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Abstract 

This paper proposes an adjoint sensitivity analysis method that enables the evaluation of the 

sensitivities of far-field sounds with respect to object shapes. In this method, flow-induced sounds 

are directly simulated based on the lattice Boltzmann equation (LBE) with an athermal model 

under low-Mach-number conditions. In addition, wall boundaries of complex geometries are 

considered using the interpolated bounce-back (IBB) condition, which also allows the adoption 

of arbitrary parameters that define object geometries as design variables in the sensitivity analysis. 

The sensitivities of far-field sounds to numerous design variables can be evaluated by solving the 

adjoint equation, which is derived from the LBE with the IBB condition. This study demonstrates 

the validity of the proposed method using two test problems. In these tests, the sensitivities 

evaluated by the adjoint method are compared with those evaluated by the finite difference 

method. Furthermore, this paper presents new shapes optimized to suppress the generation of the 

Aeolian tone using the sensitivity analysis method. 
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1. Introduction 

Flow-induced sound is an important problem in the aerodynamic design of industrial products, 

such as vehicles and turbomachines. To address such problems, computational aeroacoustics 

(CAA) has advanced in the past several decades. In early studies, hybrid approaches [1,2] based 

on Lighthill’s acoustic analogy [3] have been developed for low-Mach-number flows, which are 

encountered in mechanical engineering. Recently, the lattice Boltzmann method (LBM) has been 

gaining substantial attention as an alternative approach, which enables the direct simulation of 

flow and acoustic fields even under low-Mach-number conditions [4–7]. Although the 

advancement of CAA allows engineers to predict the aerodynamic sound and elucidate its 
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generation mechanism in the design process, creating shapes that efficiently suppress 

aerodynamically sound generation remains a major challenge. 

A promising approach to this challenge is shape optimization based on CAAs. Flow-induced 

sound problems, which include unsteady and multiscale phenomena, require expensive 

computational costs to evaluate design proposals. Therefore, it is unfeasible to explore the global 

optimum solution using evolutionary algorithms for flow-induced problems. A practical approach 

for such problems is gradient-based optimization aimed at obtaining a local optimum solution. In 

gradient-based optimization using the traditional finite differencing approach, the computational 

cost of evaluating the gradients of the objective function is proportional to the number of design 

variables. This restricts the degree of freedom of the shape. 

To overcome such difficulties, the adjoint method has been proposed [8,9]. In this method, 

the sensitivities of an objective function with respect to all considered design variables can be 

efficiently evaluated by solving the adjoint equation. The computational cost is comparable to 

that of a single flow simulation. Numerous studies have been conducted on the adjoint method 

based on the Navier–Stokes equations, and several of them have attempted aeroacoustic shape 

optimization using hybrid approaches [10,11]. 

Compared to the adjoint method based on the Navier–Stokes equations, the study on the 

adjoint method in the LBM framework has a relatively short history. The adjoint method was 

initially introduced into the LBM to optimize the parameters of a collision model [12]. In addition, 

an adjoint sensitivity analysis based on the LBM was developed for the topology optimization of 

steady flow problems [13]. However, this method requires large-scale matrix operations, which 

deteriorate the computational efficiency of the LBM. This drawback was overcome by deriving 

the adjoint equation, which can be computed by a similar algorithm to the LBM [14,15]. 

Subsequently, the adjoint LBM has been applied to various shape and topology optimizations 

owing to its easy treatment for complex geometries [16–19]. However, the adjoint LBM has not 

yet been applied to flow-induced sound problems. 

This paper presents an adjoint sensitivity analysis method based on the lattice Boltzmann 

equation (LBE) for flow-induced sound problems. In this method, the flow and acoustic fields are 

directly simulated by the LBM, where the interpolated bounce-back (IBB) condition [20–23] is 

used to consider complex geometries. Because the IBB condition clearly represents the object 

surfaces, it can be more effective for aeroacoustic optimizations than conventional optimization 

approaches based on a porous media model [13,16–18].The sensitivity of flow-induced sounds 

with respect to the design variables can be evaluated by solving the adjoint equation derived from 

the LBE with the IBB condition. 

The remainder of this paper is organized as follows. Section 2 outlines the fluid analysis 

method based on the LBM. Section 3 presents the adjoint sensitivity analysis method for flow-
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induced sound problems. Section 4 provides two test cases, including the shape optimizations. 

Finally, the main findings are summarized in Section 5. 

 

2. Fluid analysis method 

2.1. Lattice Boltzmann equation 

Although the LBM is a second-order scheme, it is recognized as a promising method for direct 

aeroacoustic simulations [7]. In fact, the LBM is less dispersive than the classical second-order 

Navier-Stokes scheme [4,6]. Furthermore, the number of operations per iteration and the stencil 

size of the LBM are smaller than those of high-order differencing schemes. These features allow 

the LBM to efficiently perform direct aeroacoustic simulations with parallel computing. 

The LBM simulates fluid flows by computing the streaming and collision processes of 

particles with a finite number of velocities. In this study, the D2Q9 athermal model shown in Fig. 

1 was used as a discrete velocity set. Because the temperature change is negligible in low-Mach-

number flows, the athermal model can approximately simulate flow-induced sounds [6,24,25]. 

The discrete velocities 𝐜𝑖 of the D2Q9 model are defined as follows: 

[𝐜𝑖] = [𝐜0, 𝐜1, ⋯ , 𝐜8] = 𝑐 [
0 1 0 −1 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1

]. (1) 

The distribution function of a particle with velocity 𝐜𝑖 at position x and time t is denoted by 

𝑓𝑖(𝐱, 𝑡). The evolution of the distribution functions is solved using the LBE. The LBE with the 

Bhatnagar–Gross–Krook model [26,27] is expressed as follows: 

𝑓𝑖(𝐱 + ∆𝑡𝐜𝑖 , 𝑡 + ∆𝑡) = 𝑓𝑖(𝐱, 𝑡) −
1

𝜏
[𝑓𝑖(𝐱, 𝑡) − 𝑓𝑖

eq(𝐱, 𝑡)], (2) 

where 𝑓𝑖
eq

 is the local equilibrium distribution function, and 𝜏 is the relaxation time. The right-

hand side of Eq. (2) is the collision operator, which assumes that the particles relax to local 

equilibrium states at a constant rate. The time increment ∆𝑡  satisfies the relation ∆𝑥 = ∆𝑡𝑐 

where ∆𝑥 is the grid spacing, implying that the CFL number is enforced to be 1 in the LBM. 

In the D2Q9 model, the local equilibrium velocity distribution function 𝑓𝑖
eq

 is given by 

𝑓𝑖
eq

= 𝑤𝑖𝜌 [1 +
𝐜𝑖 ∙ 𝐮

𝑐𝑠
2 +

(𝐜𝑖 ∙ 𝐮)2

4𝑐𝑠
2 −

𝐮 ∙ 𝐮

2𝑐𝑠
2 ], (3) 

where 𝜌  and 𝐮  are the density and velocity of the fluid, respectively. 𝑤𝑖  is the weighting 

factor, which is defined as 𝑤0 = 4 9 , 𝑤1~4 = 1 9 , 𝑤5~8 = 1 36⁄⁄⁄ . 𝑐𝑠 = 𝑐 √3⁄  is the speed of 

the sound. The relaxation time 𝜏 is related to the fluid kinematic viscosity 𝜐 as follows: 

𝜏 =
1

2
+

𝜐

∆𝑡𝑐𝑠
2. (4) 

Macroscopic variables, such as density 𝜌  and velocity 𝐮  are obtained from the particle 

velocity moments of the distribution functions as follows: 
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𝜌 = ∑ 𝑓𝑖

𝑖

, 𝜌𝐮 = ∑ 𝑓𝑖𝐜𝑖

𝑖

. (5) 

In the athermal models, the fluid pressure is related to the density as 𝑝 = 𝜌𝑐𝑠
2. 

 

2.2. Interpolated bounce-back condition 

To accurately represent complex geometries using the LBM with a Cartesian grid, a special 

treatment is required. In this study, the IBB scheme [20–23] was used for the wall boundary 

condition. 

