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Preface

This Ph.D. thesis contains the result of time-inhomogeneous Gaussian Ornstein—Uhlenbeck
regression, undertaken at the Graduate School of Mathematics, Kyushu University, from April
2019. I noticed during these four years that I was stepping outside my comfort zone. However,
Ornstein—Uhlenbeck process makes me motivated and challenged to study it more deeply in
the future. Periodic time-inhomogeneous Ornstein—Uhlenbeck process can be considered as
a potential field for stochastic models of observational series from a wide range of fields since
periodicity phenomena are very close to human lives, and we can analyze these phenomena
using signal processing models. To be triggered by this periodicity phenomena, this thesis
could be a starting point to introduce a periodic time-inhomogeneous Ornstein—Uhlenbeck
process using signal processing models which can be used to identify the seasonal behavior
of any system in the all-time horizon forecast.

The thesis is structured as follows. The thesis contains a brief introduction in Chapter
Chapter [2] contains the notation and model setup. Theoretical results on weak consistency
are presented in Chapter 3] followed by the asymptotic properties of the least-square estimators.
Chapter [ confirms our theoretical findings through a simulation study, and also the use of the
proposed model in the fitting of electricity load from Tokyo electric power company (TEPCO),
the energy use of light fixtures in one Belgium household, France household electric power, and
a case study of Tetouan city’s power consumption. The summary and future work of the thesis

are finally drawn in Chapter 5] An Appendix contains some proofs of our technical discussions.
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Abstract

We address the least-squares estimation of the drift coefficient parameter = (\,A,B,0)
of a time-inhomogeneous Ornstein—Uhlenbeck process with sinusoidal signal processing. We
concentrate on a discrete-time observation scheme, that is, the process is observed at a
high-frequency sampling setting, in which the discretized step size h satisfies h— 0.

In this thesis, under the conditions nh— oo and nh?—0, we prove the consistency and
the asymptotic normality of the estimators. We obtain the convergence of the parameters at
rate v/nh, except for § at vn3h3.

To verify our theoretical findings, we do a simulation study. We then illustrate the use
of the proposed model in the fitting of electricity load from Tokyo Electric Power Company
(TEPCO), the energy use of light fixtures in one Belgium household, France household electric
power, and a case study of Tetouan city’s power consumption. In an empirical study, we can
show the use of a time-inhomogeneous Ornstein—Uhlenbeck process with periodic sinusoidal
signal processing leads to capturing the seasonal variation in very short to medium-term

forecasts in electric power and energy systems.
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Chapter 1

Introduction

The Stochastic differential equation (SDE) has a wide range of applications. See, for
example, electric power system [El-Hawary, 2017], stock exchange [Heston and Sadka, 2008],
agricultural [Ghosh et al., 2018], health [Gutiérrez et al., 2012] and references therein. The
mean-reversion model can describe a wide range of behaviors, particularly in electric power
systems. The mean-reversion process tends to oscillate around a few mean levels. The
Ornstein—Uhlenbeck process is a well-known stochastic process that represents the characteristic
of the process to drift towards the mean. Mean-reversion is the term for this phenomenon.
The trend, seasonal dynamics and possible irregular effects of time series phenomena are
represented by a function of time in the drift in a time-inhomogeneous Ornstein—Uhlenbeck
model, see [Pérez Monsalve and Marin Sanchez, 2017] and [Chen et al., 2017] for results about
the periodic functional tendency.

