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Chapter 1

Introduction

The theta functions are known to appear in various areas of mathematics, and, interest-
ingly, the solutions to integrable systems are expressed in terms of the theta functions.
In this connection, the theta functions are also used in the study of geometric objects
associated with integrable systems. It is also known that integrable systems can be dis-
cretized preserving the structure of solutions, and the methods of integrable systems are
often applied in the field of discrete differential geometry, which considers the discretiza-
tion of various concepts that appear in differential geometry. Thus, the theta functions
have also been used to construct explicit formulas for discrete curves and surfaces. On the
other hand, it is well known that the theta functions appear in physics fields such as fluid
mechanics and statistical mechanics, but in the last part of this thesis, we would like to
focus on a phenomenon called non-steady state nucleation, in which the properties of the
theta functions have not been utilized much so far.

In this thesis, we exploit various properties of the theta functions to construct explicit
formulas for some curves and discrete curves, and to derive equations that can be used in
experimental studies of non-steady state nucleation. The former is a part of the stream
of studies of deformations of curves based on the methods of integrable systems, and was
originally inspired by Hashimoto [1] and deepened by Goldstein-Petrich and Lamb [2, B].
Subsequently, deformations of discrete curves and discrete surfaces based on semi-discrete
or discrete integrable systems, has been studied in [@, 5, B, [@, B, 9, [0, 000, 2, I3, 04, I5].
The connection between nucleation theory and the theta functions was suggested by the
work of Kashchiev [Il] and Shneidman [I'7], and the results have since been used in various
experimental studies [IR, 9, 20, 21, 22, 23, 24, P5].
Among them, particular attention is paid to the construction of explicit formulas for de-
formations of elastic curves, also known as Elastica, and their discrete analogues, and for
constant torsion curves and their discrete analogues, in terms of the elliptic theta functions.
As an application of the latter, we also construct an explicit formula of the Kaleidocycle.

In Chapter B, we consider deformation of elastica, which is a well-known class of planar



curves that describes the shape of thin elastic rods [26, 27, 28]. Mathematically, it is
characterized by the differential equation for its curvature

1
nm+§ﬂ3+mzo, A ER, (1.1)

where £ = k(x) and z is the arc length. On the other hand, it is well known that the
modified KdV (mKdV) equation

Kpzz + 3/12/% + ke = 0. (1.2)
describes an isoperimetric deformation of planar curves [4, 29]. The explicit formulas for
the isoperimetric deformations of curves have been constructed in terms of the 7 functions
[@]. Since the traveling wave solutions to the modified KdV equation satisfy the equation for
elastica (D), it is possible to construct explicit formula for the isoperimetric deformation of
elastica. In this chapter, we construct an explicit formula for the isoperimetric deformation
of elastica described by the modified KdV equation. Thanks to its integrability, it is also
possible to construct a discrete version of elastica characterized by the integrable discrete
analogue of the modified KdV equation [30, BT, B2]. We also construct the explicit formulas
to both continuous and discrete deformations of the discrete elastica described by the semi-
discrete potential mKdV equation and the discrete potential mKdV equation, respectively.
The formulas can be regarded as the extended versions of the results by Mumford [33] and
Matsuura [34].

Space curves of constant torsion and their discrete analogues have been studied, for
example, in [[4, B5, BB, 37, BR]. This curve often appears in discussions of the relationship
between surfaces and integrable systems, and in particular, the correspondence with sur-
faces of constant negative Gaussian curvature and their discrete analogues is discussed in
(4], and explicit formulas for such surfaces in terms of the Riemann theta functions are
given. In the second part of this thesis, by utilizing the explicit formulas for smooth and
discrete space curves by 7 functions [6], the explicit formulas for two types of curves with
constant torsion are first constructed in terms of the elliptic theta functions. Numerical
experiments show that the difference between these curves is whether they can be closed or
not. For the curve that can be closed, the conditions for it to be a closed curve are explicitly
obtained. Then, their discrete analogues are also constructed in terms of the elliptic theta
functions, and the closure conditions of the curves are also written down explicitly.

Kaleidocycle is a linkage mechanism consisting of tetrahedra and hinges connecting
them. It is known that this mechanism can be made from origami and that it has multiple
conserved quantities. In particular, numerical experiments have shown that special Kalei-
docycles, called Mobius Kaleidocycles, have one-dimensional degree of freedom regardless
of the number of tetrahedra which consists a Kaleidocycle and has been patented [39].
There is also a known work on modeling the Kaleidocycle as deformations of discrete space
curves by integrable equations [40], which can be seen to be a subject of mathematical,
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physical, and engineering interest. In the third part of this thesis, an explicit formula for
the Kaleidocycle is constructed by applying and extending some of the results of the previ-
ous chapter. The deformation of Kaleidocycle corresponds to the continuous deformation
of discrete curves such that the segment length and the torsion angle are preserved. In
this chapter, three types of such continuous deformation equations for the curve appear,
and correspondingly, three types of differential-difference equations for the potential func-
tion. Continuous deformations of discrete space curves have been investigated by many
researchers, for example, in [, [, 8, 9, 40], but there have been no reports of these equations
being satisfied simultaneously. The results of this thesis include a proof that the explicit
formula we constructed is a solution of the simultaneous equations.

In the last part of this thesis, we derive non-trivial relations for the non-steady state
nucleation rate and discuss their applications by using the properties of the elliptic theta
functions. Nucleation is a non-equilibrium process in which a different thermodynamic
phase precipitates at a very localized region in response to supersaturation of a certain
chemical species in the original phase. This physical phenomenon is universal and has been
described by the classical nucleation theory, which is based on equilibrium thermodynamics.
The non-steady state nucleation rate Ji(t) (m~3- s71), where ¢ (s) is time, is a physical
quantity characterizing nucleation, meaning the flux of molecular clusters (nuclei) that
grow beyond a critical cluster size x = xp per unit time and unit volume, when z is the
cluster size. An explicit expression of the non-steady state nucleation rate as an infinite
series was given in [[6], and it has already been reported in [I7] that the infinite series can
also be represented by an elliptic theta function. Although the relation between the non-
steady state nucleation rate derived from the classical nucleation theory and the elliptic
theta functions has been pointed out in [I6, [7], and cited in many subsequent studies
[@T, @2, &3], there have been no studies that take advantage of rich mathematical properties
of the elliptic theta functions.

On the other hand, various difficulties exist in experimental studies based on the clas-
sical nucleation theory. For example, (i) the timescale of the non-steady state nucleation
processes is generally very long in the low-temperature region, and it requires a large
amount of effort and cost to estimate the time evolution of Ji(¢): the number of crystal
nuclei is measured at many times over a long period of 200 hours in [Z3]. In other cases, (ii)
nucleation is already in progress at the start of the measurement, and the time evolution of
Ji(t) before that point is unknown in [21]. In Chapter B, we show that rich mathematical
properties of the elliptic theta functions may help overcome these difficulties.

This thesis is organized as follows. In Chapter B, based on [44], we present frameworks
of the integrable deformation theory of smooth and discrete plane curves and construct
explicit formulas for isoperimetric deformations of smooth and discrete elasticae in terms
of the elliptic theta functions. In Chapter B, we utilise the explicit formula for space curves
by 7 functions [6] and construct explicit formulas for curves with constant torsion in terms
of the elliptic theta functions. There are two types of curves to be constructed, and the
condition for one of them to be a closed curve can also be obtained explicitly. We also
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construct two explicit formulas for discrete space curves with constant torsion angle, which
are discrete analogues of space curves with constant torsion; as in the case of smooth
curve, we also explicitly derive the conditions under which the curve close. In Chapter
B, one of the results of the previous chapter is extended to isoperimetric deformations
of closed discrete curves with constant torsion angle. The semi-discrete mKdV equation,
the semi-discrete potential mKdV equation and the semi-discrete sine-Gordon equation
appear as deformation equations. This result can be regarded as an explicit formula for
Kaleidocycles. This is based on the results of [45]. In Chapter B, based on [46], by taking
advantage of the elliptic theta functions, we derive non-trivial relations satisfied by the
non-steady state nucleation rate and discuss its applications.



Chapter 2

Explicit formulas for isoperimetric
deformations of smooth and
discrete elasticae

In this chapter, based on [44], we present frameworks of the integrable deformation the-
ory of smooth and discrete plane curves and construct explicit formulas for isoperimetric
deformations of smooth and discrete elasticae in terms of the elliptic theta functions.

2.1 Isoperimetric deformations of planar curves

We first summarize the formulations of three kinds of planar curve deformations [4, 5, 40].

2.1.1 Continuous deformation of smooth curves

Let v(x) € R? be an arc length parameterized curve in Euclidean plane R?, and z be the
arc length. By definition, |vy,| = 1. Then the Frenet equation of ~ is

= (0 7 ) (2.1

and the function k is the curvature of v. We consider the following deformation, where ¢
is the deformation parameter[28, 29],

a 0 Kez + %53
ot = ( Koy — %H3 0 V- (2.2)

Then the potential function 6(x,t) defined by k = 0, satisfies the potential mKdV equation

1
O + 5((%)3 +6, =0, (2.3)



so that x satisfies the mKdV equation

3
Kgzz + 5/@2@ + K = 0. (2.4)

The function 6 is also called the angle function, as v, can be expressed as

%_<C%e>' 25)

sin 6

Remark 1. The traveling wave solutions of the mKdV equation satisfy the differential
equation of elastica.

1
Koz + 5/4;3 +A=0, AeR, (2.6)
Thus, in this case, v represents the isoperimetric deformation of elastica.

2.1.2 Continuous deformation of discrete curves

Let v, € R? (n € Z) be a discrete plane curve with constant segment length

Y1 — Tn| = a, (2.7)

where a € Ry is a constant. We introduce the angle function ©,, of a discrete curve -, by

Yatl = Yn _ [ cOSOy
o < o ) | (2.8)
A discrete curve -y, satisfy
Intl =W _ p (Ky) Jn ~ On-t (2.9)
a a
for K, = ©,, — ©,,_1, where R (K,) denotes the rotation matrix given by
[ cos K, —sinK,
Rt (Kn) = < sin K, coskK, > ’ (2.10)
Now consider the following continuous deformation of discrete curve [40].
dryy Yn+1 — Tn
— =R(W,) —. 2.11
T R (W) (211)
Compatibility of the system (E9) and (211) implies W,, = —W,_1 — K,,, so that the
potential function 6, is introduced by
Oni1 — Op 0, — 0
K, = n+12 n 17 W, = n 2n+1’ (2'12)

10



and it follows that 6,, satisfies the semi-discrete potential mKdV equation [40]

o (Opt1+ 0n) = - sin (H2 ) : (2.13)

Note that the angle function ©, can be expressed as

0 6
o, = Intitbn (2.14)
2
2.1.3 Discrete deformation of discrete curves
Next, we consider the following discrete deformation of discrete curve [@, ]
Iyt = 1t = a, (2.15)
m _ m m o m
Tntrl =0 _ pgmy o —Tnot (2.16)
a a
m+1 _ m m __ Am
a

where m € Z is a discrete deformation parameter. Compatibility of the system (218) and
(217) implies the existence of the potential function 6)* defined by

m+1 —_gm 1 Hm—i—l o 0m+1
n n— n n
K" = — 5 W = 5 . (2.18)
and it follows that 0" satisfies the discrete potential mKdV equation
ngll —-or b+a g+t — Oni 1
= . 2.1
tan( 1 b_@tan( 1 > (2.19)
Note that the angle function ©]" can be expressed as
o or
om — %*n (2.20)

Remark 2. The discrete elastica was introduced in [30] as a discrete analogue of elastica.
When the discrete curvature k, = %tan % of a discrete plane curve satisfies

Cokn

_— 2.21
1+ %f/{n ( )

En+1 + Kn—1 =

(where c¢g is a constant) the discrete plane curve is called a discrete elastica. In section 274,
we will see that the discrete curves constructed in this chapter are discrete elastica.

11



2.2 Explicit formulas in terms of 7 function

We summarize the explicit formulas of isoperimetric deformations of planar curves in terms
of the 7 functions [4].

2.2.1 Continuous deformation of smooth curves

Let 7 = 7(x,t;y) be a complex function depending on three continuous variables x,¢ and
y, which satisfy the following system of bilinear equations of Hirota type,

1 :

g DDy T =—(1°)%, (2.22)
Dit-7" =0, (2.23)
(D3 + D)1 -7 =0, (2.24)

where * denotes the complex conjugate. Here, D,, D, and D; are Hirota’s bilinear differ-
ential operators defined as follows [A7].

Dthf(xat)'g($>t):ay7m@ (iL'—l—y,t—}—S)g(.’IJ—y,t—S)

9

.50 (2.25)

m,n=20,1,2,3,...

Let 7 be a solution to (2222)-(Z=2d). Define a real function 6(z,¢;y) and an R? valued

function v(z,t;y) by
-

2
—Z_log —, 2.26
,/_]_ gT* ( )

O(z,t;y) =

L —% (logTT*)y
v(z, t;y) = ( (g 2), ) . (2.27)

Then for any x,t,y € R, the functions 6 and ~y satisfy (E0)-(233) and (223) [4].

2.2.2 Continuous deformation of discrete curves

Let 7, = 7,(t;y) be a complex function depending on the discrete variable n and two
continuous variables ¢ and y, which satisfies the following system of bilinear equations

1 .

G DDy T T = — ()2, (2.28)
DyTpy1 - Tn = —at, 1Ty, (2.29)
* 1 *

12



Theorem 1. Let 7, be a solution to (2228)-(2=30). Define a real function 6,(¢;y) and an
R? valued function ~,(t;y) by

2 Tn
0,(t;y) = — log —, 2.31
(t:9) = = log (2.31)

—1 (log TnTh )y
Yt y) = L (10 Ln) : (2.32)
a1\ %87/,

Then for any ¢, y € R and n € Z, the functions 6,, and =, satisfy (ER), (29), (E10) and

Since this formula differs from the result presented in [I2], which considered the explicit
formula for the continuous deformation of discrete plane curves, a brief proof is given.

Proof. Express v, = /(X,,Y,). From (ZZ29) we have

<log TnH) = gt (2.33)
y

7
Tn Tn+1Tn

Adding (P=33) and its complex conjugate, we obtain by using (E=31) and (2=32)

Xn+1 — Xn Hn—i-l + 6)n

- =cos®,, ©,= 5 (2.34)
Subtracting the complex conjugate of (2233) from (2233), we have
T ne, (2.35)
Therefore we obtain o
() o

which gives (E3). It is easy to see that (29) follows from (223G). In order to show (1),
it is convenient to identify R? as C. Then by using (Z12) and (Z38), we see that (2I1) is
rewritten as

i} — VW Tkl T V=10 (2.37)
dt a
Noticing that
Yo = Xn + V1Y, = — (log 1), , (2.38)
the left hand side of (E231) can be rewritten by using (228) as
dyn ) sDDyTy - Th o,
% = — (IOng)ty = —T =e s (239)

13



which implies (237) and thus (211). Finally, by using (2230) and (2231), we see that

d 2 d Tn+1 To+l
L O +0,) = =2 1 “log [ nt2
gi O+t £ 6n) \/—ldt<0g<7';§> Og(Tn

2 (DtTn+1 Ty Diti 'Tn)

\/j Tn+17’;: T;+1Tn
. 1 2 <Tn+17—n* T;_:,_l'rn)

= -

Trpa1Tn Tn+1T5

4 . <0n+1 _0n>
=—-sin| —— |,
a 2

which is the semi-discrete potential mKdV equation. [

2.2.3 Discrete deformation of discrete curves

Let 7" = 77"(y) be a complex function depending on two discrete variables n,m and one
continuous variable y, which satisfies the following bilinear equations

m m __ m ok _m*
Dyt -1yt = —at) T (2.40)
*
Dyl g — et ms (2.41)
m-+1*_m m  *_m+1 m+1*_m __
br,) Tpaq — ATy T et T =0, (2.42)

Let 7/ be a solution to (2ZZ0)-(2Z22). Define a real function ™(y) and an R? valued
function ~,"*(y) by

2 T
0™ (y) = —— log 2 2.4
nW) = =108 o (2.43)
niy) —3 (log 77™), .11
Tn \Y) = 1 Tn' : :
vt (g 2),

Then for any y € R and n, m € Z, the functions ] and ~,* satisfy (E138)-(E14) and (2Z19)

).

2.3 Explicit Solutions

In this section, we construct the solutions to the bilinear equations in terms of the elliptic
theta functions. Let ¥;(v) = ¥;(v;w) (v,w € C, Im(w) > 0, ¢ = 1,2,3,4) are the elliptic

14



theta functions defined as follows [4R, 4Y].

791(’[},10) = — Z ewiw(n+%)2+2wi(n+%)(y+%)

n=—oo

=2 i(—n%ﬂw("*é)? sin ((2n + 1)7v),
n=0

192(1)710) — Z ewiw(n+%)2+2m’(n+%)fu

n=—oo

o
. 2
=2 Z e (n+3)" cog ((2n+1) 7o),
n=0

[e.e]

193(1} w) L Z 6m'um2+27rinv
M T

n=-—o00
oo
2
=1+2 Z ™" cos (2nmv)
n=1

00
'194(’0,7,0) = Z eﬂw”2+27rin(v+%)

n=—oo

o
=1+2 Z(—l)"emw"Q cos (2nmv) .
n=1

(2.45)

(2.46)

(2.47)

(2.48)

It follows immediately from the definition that 19, is an odd function for v and that 92, J3, 94

are even functions for v. Then define constants wq,wy € C as

1
wlzﬁr? w2:§+\/jlr, T€R>0.

2.3.1 Continuous deformation of elastica

1. Let w = wy. Define constants hq, ¢1, Q1 and ¢; as follows

_ 95(0) , 91(0)* 95(0)° 94(0)°

"= 050 T 002002 T (02
1 (95(0)  95(0)
@ <£<0> " 19?,<0>> |
=350 90 9O 00

93(0) 92(0)  ¥1(0) V4(0)

15
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2. Let w = wsy. Define constants ho, ¢z, Q2 and ¢o as follows

b U5(0)  03(0)° 0a(0)* 0a(0)?
27 05(0) 02002050002 P 9 (0)2
_ 1 {95(0) | 94(0)
Q2=—7 (192(0) + 194(0)) : (2.51)
o = 393(0) L 04(0)  97(0)  ,95(0)

93(0) T "04(0) ~ 0(0) " 02(0)

Theorem 2. Let w = wy. Consider the 7 function

T w
T = exp { <z11 — —) — hicizy + Q1p2x2}

2 4
x 93 (211) , (2.52)
zin=pr+qpt+ —y— 5+ —,
P 2 4

where p € R\ {0} is a parameter. Then, (Z52) and its complex conjugate satisfy the
bilinear equations (2222)-(2=24).

Theorem 3. Let w = wy. Consider the 7 function

)
T = exp < — hocozy + Q2p21‘2> U3 (212) ,

4 (2.53)
3 (&) 1
Z12 = pr + @p°t + —y + —.
P 4
Then, (Z253) and its complex conjugate satisfy the bilinear equations (2222)-(2-24).
To prove Theorem 2, we first prove the following Lemmas.
Lemma 1. Let w = wy, then for any z € C
Ve(2)" = 0k(2%), k=1,2,3,4, (2.54)
holds.
Lemma 2. For any X € C,
91(0)94(0)
Dx93(X) - 92(X) = -2 91(X)0a(X 2.55
xU3(X) - J2(X) J2(0)3(0) 1(X)94(X), (2.55)
19// (0) 1911 (O)
Dx?93(X) - 92(X) = | -2 3 V2(X)03(X 2.56
X 3( ) 2( ) <192(0) + 193(0) 2( ) 3( )’ ( )



Dx393(X) - 95(X)

I
/N
N3
=3
—~
o]
N—
S
Ny
~~
o
S~—
_l_
w
N3
—
—~
o
S~—
<
W |3
—~
e
N—
N——
53
—
—~
s
N3
Ny
~—~
S—
~~
o
(S]]
3
S~—

%DX2193(X) S93(X) = (

hold.

Proof (proof of Lemma ). Consider the following theta function with characteristics.

Vap(2) == Z exp (2mi(n + a)(z + b) + wi(n + a)zw) , abe {0, ;} . (2.59)
neZ
Then,
U1(2) = =01 1(2), V2(2) = V1 o(2),
23 2 (2.60)
U3(2) = o,0(2),  Va(2) = U 1(2).
Since w* = —w,
Dap(2)" = Z exp (—2mi(n + a)(2* + b) — mi(n + a)’w*)
nez
= Z exp (2mi(—n — a)(2* + b) + wi(n + a)’w)
net (2.61)
= Z exp (2mi(n + a)(z* + b) + wi(n + a)Qw)
neZ
= Q9@,17(2*)7
g

From Lemma [0, we see that the constants hi, c¢1, g1, Q1 defined in (Z50) are real
numbers.

Proof (proof of Lemma B). For any z,y,u,v € C and

1 1
r1=s(@+tyt+utv), y=s@+y—u-—v),

% % (2.62)
ulzi(:n—y—i—u—v), Ulzi(x—y—u—i—v),

the elliptic theta functions satisfy the following identities [48, @49].

