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Abstract

In this article, we show that the Riemann hypothesis for an L-function F' belonging to the
Selberg class implies that all the derivatives of F' can have at most finitely many zeros on the
left of the critical line with imaginary part greater than a certain constant. This was shown
for the Riemann zeta function by Levinson and Montgomery in 1974.
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1. Introduction and main results

It is well-known that the Riemann zeta function ((s) is one of the most famous and myste-

rious functions. It has its origin from the well-known memoir of Riemann in the 19"

century.
Zeros of this function capture the distribution of prime numbers and thus its distribution is
of great interest in number theory. Zeros of ((s) are classified into two groups: trivial and
non-trivial zeros. As their names suggest, trivial zeros of ((s) are precisely known whereas

the exact location of non-trivial zeros remains one of the most important math problems. It

is conjectured by Riemann in the same paper [Rie59] that all non-trivial zeros of ((s) lie on

the line R(s) = 1/2, known as the Riemann hypothesis. Using basic properties of {(s), it can
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be shown that non-trivial zeros lie in the critical strip 0 < R(s) < 1, and together with the
well-known prime number theorem, one can remove the equalities. These properties of ((s)
are expected to be the essence of a meromorphic function satisfying the Riemann hypothe-
sis. To investigate this in a general setup, Selberg [Sel92] defined a class of L-functions with

properties similar to {(s), and which therefore is known as the Selberg class.

Definition 1. The Selberg class S is defined as the set of all Dirichlet series

F(s) =y = (1)
n=1

that satisfies the following five axioms:

1. The Dirichlet series converges absolutely for R(s) > 1.

2. There exists an integer my > 0 such that the function (s — 1) F(s) is entire of finite

order.

3. F satisfies the following functional equation

D(s) = wpd(1 — s), (2)
where .
O(s) = Q° [[T(\js + m)F(s) = v(s)F (s), (3)
j=1

andr>0,Q >0, \; >0, R(uj) >0, |wp| =1 are parameters depending on F.
4. The coefficients a(n) < n for every e > 0.

5. For R(s) > 1, we have

log F(s) = 2 @
n=1

where b(n) = 0 unless n = p™ with m > 1, and b(n) < n? for some 6 < 1/2.

Some well-known examples of L-functions in the Selberg class are Dirichlet L-functions
associated to primitive characters, Dedekind zeta functions of number fields K/Q, Hecke
L-functions with primitive characters, Artin L-functions associated to irreducible Galois rep-

resentations of number fields K/Q, and L-functions associated to holomorpic newforms. For



a survey of results and open problems in the theory of Selberg class one may refer to the well-
known articles of Perelli and Kaczorowski [Per05, [Per04, Kac06]. Naturally, one can ask if the
properties satisfied by the Riemann zeta function are also true for L-functions belonging to
the Selberg class §. Most often, such results are difficult to establish, for example, it was only
recently proven that the prime number theorem for L-functions in S is equivalent to the non-
vanishing of the L-function on the line f£s = 1 |[KP03]. Although this non-vanishing criterion
for the Riemann zeta function has been independently proven by Hadamard and de la Vallée
Poussin in 1896, the general case for L-functions in § is still open. Another famous result,
known as Speiser’s criterion, relates non-trivial zeros of the Riemann zeta function to those of
its first derivative (’(s). More precisely, it states that the Riemann hypothesis is equivalent
to the absence of non-real (we refer to them as non-trivial) zeros for {’(s) for R(s) < 1/2.
Consequently, Speiser’s criterion |Spe35] for the Riemann hypothesis has led to a growing
interest in the study of zeros of derivatives of the Riemann zeta function, and in particular,
in establishing analogous criteria for other L-functions in general [Sle03, GS15, AS18, |Gar19).

In this note, we establish the following results for L-functions in S.

Theorem 1.1. For a given F € S, let Tr be a real number given by

Sy
St

Tp =
F = max X

J

; (5)

where ji; and \; are as in @). There exists a constant apy > 0 such that F*®)(s) has no

zeros in the region R(s) < —apy and |3(s)| > Tp. Further, in the region |3(s)| < TF,

tep —2p5 — 2
2\

1 <j<r,n> Npy runs over all positive integers such that all these rectangles lie in the

n
F(k)(s) has a zero z(k)- in each rectangle R, ; with vertices + itpy, where

n?.]

region N(s) < —ap, that is, for each k, there is a positive integer Npj such that

:|:Ck - Z,uj - 2]\7}77]€ <
max —«
1<j<r 2); Eks

and cx,trr > 0 are small positive constants depending on F' and k. In particular, for each j

we have
k) _ 1

= + Og(1).