Let us consider the SDE

dYi=a(0,Y t)dt+odw,, t>0, Yy=uyo, (1.1)

where # €0 is a finite-dimensional unknown parameter; a:© xR x [0,00) =R, 0 >0; w is the

standard Wiener process. We assume that
a(07}/;f7t) - _A}/;f +ht(ﬂ)7

where A>0, §=(\,5), and

K

ht(,@) :Z[AkCOS(wkt)+BkSin(wkt)], (1.2)
k=1

with 8= (A,Bw),A=(A)E |, B=(Bp)E | ,w=(wp)E ,, and a fixed K € N. Moreover, X is
known as the rate of reversion and @ is a time-inhomogeneous mean reversion level, which
is a deterministic function that captures the trend of the process. Note that if Y; > @ then
the trend term a(#,Y;,t) <0, which implies Y}, tends to decrease. Conversely, if a(6,Y;,t) >0,

then Y; tends to increase. The time-dependent signal processing function (1.2]) can also be



decomposed into a form

Mx

A2+ BZcos(wit+9y), (1.3)

for some k€N,

o Aj,BpeR\{0}, \/A2+B? is the amplitude of the kth sinusoidal signal that represents

the maximum values between the horizontal axis and vertical position of the kth signal;
e U; represents a phase of the kth sinusoidal signal, where ¥ = —arctan(%);
o wy€(0,00) is an unknown frequency of the kth sinusoidal signal.

Since is a continuous-time sinusoidal signal, then its periodicity can be modeled
by assuming that the kth harmonic of the components cos(wyt) and sin(wgt) has the same
periodicity for

wy, =2k, (1.4)

for all k¥ € N and 6 > 0 is the unknown fundamental frequency of hi(5) (See
[Oppenheim et al., 1997, [Cariolaro, 2011b| for references). Hence, there exists 7" >0 such that

h(B) = hir1(B). (1.5)

From the properties of (1.4) and (L.5)), ~(5) ((1.2) or (1.3)) is a continuous-time periodic

sinusoidal signal, whereas T is called a fundamental signal’s period. Therefore, we recall 0 as
0:=(\A,B)0). (1.6)

The sinusoidal processing model can be seen as a random signal, which has been used in
analyzing periodic phenomena[Kundu and Nandi, 2012]. A repeating pattern within any fixed
period is known as seasonal variation ([Metcalfe and Cowpertwait, 2009]), while a periodicity
is a pattern in a time series that occurs at regular time intervals ([Puech et al., 2019]). Hence,
the seasonal variation can be used in analyzing seasonal phenomena with kth periodic signal.

An observed seasonal time series can be meaningfully divided into several unobserved
components, e.g., a seasonal component. The seasonal variation has implications in an
economic structure [Plosser, 1978]. [Buonocore et al., 2022] managed the seasonal fluctuation in
electricity demand of electrified buildings to be employed renewable energy and seasonal energy
storage. The seasonality of coronaviruses from 2012 to 2019 to daily average weather parameters
has been compared to show coronavirus infections had a similar distribution to influenza A
and bocavirus [Nichols et al., 2021]. A warning against over-interpretation of seasonal signals
measured by the Global Navigation Satellite System (GNSS) [Chanard et al., 2020]. Application
of seasonal time series model in the precipitation forecast found in [Wang et al., 2013]. The
characteristic of the process mentioned in the references that follow to Ornstein—Uhlenbeck

process would be interesting for future issues in terms of identifying seasonal variations.



The statistical inference of sinusoidal signals for continuous observation is given
(see e.g., [Song and Li, 2011, [Kundu, 1997]). For continuously observed diffusion process,
see |Gutiérrez et al., 2006, Roman-Romén et al., 2018, |Giorno et al., 2017]. However, for
the mentioned models, the sinusoidal signal processing model in a time-inhomogeneous
Ornstein—Uhlenbeck process observed at high frequency, which motivated our current
study, seems to be far from being well-developed especially for the frequency parame-
ter §. Some of the results of frequency components of diffusion processes are given in
[[bragimov and Hasa€™minskii, 1981] and [Kundu, 1993]. The anomalous behavior of the
angular component has been shown by [Whittle, 1952], that is, the result cannot test for the
presence of the harmonic term in the same way as that of most statistical parameters.

