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Abstract 

The principal objectives of this study were to calculate the relationship between bone mineral 

density (porosity) and the Young's modulus of bone theoretically and compare with Keyak's results. In 

this study, bone is first considered as an ideal poroelastic medium. Through Cowin's research, the 

Young's modulus equation of cortical bone and cancellous bone (trabecular bone) was deduced under 

ideal conditions.  

Afterwards, a micromechanical model for the Young’s modulus of bone proposed by Wanger was 

introduced. The model incorporates the platelet-like geometry of the basic reinforcing unit, the presence 

of alternating thin and thick lamellae, and the orientations of the crystal platelets in the lamellae. The 

thin and thick lamellae are modeled as orthotropic composite layers made up of thin rectangular apatite 

platelets within a collagen matrix, and classical orthotropic elasticity theory is used to calculate the 

Young’s modulus of the lamellae. Bone is viewed as an assembly of such orthotropic lamellae bent into 

cylindrical structures, and having a constant, alternating angle between successive lamellae. The 

micromechanical model employs a modified rule-of-mixtures to account for the two types of lamellae.  

By introducing this model, the parameter Es(the highest elastic modulus of bone) in the 

macroscopic model was corrected using a variety of different theoretical equations to estimate the 

Young's modulus of normal bone, bone with osteopenia and bone with osteoporotic, and compared with 

Keyak's experimental data. In the study, through theoretical calculations, it is proved that the calculation 

results of the theoretical model are basically consistent with Keyak's experimental results, and it is found 

that the results obtained by using the HT model in the research are closer to Keyak's experimental results 

than the PB model. 
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1 Introduction 

1.1 The structure of bone 

A bone is a rigid organ that constitutes part of the skeleton in most vertebrate 

animals. Bones protect the various other organs of the body, produce red and white 

blood cells, store minerals, provide structure and support for the body, and enable 

mobility. Bones come in a variety of shapes and sizes and have complex internal and 

external structures. They are lightweight yet strong and hard and serve multiple 

functions.[1][2] 

Bone is not uniformly solid, but consists of a flexible matrix (about 30%) and bound 

minerals (about 70%) which are intricately woven and endlessly remodeled by a group 

of specialized bone cells. Their unique composition and design allows bones to be 

relatively hard and strong, while remaining lightweight. 

Bone matrix is 90 to 95% composed of elastic collagen fibers, also known as ossein, 

and the remainder is ground substance. The elasticity of collagen improves fracture 

resistance. The matrix is hardened by the binding of inorganic mineral salt, calcium 

phosphate, in a chemical arrangement known as bone mineral, a form of calcium 

hydroxyapatite. It is the mineralization that gives bones rigidity. 

Bone is actively constructed and remodeled throughout life by special bone cells 

known as osteoblasts and osteoclasts. Within any single bone, the tissue is woven into 

two main patterns, known as cortical and cancellous bone, each with a different 
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appearance and characteristics. 

The hard outer layer of bones is composed of cortical bone, which is also called 

compact bone as it is much denser than cancellous bone. It forms the hard exterior 

(cortex) of bones. The cortical bone gives bone its smooth, white, and solid appearance, 

and accounts for 80% of the total bone mass of an adult human skeleton. It facilitates 

bone's main functions—to support the whole body, to protect organs, to provide levers 

for movement, and to store and release chemical elements, mainly calcium. It consists 

of multiple microscopic columns; each called an osteon or Haversian system. Each 

column is multiple layers of osteoblasts and osteocytes around a central canal called 

the haversian canal. Volkmann's canals at right angles connect the osteons together. 

The columns are metabolically active, and as bone is reabsorbed and created the nature 

and location of the cells within the osteon will change. Cortical bone is covered by a 

periosteum on its outer surface, and an endosteum on its inner surface. The endosteum 

is the boundary between the cortical bone and the cancellous bone. The primary 

anatomical and functional unit of cortical bone is the osteon.[3] 

Cancellous bone, also called trabecular or spongy bone, is the internal tissue of the 

skeletal bone and is an open cell porous network that follows the material properties of 

biofoams. Cancellous bone has a higher surface-area-to-volume ratio than cortical bone 

and it is less dense. This makes it weaker and more flexible. The greater surface area 

also makes it suitable for metabolic activities such as the exchange of calcium ions. 
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 Cancellous bone is typically found at the ends of long bones, near joints, and in 

the interior of vertebrae. Cancellous bone is highly vascular and often contains red 

bone marrow where hematopoiesis, the production of blood cells, occurs. The primary 

anatomical and functional unit of cancellous bone is the trabecula. The trabeculae are 

aligned towards the mechanical load distribution that a bone experiences within long 

bones such as the femur. As far as short bones are concerned, trabecular alignment has 

been studied in the vertebral pedicle. Thin formations of osteoblasts covered in 

endosteum create an irregular network of spaces, known as trabeculae. Within these 

spaces are bone marrow and hematopoietic stem cells that give rise to platelets, red 

blood cells and white blood cells.  