The IBB approach can consider boundaries located between grid nodes by interpolating the 

distribution function on the boundaries based on the bounce-back rule. In this study, the linear 

interpolation scheme proposed by Yu et al. [22] was used. This scheme is expressed as follows: 

𝑓𝑖̅(𝐱𝑏 , 𝑡 + ∆𝑡) =
𝑞𝑖

1 + 𝑞𝑖
[𝑓𝑖(𝐱𝑏 , 𝑡) + 𝑓𝑖̅(𝐱𝑏 , 𝑡)] +

1 − 𝑞𝑖

1 + 𝑞𝑖
𝑓𝑖(𝐱𝑏 − ∆𝑡𝐜𝑖 , 𝑡), (6) 

where 𝑖 ̅ denotes the direction opposite to 𝑖, and 𝑓 is the distribution function after the collision 

operation. Figure 2 illustrates the computational nodes near the wall boundary in the grid along 

direction 𝑖 . In this figure, the black and white dots indicate the nodes in the fluid and solid, 

respectively. 𝐱𝑏  is the closest node to the wall in the fluid, and 𝑞𝑖  represents the distance 

between node 𝐱𝑏 and the wall (0 ≤ 𝑞𝑖 < ∆𝑥). Equation (6) gives the wall boundary condition 

by linear interpolation using the distribution functions at 𝐱𝑏 and its adjacent node 𝐱𝑏 − 𝐜𝑖∆𝑡. 

This single scheme is valid for all values of 𝑞𝑖, unlike the well-known multiple schemes proposed 

by Bouzidi et al. [20]. Both schemes have been shown to be comparable in terms of accuracy and 

numerical stability [21,22]. 

The IBB condition has an important role not only for fluid analysis but also for sensitivity 

analysis. If the computational nodes are fixed, 𝑞𝑖 depends only on object geometry. This implies 

that the geometric changes can be considered through 𝑞𝑖 in the simulations. By using the IBB 

condition, arbitrary parameters defining the object geometries can be adopted as the design 

variables in the sensitivity analysis based on the adjoint method. 

 

 

 

Fig. 1. D2Q9 model Fig. 2. Computational nodes near wall boundary 

1

2

3

4

56

7 8
x

y

0

Fluid Solid

Wall



5 

 

3. Sensitivity analysis method 

3.1. Formulation of optimization problem 

This section formulates the minimization problem for flow-induced sounds in a manner 

similar to that proposed by Vergnault and Sagaut [15]. In this approach constraint condition for a 

particle with velocity 𝐜𝑗 (𝑗 = 0,1, ⋯ ,8)  at node 𝐱𝑘  (𝑘 = 1,2, ⋯ , 𝑁𝑥)  and time step 𝑡𝑛 (𝑛 =

1,2, ⋯ , 𝑁𝑡) is expressed as 𝑅𝑗(𝐱𝑘 , 𝑡𝑛) = 0. If 𝑋𝑓 is defined as a subset of the computational 

nodes whose elements are located in the fluid, 𝑅𝑗(𝐱𝑘 , 𝑡𝑛) is expressed using the LBE (2) and the 

IBB condition (6), as follows: 

(a) if 𝐱𝑘 + 𝐜𝑗∆𝑡 ∈ 𝑋𝑓 

𝑅𝑗(𝐱𝑘 , 𝑡𝑛) = 𝑓𝑗(𝐱𝑘 + ∆𝑡𝐜𝑗 , 𝑡𝑛+1) − 𝑓𝑗(𝐱𝑘 , 𝑡𝑛) +
1

𝜏
[𝑓𝑗(𝐱𝑘 , 𝑡𝑛) − 𝑓𝑗

eq(𝐱𝑘, 𝑡𝑛)], (7) 

(b) otherwise 

𝑅𝑗(𝐱𝑘 , 𝑡𝑛) = 𝑓𝑗̅(𝐱𝑘 , 𝑡𝑛+1) −
𝑞𝑗(𝐱𝑘)

1 + 𝑞𝑗(𝐱𝑘)
[𝑓𝑗(𝐱𝑘 , 𝑡𝑛) + 𝑓𝑗̅(𝐱𝑘 , 𝑡𝑛)]

−
1 − 𝑞𝑗(𝐱𝑘)

1 + 𝑞𝑗(𝐱𝑘)
𝑓𝑗(𝐱𝑘 − ∆𝑡𝐜𝑗, 𝑡𝑛). 

(8) 

These equations indicate that the constraint condition is switched depending on whether the 

streaming destination of a particle is a fluid or solid region. 

The objective function 𝐼 is defined as the square mean of the sound pressure in an arbitrary 

observation region and at an arbitrary observation time: 

𝐼 =
1

|𝑋obs||𝑇obs|
∑ ∑ {𝑝(𝐱𝑘 , 𝑡𝑛) − 𝑝0}2

𝑡𝑛∈𝑇obs𝐱𝑘∈𝑋obs

, (9) 

where 𝑋obs indicates a class consisting of nodes where the observation is conducted, and 𝑇obs 

indicates a class consisting of time steps when the observation is conducted. 𝑝0 is the reference 

pressure. 

   The design variables, which are selected from arbitrary parameters defining object geometries, 

are denoted by 𝛼𝑚（𝑚 = 1,2, ⋯ , 𝑁𝛼）. The sensitivity of the objective function 𝐼 with respect to 

design variables 𝛼𝑚 is written as 

𝑑𝐼

𝑑𝛼𝑚
=

𝜕𝐼

𝜕𝛼𝑚
+

𝜕𝐼

𝜕𝑓

𝜕𝑓

𝜕𝛼𝑚
. (10) 

𝜕𝑓 𝜕𝛼𝑚⁄  in Eq. (10) can be evaluated by conducting two flow simulations for different values of 

𝛼𝑚 and calculating the difference between these results. However, performing such an approach 

becomes difficult as the number of design variables 𝑁𝛼 increases. 

   In this study, the optimization problem was formulated using the Lagrange multiplier method. 

This approach enables the evaluation of the sensitivities of the objective function to numerous 

design variables without repeating the flow simulations. The Lagrangian 𝐽 is defined as follows: 
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𝐽 = 𝐼 + ∑ ∑ ∑ 𝑓𝑗
∗(𝐱𝑘, 𝑡𝑛+1)𝑅𝑗(𝐱𝑘 , 𝑡𝑛)

𝑛𝑘𝑗

, (11) 

where 𝑓𝑗
∗(𝐱𝑘, 𝑡𝑛+1) are the adjoint states (Lagrange multiplier). Using the adjoint state 𝑓∗, the 

sensitivity of the objective function 𝐼 to design variables 𝛼𝑚 is given as follows: 

𝑑𝐼

𝑑𝛼𝑚
=

𝜕𝐽

𝜕𝛼𝑚
=

𝜕𝐼

𝜕𝛼𝑚
+ ∑ ∑ ∑ 𝑓𝑗

∗(𝐱𝑘, 𝑡𝑛+1)

𝑛𝑘𝑗

𝜕𝑅𝑗(𝐱𝑘 , 𝑡𝑛)

𝜕𝛼𝑚
. (12) 

Here, the adjoint state 𝑓∗ at an arbitrary node 𝐱𝑘0
, time 𝑡𝑛0

, and discrete velocity 𝐜𝑖  satisfies 

the following equation. 

𝜕𝐽

𝜕𝑓𝑖(𝐱𝑘0
, 𝑡𝑛0

)
=

𝜕𝐼

𝜕𝑓𝑖(𝐱𝑘0
, 𝑡𝑛0

)
+ ∑ ∑ ∑ 𝑓𝑗

∗(𝐱𝑘, 𝑡𝑛+1)
𝜕𝑅𝑗(𝐱𝑘 , 𝑡𝑛)

𝜕𝑓𝑖(𝐱𝑘0
, 𝑡𝑛0

)
𝑛𝑘𝑗

= 0. (13) 

Equation (13) presents the adjoint equation, as shown in the following sections. By solving the 

derived adjoint equation numerically, the adjoint state 𝑓∗  is obtained, and the sensitivity is 

calculated by substituting 𝑓∗ into Eq. (12). 