203(21)V3(y1)02(u1)V2(v1) =03(x)I3(y)V2(u)2(v) + Fa(z)Is(y)V1(u)d1(v)

+09(2)92(1) 05 (w) I3 (v) + 91 ()91 (1) 04 (w)I4(v), (2.63)

17



204(w1)94(y1) 01 (w1) 01 (v1) =093(2)93(y)V2(u)I2(v) + Va(z)Va(y)I1(u)d1(v)

(u)
D)) (s() (D),
Putting x = u = X,y = v = U in (Z63) and (Z54) yields
U3(X 4 U)U3(0)d2(X — U)d(0) (2.65)
= J3(X)P2(X)V3(U)02(U) + 94(X) 1 (X)I4(U) 01 (U). .
After differentiating (2563) by U and setting U = 0, we obtain
D2(0)93(0) (V3(X)D2(X) — Da(X)05(X) ) = ¥ (0)04(0)01 (X)a(X), (2.66)
which yields
Dx93(X) - ¥2(X) = Z;Egigigg;%@f)m(}()- (2.67)

Similarly, differentiating both sides of (2363) by U twice and three times, and setting U = 0,
we obtain

Dy 295(X) - #5(X) = (gzgg; + ﬁi,% ) 9o (X)05(X), (2.68)
and
Dx303(X) - 95(X) = @12((8))3;((8)) + 33228;2%) 91 (X)94(X), (2.69)

respectively. Also, we have the following identities [AR, @9].

203(w1)93(y1)03(u1)V3(v1) =093(2)93(y)03(u)I3(v) + Fa(z)Va(y)Ia(u)Ia(v)

a2y D(v) + (@AW @I (0),
201 (21)01(y1)V1 (u1) 01 (v1) =03(2)93(y)93(u)ds(v) — Pa(2)da(y)da(u)da(v) (2.71)
—2(2)V2(y)V2(u)I2(v) + V1 (2)d1 (y) 01 (u)d1(v). '
Putting v =y = X,u = v = U in (EZ70) and (ZZ70) yields
D3(X + U)0s3(X — U)93(0)% = 93(X)*I3(U)? + 91(X)*91 (V). (2.72)

After differentiating (E272) by U twice and setting U = 0, we obtain

205(0)2 (19;1()()193()() - ﬁ;(X)2) = 205 (0)95(0)93(X)% + 207 (0291 (X)2.  (2.73)
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Also, putting x =y = X,u = v = 0 in the following identity,

204(21)04(y1)01 (u1)d1(v1) =03(2)I3(y)I2(w)V2(v) + Ja(2)a(y)d1(u)d1(v)
—V02(2)02(y)V3(u)I3(v) — Y1 (2)01(y)da(u)da(v),

<

(2.74)

we have
93(X)*92(0)% — 99(X)?93(0)* = 91 (X)*¥4(0)*. (2.75)

Substituting (EZ73) into (2273) yields

%DX2193(X) (X)) = (

0

Proof (Proof of Theorem B). Denote Y = x +t + y + §. Hirota’s bilinear differential
operators satisfy the following identities [47].

D,*(FG)-(FH) = (D,*F - F)GH + F*(D,*G - H), (2.77)
D,2(e917%) - (@177 = 4@ 207 (2.78)
We see from (E277), (E278) that (E258) is rewritten as
D,2 (eQ”Qﬁg(Y)) : (eQ”QﬁQ(Y)> =0, (2.79)
Also from
D.3(FG)-(FH) = (D,*G - H)F? 4+ 3(D,G - H)(D,*F - F), (2.80)

and (Z78), we see that

(D2 +q1Dy) (27" 05(1)) - (20 (Y))

= 207 [ Dy303(Y) - (V) + (12Q1 + 1) Dy 95(Y) - 92(Y) } .
holds. From (2053) and (E257), we see that
(D + q1Dy) (texQ’ﬁg(Y)) : (texZﬁz(Y)) —0, (2.82)
holds, where ¢, is given by
N
Also from 0? D,D,F-F
920y log F’ z 2;2 , (2.84)
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we see that

82 hix DID F . F _D D eihlwyF . e*hlxyF
- Y — — Yy _ My
8xay log (& F — hl + 2F2 - 26_2h1$yF2 9

holds. From (EZ23) and (EB8), we see that

(2.85)

1
5 DeDy95(Y) - 95(Y)

, o ) o (2.86)
LDy Eas(v) - 0a(¥) = (1’;28; + P 2> Da(¥)? ~ O ()
and
! 2
%Dny (e v5(v)) - (eT9y(v) ) = 2o gﬁgiz%(yﬂ (2.87)

hold. From the above calculations, we see that (252) and its complex conjugate satisfy
the bilinear equations (2222)-(2Z24). O

Next, we prove the following two Lemmas to prove Theorem B.

(7)o
= exp( 1) (2.88)

Z

Lemma 3. Let w = wo, then for any z € C

~.

= exp

~.

U3(2)*
Va(z)" = 193(2*),

hold.
Lemma 4. For any X € C, the following identities hold.

Dx93(X) - 94(X) = —Z;EE;ZEES; 91 (X)02(X), (2.89)
Dy?03(X) - 03(X) = (Z?;Egi " §4§8§) P5(X)04(X), (2.90)
Dx?03(X) - 94(X) = — (1;13 ((g))gj((g)) + 3228%31585) 91 (X)02(X), (2.91)

" " (0)2 2
S Dx05(X) - 05(X) = ('g;gg; - o gggg;) 02002 + OE000% (292

a)
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Proof (proof of Lemma B). Let w = ws, then w* =1 —w and

—91(2)* :%exp (—m (n + ;) (z + ;) — i <n + ;)Qw*>
:%exp <2m' <—n _ 1) <Z* N ;) i <n + ;)2 (1- w)) (2.93)
:Zexp <2m' <n ;) <z* + ;) + i (n+ ;>2w — i (n+ ;>2> :

nez

[\

hold. Since

exp (—m' <n + ;>2> =exp (—m' (n®+n) — T) =exp (—7:) , (2.94)

holds, we have

—91(2)" =exp <—7Z> > exp <2m' <—n - ;) (z + ;) + i (n + ;>2w>

neEL

= exp (—zi) > exp <2m; (n + ;) (z + ;) + i (n + ;>2w> (2.95)

n,EZ
= —exp <—7Z> v1(2"), (nl =-n—1).

Also, from ¥ (z — 3) = —2(2)

—9a(2)* = 01 <z _ ;) — oxp (-T) 9 <z* - ;) — _exp (-T) 9a(z"),  (2.96)

holds. We also see that
U3(2)* = Z exp (—2miz* — m’an*)
= Z exp (—2minz* + minlw — 7rin2) ,

1
= Z exp <—2m’n (z* + 2) + m’an)

nez

= Z exp <2m’n (z* + ;) + m'n2w> = 94(2%),

nez

(2.97)
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holds. I
From Lemma B, we see that the constants hs, c2, g2, Q2 defined in (2Z51) are real
numbers.

Proof (proof of Lemma @). The elliptic theta functions satisfy the following identities
[@R, @9],

203(21)03(y1)Va(u1)da(v1) =03(x)053(y)Va(u)Va(v) + Ja(2)Va(y)ds(u)ds(v) (2.98)
—a(2)02(y)01 (u)01(v) — V1 (2)01(y)I2(u)d2(v), '
—209(1)02(y1) 01 (u1)91(v1) 193(96)193( )Va(u)Pa(v) — Va(x)Va(y)Is(u)ds(v) (2.99)
—2(2)92(y) 01 (u)1(v) + D1 (2)91(y)I2(u)I2(v), '
Putting r = u = X,y =v = U in (Z8) and (ZZ9) yields
193(X + U)ﬁ3(0)194(X — U)194(0) (2 100)
= U3(X)04(X)I3(U)04(U) — U1(X)I2(X) 01 (U)I2(U). '
After differentiating (EZI00) by U and setting U = 0, we obtain
D5(0)94(0) (93(X)0a(X) = 95(X)9,(X)) = =01 (0)D2(0)91 (X)W2(X),  (2101)
From (Z10T) we get
_ 91(0)95(0)
Dx93(X) - 94(X) = — 19; 0)9:00) 91 (X)2(X). (2.102)

Similarly, differentiating both sides of (2100) by U twice and three times, and setting
U = 0, we obtain

2 . RO 194( )
Dx*93(X) - J4(X) = (193( 0) T 94(0 )) J3(X)04(X), (2.103)
_ [ 91(0)92(0) | ,91(0)95(0)
Dx393(X) - 04(X) = — <1913(O)194(0) + 379;(0)191(0)) 91(X)92(X). (2.104)
Also, we have the following identity [AR, @9],
—202(21)V2(y1) V1 (u1)91(v1) =03(2)93(y)Va(u)Is(v) — Da(z)Ia(y)Is(u)I5(v) (2.105)
—Da(x)02(y)01 (w) 91 (v) + 1 ()01 (y)I2(w)Pa(v),
Putting x = y = X,u = v = 0 into (Z103) yields
D4(X)*93(0)% — U5(X)*94(0)> = ¥1(X)*92(0)*, (2.106)
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Substituting (PI08) into (2773) yields

1

—Dx93(X) - 93(X) = < - ) )193(X)2+ 94(X)%. (2.107)

2

O

Proof (proof of Theorem B). Denote Y = z + ¢ + y. From (EZ90),
D,> <6Q2$2Q93(Y)> : <6Q2$2Q94(Y)> —0, (2.108)
holds. Also, we see that

(D2* + ¢2Dy) <6Q2x2193(Y)> . <6Q2x2194(Y)>

) (2.109)
= eQng {Dygﬁg(Y) . 194(Y) + (12@2 =+ QQ)Dy’l?z),(Y) . 194(Y)} R
holds. From (E109), (2289) and (EZ9T), we see that
(D, + ga D) (6Q2$2193(Y)) : (eQﬂQm(Y)) —0, (2.110)
holds, where ¢o is given by
_L05(0) | L95(0)  91(0) ,95(0)
==30,0 T a0 " o) o) -
Also from (2792),
S DaDyIs(¥) -0 (¥)
1,0 _(550) 902002 ) e, O G
_§DY ﬁS(Y) 'Q93(Y) - (193(0) B 192(0)2 193(0)2> 193(Y) + W194(Y) )
holds and thus
1 19’ 0)2
502Dy (e’hﬁyﬁg(Y» . (ahﬂyﬁg(Y)) = thﬂyﬁ;EO;Qm(Y)?, (2.113)

From the above calculations, we see that (EZ53) and its complex conjugate satisfy the
bilinear equations (2222)-(2224). [
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2.3.2 Continuous deformation of discrete elastica

1. Let w = wy. Define parameters €1, 47 and a1 as follows

04(0 94(0)9,
61(()[) ( ) 4( ) 51(0[) — fl( ) 4(0&),
( )191 a) 191(0)194(0‘) (2114)
a (a) 1 191(04)
1 D 194(04)7
where o € R\(1/2)Z is a parameter.
2. Let w = wy. Define parameters s, do and as as follows
02(0 92(0)0
cr(0) = SO ) DalO)A(E)
as(a) = 1 191(04)
ST pia(a)
Theorem 4. Let w = wy. Consider the 7 function
Tn — €XP {T;Z (2’21 — %) — hlclty]
< exp [—n <e1<a>pt ; &(a)i)] B3 (221). (2.116)
94(0) < y) 1w
= . t+2 ) - Z 4 =
291 an+191(0) p+p +4

Then, (E118) and its complex conjugate satisfy the bilinear equations (E728)-(2230) with
a = ai(a).

Theorem 5. Let w = wy. Consider the 7 function

Tp = €XPp [ZZ — hacoty —n <52(a)pt + 52(0[)19))]

X 193 (ZQQ), (2117)
2(0) < y) 1
= t+ = —.
222 an+191(0) p—i—p +4

Then, (E1T4) and its complex conjugate satisfy the bilinear equations (272R)-(2230) with
a = az(a).

To prove Theorem B, we first show the following Lemma
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Lemma 5. For any X, a € C, the following identities hold.
Dxﬁg(X + a) . 193(X)

_ Ui(@) 9, (0): () (2.118)
(a)ﬁs(X +)05(X) — o gy 2K+ @72,
Dxﬂs( + ) - 92(X)
— ( )19 X 9o (X 19,1(0)194(05)19 X 9~(X (2'119)
B V1 () 3(X + a)da(X) = V1 (a)94(0) 2(X + a)d5(X),

Proof (proof of Lemma H). The elliptic theta functions satisfy the following identities
205(21)03(y1) 04 (u1)da(vr) =03(2)d3(y)da(u)da(v )+’l94( )0a(y) 03 (u)d3(v)
—V2(2)02(y) 0 (u) 1 (v) — D1(2) 01 (y) D2 (u)d2(v),

—203(21)03(y1)Va(u1)da(v1) =03(2)03(y)da(w)da(v) — da(z)da(y)ds(u)ds(v)
—Ua(2)2(y) 01 (u)91(v) + I1(2) 01 (y)P2(u)d2(v),
Putting x = X,y = X + a,u = U,v =U + « in (ZI20) and (ZT2T) yields

193(X + o+ U)’l93(X — U)?ﬁ‘4(04)194(0)
= 193(X)193(X + 06)194((])194([] + Oé) — 192(X)292(X + Oé)??l(U)ﬂl(U + Oé),
After differentiating (2122) by U and setting U = 0, we obtain
(950X + a)da(X) = 95(X + a)d3(X) ) Da()94(0)
= 93(X)93(X + )94 (0)0 () — Do (X )92(X + )0 (0)0; ().
Also, we have the following identities

203(21)03(y1)04(u1)Va(v1) =03(x

(2.120)

(2.121)

(2.122)

(2.123)

f’o
w
<
<
Ny
<
<
Ny
4

(2.124)

(2.125)

V1 (a)94(0)03(X + a+ U)d2(X —U)
= U3(X + a)02(X) 01 (U + )04 (U) — 92(X + a)I3(X) 1 (U)da(U + o).
After differentiating (2128) by U and setting U = 0, we obtain
(950X + a)d2(X) = V5(X + a)dy(X) ) 91()94(0)
= 95(X + a)P2(X)0y (@)04(0) — D2(X + 2)93(X) 9 (0)94(a).

(2.126)

(2.127)
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Proof (proof of Theorem @). Denote Y = an +t + Iy + %. From (Z328),

1
DD, 95(Y) - Ds(Y)

" / ! 2128)
1 92(0)  9(0)2 95(0)2 9,(0)2 (
=I=Dy*93(Y) - 93(Y) =1 | =2 ! D3(Y)? — 1= 5(Y)?
LDy 5] 05(Y) (193(0) T 0u0)2 0502 ) O 0 )
holds. Also from Hirota’s bilinear differential operator’s properties, we see that
D, (e“("“)anH) (M G) = DT (0 F G+ DyFogy - Ga) | (2.129)
D, <e“(”+1)$Fn+1) (e F,) = 2T (oF,  Fy 4+ DyFpyr - F), (2.130)

hold for any a € R. From the above calculations, we see that (ZI18) and its complex
conjugate satisfy the bilinear equations (228)-(2=30) with a = a;(«). O

Next, we show the following Lemma to prove Theorem B.
Lemma 6. For any X, a € C, the following identities hold.
Dx93(X + a) - ¥3(X)

o ! o 2.131
_ giga;%(x 1 a)95(X) + mm(x + a)da(X), (2131)
Dxﬁg(X + a) . ’194(X)
V(@)  91(0)03(a) (2.132)
= 791 (a) 193(X + 04)194()() 7191(a)02<0) 194(X + 04)193(X)
Proof (proof of Lemma B). The elliptic theta functions satisfy the following identities
203(x1)93(y1)V2(u1)d2(v1) =03(2)s(y) 2 (u)V2(v) + Da(2)Va(y)d1(u)d1(v) (2.133)
+02(2)d2(y) I3 (w)Is(v) + V1 (2) 01 (y)a(u)a(v), '
204(21)04(y1) 01 (1)1 (v1) =03(2)3(y) P2 (w)V2(v) + Va(2)Pa(y) V1 (u) V1 (v) (2.134)
—U2(x)92(y)V3(u)V3(v) — P (z)01(y)Va(w)da(v), '
Putting v = X,y = X + a,u = U,v =U + « in (Z133) and (Z133) yields
= 93(X)03(X + a)2(U)92(U + o) + 94(X)04(X + )1 (U)91 (U + ), '
After differentiating (2133) by U and setting U = 0, we obtain
(95X +a)d5(X) = B5(X + @)05(X) ) 92(a)92(0) o.136)

= 93(X)I3(X + )92(0)95 () + V4(X)94(X + )9} (0)9; (a).
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Also, we have the following identities

201 (21)02(y1) 04 (u1) 03 (v1) =03(x)0a(y)d2(w)dr (v) + Da(2)d3(y) 01 (u)d2(v)

(2.137)
+02(2)01(y)V3(u)da(v) + 91(2)02(y)Va(u)ds(v),
—292(@1)91(y1) 93 (u1) P4 (v1) =05(2)Va(y)d2(w)d1 (v) + Da(x)I3(y) V1 (u)P2(v) (2.138)
—2(2)01(y)V3(u)da(v) — V1 (2)V2(y)da(u)d3(v), '
Putting x = X + o,y = —X,u = —U,v =U + « in (Z2137) and (ZI3Y) yields
91(a)92(0)94(X — U)I3(X +a+ U) (2.139)
= U3(X 4+ a)04(X)02(U)1 (U + o) + 94(X + a)V3(X) (U)02(U + o), '
After differentiating (22139) by U and setting U = 0 we obtain
(95X +a)a(x) - X+ @)¥3(X) ) #1(2)2(0) | 2.110)
= 193(X + 04)194(X)191(04)02(0) — 194(X + CM)193(X)191 (0)02(&).
]
Proof (proof of Theorem H). Denote Y = an +t + ly. From (2792),
S DD, is(Y) - 5(Y)
Dy 2aur) - a(r) — (OO0 e (02 B
T ST 03(0) T 92(0)293(0)2 ) P 9a(0)2 71

holds. Then, we see that (E2114) and its complex conjugate satisfy the bilinear equations
(228)-(2330) with a = az(a).0

2.3.3 Discrete deformation of discrete elastica

1. Let w = wi. Define the parameter C7 as follows

_ 194(0)91 (= B)

Ci(a, B) = , 2.142
where § € R\(1/2)Z is a parameter.
2. Let w = wsy. Define the parameter Cy as follows
1 _
Colar, ) = L2200 (@ = 5) (2.143)

—p a(a)a(B)
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Theorem 6. Let w = w;. Consider the 7 function

= exp [7;’ (251 = ) = Gi)n + 81(8)m) %
X 193 (231) s (2144)
U4(0) y B w

1
z31=an+pm+ — =
31 B S0y 271

Then, (E144) and its complex conjugate satisfy the bilinear equations (220)-(242) with
a=ai(B), b=a1(a) and ¢ = Cy(a, B).

Theorem 7. Let w = wy. Consider the 7 function

™ — exp T (02(a)n + d2(B)m) ]y) U3 (232)

Tn
4 (2.145)
z32=om+ﬁm+192(0)y+1. |
0 (0)p 4

Then, (E143) and its complex conjugate satisfy the bilinear equations (2-0)-(242) with
a = az(f), b = az(a) and ¢ = Ca(a, B).

To prove Theorem B, we first show the following Lemma

Lemma 7. For any X, a, 5 € C, the following identity hold.
i = B)ia(0)

= X £ B)0aX + ) = THEN X+ )X + ),
Proof (proof of Lemma @). The elliptic theta functions satisfy the following identities
A%, &),
201(21)02(y1)04(u1)03(v1) =03(2)d4(y)d2(u)d1(v) + a(2)03(y) 01 (u)I2(v) (2.147)
+92(2) 91 (y)I3(w)da(v) + V1 (2)02(y)da(w)ds(v), '
—204(21)93(y1) 0 (u1)V2(v1) =05(2)Va(y)d2(w)d1 (v) — Va(x)I3(y) 01 (u)I2(v) (2.148)
+02(2)01 (y)03 ()P4 (v) — D1 ()2 (y)Va(u)ds(v),
Putting = X + o,y = —a,u = =X — 5,0 = 8 in (Z147) and (ZI4R) yields
U1(a = B8)04(0)02(X + o + B)I5(X) (2.149)

= 91(a)04(B)93(X + B)I2(X + a) — D1(B)4(a)ds(X + a)d2(X + f),
Dividing both sides of (2149) by ¥4 (a)¥4(8) yields (2148). O
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Proof (proof of Theorem B). From (E1I8), (Z130) and (2148), we see that (2144) and
its complex conjugate satisfy the bilinear equations (P20)-(222) with a = a1(8), b = a1(«)
and ¢ = Ci(a, 8). O

To prove Theorem [, we first show the following Lemma
Lemma 8. For any X, a, 8 € C, the following identity hold.