Trabecular marrow is composed of a network of rod- and plate-like elements that 

make the overall organ lighter and allow room for blood vessels and marrow. Trabecular 

bone accounts for the remaining 20% of total bone mass but has nearly ten times the 

surface area of compact bone.[4][5] 
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Fig.1-1 bone structure[6] 
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Fig.1-2 Cortical bone, light micrograph[7] 
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Fig.1-3 Micrograph of cancellous bone[8] 
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1.2 Mechanical parameters of bones 

Young's modulus E, the Young’s modulus, or the modulus of elasticity in tension 

or compression (i.e.,  negative tension), is a mechanical property that measures the 

tensile or compressive stiffness of a solid material when the force is applied lengthwise. 

It quantifies the relationship between tensile/compressive stress sigma (force per unit 

area) and axial strain varepsilon (proportional deformation) in the linear elastic region 

of a material and is determined using the formula[9]: 

𝐸 =
𝜎
𝜀                            (1) 

The Young's Modulus of a material is a fundamental property of every material that 

cannot be changed. It is dependent upon temperature and pressure however. 

The Young's Modulus (or Elastic Modulus) is in essence the stiffness of a material. 

In other words, it is how easily it is bended or stretched. 

Fig.1-4 is a stress-strain curve. The Young's modulus is the slope of the initial 

section of the curve. 
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Fig.1-4 stress-strain curve[10] 
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1.3  Previous research  

The mechanical properties of bone such as the elastic modulus E  and the yield 

strength σy  have been tried to be correlated with the bone mineral density (BMD) 

values such as the wet apparent density ρ app  and the ash density ρ ash .  In general, 

for example, the relations between E  and ρ app  or ρ ash  can be expressed by an 

exponential function or linear function in which the parameters involved in the 

formulae are determined to fit experimental date best. On the contrary, development 

of the quantitative computed tomography (QCT) enables us to evaluate the BMD 

values of different bone parts of living patients, and such BMD obtained from QCT, 

ρ QCT ,  has been utilized to assess osteoporosis clinically. Furthermore, the 

relationships between ρ QCT  and ρ ash  have been established experimentally and 

therefore, the formulae to express the relationships between E  and ρQCT  have been 

developed. Once the distributed mechanical properties of bone structures of a 

patient are determined by using QCT, the finite element method (FEM) is utilized 

to analyze the mechanical performance of the bone structures with three-

dimensional bone models constructed using the CT-images and assigned properties 

in each of the finite elements. Thus, the accuracy of the computational results 

obtained by the CT-image based FEM (CT-FEM) is greatly relied upon the accuracy 

of estimation of the mechanical properties through QCT. 

Exponential formulae to express E  - ρ ash  relations were proposed by 
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Keyak[11][12] and Keller[13], independently.  

 

Fig.1-5 E - ρash  relations ,Kellar[13] 

 

 

Fig.1-6 E - ρash  relations ,Keyak[11][12] 
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1.4  Objective of this research 

The objective of this research is to explore the relationship between the elastic 

modulus of bone and its porosity and bone mineral density (BMD),and propose a 

macroscopic model that expresses the elastic modulus of bones as a function of BMD 

that based on previous research. Then, we revise the macroscopic model into 

microscopic model by the microstructure of bones. Finally, the microscopic model was 

used to calculate the elastic modulus of normal bones, bones with osteopenia and bone 

with osteoporotic, and compared with Keyak's experimental results to draw a 

conclusion. 
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2 Development of macroscopic model 

2.1 Background 

Understanding the mechanical properties of a material, particularly a material as 

complex as bone, requires a detailed knowledge of its structure. Bone, like most of the 

biologically formed materials, has a very complex hierarchical structure, which is not 

completely understood. Studies by Currey[14], however, show that the degree of 

mineralization and porosity are the two most important determinants of its mechanical 

properties.  

The aim of this mathematical development is to express the elastic moduli of bone 

as a function of bone mineral density. A typical structure of bone can be divided into 

three regions, namely, cortical bone, trabecular bone (or cancellous bone) and bone 

marrow. In this theoretical modelling, a concept of poroelasticity with consideration of 

a representative volume element and the classical theory of composite materials is 

utilized to develop a model for the elastic modulus of cortical bone. On the contrary, 

the cubic strut model, a simple idealization of open-cell structure, is used to predict 

the elastic modulus of trabecular bone. It is assumed for bone marrow that its elastic 

modulus, Ebm ,  is a constant value. 