A
n7] .
>‘J

The above result gives a zero-free region for F(¥)(s) on the left half plane and shows the

approximate location of zeros close to the real line when R(s) < —ap, for some constant



(k)

nyj 0 the theorem, can be regarded as

ap . This also shows that those zeros, denoted by z
trivial zeros of F*®)(s). Analogous results for derivatives of the Riemann zeta function ((s)
have been proven by Spira [Spi65, ISpi70], and for derivatives of Dirichlet L-functions L(s, x)
by Yildirim [Y1196], with improvements by Akatsuka and the third author |AS18] for the first

derivative. Our second result is as follows.

Theorem 1.2. Let F' € §. For any non-negative integer k, if there ewists a constant T > 0,
depending on F and k, such that F¥)(s) has only a finite number of zeros with R(s) < 1/2

and |3(s)| > Try, then the same is true for F*+D(s) for all positive integers 1.
This leads to the following result.

Corollary 1.3. The Riemann hypothesis for an L-function F in the Selberg class, implies
that there are only finitely many zeros to the left of the critical line and away from the real

line of any derivatives F*) of F'.

Analogous results have been proven by Levinson and Montgomery in 1974 [LM74, Theorem
7] for ¢(s), and by Yildirim in 1996 [Y1196] for L(s, x).

Our aim is to investigate the number of zeros and distribution of real parts of zeros of
derivatives of L-functions F'(s) in S, analogous to Berndt’s work in [Ber70], and Levinson and
Montgomery’s in [LM74, Theorem 10]. Conditional results under the Riemann hypothesis
include Akatsuka’s work [Akal2] on ¢’(s), and the third author’s work [Surl5] on ¢(¥)(s) for
all positive integers k, with improvements by Ge |Gel7] and his work with the third author
|GS21]. Analogous results for L) (s, x) were proven by Yildirim [Y1196] and the third author
[Surl7] with improvements for & = 1 by Akatsuka and the third author |[AS1g], and by Ge

[Gel9]. These are to be done in our subsequent paper.

2. Notation

(i) Throughout this paper, we use the variable s = o + it to denote a complex number with
real part ¢ and imaginary part t. The real part of any given complex value z is denoted

by R(z) or Rz and the imaginary part by J(z) or Jz.

(ii) F is always used to denote an element of the Selberg class S.



(iii) For any function f, the function f is defined by f(s) = f(3), where Z denotes the

complex conjugate of z.

(iv) For an entire function f(z) = Y 02 a,2z" of finite order (of growth) [SS03, p. 138], we

denote its order by p(f) which can be computed as

1
p(f) = limsup ——n

n—oo —In ‘an‘7

(6)
[Hol73, p. 74].

(v) The multinomial coefficients are given by

n B n!
ki, ko, o ki) kilka!-- kgl
3. Preliminaries

In this section, we will review several important results which will enable us to derive our
main theorem. Some of these results can be obtained from earlier works, while some require

proofs.

Lemma 3.1. Let f be an entire function of order < p. If z1,20,--- denote the zeros of f,

with zy, # 0, then for all s > p, we have
= 1
D T <o
i 12l
Proof. See [SS03, Chapter 5, Theorem 2.1]. O

The next important result provides a uniform estimate for the size of L-function in the

Selberg class.

Lemma 3.2. Let FF € S. Fort > 1, uniformly in o,

Ap(o +it) = (ANQ*F)V/2=7 = oxp (z’tdp + w) <wF +0 <1>> : (7)

4 t
where
e T TN (1 = 5) +757)
AF s :UJFQl 2s J 7 7
) ]1;[1 L(Ajs + py)
dp =23 N, n=2(1—2u) and A= [ A7V,
j=1 j=1 j=1



Proof. See [Ste07, Lemma 6.7]. O

Next we prove five key lemmas. Firstly, we provide an estimate on the size of the entire

function (s — 1)™F(s).
Lemma 3.3. Let F' € §. Then we have
1 if —1<Rs<2/[Qs| <1,
(s —1)"F(s) < {|s|™ if  Rs>2,
eClslloglsl jr 1 < Rs < 2, |Ss| > 1; or Rs < —1,

for some C > 0 depending on F'.