V1= B)0(0)

03()()ﬁ4()( +*Gf+’ﬂ)

U2(a)d2(B) (2.150)
—ﬁl(ﬁ)ﬁ(X—%B)z? (X + )—ﬂl(o‘)ﬁ(xqu )93(X + B) |
~0a(8) S ) ‘

Proof (proof of Lemma B). The elliptic theta functions satisfy the following identities
A%, a9).
203(21)04(y1)02(u1) V1 (v1) =03(2)Va(y)I2(u)d1(v) — Va(z)93(y) 01 (u)d2(v) (2.151)
= (x)01(y)I3(u)Ia(v) + F1(2)I2(y)Va(u)I3(v), '
—204(x1)95(y1) 01 (u1)V2(v1) =03(2)04(y)V2(u)V1 (v) — Ja(2)I3(y) 01 (u)d2(v) (2.152)
+09(2) 91 (y)I3(u)da(v) — V1 (x)D2(y)Ia(u)Pz(v),
Putting = X + o,y = X + f,u = o,v = [ in (ZI51) and (ZI52) yields
—Y1(a — B3)92(0)04(X + a + B)93(X) (2.153)

= 2()1(B)04(X + B)U3(X + ) — D2(B)d1(a)9a(X + a)I3(X + B),
Dividing both sides of (ZI53) by ¥ (a)¥2(S) yields (EI50). O

Proof (proof of Theorem [@). From (ET31), (Z130) and (E150), we see that (Z143) and
its complex conjugate satisfy the bilinear equations (220)-(242) with a = a2(f5), b = az(«)
and ¢ = Cy(a, B). O

2.4 Connection between the discrete curves given in 232,
and the discrete elastica

Here we check that the discrete curvature of the discrete curves given by Theorems B, H,
B, @ satisfy the difference equation for the discrete elastica (2221). Denoting t,, = tan &z

5
(ZZZ0) can be rewritten as
Cotn

t tp—1 = , 2.154
According to [34], the solutions to the equations (ZI54) can be written as follows
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1. When w = wy

B iﬁl(a)b%(a) % (Om —d—- %) N (Om, _d— %)
= 5 (a)Us(a) g (an—d—2) 03 (an—d— %) (2.155)

2. When w = wo
to— _Z,191(Oé)192(04) Y1 (an — d) 9 (an — d) o156

I3(a)dq(a) 93 (an — d) 94 (an — d)’

where d € R,a € R\ (1/2Z) are constants. In this section, it is shown that the discrete
curvatures of the curves given by Theorems @, B, B, and @ satisfy (2=Z1).

Proof. First, we prove the case when w = w;. This corresponds to the curves given by
Theorems B and B. Fix the time variable ¢ in Theorem BA. Then the discrete curvature of

the curve is
Ko Opt1 —Op—1 1. U3(zo1 + a)Va(z01 — @)
= et 7nml

=-1o . 2.157
2 i 08 Vo (201 + a@)U3(221 — ) ( )
Since,
. Kn
K 1 7 —1—=
tp=tan 0= "¢ * (2.158)
2 el et

(z21+a)V2(221—
(z21+)V3 (221 —¢
(

o \/192(221+a)19 (Zgl—a)
193(221+a)19 (sza)

1y
tn =
7 z21+0)¥2(221 — Y2 (221+0a) V3 (221 —a)
\/ (2214—0( J3(z21 —« + \/193(221-1—0& J2(z21—a) (2159)

_ 193(221 + a)a(z21 — @) — U2(z21 + @) P3(221 — @)
i U3(221 + @)V2(221 — @) + Va(221 + @)V3(221 — @)
holds. On the other hand, the elliptic theta functions satisfy the following identities [48, A9].

201 (z1)92(y1)Va(u1)d3(v1) =03(2)d4(y) 2 (w) 01 (v) + Da(2)ds(y) 1 (u)d2(v)
+02(2)01(y)V3(u)Va(v) + I1(2)02(y)Va(u)ds(v),
—204(21)03(y1) 01 (u1) D2 (v1) =03(2)da(y)2(w)d1 (v) — Ja()ds(y)d1(u)d2(v)
+02(2) 01 (y)I3(w)da(v) — D1 (x)d2(y)da(u)ds3(v).
Putting = 201 + o,y = v = —a, u = —29; + « in (ZI60) and (ZI60) yields
194(0)191(20&)
191(04)194(04)
The elliptic theta functions also satisfy the following identities [A48, 49].

294(21)04(y1) V1 (u1)01(v1) =03(2)03(y)d2(u)d2(v) + Fa(x)da(y)v1(u)d1(v)
—V2(x)02(y)I3(u)V3(v) — V1 (x)I1(y)da(u)da(v),

N N7 | NG N

I3
Y2
U3
P

(2.160)

(2.161)
U3(291 + @)¥2(2z21 — @) + P2(221 + a)V¥3(221 — ) =

193(Z21)192(221). (2.162)

(2.163)
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201 (21)01(y1)04(u1)Va(v1) =03(2)03(y)2(u)d2(v) — Fa(z)da(y)d1 (u)d1(v) (2.164)
—02(2)d2(y)V3(u)I3(v) + V1 (2)d1(y)Va(u)da(v), '
Putting © = 291 + o,y = a,u = 291 — @, v = —« in (EI62) and (ZI63) yields
193(221 + Oé)192(221 - a) - 192(221 + Oz)193(221 - a) = 11992(((2;91;;(25)) Al (Z21)194(Z21). (2.165)

Dividing (ZI68) by (ZI62) yields

_ 1191(04)194(04) V1 (221) V4 (221)
" i 9a()V3(a) Ua (221) V3 (201)]

This is equivalent to (ZI55). It can also be proved by the same calculation that the discrete
curve given by Theorem B is a discrete elastica. Next, we prove the case when w = ws.
This corresponds to the curves given by Theorems B and [. Fix the time variable ¢ in
Theorem B. Then the discrete curvature of the curve is

Opns1 —On—1 1. U3(200 + a)Vs(222 — )

(2.166)

K, = Hl— el 2, , 2.167
" 2 ; 08 V4(z22 + @)¥3(292 — ) ( )
Since,
£, — tan S _ 1 P e (2.168)
=tan — = - —F%—%.> .
" 2 ? el% + eil%

(z224+0) V4 (22— V4 (z2240)93(200— )
(z22+)V3 (222 —x V3 (z22+a)P4(z22—ax)
(

) _
)
z22+a)04(222—ax) V4 (z22+a)V3(z22—a)
e + e (2.169)

:}193(222 + a)4(222 — @) — V4(222 + @)V3(222 — @)
7 193(222 + 04)194(2’22 — Oz) + 194(222 + 04)193(2’22 — a)7
holds. On the other hand, the elliptic theta functions satisfy the following identities [48, 49].

201 (w1)02(y1)Pa(u1)93(v1) = I3(2)0a(y)I2(w)1(v) + Da(x)05(y) 01 (u)d2(v)

+ 9o ()91 ()93 (w) 94 (v) + 91 (2)92(y) D4 (u)V3(v), (2.170)
205 )0h (1) 33004 (01) = Do ()4 (4) (0001 0) + D@D )) o
— 92(2)91 (y)93(u)94(v) — V1 (2)I2(y)Ia(u)Is(v), .

Putting © = 290 + o,y = —292 + @, u = v = —« in (EZI70) and (ZZI7D) yields

¥2(0)91 (2c
193(222 + a)ﬁ4(2’22 — Oé) + ’194(222 + Ck)193(2’22 — a) = Wﬁg(?&gg)ﬁ4(222). (2.172)
The elliptic theta functions also satisfy the following identities [48, 49].

=201 (21)01(y1)V2(u1)V2(v1) = I3(2)I3(y)Va(u)Pa(v) — Va(2)P4(y)I3(u)d3(v)
9 U

+ Yo (x)92(y) 1 ()1 (v) — 91 (2)91 (y) 2 (uw)d2(v), (2.173)
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—295(21)92(y1)01 (u1)V1(v1) = V3(2)I5(y)Va(u)Va(v) — Ja(2)Va(y)Is(u)ds(v)
— U2(@)2(y) V1 (u)d1(v) + V1 (@)1 (y)D2(u)d2(v),
Putting © = 290 + o,y = @, u = 299 — @, v = —« in (EI73) and (EZI74) yields

(2.174)

02(0)9: (20) D1 (222)02(222). (2.175)

Us(z22 + )Va(222 — ) — Va(z22 + @)V3(222 — ) = ~ O3(a)0s(r)

Dividing (ZI73) by (ZI72) yields

11 (a)d2(a) 1 (222) P2 (222)

tn=-73 U3(a)da(a) U5 (222) Va (222)

(2.176)

This is equivalent to (Z158). It can also be proved by the same calculation that the discrete
curve given by Theorem [ is a discrete elastica. [J
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Chapter 3

Explicit formulas of space curves
with constant torsion and discrete
space curves with constant torsion
angle

In this chapter, we utilize the explicit formula for space curves by 7 functions [6] and
construct explicit formulas for curves with constant torsion in terms of the elliptic theta
functions. There are two types of curves to be constructed. Numerical experiments show
that the difference between these curves is whether they can be closed or not. For the curve
that can be closed, the conditions for it to be a closed curve are explicitly obtained. We
also construct two explicit formulas for discrete space curves with constant torsion angle,
which are discrete analogues of space curves with constant torsion; as in the case of smooth
curve, we also explicitly derive the conditions under which the curve close.

3.1 The Frenet-Serret formula for space curves

First, we briefly review the basic formulation of space curves (see, for example, [G, [7]).
Let v(z) € R? be a smooth space curve parameterized by the arc-length 2. We define the
tangent T'(x), the normal N(z) and the binormal B(z) by

T() =/(a) Nlo) = Lah Bl) =T(a) x N, (3.)

respectively. We also define the curvature x(x) and the torsion A(x) by

k() =" (@), AMaz)=—(N(z), B'(x)), (3.2)
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respectively. Here ' = 0/0z, "= 0/0t. The Frenet frame ® = [T, N, B] € SO(3) satisfies
the Frenet-Serret formula ® = ®L, where

0 —k O
k 0 )\]. (3.3)

0o x 0

I =

3.2 Explicit formulas of space curves with constant torsion
and discrete space curves with constant torsion angle

Fix w = iy, (y > 0). Denoting 9¥;(z|w) as ¥;(z) for short, then we see that ¥;(2)* = ¥;(2*)
holds (j = 1,2, 3.4). Fix parameters r,v € R\ (1/2Z) and define

(j=1,2,3,4). (3.4)

Theorem 8. Define constants «q, 51, a1, b1 and ¢q as follows

a1 = /04(2r)94(0), 51:%’ ‘“:Zig B

1

b =d; (T‘) + d4(7’) — dg(’l”) — d3(’l”), c1 = Zié:; — Zig:; — d4(’l”)2 + d (T)Q.

Noting that » € R\ (1/2Z), we can check that aq, 1, a1, b1 and ¢; are real numbers. Then
consider the 7 functions,

F(x,z) = ajexp <a1$z> 3 (m + zz> ,
C1

C1

f(z,z) = 04(r) exp (alxz — id4(r)x> Y3 <m + Zci + r> ,
1

C1

g(z,z) = V1(r) exp <a1x2 + idy (r)x) U (zx tis 7
c c

)
Ol ) = oy 1O o <Zm +ildi(r) — da(r))z + ”) 9 (zx + zz> ,

(3.6)
194(0) E C1
H(z,z) = ﬁﬁg(@)ﬁg(()) exp (al$z +i(di(r) + dy(r))z — m>
Ozlbl C1 2
X U9 (ia;—i—iz —2r> .
C1
Then it follows that F' € R, f,g9,G, H € C, and that
F? = ff*+gg", (3.7)
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D.f - F = —g*G, (3.8)

Dyg-F = f*G, (3.9)
D,H-F = f*g, (3.10)
1
§D2D1F -F = gg*. (3.11)
Putting v as
H+ H*
F

1H - H*

VWz,2) =1 7 F : (3.12)
2(910gF
l‘ [e—
0z

then v is a space curve with constant torsion. The torsion A can be written explicitly as
follows

10 G
=——|log— | = — . 1
A 5 B2 <0g G*) dy(r) — dy(r) (3.13)
Also, the curvature s can be written explicitly as
G|
=2—. 14
=2 (3.14)
Theorem 9. Define constants ao, 52, as, bo and co as follows
U1 (r)ds(r) J3(r) 2
ag = /U3(2r)d3(0), B2= 1+, ax= —ds(r)”,
Va(r)da(r) Us(r) (3.15)

by = di(r) +da(r) +da(r) +d3(r), c2= gzgg - gig:i — dg(r)® + da(r)*.

Noting that » € R\ (1/2Z), we can check that ag, f2, ag, by and co are real numbers. Then
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consider the 7 functions,

F(x,z) = asexp <axz> J9 (z:r + iz> ,
(&) (&)

f(@,2) = V3(r) exp (anz - idg(T‘):ﬁ) 95 (zx + Z* + r>

C2

g(z,2z) = V1(r) exp <a2:cz + idl(r)x) V4 <zx + z— — T>
c2
70 (3.16)
G(z,2) = as ﬁ;EO; exp <sz +i(di(r) — )T + 7;) Uy <’L£L' + z> ,
as
H@@ﬁﬁxmwmﬁmﬂ@m+wn iy
asb C2
z
X U4 (i:c+i —2r> .
c2
Then it follows that F' € R, f,g9,G, H € C, and that
F? = ff*+g9", (3.17)
Dof-F=—g'G, (3.18)
Dyg-F = f*G, (3.19)
D,H-F = f*g, (3.20)
1
§D2DIF -F =gg*. (3.21)
Putting v as
H+ H*
F
1H— H*
Y(x, z) = TF , (3.22)
310gF
0z

then ~ is a space curve with constant torsion. The torsion A can be written explicitly as
follows

10 G
=——|lo =d ds(r). 2
A= g (o 5 ) = ) - o) (3.23)
Also, the curvature x can be written explicitly as
G|
=2—-. 3.24
- (3.24)
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3.2.1 Explicit formula of the Frenet frame

For the space curve given in the Theorem B (resp. H), the explicit formula of the Frenet
frame defined in section B can be constructed by using 7 functions [6]. With the 7
functions defined in (88) (resp. (BI8)), define three vectors T', N, B € S? as follows.

- ( 1»{;’?g+—fﬁ;*) ) , (3.25)
fre+g9 \ * FF— gg*
N= ( i E{( f ;_Jr ?9* }}VV+—{{ ;;}}V:*] ) (3.26)
CARE AR —2(f*g"v+ fgl/ ) |
1 @ = @) v+ {(H? - (9)*} v]
= tgo ( {(f)?+ (292}2*}95;_{;5,),1) 9)%} v* ) : (3.27)
where v is defined by Z
= ;’g‘ (3.28)
From (B-7)-(GI0) (resp. (BT7)-(B2T)), it follows that
=T, N= g’ B=NxT. (3.29)

where v is the vector defined in (B12) (resp. (B222)). Also from (874)-(BT) (resp. (BI4)-
(B=2)), we see that the following relations hold.

G , 1 (<A}

=|T'=22, Ax=—(B',N lo . .

where & is the function defined in (B14) (resp. (B=24)) and A is the constant defined by

(B13) (resp. (B723)).

3.2.2 Sufficient conditions for curve closure for the curve given in The-
orem 9

We now consider the closure condition for the curve given in Theorem 8. For any complex
number z and any integer n, the following hold [AR, 24].

¥s (2 + nw) = exp{—mi (2nz + n’w) }s (2),

94 (2 + nw) = (—1)" exp{—i (2nz + n’w) 4 (2). (3.31)
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For + to be closed, it is sufficient if there exists s € R such that

0 0
x—i—s—Q&logF(x—i-s,z) —x—Q&logF(a:,z),

H(z+s,2) _ H(z,z)
F(zx+s,2z) F(z,2)

(3.32)

From (B33T), we see that by setting s = my, m € N, this condition can be rewritten as the
conditions for 7,y as follows.

y(ca — 2ag) — 4w =0,

3.33
(4r+1)7r—|—y(d1+d3)+27r%:0, neZ meN (3.33)

3.3 The discrete Frenet-Serret formula for discrete space
curves

In this section, we briefly review the basic formulation of discrete space curves (see, for
example, [, B]). Let 7, € R3 be a discrete space curve with

[Ynt1 =l = €, (3.34)

where € is a constant. We introduce the discrete Frenet frame ®,, = [T),, Ny, By] € SO(3)
by
Tn+1 — Tn Tn—l X Tn
T,= = g nol X
n € ) n |Tn_1 % Tn|7

Then it follows that the discrete Frenet frame satisfies the discrete Frenet-Serret formula

N, = B, x T,. (3.35)

(I)nJrl = (I)nLna Ln = Ml(*)\nJrl)MS(K'nJrl)a (336)
where
1 0 0 cosf) —sinf@ O
Mi(#)=1| 0 cosf —sin€ |, Msz(0)=| sinf cosf 0 |, (3.37)
0 sinf cos@ 0 0 1

and vy, Kk, are defined by

(T—1,Tn) = coskp, (Bpn,Bn_1) =cosA,, (Bp,Np_1)=sin\,,

(3.38)
— < <7m, 0<kK,<m.

(B338) means that k, can be regarded as a measure of the angle between T,, and T,,—1. We
call £ the curvature angle. Similarly, (BZ38) means that A, can be regarded as a measure
of the angle between B,, and B,,_1. We call X\ the torsion angle.
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3.4 Explicit formulas of closed discrete space curves with

constant torsion angle

Fix parameters r,v € R\ (1/2Z) and define

1 1 0j (—giv+r)
Aj:dj<—2w+r>—dj<2w—l—r>, Rj:m (]:]—a27374)‘

Then

AT=—A;, RjRi=1.

hold.

Theorem 10. Define

1. 1. 1. 1.
u; = <—2w + r) Uy (—220 + r> % <2w + r> Yy <2w + r> ,
S1 = 194(27‘)191(i1)).

Then u} = uy,s] = —s1 hold. Consider the 7 functions

Fo(2) = agexp (&z) Y3 <iv <n — ;) + M) 7

fn(2) =04 <—;z‘v + r> R} exp (%z) V3 <z’vn + ﬁ n r) 7

gn(z) =9 (;w + r> R{"exp <mz> o (ivn + ﬁ _ r)

Gn2) = o S e (2242 oa (i (n= 3 )+ 52 ).
2

u1

e nAy , 1 z
Hn(z) = 151 R1 R4 exp <A4—A1Z> ’192 <ZU <n - 2> + H - 7“) .

Then it follows that F' € R, f,g9,G, H € C, and that

Fn+1Fn - fnf:; + gng;7

V4 (iv)
Fn n—1 — 7Fn n Gn :1,7
+1fn-1 92(0) fn+Gng

V4 (iv)
Fn n—1 — Fn n Gn ;:7
1901 = ) Fnd f,

Hn+1Fn - HnFn+1 = f;gna
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(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)



D.Fui1- Fy = gng,. (3.47)

Putting v as

H, + H?
F,

1 H, — H*

(z) = P = , (3.48)
28log F,
n p—

0z

then v is a discrete space curve with constant segment length |y,41 —v,| = 1 [6]. One

may check that the torsion angle A is also constant.

1 (GG 1 »
An = 5 log <GnG;;_1> = log (RiR; ). (3.49)

Also, the curvature angle xk can be written explicitly as

4(0) |Gn|>
Iu(iv) F, )~

Kn = 2arctan ( (3.50)

Remark 3. From (BZ3)-(BZH), we can check that the following bilinear equations hold

).

Va(tv . . . .
) b g fufis GnGhs = Fifat + Gt (3.51)
94(0)
gnfn—l - fngn—l = GnFn; (352)
V4 (iv)? .
Frny1Fn1 = P F, nlp. .
+1 1 94(0)? + GG (3.53)

Theorem 11. Define

1 1 1 1
uz =% <—2iv + 7“) J3 (—22'1) + 7‘> 51 <22’v + 7‘> I3 <22’v + 7‘> ) (3.54)

S9 = ’193(2’/“)191 (ZU)
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Then u3 = ug, s53 = —s2 hold. Consider the 7 functions

Fn(Z) = (2 exp <A3n/iA3AIZ> ’192 <Z’U <'n - ;) + AgiAl> N

(LN (@A)
fn(Z) == 193 (2ZU + T> R3 exp (A?)—Alz 192 0N + m +r s

1 DA
gn(z) = ’(91 <2ZU + T‘) R;n exp (MZ) 194 (M)TL + ﬁ — 7") (355)
N 191(2@) —n PN nA3 . 1 z
Gn(z)—042793(0)}31 5 exp A3—A12 94 | v n-g +A3—A1 ,
u9 _ _ nAg . 1 z
H,(z) = "Ry" —z | - = — —2r .
(2) OQSQR1 R exp <A3_A1z) 4 (w <n 2) + A A r>
Then it follows that F' € R, f,g9,G, H € C, and that
Fn+1F = fnf; =+ gng;7 (356)
I3 (iv)
Froii1fn-1 = ——Fufn+ Gng,, 3.57
+1fn-1 J3(0) fn+ Gng (3.57)
I3 (iv)
Foiign—1 = Fogn — Gufy, 3.58
H19n-1 = Sy Fnd f, (3.58)
Hy 1 F, — HyFoi1 = [ gn, (3.59)
D.Foi1-Fn = gng,. (3.60)
Putting v as
H, + H,
Fy,
1H,—-H;
W (z) = P , (3.61)
B 2(310an
" 0z
then 7 is a discrete space curve with constant segment length |v,41 — 7] = 1 [6]. One
may check that the torsion angle A is also constant.
A= =1 1 —— ) =-log(R1R;"). 3.62
21 Og <GnG;_1> i Og( 11413 ) ( )
Also, the curvature angle k can be written explicitly as
U3(0) |G|
n = 2arct . :
K arctan (293(“}) 7 (3.63)
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Remark 4. From (856)-(858), we can check that the following bilinear equations hold

[G].