 

 

 



13 

2.2 Ideal poroelastic medium  

A porous medium or a porous material is a material containing pores (voids). The 

skeletal portion of the material is often called the "matrix" or "frame". The pores are 

typically filled with a fluid (liquid or gas). The skeletal material is usually a solid, but 

structures like foams are often also usefully analyzed using concept of porous 

media.[15][16] 

A porous medium is most often characterized by its porosity. Other properties of 

the medium (e.g., permeability, tensile strength, electrical conductivity, tortuosity) can 

sometimes be derived from the respective properties of its constituents (solid matrix 

and fluid) and the media porosity and pore’s structure, but such a derivation is usually 

complex. Even the concept of porosity is only straightforward for a poroelastic medium. 

Often both the solid matrix and the pore network (also known as the pore space) 

are continuous, so as to form two interpenetrating continua such as in a sponge. 

However, there is also a concept of closed porosity and effective porosity, i.e. the pore 

space accessible to flow. 

An ideal poroelastic material is defined as a material in which two particular bulk 

moduli, 𝐾 ,𝑠and 𝐾”
𝑠,  are equal. The bulk modulus 𝐾 ,𝑠 is defined as the change in the 

total medium volume per total medium volume when the entire medium is under a 

pressure regime in which the hydrostatic confining pressure is equal to the pore pressure, 

and the bulk modulus 𝐾”
𝑠is defined as the change in total pore volume per total pore 
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volume under this pressure regime. For an ideal porous medium characterized by a fully 

connected pore space and by microscopically homogeneous and isotropic, chemically 

inert (solid and fluid) materials, it follows that 𝐾𝑠 = 𝐾′𝑠 = 𝐾′′𝑠 , where the notation 𝐾𝑠is 

the bulk modulus for the solid phase.[17][18] 

 

Fig.2-1 Porous structure of bone(19) 
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2.3 Elastic modulus of cortical bone 

For an ideal poroelastic medium, the undrained bulk modulus, Ku ,  is given 

by[17][18]: 
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where K is the bulk modulus of poroelastic medium under drained condition, K f  the 

bulk modulus of the fluid phase, c the porosity of cortical bone and α , the effective 

stress coefficient and given by: 

sK
K

 1                (3) 

where K s  is the bulk modulus of the solid, i.e.,  bone tissue. The pores in cortical bone 

are assumed to be due to lacunar and canalicular. The bulk modulus K is also expressed 

as a function of c such that: 
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where G s  is the shear modulus of the solid. Substituting the following relations for 
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where ν ,  νu, νs, νf are the corresponding Poisson’s ratios into Eqs. (2)-(9),we obtain 
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The elastic modulus, Ec ,  of cancellous bone is assumed to be identical with the 

undrained elastic modulus, Eu .  By assuming fus   and substituting Eqs. (11) 

and (12) into (10), one can obtain: 
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2.4 Elastic modulus of trabecular bone 

The porous structure of trabecular bone is modelled as the cubic strut model which 

corresponds to a lattice structure shown in Fig.2-2[20][21]. The struts correspond to 

trabecular and the continuous porous region is assumed to be filled with bone marrow. 

The representative unit cell can be constructed as shown in Fig.2-3. The compressive 

deformation behavior of the unit cell under a small fixed displacement condition, Δu, 

can be analyzed by linear elasticity by considering three subdivisions A, B, and C 

shown in Fig.2-4.  

The stress-strain relations are given by: 

 bmA E   (18) 

 sB E   (19) 
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where CBA  ,, are the compressive stress generated in A, B, and C. sE and bmE  

are the elastic moduli of trabecula, i.e.,  bone tissue and bone marrow filled in the pores, 

respectively. The total force is therefore given by: 



18 

  























 







 



)(
)(

2

2
4

2
4

22

2
2

lLl
EEE

EElLElE

lLlllLF

sbms

bms
bms

CBA

  (23) 

Therefore, the relation between the average stress,  m ,  and the strain is expressed by: 
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On the other hand, the porosity (or the volume fraction of the bone marrow) is given 

by 
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Then the effective elastic modulus of the unit cell is given by: 
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Fig.2-2 Lattice structure model for the porous structure of trabecular bone 
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Fig.2-3 The representative unit cell 
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Fig.2-4 Three subdivisions of the unit cell 
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2.5 Results and discussion 

In the above, we have obtained the equations of Ec(the Young’s modulus of 

cortical bones) and E t(the Young’s modulus trabecular bones) as 

Eqs.(13)(14)(15)(16)(17)and Eqs.(26)(27). According to literature review, E s>>E f  

while E s>>Ebm , so the equations of Ec  and E t  can be simplified to  

𝐸𝑐 = 𝐸𝑠(1 ―
3(1 ― 𝑣𝑠)

2(1 ― 2𝑣𝑠))𝜙𝑐  (28) 

and 

𝐸𝑡 = 𝐸𝑠𝛽2  (29) 

while 

132 23  t  (30) 

Some parameters were determined by following references: E s=14GPa，v s=0.3，

0< c  <0.2, 0.2<  t  <0.9[17]. In the theory, BMD(ρ)=1-  Substituting the above 

data into the equation to calculate, we can get the Eqs.(31) and Table 2-1. 