In this thesis, we apply least-squares estimation (LSE) for the drift parameters of
based on discrete time observations, that is, we concentrate on the situation where the diffusion
process is observed at discrete times 0=ty <t; <-- <ty,, where ¢J =t; = jh, with j <n and

for some nonrandom sampling time step h:=h,,,

h—0, (1.7)

such that for n— oo,
T,:=nh, T,— o0, (1.8)
nh?—0. (1.9)

Under a high-frequency sampling setting, [Prakasa Rao, 1983] made an important assumption,
that is, the rate nh? —0 as the rapidly increasing experimental design in the study of the LSE.
Whereas [Yoshida, 1992] assumed nh®— 0 in the study of the MLE; [Kessler, 1997] proved that
the derived estimator is asymptotic efficient under the rate nh? —0 for an arbitrary integer p.

The LSE only infers the estimators of the drift, therefore, one can extend the procedure
proposed by [Katsamaki and Skiadas, 1995] to estimate the parameters of the diffusion.
Further, in the context of the LSE for a model driven by the Wiener process, the estimation
of the parameters has been proposed in [Rao and Rubin, 1979] and [Prakasa Rao, 1983].
The literature has mainly concentrated on the estimation of the parameter based on
the likelihood approach; see [Billingsley, 2013, [Dacunha-Castelle and Florens-Zmirou, 1986,
Florens-Zmirou, 1993| [Ait-Sahalia, 2002] and references therein.

As far as the author is aware, no results are known regarding the asymptotic property of
frequency components of a time-inhomogeneous Ornstein—Uhlenbeck process. Therefore, our aim
in this research is to be the first in providing the asymptotic property of frequency components
of a time-inhomogeneous Ornstein—Uhlenbeck process under conditions of (1.7)-(L.9) using LSE.

The present research attempts to address, in doing so makes important contributions.

e No previous study to the best of the author’s knowledge on the asymptotic property
of the frequency components and its impact on life practices. Our study is to provide the

theory of an asymptotic property of the frequency components of a time-inhomogeneous



Ornstein—Uhlenbeck process at a high-frequency scheme. The high-frequency sampling
scheme has the potential to handle possible non-linear coefficient cases in a unified way.

The theoretical considerations would be interesting for future issues.
We proposed a model of a time-inhomogeneous Ornstein—-Uhlenbeck process (|1.1]).

Identifying seasonal effects is a critically important aspect of accurately predicting the
development of systems. The periodic continuous-time sinusoidal signal processing model
(1.2) in the drift of (1.1)) can be used in identifying the seasonal variation in very short

to medium-term electric power and energy system forecasting problems.



Chapter 2

Notation and model setting

2.1 Notation

Unless otherwise mentioned, the following basic notation is used in the rest of the paper:
« 0" stands for the mth partial differential operator with respect to 6, 6 ={6;};; we write
=iy = A
o aj(0)=a(0.Ys;t;); hi(B)=he;(B);

: t;
« we abbreviate [,”  as [;;

o (C denotes a positive constant independent of n; we write z,, < s, if there exists N such
that for all n> N, 2z, <Cspy;

e T denotes the transpose;

o the symbol 2 stands for the convergence in IPg, probability, while £, denotes the weak
convergence in law under Pg,, where [Py denotes the image measure of a solution process

Y associated with the parameter value ¢ and Pg, denotes the true image measure;

e the notation i is used for the K x K-identity matrix.

2.2 Model Setting

Suppose Y = (Y;)ser, in (1.1) is a real-valued process that is a solution to the following
equation:
+ K
Y =10 +/ (—AYS—FZ[Akcos(wks)—i-Bksin(wks)]) ds+ow, (2.1)
0 k=1
defined on an underlying complete filtered probability space ($0,F,(F;)ier, ,P) with Fy =0 (w;:

s<t) such that {w;—w,} is independent of Fs, where the ingredients involved are as follows:

e 1o is an Fg-measurable real-valued random variable that is independent of the
w = {w; }ser, , and fulfills that Eg [[43]] < oo; here and in the sequel, Ey denotes the

expectation operator with respect to Py,;



e 6€0O (L.6)) is an unknown finite-dimensional parameter, where
— the parameter spaces O, C (0,00), ©4 C (R\{0}H)¥, ©5 C (R\{0})X, ©5 C (0,00)
are bounded convex domains,