3 (v . . . .

30 b B = Jufiy + Gns = Fofat + Ghgn 1, (3.64)
U3(0)
gnfnfl - fngnfl =G Fn, (3.65)
193(21}) .
o1 Fye — = F.F, )

-1 = 502 + GnG,,. (3.66)

3.4.1 Explicit formula of the discrete Frenet frame

For the discrete space curve given in the Theorem [ (resp. [), the explicit formula of the
discrete Frenet frame defined in section B2 can be constructed by using 7 functions [G].
With the 7 functions defined in (B22) (resp. (B353)), define three vectors T, N, B € S? as
follows.

: L oo o) (3.67)
0= | i (a9 = fagn) | 3.67
fnfn + G In fnfﬁ - gng:;
: ]fgm;%ff¥%+¥?ff< e (3.68)
Np=————— | 7 10U+ )y vn—(fn 9n)* 1 vy, ) 3.68
; %[ik{(gg)zE_(igiz}b%/?k{(fg) o (3.69)
Indi & ngn % (f:;g;;l/n - fngnV )
where v is defined below e

= ‘Gn‘. (3.70)

From (B43)-(B21) (resp. (8228)-(B10)), it follows that

Tho1 xXTy,

it —~ =Th, By = m N, = By, x T, (3.71)

where v is the vector defined in (828) (resp. (BH)). Also from (823), (B52) and (B5H3)
(resp. (B18), (BBH) and (BHH)), we see that the following relation holds

(T, Tn—1) = COS Kp, (3.72)

where £ is the function defined in (8350) (resp. (8163)). Similarly, we see that the following
relations hold
(Bn, Bp—1) =cosA, (Bp,Ny,_1) =sinA. (3.73)

where ) is the constant defined by (829) (resp. (BH5Z)).
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3.4.2 Sufficient conditions for curve closure for the curve given in The-
orem M1

Here, we consider the conditions for parameters v, r,y that ~ is closed. For v to be closed,

HnJrk Hn
= — 3.74
Frw By (3.74)
Olog Fouyr Olog F),
nt k-2 = 2t (3.75)

is required. One way to determine the parameters to satisfy this is to consider the pseu-
doperiod. First, fix the space period k, then define m € Z \ {0}, and set kv = my. Then
from (E=23), we see that

H, H, _ .
th_ n (R1R3) Fexp (dmrrmi) (—1)™,
Fn+k E,
A . (3.76)
Foip = Fyexp <k3z) exp [—m’ {Qm (z’v (n — ) + — + zt) + me}] .
D31 D31
hold. From this, (B774) and (BZ73) can be rewritten as
exp {mim (4r + 1)} (R R3) ™" =1, (3.77)
i(Ag+ Ap) + 47r§ =0, (3.78)
respectively. By simple calculation, we see that
|exp {mim (47 + 1)} (R1R3) % | =1, (3.79)
(BZ77) can also be written as follows
arg |exp {mim (4r + 1)} (R1R3) | = 0. (3.80)

3.5 Proof of Theorems R-TT

Proposition 1. For any x € R,r € R\ (1/2Z), the elliptic theta functions satisfy the
following identities.

93(i)2094(2r)94(0) = I3(ix + r)93(iz — 7)04(r)* + V2(iz + r)da(iz — r)I1(r)?,  (3.81)
DyO3(iz + 1) - U5(iz) = zgig; O3 iz + )93 (iz) — i Egigig Dg iz + r)0a(iz), (3.82)
D, Vs(ix — 1) - I3(ix) = —13183 Yo (ix — r)ds(ix) + ZW%(W —r)d2(ix), (3.83)



~—

92(0)93(0) {D,ﬂ%(m —2r) - 93(iz) + (Zig) g;*g:;) Daliz — 27«)193(@)}

o o o p (3.84)
= i02(r)¥3(r) <ﬁ1§:; + ﬁigi — ”ngig ﬁiE: ) I3(ix — )2 (ix — 1),
T ' T 2
94(2r)94(0) {;Dgﬁg(il‘) -93(iw) + (1348 - ZiET; )ﬁg(lm)Q}
(3.85)

NEAG) _ 0y (r)? _ 9y (r) 299 (iz — x
- <194(7“) B0 90 + 791 )191 ) U2 (iz — r)da(iz + 7).

Proposition 2. For any x € R,r € R\ (1/2Z), the elliptic theta functions satisfy the
following identities.

92 (i) 293(2r)93(0) = Do (iz + r)9a(ix — 7)03(r)% + Va(iz 4 r)94(iz — r)91(r)?,  (3.86)

(1) 91(0)91(r)
193(7’) §3(0)193(7“)

Dy9s(ix + 1) - Y2(ix) =i o(iz 4 r)da(iz) + i Ya(iz 4+ r)94(ix), (3.87)

Dyba(iz — 1) - Vo (iz) = '312:)79 (iz — )0 (iz) + i ng ;ZTEZ; Og iz — r)9a(iz), (3.88)
¥2(0)94(0) {D Pq(ix — 2r) - 9o (i) + 14 (gi : ) Vq(ix — 27“)192(133)}
" ; (3.89)
= —i¥a(r)04(r) (1912:; E:) (:; E:;) Vo(ix — r)d4(iz — 1),
r 5(1)?
93(2r)93(0) {;Diﬁg(ix)-ﬁg(ix) + ( ﬁgéri 228 )ﬁg(wg)?}
p Sor (3.90)
— <§§E:; — 02%:%2 -3 E:; : ) 91 (r) 204 iz — )4 (iz + 7).
Proof (Proof of Theorem B). (B77) follows from (B=T). (B83R) follows from
Dy (e*u) - v =€ (auv + Dyu - v). (3.91)

and (B82). Similarly, (89) follows from (BT) and (B=83). (81M) follows from (B™) and
(8234). Also, (810) follows from

1
fD D, (e"%y) - (e""%u) = e2%%7 <2DxDzu cu~+ au2> . (3.92)
and (B=3). 0
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Proof (Proof of Theorem M). (8T4) follows from (B=@H). (BIX) follows from (BH) and
(BX7). Similarly, (819) follows from (B™) and (B=Y). (B=20) follows from (B™d1) and
(8X9). (B821) follows from (BUZ) and (BMD). O

Proposition 3. For any n € Z,v,r € R\ (1/2Z), the elliptic theta functions satisfy the
following identities.

9 (w (n + ;)) 93 (w (n _ ;)) 94(2r)04(0)
— 95 (ivn + ) 9 (ivn — 1) 0 @w + r) 94 <—;w + 7“> (3.93)

1 1
+ Y2 (ivn + 1) J2 (ivn — 1) ¥y (21'1) + 7“) h (—22'1) + 7"> ,

94 < (n+ 1)) Wm (-iww) 95 (v (n— 1) +7)

7.94 (_51'1} —+r

= 1?92((1(1]))) U3 (z’v (n — ;)) 4 (—;iv + r> Vs (ivn + 1) (3.94)

+ “1991((15)) s (w <n - ;)) 0 (—;w + 7“) 9 (ivn + 1) ,

9 ( (n+ 2)) Wﬁl (;ww) 9 (v (n— 1) — 1)
N R
191 (w)

94(0) (W <" - ;)) Vs (1w + 1“) 3 (ivn — 1) |

V1 (—div + 1) s (—iv + 1) V1 (3iv+7) 94 (3iv + 1)
V4 (2r)91 (iv)

At gt (o (D)) n ) )
(i (o)) (i (o 1) 20)]

1 1
= <2iv + r) Yo (ton — 1) <2iv + 7") I3 (ivn — 1),
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94(2r)04(0) {Dzﬁg <w <n + ;) + z) 9 <w (n - ;) 4 z)
. (ﬂ; (—3iv+r) 0.3 w—l—r))

Oy (—Fiv+7r) 4 (Riv+r)

can(in(n 3) 4 2) s (s (o 1) ) a0

B (291 ( w+r) 19’1 (—%iv—kr) 1921 (—%z’v—kr) 1921 (%iv+r)>

Hh ( 1+ 7‘) Hh (—%iv + 7‘) Wy (—%iv + r) Uy (%w + 7‘)
X <—;iv—|—7’) Yo (ivn + 2+ 1) <;iv—|—r> Yo (lon+2z—71).

Proposition 4. For any n € Z,v,r € R\ (1/2Z), the elliptic theta functions satisfy the
following identities.

9 <w <n + ;)) 9 <m (n _ ;)) 95(2r)95(0)
— 95 (ivn + 1) 9 (ivn — 1) s <;zv + r) 9 <—;iv + r> (3.98)

1 1
+ Y4 (ivn + 1) 4 (fvn — r) V4 (21'11 + 7") h (—22'1) + 7‘> )

9 < <n+ 1)) m (—1zv+r> 9o (iv (n— 1) +7)

_ %ﬁgg% ( <n_ )) ( 1 v+r> 9 (ivn + 1) (3.99)
73(0) o <z’v (n — >) (—;w + 7“) g (ivn +71),

g ( <n+ 2>> W% <2W+7’> Vg (iv(n—1)—r)
e

(e b i
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a1 (—%iv + 7") 3 (—%iv + 7“) (41 (%w + 7“) U3 (%W + 7")
I3(2r)01 (1v)

8 {19:9(1—%25 I 3 32 E%—i;:?r) V2 (w (n - ;>> o (w (n ! D R 27~> (3.101)

e () o-3) )

1 1
= U3 <2iv + 7"> 9o (fon — 1) <2iv + 7"> Vg (ton — 1),

03(2r)03(0) {D2192 (iv (n+ ;) +Z> 9, (w (n - ;) N z)
+ (195 (~bivtr) 9 (e +7~)>

O3 (—2iv+r) O3 (Fiv+7)

con(inn 3) 4 2) o (oo 1) 42 e

— <19/1 (%iv_’_T) 19,1 (—%iv—i—r) 19; (—%iv—i—r) _ 19; (%iv—kr))

Oy (3iv+7r) Yy (—3iv+r)  I3(—ziv+r) I3 (3iv+7)

1 1
x Y1 (—2iv—|—r> Ug(ton+z+1) <2iv+r> Vg (ivn+ 2z —1).

Proof (Proof of Theorem ). (B23) follows from (B93). (8724) follows from (B™4). (BZ3)
follows from (B™H). (828) follows from (BHU@). (B=27) follows from (B™) and (BU7). O

Proof (Proof of Theorem [). (B35E) follows from (BU8). (B5) follows from (B™99). (BH5H3
follows from (B100). (B259) follows from (B0). (BH0) follows from (B™0M) and (B102). [

3.6 Proof of Propositions -4

Proof (Proof of Proposition ). Let

1 1
Xi= (X +Y4+U+V), Yi=3(X+Y-U-V)

12 : (3.103)
Ui=5(X-Y+U-V), Vi=3(X-Y-U+V)

Then for any X,Y,U,V € C, the elliptic theta functions satisfy the following identities
[AR, a49].

U3(X1)03(Y1)04(U1)04(V1) — 92(X1)Y2(Y1)01 (Ur)v1 (V1)

(3.104)
= J3(X)I3(Y)04(U)I4(V') — 92(X)I2(Y)I1(U) D1 (V),
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U3(X1)94(Y1)02(U1)01 (V1) — F2(X1)91(Y1)95(U1)d4(V1) (3.105)
= J3(X)V4(Y)02(U)01(V) — F2(X) 01 (Y)I3(U)94(V),
U3(X1)03(Y1)02(U1)d2(V1) + P4(X1)04(¥1)1 (U1)01 (V1) (3.106)
= J3(X)U3(Y)02(U)02(V) + a(X)D4(Y) U1 (U)D1(V)
Putting
X =ix+r,
5 _ ;x - (3.107)
V=-r
in (B104) yields (B=XT). After differentiating (B104) by h with
X =1z,
§ - ZT;L’ (3.108)
V =h.
and putting h = 0, we obtain (BX2). After differentiating (BI0H) by h with
X =1z,
}U/ - Z; . (3.109)
V=r+h
and putting h = 0, we obtain (BX3). After differentiating (BI08) by h with
X =1ix—r,
)U/ - Z;r_h;’ (3.110)
V=r+h.

and putting h = 0, we obtain
92(0)03(0) Dyds (i — 2r) - V(i)
= — ity (iz — r)s (i — 1) (V) 95(r) + V5() 95 (1)) (3.111)
= ity (iw = r)da(iz = r) (V) ()9a(r) + D1 (1))

Also, putting

X =1ix —r,

Y=nr

U—iz—r (3.112)
V=r



in (B08) yields

192(0)193(0)192(2‘(13 — 27’)193(i1‘)
= Vq(iz — r)Vs(ixz — r)d2(r)03(r) + 91 (iz — r)0a(iz — r)91(r)Da(r).

Substituting (B13) into (BI) yields (B=&4). After differentiating (B04) by h twice with

(3.113)

X =ix 4+,
Y =ix—r,
U=h+r, (3.114)
V=h-—r

and putting A = 0, we obtain

194(2T)194(0)D§193(i1‘) . 193 (z:c)

=205(iz + r)da(iz — 1) (V4(r)? = 05 (r)0a(r)) (3.115)
+ 205 (iw + r)a(iz — ) (9 (r)2 = 9] ()i (1) )
Also, putting
X =iz +r,
{ Z _ ff" - (3.116)

in (B102) yields

V4(2r)04(0)03(iz)ds(ix) (3.117)

= U3(iz + r)s(iz — r)04(r)04(r) + 2 (iz + r)02(iz — r)01 (r)01(r). '
Substituting (BT14) into (BIIH) yields (B=53). O
Proof (Proof of Proposition B). The elliptic theta functions satisfy the following identities
[@R, @9].

V2(X1)92(Y1)03(Ur)I3(V1) — 194(X1) 4(Y1)91(Ur)91 (V1)

1)V1
= 2 (X) (Y Y5 (D) 5(V) — 4 (X)a(¥ )i () (V). i
D4(X1)03(Y1)91(U1)92(V1) — 92(X1)91(Y1)03(U1)04(V1) (3.119)
= (X)W (V)01 (U)05(V) — B(X )01 (V)3 (U)0a(V), '
D (X1)02(Y1)Wa(U1)0a (V) + 91 (X1)1 (Y1) D3 (U1)d3(V2) (3.120)
= 94 (X)04(Y)02(U)95(V) — 95(X)03(Y )01 (U)91 (V). '
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Putting

X =ix 4+,
Y =iz —r,
U=r,

V =—r

in (BI8) yields (B=R@). After differentiating (B118) by h with

(X =iz,
Y =iz+r,
U=—-r+h,
| V =nh

and putting h = 0, we obtain (B82). After differentiating (BIT9) by h with

X =1ix —r,
Y =h,
U=—-r+h,
V =1x.

and putting h = 0, we obtain (B=8R). After differentiating (B120) by h with

X =1ix —r,
Y =r+h,
U=1ix—r,
V=r+h.

and putting h = 0, we obtain
U2(0)94(0) Dy04(iz — 2r) - Ja(iz)
= — i9(iz — r)uliz — 1) (19’2(r)ﬁ4(r) + ﬁg(r)ﬁ;(r))
+ @01 (ix — )03 (iz — 1) (19’1 (r)0s(r) + ﬂl(rw;(r)) :

Also, putting

X =ix —r,
Y=nr
U=ix—nr,
V=r

in (BT2M) yields

¥2(0)94(0)V4(ix — 21)02 (i)
= Yo(ix — r)94(ix — r)2(r)04(r) — 91 (ix — )3 (iz — r)P1 (r)s3(r).
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Substituting (8T21) into (B123) yields (B8=89). After differentiating (BII8) by h twice with

X =ix+r,
Y =iz —r,
U=h+r, (3.128)
V=h-r

and putting A = 0, we obtain
=20y(iz + r)daiz — 1) (V5(r)? = 95 (r)9s(r)) (3.129)

+ 204 (i + )04 (iz — 7) ((19’1 (r)? — ) (7“)191(7“)> .

Also, putting

X =ix 4+,
g _ :f: -h (3.130)
= —.
in (B1IX) yields
V3(2r)05(0)d2(ix)d2 (iz) (3.131)
= Va(iz + r)a(ix — r)3(r)0s3(r) + Ya(iz + r)04(ixz — r)1 (r)01(r).
Substituting (B=L3T) into (BT2Y) yields (B™0O). O
Proof (Proof of Proposition B). Putting
X =1ivn+r,
}U/ _ Z;Z . : (3.132)
V = %iv -7
in (B04) yields (BU3). Putting
X =w (n — %) ,
5 - zzn Tt (3.133)

V:%ivfr.
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in (B104) yields (BU4). Putting

in (B03) yields (BUH). Putting

Y:—%iv—i—r,
U=ivn—r,
V:—%iv—l—r.

in (B08) yields

. (—;z‘fi(g)) Zi ((O_);w - 93 (iv <n _ ;)) s <iv <n n ;) - 2r>

Oy (—iv+7) 05 (—iv+r)
C V1 (=div ) Oy (—Liv +7)
X Yo (ton — 1) I3 (ivn — r) + 91 (ivn — 1) V4 (ivn — 7).

Similarly, putting

in (B08) yields

o (;if i(g)) Zi ((O;iv " (i” (” * ;» V2 (i” (” B D B 27“)

B o (%w + 7“) U3 (%w + r)
N h (%w =+ r) Wy (%w + r)

Vo (ivn — 1) I3 (ivn — r) + 01 (ivn — r) 9y (tvn — 1),

Subtracting (8L38) from (BT38) and substituting
192 (0) 193 (O) 191 (ZU) 194 (27’)

1. 1. 1. 1.
=1 (2“1 + T) U4 <2w + T) U2 (—2“} + 7“> U3 <—2w + r)
1. 1. 1. 1.
— 01 (—2“) + 7“> Uy (—220 +T> P <2w +T> U3 <2w +r> ;
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in the equation, we obtain (BU@). Putting
X =ivn+z+r,
Y =ivmn+z—r,
U= %iv +r+h,
V=2%iv—r+h

in (B1M4) yields

oo (i (e 1) ) s (s - 1) =) uamnc

=3 (ivn+ z+ 1) V3 (ivn+ z — 1) V4 (;ilw—r—i-h)m (;iv—r—i—h)

1 1
— g (ivn+z 4+ 1) 9 (lvn + z — 1) <2iv+r—|—h>191 <2iv—r+h>,

Differentiating (B141) with h and then putting A = 0, we obtain

94(2r)94(0) D03 (w (n + ;) + z) . <w (n - ;) + z)

Iy (%w + r) U4 (—%iv + r)

_ (1921 (%iv—kr) B ¥ (—éiv—kr))

1 1
X 1y <—2iv + r> V4 <2iv + r> I3 (ivn + z+ 1) 93 (ivn + 2z — )

N (0’1 (Riv+r) 0 (—%z’v—i—r))

O (Siv+r) 0y (—Liv+r)

x U (—;iv+r> 91 (;MH-?’) Yo (ivn + z+ 1) 9s (ivn 4+ 2z — 7).

Putting h = 0 in (B12) and substituting it into (BI42), we obtain (B7U7).

Proof (Proof of Proposition B). Putting

X =ivn—+r,
Y =ivn —r,
Uzéiv—i—r,

R
V—2w r.

in (BI8) yields (BUR). Putting

X:iv(n—%),
Y =iwn 4+,
U = 1w,

V:%ivfr.
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in (BI8) yields (B49). Putting

X:zv(n—%),
Y:%w—&—r,

U =iv,
V=dvn—r

in (B119) yields (B100). Putting

Y:—%iv—i—r,
U=ivn—r,
V:—%iv—l—r.

in (BT2M) yields

o (_%ifi(g)) Z;‘ ((O_);w ™ Do (iv <n - ;)) o <iv <n + ;) - 2r>

Oy (—3iv+7) Iy (—Fiv+7)
C V1 (=div 1) 95 (—Liv +7)

X Vg (ivn — 1) 94 (ivn — r) — Y3 (ivn — 1) 91 (tvn — 1),

Also, putting

in (B12M) yields

e g (0 () o (o (=3) -2)

B o (%w + 7“) Yy (%w + r)
N h (%w =+ r) Y3 (%w + r)

Y (ivn — 1) Iy (fon — r) — Y3 (ivn — r) 91 (ivn — 1),

Subtracting (8129) from (8127) and substituting
193 (27’) ’194 (0) 792 (0) 191 (Z’U)

1. 1. 1. 1.
=1 (2“1 + T) U3 <2w + T) U2 (—2“} + 7“> V4 <—2w + r)
1. 1. 1. 1.
— 01 (—2“) + 7“> U3 (—220 +T> P <2w +T> o <2w +r> ;

54

(3.145)

(3.146)

(3.147)

(3.148)

(3.149)

(3.150)



in the equation, we obtain (B0). Putting

X =ivn+z+r,
Y=wwn+z-—r
U:%itwl—r—l—h, (3.151)
V=2%iv—r+h

in (BTI8) yields
. 1 , 1
) (w <n + 2> +2z+ h) 0P <w (n — 2) +2z— h) 93(2r)93(0)
, : 1. 1.
= (lvn+ z + 1) V2 (lvn+ 2z — r) V3 <2w +r+ h) I3 (211) —r+ h> (3.152)
. . 1. 1.
— Y4 (tvn+ z 4+ 1) 04 (ivn + 2z — 1)V <2w+r+h> % <2w—r+h> ,
Differentiating (B152) with h and then putting h = 0, we obtain

oo 0.0 i (n+ ) +2) s (i (0= 1) )

B (192,, (%z’v—i—r) 0y (—%iv—i—r))

O3 (3iv+71) I3 (—3iv+7)
X U3 (—;iv + r) U3 (;w + r) U2 (ivn + z + 1) Y2 (ivn + 2z —r) (3.153)

N (19/1 (Yiv+r) (—;iv+r)>

Al (%w + r) % (—%iv + 7“)
1 1
X ¥ (—2iv+r> h <2iv+r> Pg(fon+ z+ 1)y (ivn 4+ 2z —7r).