Combining the above calculation results with the Keyak’s empirical formulae in 

Table 2-2[11,12,22], Fig.2-5 can be obtained. 
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Table 2-1 Calculated data under the macroscopic model 

BMD(g/cm³) E(GPa) 

0.8 7.12 

0.75 6.36 

0.7 5.68 

0.65 5.06 

0.6 4.50 

0.55 3.98 

0.5 3.50 

0.45 3.05 

0.4 2.62 

0.35 2.23 

0.3 1.84 

0.25 1.49 

0.2 1.15 

0.15 0.83 

0.1 0.54 

 

E=14(2.625BMD-1.625)（BMD>0.8）(31) 
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Table 2-2 Keyak’s empirical formulae [11,12,22] 

Density Range(g/cm³) Elastic Modulus (GPa) 

ρ=0 E=0.001 

0<ρ≦ 0.27 E=33.900ρ2 .20  

0.27<ρ<0.6 E=5.307ρ+0.469 

ρ≧0.6 E=10.200ρ2 .01  

 

 

Fig.2-5 Variation of Young’s modulus (E) with BMD from macroscopic model 
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According to Fig.2-5, in this study, the change trend of the results calculated by 

the macroscopic model is basically consistent with Keyak's model, but the overall value 

is higher than Keyak's results. The reason for it is the Es is not a fixed value as we set 

when performing macroscopic model calculations. 
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2.6 Summary 

In this phase, we proposed a macroscopic model that expresses the elastic modulus 

of bones as a function of BMD that based on previous research and used it to calculate 

some results. We find that the change trend of the results calculated by the macroscopic 

model is basically consistent with Keyak's model, but the overall value is higher than 

Keyak's results. The reason for it is the E s  is not a fixed value as we set when performing 

macroscopic model calculations. In fact, the value of Es will be affected by the 

microstructure of the bone, such as the loading angle. In the next part of the study, we 

will use this to correct the macroscopic model. 
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3 Development of microscopic model 

3.1 Bone tissue 

As above, the studies by Currey[14], however, show that the degree of 

mineralization and porosity are the two most important determinants of bones’ 

mechanical properties. This implies that the structure of bone at the level of crystal 

organization is of particular importance in understanding its mechanical properties. 

Thus, modeling bone’s mechanical properties requires detailed structural information 

on crystal shapes and sizes, and on their orientations and organization relative to the 

collagen framework. It should also include information on the structural differences 

between lamellae, as well as the organization of lamellae into even larger cylindrical-

shaped structures, called the osteons or the Haversian systems. 

The bone tissue can be recognized as a composite material of organic and inorganic 

materials. The typical components of the organic and inorganic phases are collagen and 

carbonate apatite. Therefore, the mechanical models of bone tissue have been developed 

on the basis of two phase composite material. In the present study, a multi-scale 

composite model developed by Wager and Weiner[23,24] is used to obtain the elastic 

modulus, E s ,  of bone tissue. The representative volume element of a bone tissue is 

considered to be constructed by a three-layer structure of lamellae as shown in Fig.3-

1, in which a thick lamellae of about 3μm thick is sandwiched between thin lamellae of 

about 0.3μm thick. Each of lamellae is assumed to be a collagen-crystal composite in 
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which rectangular crystal plates of carbonate apatite are arranged in parallel layers 

within collagen fibrils. Therefore, the mechanical formula developed for platelet-

reinforced composites may be utilized to express the properties of the lamellae. 

Attempts to model bone are always limited by the state of understanding of bone 

structure. Currey considered bone as a two-phase composite material. Using the 

theoretical scheme of Cox[25],Currey[26,27] quantified the dependence of the 

longitudinal Young’s modulus of bone on the basic concept of cylindrically shaped 

apatite crystals embedded in a collagen matrix and aligned with the long axis of 

collagen fibrils. Lang[28] and Reilly and Burstein[29] considered bone to be a 

transversally isotropic material, the stiffness behavior of which could be fully 

described by five independent constants.  
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Fig.3-1 Bones microstructure [23,24] 
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3.2 Modifications to the model 

By the Currey[27]and Reilly and Burstein’s[29] theory, the anisotropic elastic 

modulus of bone can be expressed as a function of the loading angle,θ ,  which is taken 

as 0° parallel to the longitudinal axis of bone and 90° perpendicular to it.  The function 

can be written as: 
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E1  and E2  are the longitudinal(parallel to the long axis of bone)  and transverse 

Young’s moduli of bone, respectively, and G12  and v12  are the longitudinal-transverse 

shear modulus and Poisson ratio of bone, respectively[30].  