 

3.2. Adjoint equation for inner nodes 

In this subsection, the adjoint equation is presented for computational nodes that are free from 

the influence of the IBB condition. These nodes are located more than 2∆𝑥 away from the wall. 

By substituting Eq. (7) into Eq. (13) and executing derivative operations, the following adjoint 

equation is obtained (see appendix A and [15] for details) . 

𝑓𝑖
∗(𝐱𝑘0

− ∆𝑡𝐜𝑖 , 𝑡𝑛0
)

= 𝑓𝑖
∗(𝐱𝑘0

, 𝑡𝑛0+1) +
1

𝜏
[𝑓𝑖

∗(𝐱𝑘0
, 𝑡𝑛0+1) − 𝑓𝑖

∗,eq
(𝐱𝑘0

, 𝑡𝑛0+1)]

−
𝜕𝐼

𝜕𝑓𝑖(𝐱𝑘0
, 𝑡𝑛0

)
. 

(14) 

Here, 𝑓𝑖
∗,eq

  is the local equilibrium distribution function for the adjoint equation (14) and is 

defined as follows: 

𝑓𝑖
∗,eq

= 𝜌∗ +
(𝐜𝑖 − 𝐮) ∙ 𝐣∗

𝑐𝑠
2 , (15) 

where 𝜌∗ and 𝐣∗ are given by 

𝜌∗ = ∑ 𝑤𝑗𝑓𝑗
∗ [1 +

𝐜𝑗 ∙ 𝐮

𝑐𝑠
2 +

(𝐜𝑗 ∙ 𝐮)
2

2𝑐𝑠
4 −

𝐮 ∙ 𝐮

2𝑐𝑠
2 ]

𝑗

, (16) 

𝐣∗ = ∑ 𝑤𝑗𝑓𝑗
∗ [(1 +

𝐜𝑗 ∙ 𝐮

𝑐𝑠
2 ) 𝐜𝑗 − 𝐮]

𝑗

. (17) 

Furthermore, the last term in Eq. (14) can be expressed by using Eq. (9) as 
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𝜕𝐼

𝜕𝑓𝑖(𝐱𝑘0
, 𝑡𝑛0

)
= {

2𝑐𝑠
4(𝜌 − 𝜌0) |𝑋obs||𝑇obs|⁄ , if  𝐱𝑘0

∈ 𝑋obs and 𝑡𝑛0
∈ 𝑇obs

0, otherwise
. (18) 

As shown in Eq. (14), the adjoint equation has a form similar to that of the LBE (2). This 

implies that the adjoint equation can be computed as easily as the LBM. Note that particles in the 

adjoint equation go backward in space and time against those in the LBE. In addition, the 

calculation of Eqs. (15)–(17) requires the flow velocity 𝐮. Therefore, the instantaneous velocity 

data must be stored for all computational nodes for all the observation time steps in the fluid 

simulation. 

 

3.3. Adjoint equation for boundary nodes 

In this subsection, the adjoint equation is derived for the nodes located near the wall 

boundaries and affected by the IBB condition. The IBB condition (8) contains the distribution 

function after the collision operation at the boundary node and its neighbor node. Therefore, 

several terms originating from the IBB condition appear in the adjoint equation for particles that 

are not directly imposed by the IBB condition at these nodes. 

By substituting Eqs. (7) and (8) into Eq. (13) and executing the derivative operation, the 

following adjoint equations are obtained: here, 𝜕𝐼 𝜕𝑓⁄ = 0 is used because sounds are observed 

in regions away from the wall boundaries. The adjoint equation is as follows (see appendix A for 

a detailed derivation): 

(a) if 𝐱𝑘0
− ∆𝑡𝐜𝑖 ∉ 𝑋𝑓 

𝑓𝑖̅
∗(𝐱𝑘0

, 𝑡𝑛0
) = 𝑓𝑖

∗(𝐱𝑘0
, 𝑡𝑛0+1) +

1

𝜏
[𝑓𝑖

∗(𝐱𝑘0
, 𝑡𝑛0+1) − 𝑓𝑖

∗,eq
(𝐱𝑘0

, 𝑡𝑛0+1)]

+
𝑞𝑖̅(𝒙𝑘𝟎

)

1 + 𝑞𝑖̅(𝒙𝑘𝟎
)

(1 −
1

𝜏
) 𝑓𝑖̅

∗(𝒙𝑘𝟎
, 𝑡𝑛0+1) + 𝜒𝑖(𝒙𝑘𝟎

, 𝑡𝑛0+1)

+ 𝜓𝑖(𝒙𝑘𝟎
, 𝑡𝑛0+1), 

(19) 

(b) otherwise 

𝑓𝑖
∗(𝐱𝑘0

− ∆𝑡𝐜𝑖 , 𝑡𝑛0
)

= 𝑓𝑖
∗(𝐱𝑘0

, 𝑡𝑛0+1) +
1

𝜏
[𝑓𝑖

∗(𝐱𝑘0
, 𝑡𝑛0+1) − 𝑓𝑖

∗,eq
(𝐱𝑘0

, 𝑡𝑛0+1)]

+ 𝜒𝑖(𝐱𝑘0
, 𝑡𝑛0+1) + 𝜓𝑖(𝐱𝑘0

, 𝑡𝑛0+1), 

(20) 

where 𝜒 and 𝜓 are given as follows: 

𝜒𝑖(𝐱𝑘0
, 𝑡𝑛0+1) = ∑

1

1 + 𝑞𝑗(𝐱𝑘)
𝑓𝑗

∗(𝐱𝑘, 𝑡𝑛0+1) [− (1 −
1

𝜏
) 𝛿𝐱𝑘,𝐱𝑘0

𝛿𝑗,𝑖

𝐱̃𝑘𝑗∈𝑋𝑏1

−
1

𝜏

𝜕𝑓𝑗
eq

𝜕𝑓𝑖
𝛿𝐱𝑘,𝐱𝑘0

+ 𝑞𝑗(𝐱𝑘)
1

𝜏

𝜕𝑓𝑗̅
eq

𝜕𝑓𝑖
𝛿𝐱𝑘,𝐱𝑘0

], 

(21) 
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𝜓𝑖(𝐱𝑘0
, 𝑡𝑛0+1) = ∑

1 − 𝑞𝑗(𝐱𝑘 + ∆𝑡𝐜𝑗)

1 + 𝑞𝑗(𝐱𝑘 + ∆𝑡𝐜𝑗)
𝑓𝑗

∗(𝐱𝑘 + ∆𝑡𝐜𝑗 , 𝑡𝑛0+1) [(1 −
1

𝜏
) 𝛿𝐱𝑘,𝐱𝑘0

𝛿𝑖,𝑗

𝐱̃̃𝑘𝑗∈𝑋𝑏2

+
1

𝜏

𝜕𝑓𝑗
eq

𝜕𝑓𝑖
𝛿𝐱𝑘,𝐱𝑘0

]. 

(22) 

Here, 𝑋𝑏1 and 𝑋𝑏2 are the computational elements defined as 

𝑋𝑏1 = {𝐱̃𝑘𝑗 | 𝐱̃𝑘𝑗 ∉ 𝑋𝑓 , 𝐱𝑘 ∈ 𝑋𝑓}, (23) 

𝑋𝑏2 = {𝐱̃̃𝑘𝑗 | 𝐱̃̃𝑘𝑗 ∉ 𝑋𝑓 , 𝐱̃𝑘𝑗 ∈ 𝑋𝑓}, (24) 

where 𝐱̃𝑘𝑗 = 𝐱𝑘 + ∆𝑡𝐜𝑗 and 𝐱̃̃𝑘𝑗 = 𝐱𝑘 + 2∆𝑡𝐜𝑗. In addition, 𝜕𝑓𝑗
eq

𝜕𝑓𝑖⁄  in Eqs. (21) and (22) are 

calculated as follows [15]: 

𝜕𝑓𝑗
eq

𝜕𝑓𝑖
= 𝑤𝑗 {1 +

𝐜𝑗 ∙ 𝐮

𝑐𝑠
2 +

(𝐜𝑗 ∙ 𝐮)
2

2𝑐𝑠
4 −

𝐮 ∙ 𝐮

2𝑐𝑠
2 +

(𝐜𝑖 − 𝐮)

𝑐𝑠
2 ∙ [(1 +

𝐜𝑗 ∙ 𝐮

𝑐𝑠
2 ) 𝐜𝑗 − 𝐮]}. (25) 

Eq. (19) corresponds to the wall boundary condition for the adjoint equation (14). For other 

particles located within 2∆𝑥 from the wall, Eq. (20) is constituted by adding the 

terms 𝜒 and 𝜓 originated from the IBB condition to the adjoint equation (14). For inner nodes 

located more than 2∆𝑥 away from the wall, Eq. (20) is reduced to Eq. (14). 