— K is assumed to be known,

— 0:=0),x0,4xOpgx0Oy;

o the true parameter value is denoted by 6y = (X9,A9,Bo,00) € O, where Ay = (Ao, k) 1

Bo=(Box)K_,, and we suppose that fy€© does exist.

Due to the drift coefficients, a;(6) with (1.2)), the solution of equation ({2.1]) exists and
is unique. Using integration by parts, an explicit expression for the solution of the SDE ([2.1))

can be obtained as
t
My +/ A= (3 dT+0/ e Ay, (2.2)
0

Here and for later use, the notation Eg[.|yo], and varg(.|yo) denote the expectation and
variance operator under Py conditional on g, respectively. Note that, since we have (2.2)), then

we can find

Eg[Yilyo] =€~ yo-+p(0), (2.3)
where
KT w - ABy, Ay [
10(0) :; [W] {sm(wkt) [wkmk} +cos(wit) [wk Bk] e [wk Bk] } (2.4)

Making use of the fact that, for the random variable,

t t
/e)‘waT NN(O,/ 62)‘5(15),
0 0

we obtain the conditional variance,

t 2 t 2
varg(Yi|yo) =Eqg [/0 Ue_’\(t_T)dwT} =o’Ey [/0 e_ZA(t_“)du} = g—/\ (1— 621’\t> . (2.5)

Equations and help to develop the intuition for the process of Y. The mean
value of the process [Eg[Y|yo] —pt(6)] — 0 in the long run, given its value at yo; the variance
of the process has a finite limit as ¢t — oc.

Given , Y is not stationary. Further, we will look for {Yt,t € R} as a stationary
solution of . Following the route of Lemma 4.3 and Lemma 4.4 of [Dehling et al., 2010];
with the periodicity of hy(3) (see and ), for our problem, we derive Lemma [2.1| and
Lemma [2.2] (see Appendix Al for details).

Lemma 2.1. The sequence of {ﬁfl+t}t€[0,T]7seN is stationary and ergodic, with T defined

as mn .



Lemma 2.2. We have
Y —Yi| 2250, as t—oo0.

It follows from Lemma [2.1] and Lemma [2.2] that, for any continuous real-valued function
&(.) with polynomial growth that satisfies Eq[|¢(yo)|] < oo,

n
- 0%,) B Eololuw)] (26)

j=1
Lemma [2.1] is the original finding of this thesis. The difference with one provided in
[Dehling et al., 2010] is shown by the sinusoidal signal processing h:(/5) in the drift a.(9).
Under a high-frequency sampling setting, this signal cause the difficulty in showing the
stationarity condition of {g;t € R}, i.e., application of the concept of analog/digital (A/D)
signal conversion to treat the continuous-time sinusoidal signal processing; application of the

periodic continuous-time sinusoidal signal processing.



Chapter 3

Theoretical Results

The Euler-Maruyama discretization for the underlying SDE model (2.1)) under Py is
given by
P,
v, 2y, o+ / a5(0)ds+o / dwy Y, +aj 1 (O)h+oAjw, (3.1)
J J

where
aj-1(0)=—AYy,_, +h;-1(B) (3.2)

and Ajw is the jth increment of the Wiener process w. Here, we used the notation

AjC:=Gt; —Gt;_, as the jth increment of the process ¢. Then, we have
P
Ay 2 / as(00)ds+o A jwa;_y (B)h-+oAjuw, (3.3)
J

and introduce the function

n

1
=Y (A Y —a;_1(0)h]. (3.4)
— h
7j=1
The LSE of 6 is defined by
0, € argminQ, (6), (3.5)
PG

where © denotes the closure of ©. In the following, we discuss the consistency of the least

squares of (\,A,B) and ¢ separately.