It is then assumed that the anisotropic elastic moduli of the lamellae structures are 

also able to be expressed by Eqs.(32). From microstructural point of view, it is simply 

assumed that the angles between the longitudinal direction of the thin and thick lamellae 

and the long axis of bone are θ t h in  and θ t h i ck ,  respectively. Therefore, the elastic 

moduli of the thin and the thick lamellae, E t h in  and E t h i ck ,  are expressed using Eqs.(32) 

such that: 
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where  th in  and  th ick  are the angles between the longitudinal direction of the thin and 

thick lamellae and the long axis of bone. 
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Using the rule of mixture, the elastic modulus, E s ,  of the representative element for 

bone tissue is given as a function of θ ,such that: 

)()()(  thickthickthinthins EVEVE   with 1 thickthin VV  （35）  

Where V t h in  and V t h i ck  are the volume fractions of thin and thick lamellae. 

Although the range of the anisotropic elastic modulus of mature bovine bone is 

from 10 to 18 GPa , for simplicity, the average modulus, sE ,  defined by: 

  
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0
)()(2)(2

（36）  

is used as the value of E s  in this study, and therefore 

  
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
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 （37）  
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3.3 Determination of some parameters 

The shear modulus G12  of a single lamella is given by the Halpin-Tsain 

equation[31,32]: 
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
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  （39）  

where 1 is the ratio of the platelet width to thickness,  p , the volume fraction of the 

platelets, and mG ,  the shear modulus of the matrix. 

The Poisson’s ratio of a single lamella is assumed to be given by the rule of 

mixture[31,32]: 

)1(12 pmpp    （40）  

Where p  is the Poisson’s ratio of the platelets and 𝜈𝑚, the Poisson’s ratio of the 

matrix. 
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3.4 Three different models for E1  and E2  

The structure of the collagen-crystal composite that makes up an individual lamella 

clearly shows that it should be modeled as a platelet-reinforced composite, rather than 

a fiber-reinforced composite. Very few theoretical or experimental studies have been 

made on the elastic properties of platelet-reinforced composites, apart from a result 

proposed by Halpin and Tsai[31.33], a theoretical model by Padawer and Beecher[34], 

and a model by Lusis [35]. (These are here termed as the HT, PB and LWX models.) 

These models are similar to that of Cox[25], but they take into account the platelet-like 

geometry of the reinforcement. Jackson[36] have studied the mechanical design of 

mollusk shell nacre viewed as a composite reinforced with platelets rather than with 

fibers, and a similar view is adopted here for bone. 

According to the Halpin-Tsain equations, the longitudinal modulus of a lamella 

reinforced with rectangular crystals oriented as in the thin lamellae in Fig.3-1 is given 

by 

𝐸1 = 𝐸𝑚
1 + 2𝛼1𝜂1𝜙𝑝

1 ― 𝜂1𝜙𝑝
                 （41） 

with 

𝜂1 =
𝐸𝑝 𝐸𝑚 ― 1

𝐸𝑝 𝐸𝑚 + 2𝛼1
   （42）  

where mp EE ,  are the elastic moduli of the apatite platelets and the collagen matrix 

and 1 ,  the ratio of the platelet width to thickness. The transverse elastic modulus, E2 ,  
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is given by the same expression as E1 ,  but with 2 instead of 1 ,where 2  is the ratio 

of the platelet length to thickness, and 𝜂1 is replaced by 𝜂2.  

Both the Padawer and Beecher’s and the Lusis’s models propose similar expressions 

for the longitudinal modulus, E1 ,  and the transverse modulus, E2 ,  with slight differences 

as follows: 

)1(1 pmpp EEE     （43）  

In which, for the Padawer and Beecher’s model,the modulus reduction factor,  ,  is 

given by 


 tanh1    （44）  

Whereas for Lusis’s model, 

   𝜍 = 1 ― ln 𝛾 + 1
𝛾

 （45）  

In both cases, 

2/12/1

1 1 
























p

m

p

p

E
G




   （46）  

The transverse elastic modulus, E2 ,  is given by the same expression as E1 ,  but with 2

instead of 1 .  

The LWX scheme is essentially a modified version of the PB model, as it takes into 

account platelet-platelet interactions at high platelet content. For the experimental data 

of the two models, for example , glass, aluminum diboride and silicon carbide platelets 
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in PB and phlogopite and muscovite mica flakes in LWX, we can find that most 

experimental data fall short of all schemes due to variability in the geometrical and the 

structural parameters, but the general trends are quite satisfactory. Thus, three different 

expressions for both E1  and E2 ,  can be used to model a single bone lamella. But it 's 

worth noting that, water, a major constituent of bone, is not taken into account as it 

probably contributes little to the Young’s modulus. 
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3.5 Results and discussion 

Based on previous readings, It is assumed that the apatite platelets have aspect 

ratios of α 1=10 and α 2=25[23], and that the experimental stiffness constants of both 

the apatite platelets and the collagen matrix are:  

Table 3-1 Some parameters determined by references 

Variable Value 

α1&α2  10 & 25 [23] 

Ep  114.0GPa [37] 

Em  1.5GPa [27] 

Gp  44.5GPa [37] 

Gm  1.0GPa [38] 

p  
0.35 [39] 

p  0.3 [39] 

v12  0.35 [39] 

V t h in  0.8 [40] 

V t h i ck  0.2 [40] 

θ t h in  0°  [40] 

θ t h i ck  63°  [40] 

Bring the values of the above variables into the Eqs.(33)to(46), and calculate 
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through the HT, PB and LWX models respectively to get Table 3-2. 