Proof. Let 0 < o < 1 be any fixed real number. It follows from the uniform convergence of the
Dirichlet series expression (Il for F'(s), that F(s) <, 1 whenever (s) > 1+ a. Therefore we
have (s—1)"F(s) < |s|™ on the half plane s > 2. In the case when s is lying in the bounded
region —a < s < 1+a, |Fs| < 1, the entire function (s —1)™F(s) is bounded. Therefore we
have (s —1)"F(s) <, 1. For the case when s is lying in the region —a < Rs < 1+a, [Ss| > 1,
with the help of Lemma B2 we get F(s) < ellsltDdrlogls|  This gives us the desired estimate
for (s — 1)™F(s) in the region —1 < Rs < 2,|¥s| > 1. In the remaining case when Rs < —1,
observe that whenever $s < —a, we have |A\;(1 —s) + ;| > 0 for 1 < j < r. Therefore we

can use Stirling estimates for I'(A;(1 — s) 4+ 7z;) and the functional equation to estimate

T

F(s) = wpQ'™% H

j=1

T (1 =) +75)

T'(Ajs + pj) il —3)

and get F(s) < eClsllogls| for some positive C' depending on F. This gives us the desired
estimate for the function (s — 1)™F(s). O

In the next two sections, we complete the proofs of our main results.

4. Zeros of F¥)(s)

In this section, we prove Theorem [Tl and establish relevant information about the zeros
of the derivatives of I’ on the left half plane. Additionally, we also use these results to obtain
a zero-free region on the right half plane and deduce that F' and all its derivatives are of order

1.



Proof of Theorem [I.1. With the help of functional equation for F'(s), and reflection formula
for T'(s), we write

wry(1 — s)
Q¥ I T(\ys +py) TT T = (A (1 — 5) +757))
S = F(s)
wr ];Ilf(kj(l —5) + ) 1;[ L= (A1 =s)+75))
=: Fy(s)F1(s)F2(s)
where
2s5—1
Fy(s) = F(s @ -
WET
Fi(s) = HP()‘]S + p)(1 = (A(1 = s) +757)),
7j=1
and

Fy(s) = H sin(m(A;(1 —s) +75))-
j=1
Differentiating k£ times we obtain

k
F(k)(l —5):= @ 5

= Fl-9= ) < "

k k k
ko, k1, k >F(§ 0)(5)F1( 1)(5)F2( 2)(3)
ko-+h1+ho=k 0712

= P (s)Fo(s)Fa(s) + > ( "

k k k
o JA O
bot kot \KO; K1, K2

k1<k—1
By the triangle inequality we have

0 | > |0

n
F(]( )FQ(S)‘ — Z <k’ bk >F(k0)( )Fl(kl)(S)F2(k2)(s) .
kO'}g‘f%‘};EZ 0y 1, R2

We now investigate when the right hand side of the above expression is positive

. We first



evaluate Fl(k)(s). Using the work of Spira [Spi65, p. 679], it is not difficult to show

k) —
FM( Hr (Ajs + )0 (1 = (1 = 5) +757))
7j=1
k n1+nr41 nr+no,
X Z <n1’...,n2T>A1 ”‘AT
ni+-tnoy=k

ni—1
X (log"l()\ls + p1) + Z Enny (A5 + pq) log™ (As + u1)>
n=0

x <1og"2"<1 — (01— 8) + )

no,r—1

+ Z Enmr(l - ()‘r(l —5) + 1) log" (1 — ()\r(l —5) +m)>
n=0

where E,,,,, are polynomials satisfying E,,,. = O(|s|™!). The major contribution in the growth

of Fl(k)(s)Fo(s)Fg(s) comes from G(s)7;,(log s)¥, where

G(s) = Fo(s)Fa(s) [[ T(ys + )T (1 = (N (1 = 8) + 7))
j=1

and

D VT G L S e
N, N2y

ni+--+no,=k

Now taking out the factor G(s)7y(log s)*~1 from Fl(k)(s), we obtain the desired inequality