Putting h = 0 in (BI52) and substituting it into (BIh3), we obtain (BI2). O
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Chapter 4

An explicit construction of
Kaleidocycles

In this chapter, one of the results of the previous chapter is extended to consider isoperimet-
ric deformations of closed discrete curves with constant torsion angle. The semi-discrete
mKdV equation, the semi-discrete potential mKdV equation and the semi-discrete sine-
Gordon equation appear as deformation equations. This result can be regarded as an
explicit formula for Kaleidocycles. Kaleidocycle is a closed linkage mechanism consisting
of congruent tetrahedrons, which can be made of various materials such as paper, plastic,
and metal. This mechanism is interesting in that it performs turning over motion. The
classical Kaleidocycle consists of six tetrahedra, but one can also consider Kaleidocycles
with seven or more tetrahedra. In particular, what is called a Mobius Kaleidocycle has only
one degree of freedom for deformation, which has been shown by numerical experiments,
and is highly controllable. Although a study [40] have modeled the Kaleidocycle as a closed
discrete curve with a constant torsion angle and pointed out that the deformation of the
curve is represented by the semi-discrete potential mKdV equation or the semi-discrete
sine-Gordon equation, the explicit formula for the curve itself has not been obtained. In
Chapter B, we give an explicit formula for this model in terms of the elliptic theta func-
tions. In conjunction with this result, it was also found that the potential function of the
curve also satisfies a different kind of semi-discrete potential mKdV equation, which was
not pointed out in the previous study. On the other hand, the result that the deformation
of the M&bius Kaleidocycle has only one degree of freedom leads to the conclusion that all
the deformation equations for this mechanism should be consistent, except for the differ-
ence in the congruent transformations. Also, the potential function is a quantity that is
not affected by the congruent transformation, which means that if there is more than one
differential-difference equation for it, they must be simultaneously satisfied. The potential
function of the curve constructed in Chapter B is the solution of two semi-discrete potential
mKdV equations and a semi-discrete sine-Gordon equation, which is consistent with this
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conclusion. This is based on the results of [45].

4.1 An explicit formula of closed discrete space curve with
constant torsion angle

In [d0], a closed linkage mechanism called the Kaleidocycle is modeled as a discrete curve
with constant torsion angle in R?, and its deformation is represented as an integrable defor-
mation that preserves segment length and torsion angle. This correspondence is obtained
by considering the hinge of the Kaleidocycle as the binormal of the space curve. It also
discusses how to construct a discrete space curve from given binormals. In [7], the re-
lationship between isoperimetric deformations of equilateral polygons on S? and torsion
preserving deformations of discrete curves in R3 is discussed. Following these results, in
this section, we consider constructing a discrete space curve from the given binormal. In
addition, using the explicit formula for discrete space curves by the 7 function given in
[6], we construct an explicit formula for discrete space curves with constant torsion angle
in terms of the elliptic theta functions. We also explicitly obtain the sufficient conditions
satisfied by the parameters of the solution for the curve to be closed.

4.1.1 Discrete space curves

Let B : Z — S? be the binormal with constant torsion angle A
(Bp,Bn_1) =cos\, 0< A< (4.1)
Define the tangent T : Z — S? and the normal N : Z — S2 by

B B - _
T, = 2 X2 N Bl X T (4.2)

Bn+1 X Bn

Define the signed curvature angle x by
(Th—1,Ty) = coskp, —7 <Ky <T. (4.3)

Then one can reconstruct the discrete space curves v : Z — R? from the given binormal by

By1 x B

Bn+1 X Bn

where ~q is given. It follows that

[Yns1 — Ml =1, (4.5)
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for any n € Z, which means that the segment length of v is 1. We can also check that
the discrete Frenet frame ®,, = [T),, Ny, B,] € SO(3) satisfies the discrete Frenet-Serret
formula

(I)n+1 = (I)nLna Ln = Ml(_)\)MiS(K/?H»l)v (46)
where
1 0 0 cosf —sinf 0
Mi(0)=1| 0 cosf —sinf [, Ms(@)= | sinf cosf 0 |. (4.7)
0 sinf cos6 0 0 1

Remark 5. (B21) means that A can be regarded as the angle between B, and B,,_1, which
we call the torsion angle. Also, (A23) means that k, can be regarded as a signed measure
of the angle between T,, and T;,_1, which we call this the signed curvature angle.

4.1.2 An explicit formula in terms of the elliptic theta functions

Fix w = iy, (y > 0). Denoting ¥;(z|w) as ¥;(z) for short, then we see that J;(z)* = 9;(z*)
holds (j = 1,2,3.4). Fix parameters r,v € R\ (1/2Z) and define

V' (x
dj(z) = 19;8 (j=1,2,3,4), (4.8)
ag = /U3(2r)03(0), B = ( = J3(2r)01 (iv), (4.9)

1 1
up =% <—2iv + r) (—w +r <w + 7‘> U3 <2iv + 7‘> ) (4.10)

1. 1. O (—5iv+r)

Then it follows that

* * * *
Q9 = (2, B :ﬁa S9 = —S2, Uy = U2,

* * _ (4.12)
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Theorem 12. Denote u, = ivn + ﬁ + ¢t. Then consider the following 7 functions

B nAg C 1.
Fn(t, Z) = Q2 €exXp (A?)—Alz + 2t2> 192 (,un — 27/U> s
- 1. n (n + %) As C r.
fu(t, z) = V3 <—2w + ?”) 3 exp (A?)_Alz + gtz — §zt Vo (i + 1),

B 1. n (n—i—%) Az C T, (4.13)
gn(t,z) =V (211) + 'r) R ™exp (Ag—Alz + Etz + 5275 Vg (i, — 1),
() 5y o nAs C 1.
Gn(t,z) = az 93(0) R "R3 exp (Ag—A12+ 2tz> V4 <,un 2zv> ,

nAg

C 1
U2 Rf”RQn exp (AS_AIZ + gtz + I‘it) Uy <un — 5@'1} — 27"> ,

H,(t,z) =

Q252

where C,I" € R are constants. Then it follows that F' € R, f,g,G, H € C, and that

Foy1Fn = fofn + 9ngns (4.14)
Fn-l-lfn—l = /Bann + Gng:;7 (4'15)
Foiign1 = 5ann -Gy 7:7 (416)
Hn+1Fn - HnFn—H = f;gnv (417)
D.Fyi1 - Fy = gngp, (4.18)
hold. Putting v as
H,+ H;
F,
SR IS (4.19)
) F,
2810g F,
n —
0z
v is a discrete space curve with constant segment length |y,4+1 — 7, = 1 and constant
torsion angle A [6]. By introducing another tau function
~ . (v nA C 1.
Gn(t, Z) = —109 1913((0)) exp (Ag_gAlz + 2tZ> '194 (,Lbn - 2ZU> 5 (420)

One can check that G, € R and ]Gn]2 = G2 hold. By using G, the torsion angle A and
the signed curvature angle x can be written explicitly as follows

A= 1log (Cj”qnl
GnGn—l

1

> = %log (RiR3Y), (4.21)
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G
Kn (t,z) = 2arctan (M)

. .
= 2arctan _Zﬂ1(z.v)q94 (kn %w) |
193<“}>192 (Mn - 5’“})

Note that the value range of arctan is taken to be (—m/2,7/2).

(4.22)

Remark 6. C is a constant that contributes only to the parallel translation of the curve
along the Z-axis, and I' is a constant that contributes only to the rotation of the curve
around the Z-axis. We will see later that the choice of these constants changes the defor-
mation equation of the curve and the equations satisfied by the potential function. Since
the explicit formula for the curve (B19) are symmetric with respect to the X and Y axes,
only rigid transformation centered on the Z-axis are considered.

We will see later that the functions defined by (E=21) and (B=22) correspond to the
torsion angle and the signed curvature angle of v, respectively. The role of parameters
v, y,t,2,C,I" is described in Table B, and the transformation of v,r is described in
Remark B and Remark B. When considering a transformation of v,r, it is denoted by
Kn = Kn (t,2;0) , A = A(v,7) to make it clear.

Table 4.1: The role of parameters v, r,y,t,z,C,T’

’ Parameter names H Dependent variables affected by parameters, etc.
v signed curvature angle and torsion angle
r torsion angle
Y signed curvature angle, torsion angle, and time period
t,z signed curvature angle
c,r rigid transformation

Remark 7. From &, (t +y,2) = —ky (t, z), we see that the time period of the curve is 2y.

Remark 8. From k, (t,z; —v) = —k, (—t, z;v) , A(—v,7) = =A(v, ), we see that changing
the sign of v can change the sign of A\ and x. Therefore, we can assume 0 < A.

Proposition 5. Consider the transformation v — v +y, r — % —r. Then, k and X are
transformed as
fn = (=) Mk, A=+ (4.23)

Proof. From (E722), we see that the signed curvature angle can be written as follows
191 (iv)194 <iv (n - %) + ﬁ + ’Lf)
Kn (t,z;v) = 2arctan | —i ‘

V3(iv)dy <iv (n—3)+ A T it)

(4.24)
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Without loss of generality, we can assume z = 0. For any complex number z and any
integer n, the following hold [48, 29].

D1 (2 + nw) = (—1)" exp{—mi (2nz + n*w) } (2),

U2 (z + nw) = exp{—mi (2nz + n w) 12 (2), (4.25)
U3 (2 + nw) = exp{—7i (2nz + n w) s (2),

Oy (2 +nw) = (—1)" exp{—mi (2nz + n*w) }4 (2) .

From (B723), we see that

(i + iy)dy (v (n —
193(11) + iy)da (iv (n —

Kn (£,0;0 4+ 1) —2arctan<

' i (n— 1) it —
= (_1)n+12 arctan —iﬁl(%v)m (Zv (n %) + Z_t Z
193(21))192 (ZU (TL _ 5) +it—i

SIS TS ST T

= (=1)"k, (t,2;0).

holds, where z is taken in such a way that the difference caused by the transformation is
well absorbed (z does not affect the conditions for curve closure or torsion, which will be
discussed later). Next, we check the transformation of A. From (EZI), we see that the
torsion angle can be written as follows

_1;
Aw,r) = Slog [ (givtr) s (givtr) | (4.27)
i 191(11)—}—7“) 193( 2w+7“)
For any complex number z, the following hold [4R, 49]
1 1
191<Z+2>:192(Z), 192<Z+2>:—191(Z),
X (4.28)
193<Z+2>:’l94(2), 194<z+2>:193(z),
o (z+ %) = iexp{—m (z+ %)}194 (2),
w w
Yo (z+ =) =expq—mi(z+—)V3(2),
(o 3) e+ ) N
U3 (z + 5) = exp{—m (z + Z)}ﬁg (2),
Y4 (z + %) =iexp {—m‘ (z + %)}191 (2)
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We calculate the transformation of A\ (E227) using these relations. We have
A(v—i—y,l—r)—l,lo 291( 2w+2 1iy) 293(111—1—2 r-i—%fy)
2 v 191(“)4-5—7'4- zy) 193(—§ZU—|—§—T—§zy)
_1.10g<192(—§w—r—zy) 194( w—r—l— ) )
?

O (3iv —r + Siy) 194(—%11)—7’—513])
v

B (e

I3 (%w —7) Oq (—3iv —r — iy (4.30)
_ l,log O3 (—5iv —1) 91 (i 1U—r)
1 193( w—r) Al (—Qw—r)
:7r—|—1,10g V1 (—3iv+r) 93 (3iv+7)
i V1 (3iv+7) U3 (—div+7)
=7+ A(v,7),
which completes the proof of Proposition B. O
Remark 9. From (E12)-(218), we can check that the following bilinear equations hold
[G].
ﬁFnF = fnfn*—l + gng;—l = f;:fn—l + g;;gn—la (4-31)
Infn-1— fuGn-1 = GnFy, (432)
Fn+1Fn—1 = 62FnFn + GnG: (433)

4.1.3 Sufficient conditions for curve closure

Here, we consider the following conditions for parameters v, 7,y that v is closed. For « to
be closed,

Husk _ Hn (4.34)
Fn+k Fn ’
dlog F, dlog F,
k—2—————=n—-2 . 4.35
n 0z " 0z ( )

for some k € N are required. One way to determine the parameters to satisfy (E=32) and
(B233) is to consider the pseudo-period w = dy. First, fix the space period k, then define
m € Z \ {0}, and set kv = my. Then from (E=2H), we see that

H H
ntk _ 20 (R1Rs) ™" exp (4mrmi) (—1)™,
FnJrk Fn

o A3 . I 2
Foip = Fpexp (kAS_Alz> exp {—m {Qm (un — 2w> +m w}] )
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hold, where we denote p, = ivn+ 5=, +it. It follows from (E30) that (E33) and (B33)
can be rewritten as

exp {mim (4r + 1)} (R R3) " =1, (4.37)
i(Ag+ Ay) + 47r§ =0, (4.38)

respectively. (B231) and (B=3R) are sufficient conditions for v to be closed, which are explic-
itly written down in terms of the elliptic theta functions. Hereafter, we assume that the
parameters v, r,y are taken to satisfy the closure condition. Table B2 again summarizes
the role of the parameters.

Table 4.2: Role of each parameter. By specifying k, m first and determining v,r,y by
kv = my, (B231) and (E=38), ~ is a closed discrete curve with constant torsion angle.

Dependent variables

P t
ATaieLer namies affected by parameters, etc.

Conditions affecting parameters

signed curvature angle and torsion angle closure condition

r torsion angle closure condition

signed curvature angle, torsion angle, and

Y time period closure condition
t,z signed curvature angle none
k number of hinges closure condition
m integer that is even-odd with Lk closure condition
.. . ti iod and
c,r rigid transformation 1me period an

deformation equation of

Remark 10. The transformation v — —wv mentioned in Remark B corresponds to the
transformation (v, m) — (—v, —m), which preserves the closure condition.

Remark 11. When v, r, y are determined to satisfy the closure condition, the transforma-
tion (v,m) — (v+y, m) can be read as (v,m) — (v,m — k).

4.1.4 Time period and drift of ~

Depending on the choices of C,T', the curve may drift in the Z-axis direction or rotate
around the Z-axis. To prevent drift, the Z component of v (written as v, ) must be
periodic with respect to t. By noting that C is a constant that only contributes to the drift
along the Z axis and the quasiperiodic nature of the theta functions mentioned in (E=23),
we can see that this condition is satisfied only if C' takes special values.

Proposition 6. By putting
4mi 1

e
y Az — Ay

(4.39)
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we see that
Tnz(t+y) =mz(t). (4.40)
hold for any n,t.

Proof.
’YnZ(t =+ y) - 'YnZ(t)

9 C 02(iv(n—%)+ﬁ+it+iy)
= —2—log exp <2yz>

0z s (iv (n—3)+xix + it) )
= —22 log exp {Cyz — T <2iv (n — 1) 2z + 2it> + wy}
0z 2 Ag — Aq
(G )
2 Ag — Al '
O

Also, since I' is a constant that contributes only to the rotation around the Z axis,
it is expected to be possible to suppress the rotation around the Z axis by defining it
appropriately. Specifically, it is determined as follows

Proposition 7. We put
I=-"(4r+2+1), leZ (4.42)
Y

Then X and Y components of v are periodic in t.

Proof. Denote X, = iv (n — 5)+ ~, -, Hit. From (B23), we see that a sufficient condition
for the X and Y components of v to be periodic in t is that

H (t + y) ( ) 194 (Xn —2r+ Zy) 192 (Xn)
(t + y) Hn( ) U2 (X + Zy) Uy (Xn - 27“)
(

= exp (il'y)

exp{—mi (2X,, — 4r +iy)} (4.43)
exp {—mi (2Xp, +iy)}
=—exp{i(Ty +4nr)} =1,

= —exp (il'y)

holds for any n,t. Choosing I' as (B=47), we see that (EZ3) is satisfied. O

Remark 12. One may verify that choosing [ appropriately so that |I'| is minimized leads
to the minimum length of the curve drawn by v during one period.
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4.1.5 Explicit formula of the discrete Frenet frame

Referring to the explicit formula for the discrete Frenet frame by the 7 function presented in
[6], we introduce a modified version of the ordinary discrete Frenet frame ®,, = [Ty, Ny, By].
This is the explicit formula for the discrete Frenet frame introduced in EZI1.

By using 7 functions, define three vectors T, N, B € S? as follows.

Ingn + fngy
T (Fagn = fugh) | (4.44)
Infn — 9nn

{2 = ()2} vn + {(£)? = (90)*} v
LHED?+ @) vn = {0+ ()] | (4.45)

~2(f305Vn + Fagnl)

LU = @5 v+ {(Fa)? = (90)?} 2]

{52+ (9%} va + {(F)? + (90)*} v . (4.46)

% ( nInVn — fngnV:L)

1

Ty=—
" Infi + gngs,

~ 1
n = * *
Inly + 9ngy,

~ 1
" fnf; + gn9y

where v is defined by
_1G,

=26,
By using (EI3) and (E-IB), we rewrite B, as follows
7 (Gnfn-1 = Jngny — gnfi 1+ fign—)
By = —— Infn—1 = fngn-1+ 9nfr1 = Frgn-1 - (4.48)
% (f;{fn—l — Infao1— 9ngn-1+ gng:zfl)

Similarly, by using (E-135) and (E-18), we derive the following equation that will later become
important when discussing the deformation equation of the curve.

nfn—1+ fngpn_1+ gnfp1+ frgn—
Ygnfi g+ fignot — gifao1 — fagi1) |- (4.49)
f;,fn—l + fnf;:fl - g;gn—l - gng;:fl

By direct calculation, we get the following equation

(4.47)

Vn

1

Rn
tan?Nn = Tn — W

G*G G G Jn—19n—1+ fn-1951
N - L1 ) :
By == e e | Ui~ fgi)
nYn— —
fnflf;zk—l - gnflg;:_l

(4.50)
= (sin )\)Tn,1 .
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From this, we see that the following relations hold

Bn+1 X Bn N7

Yna1l —Yn = Tpy = sgn (A) — " N, =B, xT,. (4.51)
‘Bn+1 X Bn

Also from (B=33), we see that the following relation holds
FnJranfl - 2|Gn|2 _ BQF'r% — |Gn|2

<Tna Tn—1> -

Fn+1Fn71 B B2F3+ |Gn|2
16 G (4.52)
BFEE B2F7

T LG T Gz
1+ 155 14 5,

From (B53), it follows directly that x defined by (E=22) satisfies the following relation,
(T, Th—1) = COSKp, —7 <Ky <. (4.53)

Similarly, by direct calculation, we see that the following relations hold

L G:Gn1+ GG _ - G;Gn_1 — GpG} _
<Bn,Bn,1> I L <Bn, Nn,1> — 1 Lo (4.54)
2GnGn71 22'GjnGynfl
This shows that A defined by (E=Z1) satisfies the following relation.
<Bn, Bn,1> = cos \, <Bn, Nn,1> =sin), 0<A<m. (4.55)
By putting
1 0 0 COSKpt1 —SinKp4r O
L,= 10 cosA sinA| |sinkpy1 cosknpi1 Of, (4.56)
0 —sinA cosA 0 0 1

we see that the discrete Frenet-Serret formula ®,.1 = ®, L, holds.

Remark 13. By using (E31), we see that By = (—1)"™B; holds. From this, we see that
m is even-oddly equal to Lk.

Remark 14. Consider the transformation B,, — (—1)”+1B’n, N, — (—1)"+1Nn. With
this transformation, a closed curve is transferred to a closed curve. From the discrete
Frenet-Serret formula, we see that

<Nn,Tn,1> — — sin #y. (4.57)

holds. From (B757) and (E=53), we see that this transformation leads to the following change
kn — (=1)""k,, X — m+ A, This indicates that this transformation corresponds to the
one described in Remark B and Remark [IT.
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4.2 Deformation of the curve that preserves segment length
and torsion angle

We consider the isoperimetric deformation of v by the semi-discrete mKdV equation [[1] and

the isoperimetric deformations of v by the semi-discrete potential mKdV equation and the

semi-discrete sine-Gordon equation [40]. First, let us summarize the equations necessary
to conduct the calculations.