Table 3-2 The value of Es varying with θ   

Angle(°) Es(HT)(GPa) Es(PB) (GPa) Es(LWX)(GPa) 

0 13.160 9.702 9.864 

5 13.070 9.600 9.866 

10 13.144 9.604 9.760 

15 13.382 9.766 9.746 

20 13.746 10.190 9.998 

25 14.176 10.948 10.636 

27 14.342 11.356 11.024 

30 14.572 12.090 11.756 

35 14.844 13.688 13.484 

40 14.890 15.750 15.934 

45 14.698 18.130 19.134 

50 14.286 20.508 22.834 

55 13.732 22.312 25.224 

60 13.156 23.060 28.264 

65 12.608 22.628 28.236 

70 12.134 21.372 26.634 
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75 11.664 19.950 24.470 

80 11.396 18.624 22.516 

85 11.144 17.666 21.174 

90 10.988 17.164 20.546 

 

 

Fig.3-2 Variation of Young’s modulus of bone as calculated from the HT model 
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Fig.3-3 Variation of Young’s modulus of bone as calculated from the PB model 

 

 

Fig.3-4 Variation of Young’s modulus of bone as calculated from the LWX model 

(GPa)

(GPa)

(°)

(°)



40 

According to the Table 3-1,the Fig.3-2,3-3 and 3-4,it can be calculated that: 

Es(HT)=13.257GPa 

Es(PB)=15.705GPa 

Es(LWX)=17.530GPa 

Comparing the results of this calculation with the previous studies reviewed, we 

find that Young’s modulus of bone vs the loading angle shows trends similar to the 

experimental data of Bonfield and Grynpas[41] for the PB model, and the Es value 

calculated by the HT model is closer to the experimental results. For the LWX model, 

in this study, its numerical change trend and final calculation results are inconsistent 

with the previous experimental data, so it will be discarded in the next part of the study. 
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3.6  Summary 

In this phase, we revised the macroscopic model into microscopic model by the 

microstructure of bones, added consideration of the impact of loading angle on the 

value of E s . In order to specifically calculate the impact of loading angle on E s ,  for the 

two important paraments in the functions - E1  and E2 ,  when determining their values, 

we used three different theoretical models - HT model, PB model and LWX model. 

Comparing the results of the calculation of E s  in three models with the previous studies 

reviewed, we find that Young’s modulus of bone vs the loading angle shows trends 

similar to the experimental data of Bonfield and Grynpas[41] for the PB model, and the 

Es value calculated by the HT model is closer to the experimental results. For the LWX 

model, in this study, its numerical change trend and final calculation results are 

inconsistent with the previous experimental data, so only the HT and PB models will 

be used for the next part of the calculation. 
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4 Application of microscopic model 

4.1 Osteopenia and Osteoporosis 

Osteoporosis is a systemic skeletal disorder characterized by low bone mass, micro-

architectural deterioration of bone tissue leading to bone fragility, and consequent 

increase in fracture risk. It is the most common reason for a broken bone among the 

elderly[42].  

Osteoporosis itself includes three broad categories of symptoms: 

(1) Pain. Patients may have low back pain or body pain. When the load increases, 

the pain will aggravate or the activity will be limited. In severe cases, it will be difficult 

to turn over, sit up and walk. 

(2) Spine deformation. People with severe osteoporosis may have shortened height 

and hunchback. Vertebral compression fractures can lead to thoracic deformity, 

abdominal compression, and affect cardiopulmonary function. 

(3) Fracture. Fractures that occur without trauma or minor trauma are fragility 

fractures. Bones may weaken to such a degree that a break may occur with minor stress 

or spontaneously. Common sites of fragility fractures are the thoracic and lumbar spine, 

hip, radius, distal ulna, and proximal humerus. After the broken bone heals, the person 

may have chronic pain and a decreased ability to carry out normal activities.[43] 

Osteopenia, known as "low bone mass" or "low bone density", is a condition in 

which bone mineral density is low. Because their bones are weaker, people with 



43 

osteopenia may have a higher risk of fractures, and some people may go on to develop 

osteoporosis.[44] In 2010, 43 million older adults in the US had osteopenia.[45] Unlike 

osteoporosis, osteopenia does not usually cause symptoms, and losing bone density in 

itself does not cause pain. 