)

n O\ B () E (5) B (s)
Z <k0=klvk2> G(s)7y logh~1

1 —I—— Hy(s)l
og s e <Z ) log 8)

(8)7k log lg

ko+k1+ko=k
k1 <k—1

where H,(s) are functions satisfying H,(s) = O(|s|~!). The above inequality is satisfied
provided

k-1 (ko (k1) (k2)
1 n n Fy (S)Fl (s )F2 (s)
og sl > | e oa" Ts (ZH”(S)log S) P> <k: k k:) Gs)mlog |’
k108 n=0 Kotk Hha=k 0, M, 2 k108
R

(8)
Now observe that for |t| > T, both the first and the second sums on the right hand side

above are bounded if o is sufficiently large. Thus the inequality above is satisfied whenever



o > a7 + 1 for some large a; > 0, which clearly depends on F' and k. This gives a zero-free
region for F(k)(l — 5), which implies that F*)(s) # 0 for 0 < —a; and |t| > Tp.

Next we investigate zeros in [t| < Tr. We first note that G(s)7(logs)* only have zeros
coming from the sine factors Fy(s). Further, zeros of Fy(s) each lies in the rectangle R, ; with

vertices 11, 79,73, 74 given by

r=1+ W + tE ki,
J
J

=1 PG J;iﬁ T | o,
J

for 1 < j <r and every positive integer n where ¢tz > 0 and ¢; > 0 are chosen small enough

so that no rectangles intersect each other. This is always possible unless

‘A‘_j - % 9)
for some j # [, in which case, we count the zeros with multiplicity. Observe also that on the
boundaries of all the rectangles R, j, the inequality (&) holds provided o is large enough, say
o > ag + 1, where a9 also depends on F' and k. Now by Rouche’s theorem and inequality
(&), we see that the number of zeros of F(k)(l — 5) is equal to that of G(s)7y(log s)*, provided

o0 > ag + 1. Moreover these zeros of F(k)(l — 5) are located in the rectangles R,, ;. Finally we

set ap == max{ay, ap} and take the smallest positive integer N, satisfying

. 2N_j + 2Np’k —Ck
II%lleSlr <1 + 2x, > Ok,

which both depend on F' and k. Therefore in the region |t| < T, we have for each 1 < j <r
and n > N, zeros zy, j of F®)(s) satisfy

nj = —% + o).

O

The next lemma provides a zero-free region on the right half plane for the derivatives of

F.



Lemma 4.1. There exists a constant Apj, > 0 such that F' (k)(s) has no zeros in the region

lo| > Ay and |t| > Tp, where T is as determined in (B).
Proof. This follows from [Sim21, Proposition 1] and Theorem L1l O

The following lemma establishes the order of the entire function (s — 1) F(s) which is

crucial in our discussion. The proof is motivated by the observations reported in [Lill].
Lemma 4.2. The entire function (s — 1) F(s) is of order 1.

Proof. We first show that the order of (s —1)™F(s) is greater than or equal to 1. For this, we
recall that for each j, F'(s) has equally spaced trivial zeros at s = —(u; +1)/A; where [ € Z>,
which are nothing but the poles of the gamma factors appearing in ([3)). Now, if the order of
(s — 1)™F(s) is strictly less than 1, then by Theorem Bl we would have

> <
1—e
= sl
F(s)=0
which is a contradiction. Therefore, it suffices to show that (s —1)"F(s) is of order < 1. This

follows from Lemma B.3] U

As a consequence of the above lemma, we can compute the order of the k-th derivative as

stated below.

Lemma 4.3. For any non-negative integer k, (s— 1)k+mF(k)(s) s an entire function of order

1.

Proof. The case k = 0 follows from Lemma For k > 1, consider the Laurent series

expansion of F'(s) at s = 1 written as

F(s)= > an(s—1)"
Differentiating k times we get
FO(s)= 3" nn—1)--(n—k+1an(s —1)" .