4.2.1 Bilinear equations satisfied by the 7 function

Define 9, (2) 5 (0)
U1 (2r)vs
YT 95 (2r) 0y (iv)’ (4.58)
. 2 . 2
5 = U3 (%w + 1") U3 (—%3’”} + r) ’ (4.59)
U3 (2r) U3 (0)
. 2 . 2
5y 01 (Siv + 1;) O3 (—%iv + ) | (4.60)
U1 (iv)” 93 (2r) 95 (0)
5. —iug Oy (Biv+7) 0 (=Liv+r) 01 (Biv+r) 9y (=Liv+7) (4.61)
5 32193(0)191(2'1)) 791 (—%iv + 7“) 793 (%Z’U + 7") 191 (—%i'l) + ’I") 193 (%ZU + 7“) ’ .
2 95(0)
e 4.62
T Ay — Ay 950) (4.62)
2 19,(0)?
pu— 4-
€ Ag — Al 191(iU)27 ( 63)
1 1. "
Br= 5 (85 +65) + il (52— 63), (4.64)
1 1. «
2 =—3 (03 —d3) — il (92 + d3) - (4.65)

Then, we see that w, B2 € v/—1R, d1, €1, €9, 51 € R, and the following Propositions hold.

Proposition 8. The following relation holds.
w =y — 5. (4.66)
Proposition 9. The following identities hold.

2051 (52 + (5;) + 2whs + €3 = 2(52(5§ + 2(5;53 + e = 0. (4.67)
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Proposition 10. The 7 functions (E—I3) satisfy the following bilinear equations.
fnf:;—l + g:;,gn—l = BF,F, + WGnG;;, (468)

wGnGY = gnGn-1 = GnGn—1 = fafn_1 — fafa-1, (
HpFy = 02fngn—1— 05 fn_19n, (

fnfn_1 = 01FuFn + 02GnGh, (4.71
InIn—1 = (B = 61) FnFy + (w — 02) Gn Gy, (
DiHy, - Frp = (03 +i1'02) frgn—1 + (65 — i1'03) f_19n, (
D,D.F, - F, = (e1 + C) FyF, + €2G,G*. (

Also, for later convenience, define p,,, ¢, as follows.
Pn = g;;fnfl - fng;:_la (4.75)
qn = g:;fnfl + fng;;—l- (4.76)
Then we have the following Proposition.

Proposition 11. The following relations hold.
pupyy = F2G|* + w?|Gnl*, (4.77)

Py — Prgn = 2 (261 — ) sz\GnF + 2w (92 + 653) \Gn|4, (4.78)
gl =461 (B —61) F2+ {1+ 2(8 —261) (62 4 63)} F2|Gp|? — (62 + 5;)2 G|t (4.79)

For later convenience, we rewrite D, H,, - F,, by using (£64), (E564), (=73) and (E=70)
as follows
DH, - F,, = qu; + /BZPZ' (480)

Also, we rewrite (249) and (E=48) as follows

T + n
tan ~—N,, = T}, 1 L —qn) , (4.81)
2 2BF?2 i \in
—2(B8 —281) F? 4+ 2 (62 + 63) |G |?
%(pn —p;)
tan B ! + (4.82)
an — = . .
2 " T 9pR? p: p”2
_’W’Gn’
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4.2.2 Isoperimetric deformation of the curve by the semi-discrete mKdV
equation

We first check what deformation equation the curve satisfies when C, I" takes general values.

Theorem 13. When C,I" takes general values, v satisfies the following deformation equa-
tion.

Yn(t, 2) =28 | P1T, — B1tan %Nn + @ tan %Bn
(3
0 (4.83)
+ 0

261 (B—261) —e1 —C
Proof. By differentiating (A1) we get
DyH, - F, + DH* - F),

. 1 .
An(t, z) = i (DiH,, - F, — DiH - F,)

F?
—-D:D.,F, - F,
) . tz4'n n (484)
Bray, + B2py, + Bran — Papn
1 1 * >k
= ﬁ ; (»qun + Ban o 51Qn + Ban)
n
— (&1 + O) F} — e| Gy |?
On the other hand since
51 (Tn — tan @Nn) + & tan @Bn
2 ) 2
By, + B2py, + Bran — Bapn
) . (4.85)
= 25F2 Z (Bray, + Bapy, — Brgn + B2pn)
n
—261 (8 — 201) Fyp 4 21 (92 + 85) |Gp[? + 262w| G |?
holds. From (B761), this equation can be rewritten as follows
B1 (Tn — tan @Nn) + @ tan K—”Bn
2 ) 2
Biay, + Bapy, + Bign — Bopn
Ly (4.86)
952 | i (Bray, + Bapy, — B1gn + B2pn)
n
—Qﬁl (ﬁ — 251) F,% — 62|Gn|2
Thus (E=53) is obtained. O
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This is a deformation equation similar to the one presented in [@], and it is known that
the compatibility condition of the Frenet frame yield the semi-discrete mKdV equation.
We will see later that  satisfies that equation.

4.2.3 Isoperimetric deformation of the curve by the semi-discrete poten-
tial mKdV equation and the semi-discrete sine-Gordon equation

We see that if we choose C, 1" appropriately, we can obtain the deformation equations as
presented in [A0]. In general, taking the C,T" in this way causes v to drift.

Theorem 14. By choosing C,I" as follows
(83 + 0%) + (63e* + d5e=)

F+ - — . ’
iw
‘ 0o + 65 . d3 — 0%
Cp=—¢ —il'y <w (2(51 — 5) — 2(,d2> — ((53 + (53) (251 — ,3) + %,
or (4.87)
p o (05405 - (03 + 65~ ™)
T iw ’

) - a5 25— 9y + 225,

Cc_ = —€1 —iIr_ (OJ (251 —ﬂ) — 52 :52

the following deformation equations hold.
(s Bu) =0 i) = P2,
or (4.88)
(3 Bu) =0, Gusiu) = 0%, pr €R

When choosing I' as in (E=87), depending on the sign of the root, (¥,, ¥, ) also changes, and
this is represented by pi.

Proof. We compute the condition satisfied by C,I" when
<%, Bn> — 0, (4.89)
(> Am) = P%- (4.90)
where p+ € R is a constant. From (A28) and (A=84) we see that
QZFSGn <'7m Bn> = (pn - p;;) (qu;; + ﬁ2p7*1 + B1gn — ,32]977,)
+ (pn + p3) (Bray, + Bapy, — Bian + B2pn)
+ 20| Gl {(e1 + C) F2 + |Gy |*} (4.91)
:2F3|Gn|2 {2,31 (251 — B) w+ 262 +w (61 + C)}
+ 2w|G [* {281 (62 + 05) + 2wPBs + €2} .
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holds. For (B=R9) to be satisfied, it is sufficient that the following equations hold.
261 (201 —B)w+2B2+w(er +C) =0, (4.92)

2531 (52 + 5;) 4+ 2wl + €2 = 0. (493)

(E93) is (E67) itself, and it is identity. In other words, we can see that (AZ92) is a necessary
and sufficient condition for the realization of (A=89). By substituting (£64) and (E=65) into
(BZ92), it can be rewritten in terms of C,T" as follows.

o2 + 05 b3 — 0%
il (w (2(51 —-pB) — 2:2) +e+C+ ((53 + 5;) (251 — 5) — % =0, (4.94)
Also, since
Fry{(n, )
= (B1q;, + Boply + Bran — Bapn)®

— (B1}; + Bop}y, — Bran + Bapn)”

+{(e1 + C) F? + &G}
(4.95)

—p {16,3%51 (B —81) + (e1 + 0)2}
+ F2|G,?
x {487 (142 (B — 261) (62 + 65)) — 8B1Pow (201 — B) — 453 + 2€2 (e1 + C) }
+ |Gl (-45% (62 + 65)% — 8B18ow (83 + 03) — 4B5w” + eg) :
holds, we see that for (E790) holds, it is sufficient that
ABF (1 +2(8 —261) (32 + 03)) — 8B1aw (201 — B) — 4835 + 22 (e1 +C) =0,  (4.96)
— 482 (85 + 65)% — 881 Bow (62 + 0%) — 4B2w? + €2 = 0. (4.97)
hold. Since

462 (85 + 63)? + 881 Bow (82 + 63) + 452w — €

. (4.98)
= {2,31 (52 + (55) + 2wl + 62} {Qﬂl (52 + 52) + 2wpBy — 62} ,

holds, (E297) is identically satisfied. Therefore, (298) is a necessary and sufficient condition
for the realization of (A790). By using (£764), (A64), (A64) and (E=94), (I-98) can be written
in terms of I' as follows.

16265 (62 — 63) T2 + 2656% (65 + 65) T + i (525;:2 - 5;53,) = 0. (4.99)
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(E99) has the following solutions.

L TR /8205 (5285 + 6363)° (4.100)
= 13565 (52 — 03) | |

Since
: AURY
5203 (826% + 6365)2 = (6267 (536M + 55;6—”) = (8503)? <z ﬁll(w)) : (4.101)
holds, (EI00) can be rewritten as
— (5 S+ (6 i 5* —iA
p o~ (040 & (e + 05e) (4.102)
iw
Thus, the deformation equations (E=88) are obtained by putting C,T" as (£-X2). O
We can also write down p3 as follows.
Proposition 12. When C,,I'; are chosen as in (£=57),
(0 2
2 V1 u2
= 4.1
P+ (%91(@@) 193(7“)2291(7“)2) ’ (4.103)
holds. Similarly, when C_,I'_ are chosen as in (E=7),
(0 2
2 V1 u2
= - 4.104
= ( "5 (iv) 194(7")2192(7’)2) ’ (4.104)

holds.

It is also known that when the deformation equation of v satisfies (2=88), the potential
function © defined by 2k, = O,4+1 — ©,_1 satisfies the semi-discrete potential mKdV
equation or the semi-discrete sine-Gordon equation [A0]. We will see later that the potential
function © satisfies the equations.

4.2.4 The semi-discrete potential mKdV equation and the semi-discrete
sine-Gordon equation for the potential function
An explicit solution in terms of the elliptic theta function

In this subsubsection, the potential function © is explicitly constructed in terms of the
elliptic theta functions, only in this case the periodic lattice is set to 2 = Z+wZ,w = i2/y.
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Theorem 15. Let A,,, B, be real-valued functions defined as

v 1 t 1 z
An(t,z)—ﬂ4<y<n—2>+ +zyA3A1>’

Y (4.105)
Battx) =0 (Y(n-t)4lypl =
n 9 - 1 y 2 y Zy A3 — Al .
Then define the function © as follows.
B, 2 A, +iBy,

@n (t, Z) = 4 arctan Ai,n = ; log m (4106)

Then we see that x defined in (E=22) satisfies
gy = Ont1 = On-1. (4.107)

2
Proof. Without losing generality, we can put z = 0. For any u,v € C,w € H, the theta
functions satisfy the following identities [48, 44].

9 . 9 (L, _1
Lww) 0 (gj 11”), (4.108)
U2 (u;w) U4 (57—@)
291 (u +v;w) Yy (u —v;w) =Y (u; %) Iy (v, %) + U9 (u, %) 91 (v, %) , (4.109)
209 (u 4+ v;w) V3 (u — v;w) =y (u; %) Y9 (v, %) — N (u; %) o (v; %) (4.110)
From this, we see that
- 9 arctan _im(w, iy)04 (zv (n — %) + it; iy)
" I3 (iv; iy)da (iv (n — 3) + it; iy)
D (ig(nt3)+5:%)  0i(ig(n-3)+5:%)
 parctan | s POETES) ~ w0 )
| BT (5 (= E)+ )
i3 (e ) (1) 5 2)
ﬁl(g(n+;)+§;%) ﬁl(g(n_g)+;,%)
g anet 9a(2(n+3)+5:2)  da(2(n-3)+5%) (4.111)
- canean 91 (2(n+5)+4:2 )01 (2(n—3)+452)
1+ Ny 2 y’y. Ny 2 y’y'
794(g(w%)ﬁ;%)m(g(n—%)ﬁ;%)
0 (2(n+d)+42) 0 (2n-3)+52)
= 2arctan ; "y — 2arctan . Y
v . &l v .4
04 (5 (nt3) + %) 0a (g (n=3)+ %)
®n+1 - @n—l
2
holds. O
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Theorem 16. Define

_ 0,(0)91(a) o 1(0)9a(a)
Ql(a) - 194(0)194((1)7 QQ( ) - V1 (a)194(0)’ (4112)
Li(a) = di(a) — da(a) + Q1(a) + Qa(a), a= g

Then the potential function © defined (AI0H) and (A1) satisfies the semi-discrete po-
tential mKdV equation

% <®n+12+ ®"> = Lly(a) sin (@n+12_ @n) . (4.113)
Theorem 17. Define
Lo(a) = di(a) — da (@) — Q1(a) — Qa(a), a= % (4.114)

Then the potential function © defined (E103) and (EI08) satisfies the semi-discrete sine-
Gordon equation
— L
4 (Ont1 =On) _ Lala) ) (Owi1 +6n) (4.115)
dt 2 Y 2

Remark 15. Consider replacing the parameter with a = b + 1. For any complex number
z and any integer n, the following holds [4R, 449].

Y (z+n)=(=1)"01(2), Ja(z+n)=194(2). (4.116)

Noting this property, we can see that

Qi(b+1) =-Q1(b), Q2(b+1)=—-Qa(b),
dl(b + 1) = dl(b), d4(b + 1) = d4(b), (4.117)
Li(b+ 1) = La(b).

hold. Also, we see that

V1 (a(n—3)+1
O, (t,0) = 4arctan 1(( ?) ‘l:)
194(&(71—5)4‘5)
9 (b(n—23)+L+n-1
= 4 arctan 1< ( ?) Y 2> (4.118)
ﬁ4(b(n—%)+§+n—%)
9y (b(n—3)+Lt4+1
= (-1)"" 4 arctan 1( ( 2) Y 2)
di(bn—1)+L+1)

\]
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hold. From this, we see that substituting ©,, = (—1)"*@,, into the semi-discrete potential
mKdV equation (AIT3), we obtain the semi-discrete sine-Gordon equation (AITH) as the
equation satisfied by ©,, is obtained. Conversely, it can also be shown that a similar trans-
formation on the solution of the semi-discrete sine-Gordon equation (EII3) is a solution
of the semi-discrete mKdV equation (B-IT3). This argument also holds when z # 0.

Remark 16. The transformation @ — a + 1 described above corresponds to the transfor-
mations described in Remark B, Remark [, and Remark [4.

Remark 17. When the deformation equation of v can be written as (E=89) and (Z=90), it
is known that the following semi-discrete potential mKdV equation

d en 1+ G)n . @n 1= C'-)n

o <+2> = (14 cos A) py sin <+2> . (4.119)
and the following semi-discrete sine-Gordon equation

d @n+1 — G)n . @n—i-l + C—)n

——— ) =(1- _ — . 4.12

g ( 5 ) (1 —cosA) p_sin < 5 ) (4.120)

can be obtained from the isoperimetric condition and the compatibility condition of the
Frenet frame [40]. By direct calculations, we see that the following Proposition holds.

Proposition 13.

I

Liv/y) 1 . 0,(0) us
= 4.121
y  1+4cosA Zﬁl(iv) I3(r)2094(r)?’ ( )
holds. Similarly, we see that when C_ and I'_ are chosen as in (E=7),
L 1 v,
2(v/y) _ ;00w (4.122)

y 1—cosA 2191(2'7)) V4(r)202(r)?’
holds.

Proposition [3 means that when Cy and I'y (resp. C_ and I'_) are chosen as in (E=57),
the semi-discrete potential mKdV equation (EIT3) (resp. the semi-discrete sine-Gordon
equation (AI13)) coincides with the semi-discrete potential mKdV equation (B-IT9) (resp.
(ET2m)).

4.2.5 Semi-discrete mKdV equation for signed curvature angle

Theorem 18. The signed curvature angle (I-22) satisfies

d _ o3 Kn+1 Kn—1
P 2774 (tan 5 tan 5 ) . (4.123)
where )
,191 (21)) 193 (’L'U) . . 193 (0)
_ _ = 4.124
=iy (2i0) U3 (0) (di(iv) — d3(iv)), m 5 (i0)’ ( )
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Remark 18. Rewriting (-123) in terms of the potential function ©, we obtain

d. _ m3 Ont1— Op1
45O =4, tan < . > : (4.125)

This equation is also called the semi-discrete potential mKdV equation [, 05, 50]. In
other words, the potential function © defined by (E105) and (BI08) is the solution of
three differential-difference equations, (E113), (A114) and (E1Z3) in conjunction. It does
not usually happen that these equations are simultaneously solved. For example, it can
be checked by substitution that the 2 and 3-soliton solutions of the semi-discrete sine-
Gordon equation constructed in [60, 51] are not solution of the semi-discrete potential
mKdV equation.

Remark 19. When the deformation equation of v can be written as (E=83), it is known
that the following semi-discrete mKdV equation

Fop = <2ﬁ51 cos A\ + 25% sin A) (tan Hn;l — tan K"2_1> ) (4.126)

can be obtained from the compatibility condition of the Frenet frame [7]. Noting (E54),
(E63) and e 0y € R, we can check that

2% - (2551 cos A+ 25% sin )\) : (4.127)
4

holds regardless of the values of C\ T

Table B=3 summarizes the relationships among the three deformation equations.

4.3 Derivation of bilinear equations

4.3.1 Bilinearization of the semi-discrete potential mKdV equation (ATT3)
Substituting (E108) into (BE113) and bilinearizing yields the following equation.

L

DiApy1 - Ap + DiBpiy - By = 27; (m — 1) (Ans14n + Bny1Bn), (4.128)
Ly

DtAn+1 - By, — D¢Bpy1 - A, = @ (771 + 1) (An+1Bn — Bn+1An) . (4129)

where 7; is a real constant.
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Table 4.3: Relation between the three deformation equations

Vagle; of Deformation equation of the curve Equation for potential function
0 : Pz .
A = 0 0, =2 (2551 cos A + 28— s1n)\)
C,TeR 261 (8 —261) —e1 — C ’
~ 8 ~ @n—i-l - ®n—1
+28 (81T, — By tan % N + % tan 5 B, X tan (=

J Specialize the deformation equation by choosing rigid transformation parameters C,T".

Ont1+ 60, =2(14cos ) pt

C+7F+ <;Yn7 Bn> = 07 <’Yn77n> = pi % sin <®n+12_ ®n>
1 By replacing the parameters of the solution with v = v+ y,r — 1/2 —r,
these two deformation equations shift to each other.
R Ont1 — 60, =2(1—cos ) p_
CoT | (B Ba) =0, Gisd) = o2 i <®n+1 + @n>
2
Proof. Let 7,, = A,, +iB,, then 77 = A,, —iB,,, and thus
d 1d
a @n—H + en -4 IOg Tn+1 + log Tl
dt 2 v dt Thil T
1d .
=——|log Tntl log Tnt1 (4.130)
i dt T* Tn
. 1 (DtTn+1 . 7';; _ DtT:;+1 . Tn)
1 Tnt+1Tp Tri1Tn ’
sin <®”+1 - ®"> = i (TZHT; - T;HTZ) ; (4.131)
2 20 \Tpi1™n  TntlT,

hold. From this, it can be seen that a sufficient condition for (E-IH) to be a solution of
(B113) is that

* Ll L]. %
DyTpyr -7 = —@T:{HTR + @7]17—”4—17—71' (4.132)

(m is a real constant) is satisfied. Substituting 7, = A, + iB,, for this, we get
Dy (Apy1 - An + Byy1 - Bn) —iDy (Apy1 - By — Brgr - An)

Ly

_ Ly (4.133)
= —(m—1)(Apt14y + By By) — Z@ (m+1)(Apt1By — Bpt14y) .

The real part of this equation yields (E-I28), and the imaginary part yields (E129). O
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4.3.2 Bilinearization of the semi-discrete sine-Gordon equation (EIT3)

Substituting (E-108) into (EIT3) and bilinearizing yields the following equation.

L

DtAn+1 . An - DtBn_|_1 . Bn = 275 (772 — 1) (An+1An — Bn+1Bn) s (4134)
Loy

DiApy1- By + DiBpyy - Ay = % (n2 +1) (Apt1Bn + Bry14y) - (4.135)

where 72 is a real constant.

Proof. Let 7, = A,, +iB,, then 77 = A,, — iB,, and thus

d @n+1 - ®n 1d Tn+1 Tn
S (Entt "0 ) _ 22 () _log ™
dt( 2 > i dt (OgT;H 08 T

1d Tn+1 Tht1
=-— |1 —log -+ 4.136
1 dt ( 8 Tn 08 T ( )
_ 1 (DtTn—i-l “Tn DtT;—H ) T;)
1 Tn+1Tn T;HT;;
S S 1 T Tk
. L—Fn S 7’2+17—n - n+l'n ’ (4137)
2 20 \Th 1Th Tn+1Tn

hold. From this, it can be seen that a sufficient condition for (AI08) to be a solution of
(B113) is that

X 2
DiTpy1 - T = —@TR_HTH @1727”_5_17'”. (4.138)

(n2 is a real constant) is satisfied. Substituting 7, = A, + iB,, for this, we get

Dt (An+l : An - Bn+l : Bn) + iDt (An—i-l : Bn + Bn+1 : An)

Ly Ly (4.139)
=9 (m2 — 1) (An414n — Bn1Bp) + "y (2 + 1) (Ant1Bn + Bry14y) -
The real part of (A139) yields (B134), and the imaginary part yields (E-I33). O

4.3.3 Bilinearization of the semi-discrete mKdV equation (IT73)

From (B=27), we observe that the solution of (E123) can be expressed using the real func-
tions A,, and B,, as follows.