In a previous study, Cheylan et al. formulated the adjoint equation for the IBB condition [19]. 

In their formula, these additional terms are not considered because the adjoint equations for the 

inner and boundary nodes are derived independently. In the present study, the adjoint equations 

were formulated to exactly satisfy Eq. (13), even near the wall boundary, which may evaluate 

the sensitivity more accurately. 

 

3.4. Evaluation of sensitivity 

After computing the adjoint equation, the sensitivities can be calculated by substituting the 

adjoint state 𝑓∗ into Eq. (12), which is transformed using 𝑞𝑗 as follows: 

𝑑𝐼

𝑑𝛼𝑚
= ∑ ∑ ∑ 𝑓𝑗

∗(𝐱𝑘, 𝑡𝑛+1)

𝑛𝑘𝑗

𝜕𝑅𝑗(𝐱𝑘 , 𝑡𝑛)

𝜕𝑞𝑗

𝜕𝑞𝑗

𝜕𝛼𝑚
, (26) 

where 𝜕𝐼 𝜕𝛼𝑚⁄ = 0  is used because the observation region is not set near the object. By 

substituting Eqs. (7) and (8) into Eq. (23) and executing the derivative operation, 

𝜕𝑅𝑗(𝐱𝑘 , 𝑡𝑛) 𝜕𝑞𝑗⁄  is expressed as follows: 

𝜕𝑅𝑗(𝐱𝑘, 𝑡𝑛)

𝜕𝑞𝑗

= {

−1

(1 + 𝑞𝑗)2
[𝑓𝑗(𝐱𝑘, 𝑡𝑛) + 𝑓𝑗̅(𝐱𝑘, 𝑡𝑛)] +

2

(1 + 𝑞𝑗)2
𝑓𝑗(𝐱𝑘 − ∆𝑡𝐜𝑗 , 𝑡𝑛), if 𝐱𝑘 + ∆𝑡𝐜𝑗 ∉ 𝑋𝑓

0, otherwise

. 

(27) 

𝜕𝑞𝑗 𝜕𝛼𝑚⁄  in Eq. (26) can be numerically calculated at a low computational cost. 
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4. Numerical examples 

This section presents two numerical examples to demonstrate the validity of the proposed 

method. One is the sound propagation around a flat plate (acoustic barrier) in a fluid at rest, and 

the other is the Aeolian tone generated from a bluff body in uniform flow. In these validations, 

the sensitivities evaluated by the adjoint method were compared with those evaluated by the finite 

difference method. 

 

4.1. Acoustic barrier 

The first test was conducted for a simple acoustic problem concerning an acoustic barrier in 

a fluid at rest. As shown in Fig.3, a synthetic sound source was placed in a domain surrounded by 

a wall. The domain size was 8 m × 8 m. The observation point, where the objective function 𝐼 

was evaluated, was placed 2 m away from the sound source. In addition, a flat plate was installed 

in the center between the sound source and the observation point as an acoustic barrier, which 

interrupted the sound propagation from the sound source to the observation point. The width of 

the flat plate was 0.20 m, and the flat plate length L was varied in the range of 0.16 m ≤ 𝐿 ≤

1.4 m. The flat plate length L was considered as the design variable in this test problem, and the 

sensitivity of the objective function 𝐼 with respect to the flat plate length L was evaluated. 

In the fluid simulation, the sound was generated by adding a source term to Eq. (2) at the 

location of the sound source as follows: 

𝑓𝑖(𝐱 + ∆𝑡𝐜𝑖 , 𝑡 + ∆𝑡) = 𝑓𝑖(𝐱, 𝑡) −
1

𝜏
[𝑓𝑖(𝐱, 𝑡) − 𝑓𝑖

eq(𝐱, 𝑡)] + 𝑤𝑖𝜌𝑠sin(2𝜋𝑓𝑠𝑡). (28) 

The amplitude 𝜌𝑠 was set as 𝜌𝑠 = 1.0 × 10−2𝜌0, where 𝜌0 is the reference density. For the 

sound source frequency 𝑓𝑠, three conditions of 2, 4, and 8 kHz were considered. 

The domain was discretized into 10252  grid points. The time increment  ∆𝑡  was 

1.3 × 10−5 s. The fluid kinematic viscosity 𝜐 was set to 0.005 m2 s⁄ . The initial condition was 

uniformly given by the local equilibrium distribution function calculated from the conditions of 

𝜌 = 𝜌0 and 𝐮 = 𝟎. The fluid simulations were completed before the sounds that reflected off the 

outer walls reached the observation point. The total number of time steps was 800 for the fluid 

and adjoint simulations.  

Figure 4 plots the relationship between the flat plate length L and the objective function 𝐼. In 

this figure, the objective function 𝐼 was normalized using the maximum value 𝐼max. The figure 

shows that as the flat plate length L increases, the sound propagation toward the observation point 

is interrupted more effectively, and the objective function 𝐼 decreases exponentially. Moreover, 

the curve naturally depends on the sound frequency 𝑓𝑠, owing to the difference in the diffraction 

effect. 
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Figure 5 compares the evaluated sensitivities of the objective function 𝐼 with respect to the 

flat plate length L between the adjoint method and the finite difference method. Note that in the 

finite difference method, the sensitivities were evaluated by avoiding the conditions where the 

edges of the flat plate exactly coincide with the grid lines, because the IBB condition is not 

continuous around 𝑞𝑖 = 0. In addition to the exact adjoint equation, the present study tested for 

the approximated equation, where the terms 𝜒𝑖 and 𝜓𝑖 were neglected in equation (20). Such 

an approximation was involved in the formulation proposed by the previous study [19]. 

As shown in Fig. 5, the sensitivity also depends on the flat plate length L and sound frequency 

𝑓𝑠. In terms of these points, the sensitivities evaluated by the proposed method agreed well with 

those evaluated by the finite difference method. The maximum value of the relative error for the 

exact equation was 0.038%. These results suggest that the formulation of the proposed adjoint 

method using the IBB condition is correct. Furthermore, the exact equation provides better results 

than the approximated equation, implying that the proposed formulation is more accurate than the 

existing one. 

 

 

Fig. 3. Computational domain for the acoustic barrier and an instantaneous contour of density 

fluctuation. 
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Fig. 4. Objective function calculated for various lengths of the acoustic barrier 

 

 

Fig. 5. Sensitivity of the objective function to the length of the acoustic barrier 
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4.2.1. Computational setup 

Second, the proposed method was applied to the Aeolian tone of a cylinder in uniform flow, 

and the sensitivity evaluated using the adjoint method was validated. Furthermore, the shape of 

the cylinder was optimized using sensitivity analysis. 

The object shape was defined by an Akima spline [28] using 21 control points. In the initial 

shape, the control points were evenly spaced on a circle of diameter D, as shown in Fig. 6. The 

shape was symmetrical with respect to the x-axis, which was parallel to the free stream. The 

circumferential position 𝜃𝑚 of each point was fixed, and the radial position 𝑟𝑚 of each point 
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modified using the gradient descent method according to the sensitivity analysis results, as 

follows: 

𝛼𝑚
ℎ+1 = 𝛼𝑚

ℎ − 𝜂
𝑑𝐼

𝑑𝛼𝑚
, (29) 

where superscript ℎ  indicates the number of updates. The step size 𝜂  was fixed at 

𝜂 (𝐷2 𝐼0⁄ )⁄ = 0.03, where 𝐼0 is the objective function calculated for the initial shape. The value 

was determined after some trials to obtain converged shapes. By using the adjoint method, this 

study can explore more complex geometries compare with past optimizations for the Aeolian tone 

of a bluff body [29,30]. 