10



This gives

(s—DMmE® ()= Y nn—1)--(n—k+1an(s — )"
= (N—=m)(N—m—=1)---(N—=m—k+1an_m(s— 1Y

Now the order of entire function (s — 1)¥*™F¥)(s) is equal to

lim su Nlog N
Moo, —log[(N —m)(N —m — 1) (N —m — k+ Lax—_m|
=lim su Nlog N
TN Zlog [an—m| — log [INF(1 —m/N)(1 — (m+ 1)/N) - (1 — (m + k — 1)/N]|
=lim sup N'log IV
" Neoo NE1 —m/N)(1 — 1)/N)---(1— k—1)/N
VI ot (1 tog ot D). (L= R D))
aAN—m
= lim sup NVlog N
 Nooo NE(1—m/N)(1 — 1)/N)--- (1 — k—1)/N
Y el (141 PO D7) (K D))
aAN—m
<limsup NVlog N <1,

N—oo _10g |aN—m| -

where the last inequality follows from Lemma [£.2l Now from Theorem [I.I] we know that

1
Z |Z|1—5

z
F®) (2)=0

diverges for any ¢ > 0. Therefore, by Theorem B we conclude that the order of (s —
Dk+m k) (5) is equal to 1. O

5. Proof of Theorem

By Lemma B3] we know that (s — 1)F*1F(*)(s) is of finite order. Let A = {Ay}¢>; and
mg denote the set of zeros, and the order of zero at s = 0 of the function (s — 1)¥1F*)(s),

respectively. Using Hadamard factorization theorem, we write

(5 — 1)FFmFb) (5) = gmoea(e) HE1 < AZ)

where g is a polynomial of deg(g) < 1, and F;(s) = (1 — s)e®. Taking logarithmic derivative,

we obtain
F(k-l—l) m o

a8 =" _s—1+Z<S—Ag 1>+O() (10)

(=1

11



Utilizing Theorem [Tl we write the set {4y}, as a disjoint union of B;(:= By U By 1), B2
and Bs, where

Biog={zn;|n>Npg,1<j<r},
Biy = {A¢ | R(A) > —apg, [S(Ar)| < TF},
By = {AdAs ¢ B, R(Ag) > 1/2)

and

B3 = {Ag‘Ag §7_f Bl,%(Ag) < 1/2}.

Here TF is as defined in (Bl).
Using this partition of the set {A;},, we write the sum on the right hand side of (I0) as

i<3—1Ae+Aiz>:§:Z_<sia+%>' (11)

(=1

From [Sim21, Proposition 1], it is easy to see that the set By is finite. Our assumption

implies that the sum over Bg is finite. Moreover, applying Lemma 1] we find that

max_ |R(a)| < Apg.

a€ByUB;3
Hence,
1 1 1 1 1
Z < Ag) Z&e<s_a+a>+2§ﬁ<—s_a+a>+0(1)
= IIGBLO a€ By
c—Ra Ra oc—Ra Ra
- 2 (o) + 2 (F=ep +p) o0
aGBlyo a€ By

where the implied constants above depend on F' and k since the number of zeros in By
depends on apy and Agy, and the assumption is for any fixed F' and k£ which results in
finiteness of zeros in Bs.

We estimate the sum over zeros in By as

— R R
Z(\Z—a; H?> Z\ *Apkzr\Q—AF’fZ\r2:

a€ By

The sum over Bj g can be expanded as follows

oc—Ra Ra o |s|*Ra 20(RNa)? 2tRaSa
Z st = Z 7t 172 27 T2 2 7 2 2

s —al* " |af s —al* " la]?|s —al* a|*ls—al* |af*[s —a]
aGBlyo aEBl,o

Z o 1— 2(Ra)? N |s|?*Ra _ 2tRaSa
|s —af? laf? lal?[s —al* fal[s —al* /)

a€B1o

12



When —Apj, < o < 1/2 and t is sufficiently large, both the sums

> G [l - 2(?:;)1

and
Z 2t§Ra§a
|af?|s — af?
a€B1 )
are bounded. For the remaining sum, since Ra < 0 for all a € By, it suffices to consider the
region |a| < |s|/2. The sum can then be estimated as

‘ s | |2§R n,Jj
Z ’a‘ZSS _aa’2 —Z Z .82 S

_ |2
a€Bio = ot o2 9mil*ls = anj|
<2 O(1
= ZZgRanj—’_ (1)
‘7:1 n B

< —Klogls|+ O(1)

for some K > 0. Thus F*+1(s) # 0 for sufficiently large ¢, which was to be shown. The

result now follows using induction on k.
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