

612 

613 

 614 

Fig. 23 Variation of the second-order difference-frequency wave run-up amplitude and its constitu-615 

ent components at the featured point G1 for an array of circular columns with β = 45°: (a) 
 2

, jl p


, (b) 616 

 2

, jl q


, and (c) 
 2

jl


. 617 



618 

619 

 620 

Fig. 24 Variation of the second-order difference-frequency wave run-up amplitude and its constitu-621 

ent components at the featured point G1 for an array of rounded-corner square columns (R = 6 m) 622 

with β = 45°: (a) 
 2

, jl p


, (b) 
 2

, jl q


, and (c) 
 2

jl


. 623 

 624 

625 

626 



 627 

Fig. 25 Variation of the second-order difference-frequency wave run-up amplitude and its constitu-628 

ent components at the featured point G1 for an array of rounded-corner square columns (R = 8 m) 629 

with β = 45°: (a) 
 2

, jl p


, (b) 
 2

, jl q


, and (c) 
 2

jl


. 630 

 631 

5.3 Approximation of the free-surface elevation QTFs for the second-order near 632 

trapping 633 

The QTF for the second-order free-surface elevation contains the 'potential wave' 634 

component as well as the 'quadratic wave' component. The latter can be easily obtained 635 

from the linear wave fields. While the former is much more computationally intensive 636 

and requires a complete solution of the second-order boundary-value problem. For an 637 

irregular wave train that can be regarded as the superposition of N harmonic wave com-638 

ponents, an N×N matrix of QTFs is usually required. Therefore, it is beneficial to find 639 

a method that can facilitate the calculation of the complicated 'potential wave' compo-640 

nent and in turn reduce the computational burden of QTFs  641 

Fig. 17(a) shows that for a square array of columns,  2

, jl p

 is approximately constant 642 

close to but perpendicular to the leading diagonal. This has been explained by Taylor 643 

et al. (2007) and Grice et al. (2015), in which the incident waves at low frequencies 644 

were primarily concerned.  2

, jl p

 is a function of the frequency pair ( j , 

l ). j l   645 

is the response frequency of the sum-frequency free-surface elevation, and ∆ω is the 646 

distance away from the leading diagonal in a plot of  2

, jl p
  versus ( j , 

l ).  2

, jl p

 can 647 

be further separated into two parts: the 'free waves' and the 'phase-locked waves', re-648 

spectively (Molin, 1979). The former part is resulted from the scattering of incoming 649 



waves and satisfies a homogeneous boundary condition on the free surface. In contrast, 650 

the later part is driven by the free-surface forcing terms and locked to the first-order 651 

wave system. The effect of the wave scattering process largely depends on the wave-652 

length. For the part of free waves, its wavelength and the frequency sum 
j l   sat-653 

isfies the dispersion equation. Therefore, the frequency difference ∆ω is not likely to 654 

impose a remarkable effect on the scattered wave field for each frequency pair with the 655 

same frequency sum. This is especially true at low frequencies where the dimensions 656 

of the column array are fairly small relative to the wavelengths of linear incident waves. 657 

At low frequencies, the wave diffraction by the linear incident waves is not evident, 658 

and linear incident wave fields are not significantly disturbed. As a result, at low fre-659 

quencies, there can be a minor variation of the free-surface forcing term with respect to 660 

∆ω, and the phase-locked waves cannot vary significantly with the distance from the 661 

leading diagonal. 662 

An approximate method is then developed to evaluate the free-surface elevation 663 

QTFs. In this method, the 'quadratic wave' component  2

, jl q
  is evaluated exactly; while 664 

the 'potential wave' component  2

, jl p
  is assumed to be dependent on the response fre-665 

quency j l   far more than the frequency difference ∆ω. Then, in a plot of  2

, jl p
  666 

versus (
j , 

l ),  2

, jl p
  is assumed to be constant perpendicular to the leading diagonal, 667 

and the off-diagonal term is approximated by the diagonal one. Then,  2

jl
  is approx-668 

imately evaluated based on the following expression: 669 

              2 2 2

, , 
ˆ ˆ,  ,  ,  ,jl j l jl q j l jl p O         

  
     (22) 670 

where  ˆ 2j l    . In the computation, only the first two terms on the right-hand 671 

side of Eq. (22) are evaluated, the leading order of the ignored part being ∆ω. For an 672 

irregular wave train composed of N harmonic wave components, this method allows 673 

the number of the lengthy calculation of the 'potential wave' component to be reduced 674 



to just N. 675 

A comparison between the results based on the approximate method and the com-676 

plete solution is made to assess the usefulness of the proposed approximation (see Figs. 677 

26~27). Results are in good agreement when close to the leading diagonal, such as ∆ω 678 