B
Kn = 2arctan (An> ) (4.140)
n
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We obtain the following equation by substituting (E140) into (B123) and bilinearizing.
DB, An =13 (Bn+lAn—1 - Bn—lAn+l) s (4141)

B2+ A2 = myApi 1A . (4.142)
where n3 and 74 are real constants.

Proof. Noting that

DyBy, - A,
Fp = 2—5——,
' Bi+ A% (4.143)
Rn+1 KRp—1 Bpy1An—1 — By 1An+1
tan — tan =
2 An+1An 1
hold, we get (EI4T) and (ET27). O

4.4 Proof of Proposition 01
Here we prove (EZ77), (B=78) and (B-79).
Proof.

pnp:; = (g;fn 1= fng;: 1) (gnf;fl - f;gn—l)
= (f*g; 1 gn n— 1) (fngn 1= gnfn—l) (4.144)
+ (fnfn 1 f fn 1) (Q:Lgn 1— gng;szl) .

Substituting (E=32) and (A769) into (E124) yelds (B=77).

Pndn — Ppin
= (g;sznfl - fng:;—l) (gnf:;—l + f;gnfl)

. . . . (4.145)
- (gnfn—l - fngn—l) (gnfn—l + fngn—l)
=2 (Q:Lfn—lf;gn—l - gnf:;flfng:hl) .
On the other hand, from (E=31) and (E%9), the following holds.
By |Gyl?
(fnfn 1+ gngn 1 (g;;gn 1 gng;—l)
(Q:Lgn 1 gng:;fl) (4'146)

)
= (fofn—1+9n9n-1)
( fn 1+gngn )
= ( )

(f fn 1 f;;fn—l)
fafn-1+ gngn-1) (fuf,

- fnfn—l) .
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Using (ET48), we obtain

Pndn — Ppin

= fafn_1fofo1 = fnfn—1fafa1+ 9nGn_19n9n—1 — 9nGn—19nGn—1

= (Ffi1)? = (i fa-) + (9ng5-1)" — (g5gn1) (4.147)
= (fnf;:fl - f;zkfn—l) (fnf;:fl + f;:fn—l)

+ (gn9h—1 — 95n—1) (9ngs_1 + Ggn—1) -

Substituting (E69), (I=) and (E-72) into (EI47) gives
Py — Pnn

= w|Gn|2 (fnf:—l + f:;fn—l - gng;;_l — g;;gn_1) (4.148)
=2(20; — B)WF2|Gnl? + 2w (62 + 63) |G|,

thus (B=78). Also from (£=32), (E—7) and (E=72), we see that

Gy, — F71Gnl?
= (Q:Lfn—l + fng;:fl) (gnfﬁq + f;gn—l)
- (gnfn—l - fngn—l) (g;:f;fl - f;ngl)

* . N " 4.149
= (fnfnfl + fnfn—l) (gngnfl + gngn—l) ( )
= (200F7 + (02 + 83) |Gal?) (2(8 = 01) F = (62 + 63) |Gu|?)
=461 (8 — 01) Fjy +2(B — 261) (02 + 05) F2|Gl? — (02 + 05)% |Gl .
holds. From (E149), we get (E-79). O

4.5 Construction of solutions to bilinear equations in terms
of the elliptic theta functions

Let

1 1
Xi=-(X4Y+U+V), Vi==(X+Y-U-V),

2 2 (4.150)
Ui=5(X-Y+U-V), Vi=3(X-Y-U+V),

then for any X,Y,U,V € C, the elliptic theta functions satisfy the following identities
%, a9

V2 (X1)02(Y1)93(U1)93(V1) — F4(X1)04(Y1)01(Ur)01 (V1)

= 95(X)92(Y)03(U)05(V) — 94(X)04(Y )91 (U)91(V), (4.151)
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4.5.1 Proof

Here we prove that the 7 functions given in Theorem [2 satisfy (214)-(EIR).

V4(X1)95(Y1)01(U1)02(V1) — F2(X1)91(Y1)95(U1)94(V1)

= V4(X)I3(Y)01(U)02(V) — 92(X) D1 (Y)I5(U)Ia(V),

V2 (X1)92(Y1)04(U1)04(V1) + U1(X1)01(Y1)I3(U1)93(V1)

= V4(X)04(Y)02(U)092(V) — 93(X)93(Y )91 (U)I1(V).

U3(X1)93(Y1)02(Ur)02(V1) + 91(X1)91(Y1)I4(U1)I4(V1)

= U3(X)I3(Y)02(U)02(V) + 91 (X) D1 (Y )94 (U)Ia(V).
)

Va(X1)94(Y1)02(U1)04(V1) — 91(X1)91(Y1)91(Ur)1 (V1)
= V4(X)04(Y )4 (U)I4(V) — 91(X)91 (V)1 (U)I1 (V).
4(X1)94(Y1)01(U1)01 (V1) — 91(X1)91(Y1)I4(U1)I4(V1)
= 04(X)04(Y)D1(U)01 (V) — 91(X) 91 (Y)04(U) 0 (V).
Uy (X1)194(Y1)191(U1)191(V1) +192(X1)192(Y1)19 (U )193(V1)

3
= U3(X)I3(Y)02(U)02(V) — 91(X)01(Y)I4(U)I4(V).
V3(X1)953(Y1)01(U1)01 (V1) — 91(X1)91(Y1)95(U1)I95(VA)
= J3(X)I3(Y)01 (U)01(V) — 91(X)91 (Y)I3(U) I3 (V).

of Theorem

(4.152)

(4.153)

(4.154)

(4.155)

(4.156)

(4.157)

(4.158)

Proof. Without loss of generality, we can assume ¢ = 0. For proofs other than (E-IR), it
is also assumed that z = 0. Putting

in (EI2T) yields

X =wn+r,
Y =ivn —r,
1 -
U=ziv+r,

N
V—2w r.

9 <w (n + ;)) 9 <w (n - ;)) I5(2r)05(0)

1 1
= U2 (ivn + 1) Vg (ivn — 1) V3 (21'1) + r) U3 <—2iv + r>

+ Y4 (ivn + 1) 94 (ton — r) %y (;w + r) Al (—12'1) + r) .

2
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(2132) follows from (E—I60). Putting

X:iv(n—%),
Y =ivn+r,
U =1,

V= %iv —r.
in (B-TI5T) yields

I (z‘v <n—i— 1>) Mﬁ <—1w—i—r> Yo (iv(n —1) +7)

O3 (—3iv+ r)

193(( )) ( <n ;)) 3 % v+r> Y (ivn + 1)
N %13(55’)) ) (ZU <n _ ;)) 9 ( % iv + r) 94 (ion +1) .
(BT5) follows from (EIG2). Putting
_ 1
et
U = iv,

V =dvn —r.

in (II52) yields

- li,, ( (n - ;)) 0 <;w " r) 0y (ivn — 1)
-y, (i (n _ ;)) 03 (;w ; 7“) 0y (ivn — 1) .

(21m) follows from (E-164). Putting

X =ivn—r,

Y:—%w—i—r,
U=1iwm-—r,
V:—%iv—l—r.

in (II53) yields

¥ (—5@1:91(2; 32 ((0_)%“} ) U2 <iv (n = ;)) V4 (iv (n + ;) _ 27,)

U (—%iv + r) U4 (—%iv + r)
Y (f%iv + r) I3 (f%iv + r)
X Oy (tvn — 1) Yy (ivn — r) — I3 (ton — 1) ¥y (ivn — 1) .
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Also, putting

in (E153) yields

e for)) zii i 5 (i (n+3) ) 2a (iw (- 3) ~2)

02( w+r)194( w—l—r)
v"l( w+r)193( iv+r)

Yo (ton — 1) Yy (ivn — r)

Subtracting (AI68) from (ZI66) and substituting

I3 (2r) 94 (0) 92 (0) 91 (iv)

1 1 1 1
= <2iv + 7“) 3 (w + r) J9 (—22'1) + r) V4 (—2iv + 7“)
1. 1. 1. 1.
- (—211) +r> U3 (—221/ +r> Jo <2w +r> o <2w +r> ,

in the equation, we obtain

Al (—511) + r) Y3 (—521) + 7") % ( 1w+ r) Y3 ( v+ r)

— Y3 (ivn — r) 91 (ivn —r).

V3(2r)¥1 (1v)

x{ 01 (3iv+71) 93 (3 w+1"))192 <w<n_

% (_5“’ + 7“) 3 (—§w +r

2

e ()3

1 1
=3 <2iv + T> Ig (fvn — 1) <2iv + 7“> Vg (fvn — 7).

(212) follows from (E—I70). Putting

X =ivmn+z+r,
Y =
U =
V=

wn 4z —r,
%iv—i—r—i—h,

%iv—r—i—h.
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in (ET5T) yields
) 1 , 1
) (w (n + 2> + 2+ h) U <w (n - 2> +z— h) V3(2r)93(0)
Yo (ivn + z +r) Y2 (lon + z — r) U3 <;w +r+ h) U3 (;w —r+ h> (4.172)

1 1
— Yy (ion+z4+7r)0 (lvn+ z — 1) <2iv+r—|—h) o <2iv—r+h> )
Differentiating (EI°72) with h and then putting A = 0, we obtain
_ 1 _ 1
¥3(2r)93(0) D 99 (zv <n + 2) + z> -9 <w <n — 2) + z>

B (193( Yivtr) 0 (—;w+r)>

3 ( w+ T) Y3 (—%iv + T)

1 1
X U3 (—2iv + 1"> U3 (w + 1"> Vg (ivn + z + 1) 92 (tvn 4+ z — ) (4.173)

" <Q91( lh) N (—giv+r)>

191( lv-i-r) B Al (—%iv—i—r)

1 1
x (—in + r> Ul <2iv + r> Vg (ivn + z+ 1) 04 (lvn+ 2z — 7).
Using the equation in (EI72) with h = 0 and substituting (E-I73), we obtain
- 1 . 1
¥3(2r)93(0) {Dz192 (w <n + 2) + z) -9 (w <n — 2) + z)

+<19:"” (givtr) 9503 iv—f—r))

O3 (—giv+71) U3 ( i +r)

<0 (w <n + ;) + z) 9 <w (n - ;) + z)} (4.174)

:< (w—l—r; 19'1(—%2'U+7“)+0;,(—%2'v+7“) v"g(;iv+r)>

V1 (3iv+71) V1 (—Fiv+7r) I3 (—Fiv+7) S (3iv + 1)
1 1
X (—in —|—7“> Yy (ton + 2z + 1) (22'1) +7"> Iq (ivn+z —1).

(E1R) follows from (EI74). O
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4.5.2 Proof of Proposition B

Proof. Putting

X = —%iv+r,
Y = —%iv +r,
(4.175)
U= %iv—i—r,
V= %iv—i—r.

in (II58) yields

1 2 1 2 1 2 1 2
U3 (—Ziv + r) % <2iv + 7") - (—21'1) + 7") Y3 <2w + r) (4.176)

=9y (2r) 9y (iv) 93 (0)2,

(2m0) follows from (EI7H). O

4.5.3 Proof of Proposition 9
Here we prove (E61).

Proof. Putting

(4.177)

in (BCI58) yields

U3 1iv—i—7‘+h Y3 —liv—l-r—h % 1iv—i—r—h % —liv—l-r%-h
2 2 2 2
1 1 1 1
- <2iv +r+ h> Ul (—in +r— h> I3 <2z'v +r— h) U3 <—2iv +r+ h> (4.178)
= 193 (27’) 193 (0) 191 (M)) 191 (Qh) s

After differentiating (E-I78) by h and setting h = 0, we obtain (EG1). O
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4.5.4 Proof of Proposition TU

Here we prove that (A13) satisfy (E68), (E09), (E270), (E=D), (E22), (E223) and (E274).

Proof. Except for the proof of (A=), it is valid assuming z = 0. Also, except for the
proof of (A-73) and (B=74), it is valid assuming ¢ = 0. Putting

X = —%z’v +
Y =3Liv—r
2 9
U=ivn+r, (4.179)
V=iv(n—-1)—r
in (BT57) yields
1 2
U3 <—2iv + 7") Yo (ton+ 7)Y (iv(n—1) — 1)
1 2
+ (—21'1) + 7‘> Pq (fon+ 7)Yy (iv(n—1) —7) (4.180)
1)) )"
= Y3 (2r) V3 (iv) Y2 (iv <n - 2)) — 91 (2r) ¥ (iv) Yy (iv (n - 2>) .
(E1R) follows from (EI=0). Also, (EH9) follows from (E=3T) and (AH5X). Putting
X =1ivn —r +1it,
Y=—3iv—r+h
5 5
U=Liv—r+h, (4.181)
V=iv(n—1)—r+it.
in (I152) yields
. 1 . , , 1 .
V4 (w <n— 2) - 2r—{—zt—l—h> Y3 (0) 91 (iv) V2 <w <n— 2> —l—zt—h)
. , 1.
=4 (ton —r +it) I3 (—2211 —r+ h>
1
X U1 (2z’v—r+h) Yo (iv(n—1) —r+it) (4.182)

1
— Y9 (ivn — r +it) % (—in —7“+h>

1
X U3 <2iv—r+h>194(iv(n—1)—7"+it),
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After differentiating (EI82) by h and putting h = 0, we obtain (EZZ3) by rearrangement.

Also, rearranging the equation with h = 0 in (BI82) yields (B=70). Putting

X:%iv—i—r,
_ _ 1,

Y =—5ww—r,
_ 1
U—w(n—E),

V =—iv (n — %) .
in (E154) yields
03 (0)2 95 (ivn 4+ ) 95 (iv (n — 1) — )
=3 <;w +T>2192 (iv <n — ;))2 —1h <;w +r>2794 <iv (n — ;))2
(2=7m) follows from (EI=4). Also, (B=72) follows from (E6S) and (Z—71). Putting
X:iv(n 1) —I—it—l—ﬁ,

)
:Z'U(n—%)—F’it"i‘ﬁ,

in (E-TAT) yields
9o (iv(n—2)rit+ —2— 4 n) oo (iv(n—t)+it+—=——n
s liw|n 5 ) As A, 9 | v 2 7 As A
1 2 291 (h)*
=—V4(tv|n—<)+it+
4( ( 2> A?)Al) 93 (0)?

(
(
+ 2 <w (n—i) HHA;AJQZ?((Q;'

After differentiating (E-I86) twice with h and putting h = 0, we obtain (E=74).

(4.183)

(4.184)

(4.185)

(4.186)

O

4.5.5 Construction of solutions to the semi-discrete potential mKdV

equation and the semi-discrete sine-Gordon equation

Here we construct solutions of (A128) and (E129) as well as (A-134) and (E-I35) in terms

of the elliptic theta functions.

Proposition 14. The real functions A and B defined by (E-I05) are the solutions of (I-IZ8)

and (E129) with
di(a) + da(a) — Qi1(a) + Qa(a)

m = I .
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Proposition 15. The real functions A and B defined by (E-I0H) are the solutions of (E—134)
and (B-138) with

d _
Ly
Proof. The proof holds even assuming z = 0. After differentiating the equation in (E-I53)
with
41
X=an+3)+
Y = _1 L
aln=z)+3 (4.189)
U=a-+h,
V=nh

and putting h = 0, we obtain
Dy (a (n—l—;) —i—;) -y (a n—;) +;)

S <a<n+1)+2>ﬁ4<a<n—2)+2)

e’

*d4 194 a <n

1
2
otanlo(oed)-

v’ (4.191)

88



and putting h = 0, we obtain
1
Dtﬁl(a<n+>+t)-191<a<n—1 —|—t>
2) y 2) vy
g (2 (e3)+ ) (o (-3)+5)
aln+<- |+ |)vila|ln— + -
~ yUsi(a) 2) "y) y

1494 (a) 9, (0)
y194( )94 (0)

a

19

Ny
/N
IS
7N
3
+
N =
~~
+
< | =+
N~~~
<
Ny
/N
Q

a

th (4.193)

and putting A = 0, we obtain

6D
_ 194(a)?
y V1 (a)?

a
a

th (4.195)
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and putting h = 0, we obtain

D)
194 (a) ¥, (0)
yﬁl()

1 1
y 2 Yy 2 Yy
Adding (AT90) and (ET9Z) yields (EIZX), and subtracting (ET94) from (ETUR) yields

(Z129). Also, subtracting (ET92) from (E190) yields (E134), and adding (E196) and
(ET9) yields (ET3H). 0

a
a

4.5.6 Construction of a solution to the semi-discrete mKdV equation

Here we construct the solutions of (ETZ1) and (B-I22) in terms of the elliptic theta func-
tions.

Proposition 16.
By, = —ity (iv) 0y (i 1 ity z
n=—wWi(iv)dy (w(n—3 i A D)

, . 1 . z
An = 193(7/0)192 (’L’U <n — 2> + it + A:))—Al) .
is a solution to (A1) and (E142), and thus (E140) satisfies in (A123) with (E124).

(4.197)

Proof. The proof holds assuming z = 0. After differentiating the equation in (II52) with

X =iv(n+3)+it,
Y =iv+h,
U= —iv+h,
V:iv(n—f)—i—zt

(4.198)
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and putting h = 0, we obtain

o (o) )} -fosor (e (- 2) )}

91 (iv)93(iv) 9] (iv) 93 (iv) — 01 (iv) 95 (iv)

191 (in)ﬂg(()) i191 (Z’U) 193 (ZU)

X {ml(m)m (w <n — ;’) + zt)} {ﬁg(w)ﬁg <w <n + ;) + zt)} (4.199)

91 (iv)93(iv) 9] (iv) 93 (iv) — 91 (iv) Iy (iv)
V1(2iv)93(0) i1 (iv) V3 (iv)

y {—ml(mm (w (n i ;) ; zt>} {ﬂg(z‘um (m (n - 2) N it> } |

After rearranging (B-T99), we see that (E-197) is a solution to (EIZM). Also, putting

X =1,
Y = —w,
U=1iv (n - %) + t, (4.200)
V:—iv(n—%) — it.
in (B-152) yields
2
193(,0) U3(iv)ds (v [ n+ E + it ) 93(iv)dg | iv [ n — 3 + it
V3 (iv)? 2 2
, ,  (4.201)
1 1
= {193(2‘1))02 (iv (n — 2) + zt)} + {—2‘191(711))194 <iv (n — 2) + ’Lt)} .
From (E2201T), we see that (B197) is a solution to (A142). O

4.6 Proof of Proposition

Here we prove that (E103) (resp. (E104)) holds when Cy, '} (resp. C_,T'_) are chosen
as in (A2X1).

Proof. From (£79), (259), (A50), (E61) and (E564), we see that when C4, 'y are chosen
as in (EX1), the following relation holds

/

2
_ _91(0) u2
1667 (8 — 61) 1 = 4 <21911(w)) 193(2r)22193(0)6' (4.202)
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Also, from (£9), (A58), (209), (£60), (E56T), (E63), (A64), (A92) and (E93), we see that
when C, T} are chosen as in (B=X1), the following relation holds

/ 2 2
AO) u3 (93(r)* — 91 (r)?)
(e1+C)% = (Zﬁll(w)> R e A (4.203)
From (B95), (B202) and (B=203), we see that
, 2 2
P2 = 1682 (8 —61) 61 + (e1 + C) = (z 5;(2?)) ﬂg(r)41291(r)4, (4.204)

holds. (E=204) is equivalent to (E103). From (£79), (2209), (E50), (E61) and (E64), we see
that when C_,I'_ are chosen as in (B=81), the following relation holds

2
(. 9100) u3
1667 (8 — 61) 61 = 4 (Zﬁll(w)) ﬁ?)(%);ﬁ O (4.205)

Also, from (£9), (E58), (2-59), (2560), (I61), (E63), (64), (92) and (E93), we see that
when C_,T'_ are chosen as in (B=X1), the following relation holds

’ 2 2
o ([ .9,(0) u3 (194(7’)4 — 192(7')4)

la+0)y= (%ﬂw)) T3 (220500 Da(r)ia(r)t (4.206)

From (B795), (B22058) and (E=208), we see that

2
_ . 97(0) u3

p2_ = 16,8% (B—01)01+ (e1 + 0)2 — (21911(2',0)) 194(7»)41292(7=)4’ (4.207)
holds. (E=207) is equivalent to (EI04). O

4.7 Proof of Proposition

Here we prove that (B121) and (EZ122) hold.

Proof. First, we calculate Li(v/y)/y and La(v/y)/y. For any v € R and y > 0, the elliptic
theta functions satisfy the following identities [4R, 49].

9y (0, i) = 72 (0, iy) I3 (0, iy) ¥4 (0, y) , (4.208)
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o

)
%)

(4.209)

R Qe e €

)
N

=
w
YAl S O T T N

.

=1 (iv,1y) 94 (0, 1y) , (4.210)

v

9 ( ,
9 (f,z'

Y
)
)

) (4.211)

_ P4 (0y) Da (v, iy) |9 (0, iy) U (iv, iy
U4 (0,iy) V1 (iv,y) - 92(0,4y) d1 (iv, iy
_ 91 (0,1y) 9a(iv,iy) 92 (0, iy) + Iz (iv, iy) Va (0, iy)
V1 (iv, iy) 94 (0, 1y) Y2 (0, 1y)
Similarly, from (E114), (E208), (E=209) and (E=210), we see that the following holds.