In this problem, the Mach number of the uniform flow was 0.2, and the Reynolds number 

based on the circular cylinder diameter D was 150. The computational domain was a square with 

a side of 2048D, as shown in Fig. 7. This domain was sufficiently large to capture the waves of 

the Aeolian tone, the wavelength of which was estimated as 27D under this flow condition. As 

shown in Fig. 7, the domain was divided into 400 sub-domains, each of which 

contains 131 × 131 grid points. The fine grids were arranged near the cylinder, and the smallest 

grid spacing was 0.0154D. To enable the LBM simulation using locally refined grids, the 

distribution function was interpolated and rescaled at the interface between two differently sized 

grids using a multi-scale approach [31,32]. This method was validated for the Aeolian tone of a 

circular cylinder in a previous report [6]. 

To prevent sound reflection from the outer boundaries, sound waves were absorbed in the 

region defined as 𝑟 > 768𝐷, where 𝑟 is the radial coordinate. In this region, the damping term 

[33] is added to Eq. (1) as follows: 

𝑓𝑖(𝐱 + ∆𝑡𝐜𝑖 , 𝑡 + ∆𝑡)

= 𝑓𝑖(𝐱, 𝑡) −
1

𝜏
[𝑓𝑖(𝐱, 𝑡) − 𝑓𝑖

eq(𝐱, 𝑡)] − 𝛼 (
𝑥𝑑

𝐿𝑑
)

2

[𝑓𝑖
eq(𝐱, 𝑡) − 𝑓𝑖

∞(𝐱, 𝑡)], 
(30) 

where 𝐿𝑑 indicates the width of the absorbing region in the radial direction, and 𝑥𝑑 indicates 

the distance from the inner boundary of the absorbing region. In this study, 𝐿𝑑 was 256D, which 

is sufficiently large to include nine wavelengths or more in the radial direction. 𝑓𝑖
∞ is the local 

equilibrium function calculated from the free-stream density and velocity. Parameter α was set 

to 0.05. In addition, the adjoint equation (14) was modified for the absorbing region as follows: 

𝑓𝑖
∗(𝐱𝑘0

− ∆𝑡𝐜𝑖 , 𝑡𝑛0
)

= 𝑓𝑖
∗(𝐱𝑘0

, 𝑡𝑛0+1) +
1

𝜏
[𝑓𝑖

∗(𝐱𝑘0
, 𝑡𝑛0+1) − 𝑓𝑖

∗,eq
(𝐱𝑘0

, 𝑡𝑛0+1)]

− 𝛼 (
𝑥𝑑

𝐿𝑑
)

2

𝑓𝑖
∗,eq

(𝐱𝑘0
, 𝑡𝑛0+1). 

(31) 
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The observation lines, where the objective function was evaluated, were defined as shown in 

Fig. 8. The lines were installed along the computational grid to surround the cylinder, except for 

downstream of the cylinder. Downstream of the cylinder, pressure fluctuations are generated not 

only by sound waves, but also by the wake flow. The distance between the cylinder and 

observation lines was defined as 𝐿obs. The observation was initiated at the 250,000th time step 

from the start of the calculation, after periodic fluctuations were observed in the flow and acoustic 

fields. In this test, the effects of the position and duration of the observation on the sensitivity 

evaluation were investigated. 

 

 

 

Fig. 6. Geometry definition 
Fig. 7. Computational domain for bluff 

body’s Aeolian tone 

 

 

Fig. 8. Observation position for the Aeolian tone of a cylinder 
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4.2.2. Sensitivity analysis results 

In this subsection, the sensitivity analysis results are discussed. Figures 9–11 show the 

sensitivity distributions of objective function 𝐼  with respect to 𝑟𝑚  along the circumferential 

direction for the initial circular shape. 

First, the effect of the observation position, which is specified by 𝐿obs as shown in Fig. 8, 

on the sensitivity evaluation was investigated. For this purpose, the observation time was fixed to 

16 times longer than the vortex shedding period. As shown in Fig. 8, in the case of 𝐿obs 𝐷⁄ < 20, 

the peak of the sensitivity appears near 𝜃 = 80°, which corresponds to the separation point. For 

𝐿obs 𝐷⁄ ≥ 20, the peak of sensitivity appears near 𝜃 = 100°. These sensitivity distributions tend 

to converge as the observation position is away from the object. These results indicate that the 

sensitive part of the object for the far-field sound is different from that for the near-field sound. 

Therefore, optimization using the near-field sound as the objective function may result in a shape 

different from the optimization using the far-field sound. In the following results, the observation 

position was set to 𝐿obs 𝐷⁄ = 20. 

Second, the effect of the observation time on the sensitivity evaluation is shown in Fig. 10. In 

the figure, the observation time 𝑇obs
∗  is defined as 𝑇obs

∗ = |𝑇obs|∆𝑡, and the vortex shedding period 

𝑇𝑣  is given by 𝑇𝑣 = 𝐷 (𝑆𝑡𝑈∞)⁄ , where 𝑈∞ is the free-stream velocity and 𝑆𝑡 is the Strouhal 

number calculated from the time variations of the lift. Figure 10 shows that the absolute values of 

the sensitivity were underestimated when the observation time was short. As the observation time 

increased, the sensitivity distributions tended to converge. Longer observations require not only 

a longer computational time, but also a larger storage capacity. In the following results, including 

the shape optimizations, the observation time was set as 𝑇obs
∗ 𝑇𝑣⁄ = 16  considering both 

accuracy and computational cost. 

Next, sensitivities evaluated using the adjoint method and finite difference method were 

compared for the conditions of 𝐿obs 𝐷⁄ = 20  and 𝑇obs
∗ 𝑇𝑣⁄ = 16  (Fig.11). Although the 

absolute value of the sensitivity was slightly underestimated by the adjoint method because of the 

short observation time, the distributions agreed well in both results. The relative error of the 

gradient vector ∇𝐼 = [𝑑𝐼 𝑑𝛼1⁄ , 𝑑𝐼 𝑑𝛼2⁄ , ⋯ , 𝑑𝐼 𝑑𝛼𝑚⁄ ]𝑇  was 19.2%, which was calculated as 

‖∇𝐼Adjoint − ∇𝐼FD‖ ‖∇𝐼FD‖⁄  . The accuracy of the sensitivity analysis should be sufficient to 

perform shape optimization using the gradient descent method, in which the direction of the 

gradient vector is more important than the individual values. These results demonstrate that the 

proposed method can directly evaluate the sensitivity of the far-field sound with respect to the 

object shapes. To the best of author’s knowledge, this is the first case in which such sensitivity 

was successfully evaluated by the adjoint LBM. 

Finally, information about computational cost is presented. Table 1 summarizes the execution 

time of the fluid and the sensitivity analysis for 𝑇obs
∗ 𝑇𝑣⁄ = 16, which corresponds to 50,000 time 
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steps. The calculations were performed in parallel using 400 cores. These data indicate that the 

computational times per time step of the LBM and adjoint calculations were comparable. 

Furthermore, the proposed method required 74% of the total execution time to save and reload 

the velocity data. Consequently, the total execution time increased by approximately five times 

compared with the LBM calculation alone. These facts suggest that the proposed adjoint method 

can evaluate sensitivities faster than the conventional finite difference method for five or more 

design variables. However, to temporarily store the velocity data for all 6.9 million grid points 

over 50,000 time steps, SSDs with a capacity of 5.5TB or more were required, which is a problem 

that needs to be addressed for practical applications. 

 

 

Fig. 9. Effect of the observation position on the sensitivity evaluation for the Aeolian tone. 