3.1 The consistency of the LSE of (\,A,B)

Let us introduce the function



and we will look at the asymptotic behavior of (3.6)). Observe that

Q"(‘))_Q"w‘))_i;ll{ ( /J [as(ﬁo)—aj_l(ﬁ)]ds—i—UAjw)Q— ( /J [as(eo)—aj_l(eo)]ds—l—UAjw)2}.
(3.7)

Now, we proceed to the first term of the right-hand side of (3.7). We have

XZ:;L (/j[aswo)—aj—1(9)]ds+0Ajw)2
_Z {</ o B0) 52 0)) +2 [ Ajun ()= O+ 0* } 39

together with the second term of the right-hand side of which is can be found similarly

to (3.8), we obtain

n

Qn(0)—Qn(bo) = hZ[@j—l(%)—aj—1(9)]2+22n:[@j—1(90)—aj—1(9)]/j[as(90)—aj—1(90)]d3

J=1 J=1

+ QUi[aj_l(Qg)—aj_l(Q)]Ajw (39)
=1

Now, we observe the second term of the right-hand side of . There exists C7 >0 such that

<C’1

s |ds S (141, |) B2 +ohAjw. (3.10)

Jlastt0—a;(0)ds

J

To proceed further, we begin with the following Lemmas.

Lemma 3.1. We have

1 1
=S sin? (wtj)==+o , 3.11
5 5+o(z) 3.11)
1 1
2thm (wtj)cos(wtj)=o0 7 (3.12)
1 1
TZcos(wtj)cos(wotj)zo = |, wFwo. (3.13)
n hj:l 1=
Proof. To provide the proof, we use a quantization scheme to process a continuous-time
sinusoidal signal into a sequence of numbers. Quantization is the process of converting a

continuous-time signal by expressing each sample value as a finite (instead of an infinite)
number of digits ([Proakis, 2001]). Observe that

n n
1
.2
t;) —[1—cos(2wt;)|=-—= (2wt;) 3.14
'E: sin(wt;) ]5212 cos(2w E cos(2w (3.14)



We observe the second term of the right-hand side of (3.14)). Let us denote 2w=v,

Zcos(utj) = cos(vh)+-cos(vh+vh)+cos(vh+2vh)+-+cos(vh+vnh—vh)

1 (sin (m/h+ lyh) 1 sin (Z/h[n+ 1])
e w0

Plugging the result of (3.15) to (3.14), we get (3.11). The result is true for the cosine function.
We will prove (3.12)) next,

Zsm 2wt ;) Zsm wtj)cos(wt;), (3.16)
2T2 T gt
then
n sin(uh+("T_1)yh)sin(%h> 1 cos(”—f)—cos(nuh+”—§l)
Zsin(ytj) = : == . (317)
. sin(vh) 2 sin ( vh )
2 2
Plugging (3.17) to , we obtain (3 . We turn to (3.13).
1 & 11
—Zcos(wtj)cos(wotj) = —72 cos([w—wplt;)+cos([w—+wo)t;)]
j=1 J 1
B 1{ 1 Sin([w—wo]h[n+%]) }+ 1{ 1 sin([w+wo]h[n+%]> }
2 2n ZnSiH(L_; O]h) 2 2n 2nsin(7[w+; O]h)
1 +sin([w—w0]h[n+%]> sin([w—kwo]h[n-i-%]) < 1 )
- —of — ),
2n 4nsin ( W) 4nsin ( M) 1
and this implies (3.13). The result is also true for the sine function. O
Corollary 3.2. For meNjy,
h 1
WZL‘]- cos(wtj):0<T2>, (3.18)
n j=1 n
h & 1
WZt?sin(wtj)cos(wtj) _0<T2> , (3.19)
h 1
p—— Zt cos(wt;)cos(wot;) = <T2>7 (3.20)
T 7j=1 n