 

 

Fig.4-1 Models of bones in different states[46] 
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4.2 Diagnostic guidelines for osteoporosis 

Osteoporosis can be diagnosed using conventional radiography and by measuring 

the bone mineral density (BMD).The most popular method of measuring BMD is dual-

energy X-ray absorptiometry. 

Dual-energy X-ray absorptiometry (DXA, or DEXA)[47] is a means of measuring 

bone mineral density (BMD) using spectral imaging. Two X-ray beams, with different 

energy levels, are aimed at the patient's bones. When soft tissue absorption is subtracted 

out, the bone mineral density (BMD) can be determined from the absorption of each 

beam by bone. Dual-energy X-ray absorptiometry is the most widely used and most 

thoroughly studied bone density measurement technology. 

In the test of DXA scan, two indicators can be obtained: Z-score and T-score. The 

Z-score is the number of standard deviations (SD) above or below the mean for the 

patient's age, sex and ethnicity and the T-score means the number of standard deviations 

above or below the mean for a healthy 30-year-old adult of the same sex and ethnicity 

as the patient. The previous researches show that the Z-score is age dependent, while 

the T-score is age independent. The World Health Organization (WHO) has established 

the diagnostic guidelines which in Table 4-1.[48][49] 

As described in Table 4-2, a different set of guidelines than the WHO guidelines 

was used to diagnose osteoporosis in Japan, where the YAM means young adult mean 

(20–44 years old for lumbar spine, 20–29 years old for proximal femur), and the SD 
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means normal adult bone density standard deviation.[50] 

 

Fig.4-2 Examples of T-scores and Z-scores[51] 

(Z-score:-1.0  T-score:-2.5) 
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Table 4-1 Diagnostic guidelines for osteoporosis recommended by WHO [48][49] 

Category T-score range 

Normal T-score ≥  −1.0 

Osteopenia −2.5 < T-score < −1.0 

Osteoporosis T-score ≤  −2.5 

Severe osteoporosis T-score ≤  −2.5 with fragility 

fracture 

Table 4-2 Diagnostic guidelines for osteoporosis recommended in Japan [50] 

Category  State of the bones  

Osteopenia  Bone density greater than -2.5 SD and less 

than -1.0 SD 

Vertebral fracture or 

hip fracture 

With fragility 

fracture 

Other fragility 

fractures and bone 

density <80% of 

YAM 

Osteoporosis  

Without fragility 

fracture 

Bone density ≤70% of 

YAM or -2.5 SD 
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4.3 Results and discussion  

In the calculation at this stage, the values of other parameters except Ep  and Gp  are 

the same as those in Table 3-1, while the Ep  and Gp  of different bones and the E s  values 

calculated by them through the HT model and the PB model respectively given in Table 

4-3. 

Table 4-3 Ep ,Gp  for different kind of bones and the value of E s  calculated by 

HT and PB models 

 Normal Osteopenia Osteoporosis 

Ep  (GPa) 114.0 [37] 94.3 [37][54] 41.7[52][53] 

Gp(GPa) 44.5 [37] 37.1 [37][54] 16.2[54] 

E s(HT) (GPa) 13.257 11.736 8.948 

E s(PB) (GPa) 15.705 14.310 10.194 
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Table 4-4 The calculation results of E changed by BMD from PB models 

BMD(x) 

(g/cm³) 

E(Normal) 

(GPa) 

E(OA) 

(GPa) 

E(OP) 

(GPa) 

>0.8 15.705

（2.625x-

1.625) 

14.310

（2.625x-

1.625) 

10.194

（2.625x-

1.625) 

0.8 7.98 7.27 5.18 

0.75 7.13 6.49 4.63 

0.7 6.37 5.80 4.13 

0.65 5.68 5.17 3.69 

0.6 5.05 4.60 3.28 

0.55 4.47 4.07 2.90 

0.5 3.93 3.58 2.55 

0.45 3.42 3.12 2.22 

0.4 2.94 2.68 1.91 

0.35 2.50 2.27 1.62 

0.3 2.07 1.89 1.35 

0.25 1.67 1.52 1.09 

0.2 1.29 1.18 0.84 
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Table 4-5 The calculation results of E changed by BMD from HT models 

BMD(x) 

(g/cm³) 

E(Normal) 

(GPa) 

E(OA) 

(GPa) 

E(OP) 

(GPa) 

>0.8 13.257

（2.625x-

1.625) 

11.736

（2.625x-

1.625) 

8.948（2.625x-

1.625) 