 

 

Fig. 10. Effect of the observation time on the sensitivity evaluation for the Aeolian tone. 

 

-1.0E-07

-5.0E-08

0.0E+00

5.0E-08

1.0E-07

1.5E-07

2.0E-07

2.5E-07

3.0E-07

3.5E-07

4.0E-07

0 30 60 90 120 150 180

S
en

si
ti

v
it

y
 [

-]

θ [deg]

Lo / D = 3

Lo / D = 5

Lo / D = 10

Lo / D = 20

Lo / D = 40

-1.0E-07

-5.0E-08

0.0E+00

5.0E-08

1.0E-07

1.5E-07

2.0E-07

2.5E-07

3.0E-07

3.5E-07

4.0E-07

0 30 60 90 120 150 180

S
en

si
ti

v
it

y
 [

-]

θ [deg]

Lo / D = 3

Lo / D = 5

Lo / D = 10

Lo / D = 20

Lo / D = 40

-3.0E-08

-2.0E-08

-1.0E-08

0.0E+00

1.0E-08

2.0E-08

3.0E-08

4.0E-08

5.0E-08

6.0E-08

0 30 60 90 120 150 180

S
en

si
ti

v
it

y
 [

-]

θ [deg]

Ta / Tk = 2

Ta / Tk = 4

Ta / Tk = 8

Ta / Tk = 16

Ta / Tk = 32

-3.0E-08

-2.0E-08

-1.0E-08

0.0E+00

1.0E-08

2.0E-08

3.0E-08

4.0E-08

5.0E-08

6.0E-08

0 30 60 90 120 150 180

S
en

si
ti

v
it

y
 [

-]

θ [deg]

Ta / Tk = 2

Ta / Tk = 4

Ta / Tk = 8

Ta / Tk = 16

Ta / Tk = 32



16 

 

 

Fig. 11. Comparison of the sensitivity distributions evaluated by the adjoint method and finite 

difference method. 

 

Table 1. Run-time of the fluid and sensitivity analysis for the aeolian tone using 400 cores. 

Processing Time steps Run-time [min] 

LBM calculation 300,000 9.4 

Adjoint calculation 50,000 2.1 

Saving and reloading velocity data 50,000 33.0 

Total - 44.5 
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any known shapes, such as splitter plates [34–36]. In the case of 𝑁𝛼 = 21, the shape changed 

significantly from the bluff body to a streamlined one. This result is consistent with that of a 

previous study [37]. Although there were no constraints, the positions of the leading and trailing 

edges were almost unchanged from the initial positions in this case. 

 

 

Fig. 12. Optimization convergence histories. 

 

 

Fig. 13. Initial and Optimized shapes 
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In the following, the flow and acoustic fields are compared between the initial and optimized 

shapes. The aeolian tone is mainly contributed by lift fluctuations [38]. Figure 14 shows the time 

variations of the lift coefficient for the initial and optimized shapes, where time 𝑡 is normalized 

with the cylinder diameter and the free-stream velocity, and 𝑡 = 0 corresponds to a positive peak 

of the lift in each result. In the initial shape, the amplitude and Strouhal number for the lift 

fluctuation were 0.527 and 0.182, respectively. These values are close to the numerical results 

reported by Inoue and Hatakeyama, where the amplitude was 0.52, and the Strouhal number was 

0.183 for the same flow condition [38]. In the optimization cases of 𝑁𝛼 = 5  and 21, the 

amplitude was significantly reduced to 0.255 and 0.066, respectively. In addition, for 𝑁𝛼 = 5, 

the Strouhal number was slightly decreased to 0.179 by generating the projections. Conversely, 

for 𝑁𝛼 = 21, the Strouhal number was increased to 0.220 according to the reduction in the wake 

width. The above values of the amplitude and Strouhal number for the lift fluctuation are 

summarized in Table 2, where the mean values of the drag coefficient are also shown. Even an 

optimized shape with projections can reduce mean drag. 

Figure 15 shows instantaneous contours of the pressure fluctuation around the initial and 

optimized shapes at 𝑡 = 0. As shown in Fig. 15 (a), negative and positive pressure fluctuations 

are generated alternately over the upper and lower side of the circular cylinder. These dipole 

sounds propagate in a direction that is inclined slightly upstream from the y direction due to the 

Doppler effect [38]. Although these sound generation and propagation processes are also observed 

around the optimized shapes in Fig. 15 (b) and (c), the sound radiation from these optimized 

shapes is smaller for all directions than that from the initial shape. These results suggest that the 

sound generation is suppressed by the optimized shapes. 

Figure 16 shows instantaneous vorticity distribution around the initial and optimized shapes 

at 𝑡 = 0. The Karman vortex street is observed in the wake behind each body. As shown in Fig. 

16 (a), the vortex rolled up near the rear surface of the circular cylinder, inducing the significant 

lift fluctuation. A comparison between Fig. 16 (a) and (b) reveals that the vortex formation is 

delayed by the projections of the optimized shape. This shape may restrict unsteady behaviors of 

the separated shear layers near the body, suppressing the lift fluctuation and the sound generation. 

Furthermore, Fig. 16 (a) and (c) indicate that the vortices shed from the optimized shape (𝑁𝛼 =

21) is weaker than those from the initial shape. In addition, the vortex-shedding direction of the 

optimized shape (𝑁𝛼 = 21) is more inclined to the streamwise direction compared with the initial 

shape. These flow changes are mainly attributed to the decrease in the curvature of the upper and 

lower surfaces, and the flow acceleration over the surfaces is relaxed in the optimized shape 

compared with the initial shape. Consequently, the lift fluctuation and the Aeolian tone are 

significantly suppressed. 
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Fig. 14. Time variations of lift coefficient. 

 

Table 2. Comparison of the mean drag coefficient, the amplitude of lift the coefficient, and 

the Strouhal number among initial and optimized shapes. 

Autor Shape 𝑪𝑫 𝑪𝑳
′  𝐒𝐭 

Inoue and Hatakeyama [38] Circular cylinder 1.34 0.52 0.183 

Present Circular cylinder 1.32 0.527 0.182 

Present Optimized (𝑁𝛼 = 5) 1.16 0.255 0.179 

Present Optimized (𝑁𝛼 = 21) 0.77 0.066 0.220 
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(a) 

 

  

(b) (c) 

Fig. 15. Instantaneous distributions of pressure fluctuation when the lift coefficient is 

maximum. (a) Initial shape; (b) optimized shape (𝑁𝛼 = 5); (c) optimized shape (𝑁𝛼 = 21). 
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(a) 

 

 

(b) 

 

 

(c) 

Fig. 16. Instantaneous vorticity contours when the lift coefficient is maximum. (a) Initial 

shape; (b) optimized shape (𝑁𝛼 = 5); (c) optimized shape (𝑁𝛼 = 21). 

 

 

 

 

 

 

 

 

0 5 10

0

2

-2

4.0

-4.0

0 5 10

0

2

-2

4.0

-4.0

0 5 10

0

2

-2

4.0

-4.0



22 

 

5. Conclusions 

The adjoint sensitivity analysis method based on the LBE has been proposed to effectively 

suppress the generation of flow-induced sounds by shape optimization. In this method, the flow 

and acoustic fields around complex geometries are directly simulated using the LBM with the 

IBB condition. To efficiently evaluate the sensitivities of numerous design variables for flow-

induced sounds, adjoint equations for the LBM with the IBB condition were formulated. These 

adjoint equations can be computed easily, similar to the LBM. 

The proposed method was validated through two test problems concerning an acoustic barrier 

in a fluid at rest and the Aeolian tone generated from a cylinder in uniform flow. Consequently, 

the sensitivities evaluated by the adjoint method agreed well with those evaluated by the finite 

difference method. Furthermore, shape optimizations were performed to minimize the Aeolian 

tone, and new shapes suppressing sound generation were obtained. 
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Appendix A: Derivation of the adjoint equations 

This appendix shows the detailed derivation of the adjoint equations for the LBE with Yu’s 

IBB condition. First, Eq. (13) is rewritten by renaming the constraint condition 𝑅𝑗(𝐱𝑘 , 𝑡𝑛) in Eqs. 