Lotefy) _ 1% (5:03) 2 (5:93) - 01 (5:23) 94 (5.73)
v o (55) 0 (535)
i (O,i%) 9 (g%) ) 119’1 (0,%) 9, ( z§>
Y9, (0,@%) 94 (g,%) Y9, (o,z%) 191< z%) (4.212)

_01(0,y) Da (iv,iy) 9 (0, y) V2 (
4 (0,1y) 91 (iv,iy) 92 (0,4y) V1 (iv, iy
_; 91(0,1y) D (v, iy) 92 (0, iy) — D2 (iv, iy) 04 (0, iy)
1 (iv, iy) 04 (0, iy) 92 (0, iy) '

93

— I Qe ||




On the other hand, from (E10) and (E=211), we see that the following hold.

1+cosA
{0 (B i) 95 (<5 4 riy) + 90 (=5 4+ i) 05 (4 riy) ) (4:213)
N 2UQ ’
1 —cosA
A (B i) 95 (5 4 riy) — 0y (CF b riy) s (i)} G2
- 2U2 '
From (E=211) and (E=213), we see that (2T21) holds. Similarly, from (E=212) and (E=214),
we see that (E122) holds. O

4.8 Proof that C,I' only contributes to rigid transformations

Let A € C,B = B(z).
cosI't —sinlt A+ A*
sinl't  cosI't 1(A-4%)

1 ¢ilt 4 —il't _% (&7t — il A+ A*
=3 ( 1 (em _ efm) et | —il't %(A — A% (4.215)

7
eiFtA 4 efiFtA*

= < % (ezT‘tA _ e—iFtA*) > .

C
dlog (e2*B
( ) :CHQ@logB. (4.216)

2
0z 0z
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Chapter 5

Exploration of non-trivial relations
for the non-steady state nucleation
rate: usefulness of the elliptic
theta functions for its
experimental estimations

In this chapter, by taking advantage of the elliptic theta functions, we derive non-trivial
relations satisfied by the non-steady state nucleation rate and discuss its applications. This
result is based on [46].

5.1 Non-steady state nucleation rate

Non-steady state nucleation is a phenomenon such as that seen in the initial stage of
vesiculation of carbonate water, which can be observed in daily life. This phenomenon is
characterized by a quantity called the non-steady state nucleation rate Ji(t). According to
Section 2 in [I6], Jx(t) can be derived as follows. If supersaturation is constant during the
nucleation process, the size distribution function Z(x,t) (m~*) of the cluster, the number of
clusters containing molecules at size x and time ¢, satisfies the Zeldovich-Frenkel equation

2l - 2 bz (Z2)). >y

subject to the initial and boundary conditions
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Z(x,0) = (x>1)
Z(1,t) = Z.(1) (5.2)
Z(N,t) = (N >1).

In (B3), D(z) = azs (m?/s) is the probability per unit time of a molecule joining to a
cluster, where « is a frequency factor. Ze(z) = Njexp (—AG(x)/kpT) is the equilibrium
size distribution of clusters, where N; (m~%) is the number of single molecules in a size bin
when the system is in equilibrium, AG(z) (J) is the isothermal reversible work required
for the formation of a cluster, kp is the Boltzmann constant (= 1.38 x 10723 J/K), and T
(K) is a fixed absolute temperature. Solving (B) under conditions (622), the expression
of Ji(t) is obtained:

0 (Z(xz,t)
Ji(t) = —D(xi)Z, :L'k< ) . 5.3
(6 = ~Dezte g (Z0y) (53)
The relation between the non-steady state nucleation rate Ji(¢) and the steady state
nucleation rate Jy, (m~3-s7!), calculated from the non-steady state solution and the steady-
state solution of (B0), respectively, has been already formulated by Section 4 in [16]:

1+ 272(—1)” exp (—an_)] : (5.4)

Jk(t) = Jst

where Jg is expressed as below:

2 X
i oy

Jst = N ) (5.5)

and 7 is the non-dimensional first-order eigenvalue that characterizes the non-steady state
nucleation and is expressed as below:

8kpT'

wD() <d2AG<~”C>> (5.6)

dx?

(63) is used as a reference equation in various experimental studies dealing with the non-
steady state problems in nucleation kinetics on the crystallization in such as silicate glass
(TR, 09, 20, 21, 22, 23]. Also, the theory’s validity has been verified by both theoretical and
experimental studies [24, 25].

Figure b1 plots Ji(t)/Jst when 7 = 1. Ji(t) increases monotonically with time, and it
becomes J(t) ~ Jy when t 2 7.
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Figure 5.1: The ratio of the non-steady state nucleation rate and the steady state nucleation
rate Ji(t)/Jst vs. time ¢ (s) with the timescale of non-steady state nucleation 7 = 1.

N Y

To accurately determine the time evolution of Ji(t), it is often necessary to closely
measure the time evolution of the number of nuclei over a long time [23], which means that

it is an effort- and cost-intensive process.
On the other hand, it has already been reported in [I7] that the infinite series of (54)
can also be represented by an elliptic theta function [48, 49]:

To(t) = Juts (0, 17_7;> , (5.7)

where note that our notation is different from that used in [I7]. It is known that the elliptic
theta functions satisfy several types of identities and equations [AR, A9]. The following is a
list of examples.

e Addition identities

=U3(X, w)I3(Y, w)P4 (U, w)d4(V,w)

+94(X, w) P4 (Y, w)d3 (U, w)ds5(V, w) (5.8)
+2( X, w) P2 (Y, w) (U, w)1 (V, w)

+1 (X, w) (Y, w)2 (U, w)d2(V, w),



e Heat equation

=3(X, w)I3(Y, w)I4(U, w)I4(V, w)
—94(X, w)94(Y, w)I3(U, w)I3(V, w)
— (X, w)I2 (Y, w) (U, w)d (V, w)
+1 (X, w) (Y, w)2 (U, w)d2(V, w),

—Vi(z,w) = 4mi—Y;(x,w) (i=1,2,3,4).
w

e Identity for theta constants

(Here, = 0/0z.)

97 (0, w) = w5 (0, w) I3 (0, w) V4 (0, w) .

e Bilinear identity connecting theta functions with w and 2w

2294(X +Y, 2'11})194(X -Y, 2w)
=03(X, w)V4(Y, w) + Ja(X, w)I3(Y, w),
299 (X +Y, 2w)192(X -Y, 2’[1))
=93(X, w)03(Y,w) — 94(X, w)d4 (Y, w),
2193(X +Y, 2w)793(X -Y, 2’LU)
:193(X7 ’UJ)I?g(Y, ’UJ) + 194(X7 ’UJ)194(Y, ’LU),
299 (X +Y, 2w)193(X -Y, 2’[1))
:192(X, ’w)ﬂg(Y, ’U)) — 191(X, w)?91 (Y, ’U)).

e Modular transformation

(52) -

i X2

w

98

)02 (X, w).

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)



Here,

1 1
Xi= (X +Y +U+V), Yi= (X+Y-U-V),

: : (5.18)
Ui=3(X-Y+U-V), Vi= (X-Y-U+V)

for X,Y,U,V € C.

Although the relation between the non-steady state nucleation rate derived from the
classical nucleation theory and the elliptic theta functions (B24) has been pointed out in
previous studies [I7], and cited in many subsequent studies [A1, &2, A3], there have been no
studies that take advantage of rich mathematical properties of the elliptic theta functions.

On the other hand, various difficulties exist in experimental studies based on the clas-
sical nucleation theory. For example, (i) the timescale of the non-steady state nucleation
processes is generally very long in the low-temperature region, and it requires a large
amount of effort and cost to estimate the time evolution of Ji(¢): the number of crystal
nuclei is measured at many times over a long period of 200 hours in [23]. In other cases, (ii)
nucleation is already in progress at the start of the measurement, and the time evolution of
Ji(t) before that point is unknown in [21]. The rich mathematical properties of the elliptic
theta functions may help overcome these difficulties.

There are two objectives in Chapter B. The first one is to derive non-trivial relations
for Ji(t) by accepting Kashchiev’s result (521) as proper and applying pure mathematical
operations. The second one is to solve (i) and (ii) using the rich mathematical properties
of the elliptic theta functions. As the solution to (i), we show that one of these result help
reduce the number of data needed when estimating the time evolution of Ji(¢). This implies
that our result help reduce the estimation cost of J(t). As the solution to (ii), we also
show that it is possible to mechanically estimate when the reaction will transition to the
steady state process, and how long ago the reaction started, from data on the non-steady
state nucleation processes in progress.

In Section B2, we derived relations (Theorem M) between the non-steady state nu-
cleation rate and three elliptic theta functions ¥; (i = 1,2,3). In Section B3, using rela-
tions derived in Section b2, we derived five non-trivial relations (Theorem 20-24) for the
non-steady state nucleation rates at different times. In Section 54, we rewrote (5=39) in
Theorem 23 as a second-order difference equation for the non-steady state nucleation rate,
then discussed that its time evolution can be discretely plotted from a few measurements
data of it.
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5.2 Relations between nucleation rate and the elliptic theta
functions

Theorem 19. Let Ji(t) be a function defined by (572), and ¢ be a positive real number.
Then the following relations hold.

ot Jy(2t)?
v3(0,i— | = 5.19
3( ’ZT7T> st Jx () ( )
t 1 T 7272
s — | = — .2
2 <U,ZT7T> T\ Jk . >7 (5.20)
/ t s T 272
) <O,i> = 1 —Jk > Jr(2t)2. (5.21)
! T JZV t t

Proof. Putting X =Y =0 and w = it/(n7) into (A13), we have

)’ ot t
P4 (0,20— | =93(0,0— )94 (0,0— ). (5.22)
T T T

Then by putting (B7) into (522), we get (B19). Putting X = 0 and w = it/(n7) into

(617), we have
ot [T TT
192 (0’1/7'77> = 7’194 (07ZT> . (523)

Then by putting (6Z7) into (B223), we get (6220). Putting (B19), (520) and (EX) into
(612), we have (BZT). O

5.3 Non-trivial relations connecting the non-steady state nu-
cleation rates at different times

In this section, we use the rich mathematical properties of the elliptic theta functions
listed in the introduction, (B8)—(5117), to relate the non-steady state nucleation rates at
different times 7272 /2t, 7272 /t, t, 2t, 4t each other. Each Theorem is a non-trivial relation
that could not be discovered in the conventional classical nucleation theory because it is
described with powers of the non-steady state nucleation rate that have no obvious direct
physical meaning.

Theorem 20. Let Ji(t) be a function defined by (572), and ¢ be a positive real number.
Then the following relation holds.

d Ji (%) Tm\2 1 7272\ *
1 =(—) — — . 5.24
573 18 T 20) ( ¢ ) J;*t‘]’“< ¢ (5:24)
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Proof. Putting X =Y =0 and U =V = z into (5R), we have
204 (x, w)04(—z, w)I3(0, w)?
=03(0,w)*Va(z, w)* + 94(0, w)*I3(z, w)?
+09(0, w)*V1 (2, w)? + 91 (0, w)*Po(z, w)?.
Putting X =Y =0 and U =V = z into (B), we have
—2099 (2, w) Do (—x, w)D1 (0, w)*
=03(0, w)*V4(x, w)? — 94(0, w)*I3(x, w)?
—99(0, )% (x, w)? + 91 (0, w)>Ia (z, w)>
Subtracting (628) from (6224) and noticing that 1 (0,w) = 0, we obtain
Va(2,w)*03(0, w)?
=94(0,w)*93(z, w)? + V2(0, w)?V (z, w)>.
Differentiating (B=27) twice with respect to x and putting x = 0, we get
2{04(0,w)94(0, w) + 940, w)*}03(0, w)?
=2{05(0,w)93(0, w) + U3(0,w)*}04(0, w)?
+2{09] (0, w) 1 (0, w) + 9, (0, w)?}92(0, w)>.
(0, w) =

Noticing that 9¥5(0,w) = 0, ¥, = 0 and 97 (0,w) = 0, we have

207 (0, )94 (0, w)93(0, w)?
=205(0, w)V3(0, w)94(0, w)? + 297 (0, )2 (0, w)>.
Dividing (6229) by 2193(0, w)?94(0,w)?, we have
94 (0, w) _ 193(0,11)) n 97(0,w)2 ¥5(0, w)?
94(0,w)  I3(0,w)  Y3(0,w)? I4(0,w)?
From (B), we see that the following equations hold

" 3 (9
U4(0,w) = 4wza—wv“4(0,w),

1" a
Y = 4mri—v .
3(0,w) Mo 3(0,w)
By using (B331), (6330) can be rewritten as

dmi 0O dmi O
720,0) a0 O = 50, w) e

V" 1(0,w)2 92(0, w)?

193(0 w)2 94(0,w)2"

101

193(0, w)

)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)



Considering the change of variable w = it/(n7) and substituting (54) and (E19) into

(6337, we have
, t\? t\?
9 (0,i— ) 0o (0,i—
s L jog SO ™ /. (5.33)

dt° Ju(26)2 2 2
K(22) s <O,it> 94 <O,it>
TT TT

Substituting (bT2) into (533), we get

d. J(t) _ o !
8rm?— =29y (0,i— ) . 5.34
a8 Jr(2t) R = (5:34)
Substituting (6220) into (6=34), we obtain (5=24). O

Theorem 21. Let Ji(t) be a function defined by (572), and ¢ be a positive real number.
Then the following relation holds.

J(26)8 — Ju(t)® = (%)2 Ty <72:2)4 Th(t)%. (5.35)

Proof. Putting X =Y =U =V =0 and w = it/(77) into (b10), we have

t\* t\* t\*
s <O,z‘> =3 <O,i> — 9y <O,z‘> . (5.36)
TT TT TT

Substituting (6-7), (619) and (5=20) into (5230), we obtain (533). O

Theorem 22. Let Ji(t) be a function defined by (522), and ¢ be a positive real number.
Then the following relation holds.

T2t — Bt =11 (TQWQ)Z Tp(t)? (5.37)
k k k k . .

Proof. Putting X =Y =0 and w = it/(77) into (64), we have

204 (0, 2it> V4 (0, 27;t>
TT TT

(5.38)
.t .t .t ot
=13 (0,1) Y4 (0,1) + Y4 <0,z> ) <O,z> .
T T T T
Substituting (672), (619), and (5220) into (5Z38), we obtain (5237). O
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Theorem 23. Let Ji(t) be a function defined by (572), and ¢ be a positive real number.
Then the following relation holds.

J(26)% 4+ T ()2 J5,(26)% = 2J3,()2 T, (40) L. (5.39)

Proof. Putting X =Y =0 and w = it/(77) into (613), we have

205 (o, 2it> s (o, 2it>
TT TT
— s (O,it> 95 (O,it> 0, (O,it) 94 (O,z’t> .
TT TT T TT

Substituting (A7) and (T9) into (620), we obtain (539). O

(5.40)

Remark 20. Among Theorem P04, only Theorem 23 does not include Jy and 7, and
is the simplest equation. In Section b4, this relation is rewritten as a difference equation,
leading to information that may be useful in drawing the time evolution of the non-steady
state nucleation rate.

Theorem 24. Let Ji(t) be a function defined by (572), and ¢ be a positive real number.
Then the following relation holds.

i (if) Jp(4t)% = \/ij(2t)Jk (#:2)2' (5.41)

Proof. Putting X =Y =0 and w = it/(77) into (518), we have

299 (O,Qit> ¥3 <O, 2it)
T T

(5.42)
ot ot ot ot
=19 (0,z> ) (0,1) - <0,Z> h <O,Z> .
T T T T
Substituting (622), (619) and (6220) into (542), we obtain (5ZT). O

5.4 A difference equation for the non-steady state nucleation
rate

For n € Z and fixed t > 0, we introduce a new variable T,, = 2"t and define the sequence

ap, by ap := Ji(T},). We already know that Ji(¢) > 0 holds for any ¢ > 0. From (5337), it

follows that any+1 > a, > 0 for any n € Z. It is also clear from (5=39) that a,, satisfies the
following second-order difference equation:

6 4.2  _o 2 4
Apyq + G0y = 20,0, 5. (5.43)
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For this equation, first, we consider the case n = 0. Assume that the initial values ag, a1
are given such that a1 > ap > 0. (623) is a quartic equation in ay and has only two real
solutions as follows:

6 4 4,2\ /4
as = + <a1+c;0a1> ] (5.44)
2a4

On the other hand, since

4 2 2 4
al + apa] — 2apa;

(5.45)
= a% (a‘l1 — 2a(2)a% + aé) = a% (a% - a%)2 > 0.
holds, we see that out of solutions, only
6 1 4,2\ 1/4
e ()" )
2a

is a solution to (B23) satisfying ag > a;. This leads inductively to the following Proposition.
Proposition 17. Suppose that ag, a1 are given such that a; > ag > 0, then putting
6 42 1/4
a +aa
ngo = | L) (5.47)
2a;,

for each n = 0,1,2,---, it follows that (627) is the only solution of (5Z3) that satisfies
Ap+2 > Ap41-

And conversely, for n = —1, -2, —3---, we can compute a,, as follows.

Proposition 18. Suppose that ag, a1 are given such that a; > ag > 0, then putting

4 /8 8
\/an+2 T\ Opt2 T Oy
anp = )

an+1

foreachn = —1, -2, -3, - - | it follows that (62¥) is the only solution of (523) that satisfies
An+t1 > an > 0.

(5.48)

Proof. Here we prove Proposition I8 by mathematical induction.
[I] When n = —1, (B43) is a quartic equation of a_; with four real solutions (any
double sign):
4 8§ _ 8
ai F+/aj —a
ag =+ S (5.49)
ao
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On the other hand, since

al — \/a$ —af >0,
af —y/a} —af < ag, (5.50)
af +4/a§ —af > ag,

follows from a; > ag > 0, out of (B29)

4 8 8

1= 5.51
a_—1 ao 5 ( )

is the only solution of (623) that satisfies ag > a—_1 > 0.

[] Assuming that the Proposition holds when n = —k. From the assumption, it follows
that a_gy1,a_j satisfying a_gy1 > a_j > 0 is determined. In this case, (623) is a quartic
equation of a_j_1 with four real solutions (any double sign):

4 8 8
\/a—k-i-l T/ O 1 — O

a—g

4 8 8
a1 =\ pyq — 02y >0,
4

a1 ==

(5.52)

On the other hand, since

4 /s 8 4
A1 g — 02 < Ay, (5.53)
4 /8 8
pp1 A2 — a2, >y,

follows from a_g11 > a_; > 0, out of solutions

4 /8 8
\/ak+1 IR VAR TS R L
)

-k

a_—-1 = (554)

is the only solution of (523) that satisfies a_; > a_g_1 > 0. Therefore, it follows that the
Proposition holds for n = —(k + 1). From [I] and [II], it is proved that the Proposition
holds for any n = —1, -2, -3, -. O
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5.5 Discussion

Proposition [ and Proposition I8 mean that even if parameters Jg and 7 in Ji(t) are
unknown, it is possible to mechanically compute Ji(1},) for any n € Z from Ji(Tp) and
Ji(T1). This implies that we can predict the discrete time evolution of the non-steady state
nucleation rate accurately in the past and the future as long as the nuclei number density
can be measured precisely enough to determine the non-steady state nucleation rate in the
vicinity of given times ¢ and 2t (See Fig. b2). This fact is expected to be very useful in
the analysis of phenomena where the non-steady state process lasts a very long time before
reaching the steady-state process, or if it is difficult to measure the number density of nuclei
only at certain times during the non-steady state process. For example, this method can
be used to restore the time evolution of Ji(t) before the start of the measurement when
nucleation has already progressed at that time. This result can be regarded as a solution
to (ii), and thus would be useful in experimental studies such as [23]. Furthermore, this
method helps reduce the number of data needed when estimating the time evolution of
Ji(t). This result can also be regarded as a solution to (i), and thus would be useful in
experimental studies such as [Z1].

Note that when some time has passed after reaching the steady state process, supersat-
uration begins to decrease beyond the timescale where it can be regarded as constant, thus
deviating from the applicability of Kashchiev’s equation. Therefore, the results discussed
above are applicable to phenomena in which supersaturation can be regarded as constant
for a sufficiently long period.

5.6 Conclusions

The first objective of this chapter, to derive non-trivial relations for the non-steady state
nucleation rate Ji(t) by using the rich mathematical properties of the elliptic theta func-
tions, was achieved in Section b2 and Section B3. Each relation is non-trivial that could
not be discovered in the conventional classical nucleation theory. The second objective, to
find solutions to two problems (i) it requires a large amount of effort and cost to estimate
the time evolution of Ji(¢) under some special conditions, and (ii) it is impossible to mea-
sure Ji(t) under some special cases, was achieved in Section 64 and Section B3 by solving
the difference equation for Ji(¢). It is shown that our result help reduce the estimation
cost of Ji(t) and makes mechanical estimation of Ji(¢) possible from the past to the future.

106



Ji. (t) (m3 - s

measurable

24

t

32 40 48 56 64

(8)

Figure 5.2: The non-steady state nucleation rate Ji(t) (m=3- s7!) vs. time t (s). If
Ji(t) can be accurately measured at only two times: Ji(8)=1 and J;(16)=1.5 (large blue
circles), Jx(t) at discrete times before 8 s and after 16 s can be accurately predicted (small
yellow-green circles) from Proposition [ and Proposition I8, respectively.
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