0.8 6.74 5.96 4.55 

0.75 6.02 5.33 4.06 

0.7 5.37 4.76 3.63 

0.65 4.79 4.24 3.24 

0.6 4.26 3.77 2.88 

0.55 3.77 3.34 2.55 

0.5 3.31 2.93 2.24 

0.45 2.89 2.56 1.95 

0.4 2.48 2.20 1.68 

0.35 2.11 1.86 1.42 

0.3 1.75 1.55 1.18 

0.25 1.41 1.25 0.95 

0.2 1.09 0.97 0.74 
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Fig.4-3 Variation of Young’s modulus (E) with BMD for normal bones 
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Fig.4-4 Variation of Young’s modulus (E) with BMD for bones with osteopenia 
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 Fig.4-5 Variation of Young’s modulus (E) with BMD for bones with 

osteoporosis 

 

(GPa)

(g/cm³ )
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Fig.4-6 Variation of Young’s modulus (E) with BMD from PB model 
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Fig.4-7 Variation of Young’s modulus (E) with BMD from HT model 

 

According to Fig.4-3,4-4 and 4-5, for normal bones, bones with osteopenia and 

bones with osteoporosis, the variation trend of E with BMD is similar to Keyak's model, 

and the results calculated by the PB model are generally higher than those calculated 

by the HT model. 

Comparing the Fig.4-6 and 4-7, under the same conditions, the results obtained by 

using the HT model in the research are closer to Keyak's experimental results than the 

PB model. It proves that the HT model is more advantageous than the PB model in this 

stage of research. 

(GPa)

(g/cm³ )
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4.4 Summary 

In this phase, firstly, the concepts and diagnostic guidelines of osteopenia and 

osteoporosis are introduced. Then, we estimated separately using microscopic models 

for the variation of Young’s modulus (E) with BMD for normal bones, bones with 

osteopenia and bons with osteoporosis. In this calculation process, the value of E s  was 

estimated by using the HT model and the PB model respectively. The calculations 

proves that for normal bones, bones with osteopenia and bones with osteoporosis, under 

the same conditions, the results obtained by using the HT model in the research are 

closer to Keyak's experimental results than the PB model. It proves that the HT model 

is more advantageous than the PB model in this stage of research. 
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5 Conclusion 

In this study, the aim is to develop a theoretical model of the relationship 

between E and BMD. After introducing the basic knowledge of bone and the 

previous research by Keyak and Keller in phase 1, in phase 2, a macroscopic model 

was established based on the previous studies known from reading the paper. By 

comparing the data calculated by the macroscopic model, we find that the change 

trend of the results calculated by the macroscopic model is basically consistent with 

Keyak's model, but the overall value is higher than Keyak's results. 

In phase 3,we considered the microstructure of bones, and revised the 

macroscopic model into microscopic model by adding consideration of the impact 

of loading angle on the value of E s . In order to specifically calculate the impact of 

loading angle on E s ,  for the two important paraments in the functions - E1  and E2 ,  

when determining their values, we used three different theoretical models - HT 

model, PB model and LWX model.  Comparing the results of the calculation of Es 

in three models with the previous studies reviewed, we find the data calculated by 

HT and PB models match the data from the previous research, so only the HT and 

PB models will will continue to be used in research. 

In phase 4, firstly, we introduced the concepts and diagnostic guidelines of 

osteopenia and osteoporosis. Then, we the variation of Young’s modulus (E) with 

BMD for normal bones, bones with osteopenia and bons with osteoporosis was 
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separately estimated by using the microscopic models. In this calculation process, 

the value of Es was estimated by using the HT model and the PB model respectively. 

The calculations proves that for normal bones, bones with osteopenia and bones 

with osteoporosis, under the same conditions, the results obtained by using the HT 

model in the research are closer to Keyak's experimental results than the PB model. 

It proves that the HT model is more advantageous than the PB model in this stage 

of research. 

In this phase of research, we only performed theoretical calculations and no 

experimental modeling. CT-FEM is a research method that can better combine the 

theory in this study. FEM virtually divides an object with a complex structure into 

finite-sized elements. It is a method to approximate a structure by connecting 

adjacent elements at a node. It is a structural analysis method that derives the 

characteristics of the entire structure by substituting the boundary conditions of the 

amount of displacement for each element and predicts its strength and mechanical 

characteristics. Even if the object to be analyzed has a complex shape or a large 

structure, any shape can be expressed by selecting the appropriate shape and size of 

the elements. In addition, since the material properties are defined for each element, 

the material can be changed for each element. For example, it is possible to analyze 

the stress applied to the bone when an implant is inserted. CT-FEM is a method of 

applying FEM to images obtained by X-ray CT. A three-dimensional bone model is 
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created from X-ray CT images, and load conditions such as loads are given to it to 

predict deformation and destruction of the bone structure.[55]It shows the 

microscopic model can use to calculate and predict the properties of the finite-sized 

elements well,  and compared with the experimental results of CT-FEM, so it seems 

that the application of the theory of this research in CT-FEM can be positively 

expected.  
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