(7) and (8) into 𝑅𝑗
LBE(𝐱𝑘, 𝑡𝑛) and 𝑅𝑗

IBB(𝐱𝑘 , 𝑡𝑛), respectively, as follows: 

𝜕𝐼

𝜕𝑓𝑖(𝐱𝑘0
, 𝑡𝑛0

)
+ ∑ ∑ 𝑓𝑗

∗(𝐱𝑘 , 𝑡𝑛+1)
𝜕𝑅𝑗

LBE(𝐱𝑘, 𝑡𝑛)

𝜕𝑓𝑖(𝐱𝑘0
, 𝑡𝑛0

)
𝑛𝐱̃𝑘𝑗∉𝑋𝑏1

+ ∑ ∑ 𝑓𝑗
∗(𝐱𝑘 , 𝑡𝑛+1)

𝜕𝑅𝑗
IBB(𝐱𝑘, 𝑡𝑛)

𝜕𝑓𝑖(𝐱𝑘0
, 𝑡𝑛0

)
𝑛𝐱̃𝑘𝑗∈𝑋𝑏1

= 0, 

(A.1) 

where the sums of nodes and particles are combined into one using a variable defined as 𝐱̃𝑘𝑗 =

𝐱𝑘 + ∆𝑡𝐜𝑗. 𝑋𝑏1 is a subset of the computational elements, where the IBB condition is imposed, 

as defined by Eq. (23). The partial derivatives of 𝑅𝑗
LBE(𝐱𝑘, 𝑡𝑛)  and 𝑅𝑗

IBB(𝐱𝑘, 𝑡𝑛)  with 

𝑓𝑖(𝐱𝑘0
, 𝑡𝑛0

) in Eq. (A.1) can be expressed using the delta function 𝛿 as follows: 
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𝜕𝑅𝑗
LBE(𝐱𝑘 , 𝑡𝑛)

𝜕𝑓𝑖(𝐱𝑘0
, 𝑡𝑛0

)
= 𝛿𝐱𝑘+∆𝑡𝐜𝑗,𝐱𝑘0

𝛿𝑡𝑛+1,𝑡𝑛0
𝛿𝑗,𝑖 − (1 −

1

𝜏
) 𝛿𝐱𝑘,𝐱𝑘0

𝛿𝑡𝑛,𝑡𝑛0
𝛿𝑗,𝑖

−
1

𝜏

𝜕𝑓𝑗
eq

𝜕𝑓𝑖
𝛿𝐱𝑘,𝐱𝑘0

𝛿𝑡𝑛,𝑡𝑛0
, 

(A.2) 

 

𝜕𝑅𝑗
IBB(𝐱𝑘 , 𝑡𝑛)

𝜕𝑓𝑖(𝐱𝑘0
, 𝑡𝑛0

)
= 𝛿𝐱𝑘,𝐱𝑘0

𝛿𝑡𝑛+1,𝑡𝑛0
𝛿𝑗̅,𝑖

−
𝑞𝑗(𝐱𝑘)

1 + 𝑞𝑗(𝐱𝑘)
[(1 −

1

𝜏
) 𝛿𝐱𝑘,𝐱𝑘0

𝛿𝑡𝑛,𝑡𝑛0
𝛿𝑗,𝑖 +

1

𝜏

𝜕𝑓𝑗
eq

𝜕𝑓𝑖
𝛿𝐱𝑘,𝐱𝑘0

𝛿𝑡𝑛,𝑡𝑛0

+ (1 −
1

𝜏
) 𝛿𝐱𝑘,𝐱𝑘0

𝛿𝑡𝑛,𝑡𝑛0
𝛿𝑗̅,𝑖 +

1

𝜏

𝜕𝑓𝑗̅
eq

𝜕𝑓𝑖
𝛿𝐱𝑘,𝐱𝑘0

𝛿𝑡𝑛,𝑡𝑛0
]

−
1 − 𝑞𝑗(𝐱𝑘)

1 + 𝑞𝑗(𝐱𝑘)
[(1 −

1

𝜏
) 𝛿𝐱𝑘−𝐜𝑗∆𝑡,𝐱𝑘0

𝛿𝑡𝑛,𝑡𝑛0
𝛿𝑗,𝑖

+
1

𝜏

𝜕𝑓𝑗
eq

𝜕𝑓𝑖
𝛿𝐱𝑘−𝐜𝑗∆𝑡,𝐱𝑘0

𝛿𝑡𝑛,𝑡𝑛0
]. 

(A.3) 

It was carefully considered whether or not each term in these equations remains after substituting 

into Eq. (A.1), as shown in the following subsections. 

 

A.1. Derivation for inner nodes 

If 𝐱𝑘0
 is an inner node located more than 2∆𝑥 away from the wall, the second term in Eq. 

(A.1) is expressed as follows: 

∑ ∑ 𝑓𝑗
∗(𝐱𝑘 , 𝑡𝑛+1)

𝜕𝑅𝑗
LBE(𝐱𝑘, 𝑡𝑛)

𝜕𝑓𝑖(𝐱𝑘0
, 𝑡𝑛0

)
𝑛𝐱̃𝑘𝑗∉𝑋𝑏1

= 𝑓𝑖
∗(𝐱𝑘0 − ∆𝑡𝐜𝑖 , 𝑡𝑛0

) − (1 −
1

𝜏
) 𝑓𝑖

∗(𝐱𝑘0
, 𝑡𝑛0+1)

−
1

𝜏
∑ 𝑓𝑗

∗(𝐱𝑘0
, 𝑡𝑛0+1)

𝜕𝑓𝑗
eq

𝜕𝑓𝑖
(𝐱𝑘0

, 𝑡𝑛0
)

𝑗

. 

(A.4) 

The third term in Eq. (A.1) is obviously zero for inner nodes. The adjoint equation (14) was 

obtained by expressing the last term in the Eq. (A.4) as 𝑓𝑖
∗,eq

(𝐱𝑘0
, 𝑡𝑛0+1) and substituting Eq. 

(A.4) into Eq. (A.1). A detailed derivation of 𝑓𝑖
∗,eq

 is available in the literature [15]. 

 

A.2. Derivation for boundary nodes 

Next, the cases that 𝐱𝑘0
 is located within 2∆𝑥 from the wall are considered. For these nodes, 

the first term in Eq. (A.1) is zero because sounds are observed in regions distant from the wall 
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boundaries. The particles in these nodes are divided into the following two cases. 

(a) If 𝐱𝑘0
− ∆𝑡𝐜𝑖 ∉ 𝑋𝑓 

These particles require the boundary condition for the adjoint equation. For such particles, the 

second and third terms in Eq. (A.1) are expressed as follows: 

∑ ∑ 𝑓𝑗
∗(𝐱𝑘, 𝑡𝑛+1)

𝜕𝑅𝑗
LBE(𝐱𝑘, 𝑡𝑛)

𝜕𝑓𝑖(𝐱𝑘0
, 𝑡𝑛0

)
𝑛𝐱̃𝑘𝑗∉𝑋𝑏1

 

= − (1 −
1

𝜏
) 𝑓𝑖

∗(𝐱𝑘0
, 𝑡𝑛0+1) −

1

𝜏
𝑓𝑖

∗,eq
(𝐱𝑘0

, 𝑡𝑛0+1)

+ ∑
1

𝜏
𝑓𝑗

∗(𝐱𝑘, 𝑡𝑛0+1)
𝜕𝑓𝑗

eq

𝜕𝑓𝑖
𝛿𝐱𝑘,𝐱𝑘0

𝐱̃𝑘𝑗∈𝑋𝑏1

, 

(A.5) 

 

∑ ∑ 𝑓𝑗
∗(𝐱𝑘, 𝑡𝑛+1)

𝜕𝑅𝑗
IBB(𝐱𝑘, 𝑡𝑛)

𝜕𝑓𝑖(𝐱𝑘0
, 𝑡𝑛0

)
𝑛𝐱̃𝑘𝑗∈𝑋𝑏1

= 𝑓𝑖̅
∗(𝐱𝑘0

, 𝑡𝑛0
) −

𝑞𝑖̅(𝐱𝑘0
)