= 0.1 rad/s. In addition, for a higher ∆ω, satisfactory agreement can be observed in the 679 

low-frequency region. The approximate approach is based on the hypothesis of weakly 680 

scattering of the linear wave fields, which is especially true for long incident waves. As 681 

the wave frequencies of the dual incident waves increase, the wavelengths gradually 682 

get shorter, and wave scattering process gets stronger, making the weakly scattering 683 

hypothesis less reliable. In addition, for a fixed frequency sum ωj + ωl, as the frequency 684 

difference ∆ω = ωj − ωl increases, one wave component of the dual incident waves 685 

moves gradually into the high-frequency region. This can enhance the wave scattering 686 

process, and then affect the effectiveness of the approximate approach. As a result, this 687 

approximation becomes less reliable when further away from the diagonal and at higher 688 

frequencies 689 

 690 

 691 



 692 

Fig. 26 A comparison between the second-order sum-frequency free-surface elevation based on the 693 

approximate method and the complete solution at the featured point G1 for an array of circular col-694 

umns with β = 45°: (a) ∆ω = 0.1 rad/s, (b) ∆ω = 0.2 rad/s, and (c) ∆ω = 0.3 rad/s. 695 

 696 

 697 

 698 

 699 

 700 

Fig. 27 A comparison between the second-order sum-frequency free-surface elevation based on the 701 

approximate method and the complete solution at the featured point G1 for an array of rounded-702 

corner square (R = 6 m) columns with β = 45°: (a) ∆ω = 0.1 rad/s, (b) ∆ω = 0.2 rad/s, and (c) ∆ω = 703 

0.3 rad/s. 704 

 705 



6. Conclusions 706 

A numerical investigation has been conducted for the near trapping of water waves 707 

by a square array of vertical columns. The bi-chromatic waves have been used to drive 708 

the response in the second order. Near-trapping responses have been excited success-709 

fully through the complicated wave–structure interactions, i.e., the linear excitation or 710 

nonlinear process. The main conclusions of this research are summarised as follows: 711 

1) Numerical results indicate that a four-column cluster can bring about the promi-712 

nent near-trapping phenomenon, accompanied by the noticeably amplified free-surface 713 

oscillation around the columns. Three lower-order near-trapped modes, namely p = 0, 714 

2 and 3 modes, are primarily concerned, among which the p = 2 mode has the smallest 715 

imaginary part of the complex wavenumber and most pronounced response. For a spe-716 

cific pair of incident waves, when the frequency sum is consistent with the near-trap-717 

ping frequency, second-order near trapping can then be induced. The second-order near-718 

trapping response is dominated by the 'potential wave' component, while the 'quadratic 719 

wave' component plays a secondary role.  720 

2) The p = 2 near-trapped mode caused by the linear and second-order excitations 721 

own the common characteristics. For a diamond arrangement, the dominated wave run-722 

up is attained at the up-wave point of the down-stream column, and nearly standing 723 

wave motions are formed between neighbouring columns. In addition, when the fre-724 

quency sum coincides with the near-trapping frequency, the frequency difference is 725 

found to impose negligible impact on the mode shape in the second order, which is at 726 

least true when ∆ω is less than 0.4 rad/s. This can be attributed to the fact that the 727 

corresponding linear incident waves have long wavelengths for a lower-order near-728 

trapped mode at second order, resulting in weak scattering in the linear wave fields. As 729 

a result, when the frequency sum is close to the near-trapping frequency of a lower-730 



order mode, the adjustment of the frequency combination does not apparently affect the 731 

second-order near-trapping response, which depends much on the linear wave fields. 732 

3) Compared with the circular ones, the rounded-corner square columns have flat 733 

panel parts, giving rise to stronger wave reflection between the adjacent columns. A 734 

lower corner ratio corresponds to a larger parallel part of columns, which could enhance 735 

the hydrodynamic interference effect among the columns and promote the near-trapping 736 

response for the p = 2 mode. A decrease in the corner can reduce the distance between 737 

the columns on the diagonal line, shifting the near-trapping frequency of the p = 2 mode 738 

to the high-frequency region. 739 

4) For the sum-frequency problem, the wavelength corresponding to the 'free waves' 740 

is much shorter than that of linear waves. It suggests that the scattering of the linear 741 

incident waves is much weaker than that in the second order. This is especially true in 742 

the low-frequency region, where the lower-order near-trapped modes at second order 743 

can be induced. In view of this, an approximate approach is developed for the second-744 

order near-trapping response based on the assumption of weakly scattering of the linear 745 

wave fields. In this approximate approach, the 'quadratic wave' component is evaluated 746 

exactly, while the complicated 'potential wave' component corresponding to a pair of 747 

incident waves with distinct frequencies is approximated by that in mono-chromatic 748 

seas with mean frequency. Numerical results indicate that such approximation gives a 749 

reasonable prediction, especially in the low-frequency region and for a slight frequency 750 

difference. 751 
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