1 + 𝑞𝑖̅(𝐱𝑘0
)

(1 −
1

𝜏
) 𝑓𝑖̅

∗(𝐱𝑘0
, 𝑡𝑛0+1)

+ ∑ 𝑓𝑗
∗(𝐱𝑘, 𝑡𝑛0+1)

−𝑞𝑗(𝐱𝑘)

1 + 𝑞𝑗(𝐱𝑘)
[
1

𝜏

𝜕𝑓𝑗
eq

𝜕𝑓𝑖
𝛿𝐱𝑘,𝐱𝑘0

+
1

𝜏

𝜕𝑓𝑗̅
eq

𝜕𝑓𝑖
𝛿𝐱𝑘,𝐱𝑘0

]

𝐱̃𝑘𝑗∈𝑋𝑏1

− ∑ 𝑓𝑗
∗(𝐱𝑘, 𝑡𝑛0+1)

1 − 𝑞𝑗(𝐱𝑘)

1 + 𝑞𝑗(𝐱𝑘)
[(1 −

1

𝜏
) 𝛿𝐱𝑘−𝐜𝑗∆𝑡,𝐱𝑘0

𝛿𝑗,𝑖

𝐱̃𝑘𝑗∈𝑋𝑏1

+
1

𝜏

𝜕𝑓𝑗
eq

𝜕𝑓𝑖
𝛿𝐱𝑘−𝐜𝑗∆𝑡,𝐱𝑘0

]. 

(A.6) 

Unlike in Eq. (A.4) for inner nodes, the last term in Eq. (A.5) appears owing to the absence of the 

LBE for the computational element 𝐱̃𝑘0𝑖. By using a variable defined as 𝐱̃̃𝑘𝑗 = 𝐱𝑘 + 2∆𝑡𝐜𝑗, the 

last term in Eq. (A.6) is transformed to 𝜓𝑖(𝐱𝑘0
, 𝑡𝑛0+1), as shown in Eq. (22). The substitution of 

Eqs. (A.5) and (A.6) into Eq. (A.1) results in the following equation. 
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𝑓𝑖̅
∗(𝐱𝑘0

, 𝑡𝑛0
) − (1 −

1

𝜏
) 𝑓𝑖

∗(𝐱𝑘0
, 𝑡𝑛0+1) −

1

𝜏
𝑓𝑖

∗,eq
(𝐱𝑘0

, 𝑡𝑛0+1)

−
𝑞𝑖̅(𝐱𝑘0

)

1 + 𝑞𝑖̅(𝐱𝑘0
)

(1 −
1

𝜏
) 𝑓𝑖̅

∗(𝐱𝑘0
, 𝑡𝑛0+1)

+ ∑ 𝑓𝑗
∗(𝐱𝑘, 𝑡𝑛0+1)

1

1 + 𝑞𝑗(𝐱𝑘)
[
1

𝜏

𝜕𝑓𝑗
eq

𝜕𝑓𝑖
𝛿𝐱𝑘,𝐱𝑘0

𝐱̃𝑘𝑗∈𝑋𝑏1

− 𝑞𝑗(𝐱𝑘)
1

𝜏

𝜕𝑓𝑗̅
eq

𝜕𝑓𝑖
𝛿𝐱𝑘,𝐱𝑘0

] − 𝜓𝑖(𝐱𝑘0
, 𝑡𝑛0+1) = 0. 

(A.7) 

 

(b) Otherwise 

These particles do not require the boundary condition, but additional terms originated from the 

IBB conditions appear, unlike in the inner nodes. The second and third terms in Eq. (A.1) are 

expressed as follows: 

∑ ∑ 𝑓𝑗
∗(𝐱𝑘, 𝑡𝑛+1)

𝜕𝑅𝑗
LBE(𝐱𝑘, 𝑡𝑛)

𝜕𝑓𝑖(𝐱𝑘0
, 𝑡𝑛0

)
𝑛𝐱̃𝑘𝑗∉𝑋𝑏1

= 𝑓𝑖
∗(𝐱𝑘0

− ∆𝑡𝐜𝑖 , 𝑡𝑛0
) − (1 −

1

𝜏
) 𝑓𝑖

∗(𝐱𝑘0
, 𝑡𝑛0+1)

+ ∑ (1 −
1

𝜏
) 𝑓𝑗

∗(𝐱𝑘, 𝑡𝑛0+1)𝛿𝐱𝑘,𝐱𝑘0
𝛿𝑗,𝑖

𝐱̃𝑘𝑗∈𝑋𝑏1

−
1

𝜏
𝑓𝑖

∗,eq
(𝐱𝑘0

, 𝑡𝑛0+1)

+ ∑
1

𝜏
𝑓𝑗

∗(𝐱𝑘, 𝑡𝑛0+1)
𝜕𝑓𝑗

eq

𝜕𝑓𝑖
𝛿𝐱𝑘,𝐱𝑘0

𝐱̃𝑘𝑗∈𝑋𝑏1

, 

(A.8) 

 

∑ ∑ 𝑓𝑗
∗(𝐱𝑘, 𝑡𝑛+1)

𝜕𝑅𝑗
IBB(𝐱𝑘, 𝑡𝑛)

𝜕𝑓𝑖(𝐱𝑘0
, 𝑡𝑛0

)
𝑛𝐱̃𝑘𝑗∈𝑋𝑏1

= ∑ 𝑓𝑗
∗(𝐱𝑘, 𝑡𝑛0+1)

−𝑞𝑗(𝐱𝑘)

1 + 𝑞𝑗(𝐱𝑘)
[(1 −

1

𝜏
) 𝛿𝐱𝑘,𝐱𝑘0

𝛿𝑗,𝑖

𝐱̃𝑘𝑗∈𝑋𝑏1

+
1

𝜏

𝜕𝑓𝑗
eq

𝜕𝑓𝑖
𝛿𝐱𝑘,𝐱𝑘0

+
1

𝜏

𝜕𝑓𝑗̅
eq

𝜕𝑓𝑖
𝛿𝐱𝑘,𝐱𝑘0

] − 𝜓𝑖(𝐱𝑘0
, 𝑡𝑛0+1). 

(A.9) 

The substitution of Eqs. (A.8) and (A.9) into Eq. (A.1) yields the following equation. 
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𝑓𝑖
∗(𝐱𝑘0

− ∆𝑡𝐜𝑖 , 𝑡𝑛0
) − (1 −

1

𝜏
) 𝑓𝑖

∗(𝐱𝑘0
, 𝑡𝑛0+1) −

1

𝜏
𝑓𝑖

∗,eq
(𝐱𝑘0

, 𝑡𝑛0+1)

+ ∑ 𝑓𝑗
∗(𝐱𝑘 , 𝑡𝑛0+1)

1

1 + 𝑞𝑗(𝐱𝑘)
[(1 −

1

𝜏
) 𝛿𝐱𝑘,𝐱𝑘0

𝛿𝑗,𝑖

𝐱̃𝑘𝑗∈𝑋𝑏1

+
1

𝜏

𝜕𝑓𝑗
eq

𝜕𝑓𝑖
𝛿𝐱𝑘,𝐱𝑘0

− 𝑞𝑗(𝐱𝑘)
1

𝜏

𝜕𝑓𝑗̅
eq

𝜕𝑓𝑖
𝛿𝐱𝑘,𝐱𝑘0

] − 𝜓𝑖(𝐱𝑘0
, 𝑡𝑛0+1) = 0. 

(A.10) 

The second term to the last in Eq. (A.10) is named as 𝜒𝑖(𝐱𝑘0
, 𝑡𝑛0+1). If 𝐱𝑘0

− ∆𝑡𝐜𝑖 ∉ 𝑋𝑓, the 

first term of 𝜒𝑖 disappears, then 𝜒𝑖 equals to the second term to the last in Eq. (A.7). Therefore, 

the adjoint equations for boundary nodes can be expressed using 𝜒𝑖, as shown in Eqs. (19) and 

(20). 
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