Proof. We will prove (3.18]) using mathematical induction. For m € Ny,

"2 teostaty)=o( 75
— S COS(wWts; ) =0 — |.
T;Ln+2j:1J J T'r%

10



The statement Py says that

h & 1
ngz:lcos(wtj) :0<T2) ,

n

is true by Lemma that is,
h & h 1& 1
— Y cos(wtj)=—%5— cos(wt~):o(>.
TT%]E:I 7 nh? n;:l J T2
Now, suppose that Py, holds for L €Ny, that is,

h & 1
HthLcos(wtj)—o(TQ). (3.21)

no =1 n

Since (3.21) then ’T(LJ}:WZ?ZJJLHCOS(UJU)‘ — 0. This result implies the truth of (3.18].

Similar way on the proof of (3.19)) and (3.20)).
O

Lemma 3.3. We have

sup 50 as n—oo.

1 n
gz}ﬁjcos(wtj)

=1

1
] < {Eo sup
n w |

n
iwtj
ZY}/J@
Jj=1

Proof. Observe that

2

AN

1 n
EE Y3, cos(wt;)
i=1

Eq |sup

1

};
1 }

[ n n—1 n—2 n—r
- {EO ZY;?+2 (ZYthtm+Zﬁjnj+2+"'+zﬁjﬁj+r)
j=1 j=1

[ G i=1

By Lemma [2.1] and Lemma there exists 9(Y;;) =Y3, Yy, satisfying Eo[|d(yo)|] < oo, such

that, for r an arbitrary element of N with r <n,

LS 0vi,) B Eoli(uo)).

7’L-7"].Z1

Hence
Eo | sup| =3 Y cos(at) < 2 {Omax(nn—1n-2 ))}% o(l)
sup|— cos(wt; - max(nn—1n—2,..n—r =0 —|.
0 wp nj:1 t; J ~n 3 ; 500y \/ﬁ
The result above is true for the sine function. O

Lemma 3.4. Forli=12,...,

11



n

Z .COS wtj

sup —>0 as m—oo.

Lemma [3:4] also holds with a proof similar to the one of Lemma [3.3]

Corollary 3.5. Forl=1,2,... and meNy,

h n
THZYtét;-”cos(wtj) 20 as n—oo, T,—oco, h—0.

n j=1

sup

Proof. We will prove

TmH ZYt tMcos(wt;)| 20,

using mathematical induction. For m €Ny, the statement Py says that

sup KN 0,

w

h n
ani cos(wt;)
ni—

is true by Lemma Now, suppose that P, holds, that is,

h, n
sup WZyétfcos,(mj) 20, (3.22)
w n =1

with L€Nj. It remains to show that P holds, that is,

sup 0.
w

h = 1, L+1
mzn]t‘]+ COS(Uth)
Ty j=1
Using (3.22) we have

ZYt tLHcos(wtj)

Eo {SUP T

| < ofom(ests)

The result above is true for the sine function. O

Lemma 3.6. We have

ZYta Ajwl B0 as T, o0

j 1

Proof. Observe that

ZY}] Ajw
j 1

12



1 n—1 n—r
<{E0
T

where 7 is an arbitrary element of N with r<n. It follows that

Jj=1 Jj=1

1
Y Ajw <O( >
Lemma 3.7. Forli=12,...,
ZYtJ Ajw 20 as T,—o0.
j 1

ZY2 A2w+2(ZYt AjpwYy  Ajwt-+> Y AjpwYy  Ajw

The proof of Lemma can be provided similarly to the proof of Lemma

Lemma 3.8. We have

1 n
T—Zcos(wtj_l)Ajw 20 as T,—o0.

sup
w

Proof. Observe that

1 n

Eq [sup Tnj;cos(wtj_l)A w]

1 [ n_o 2 2
<—<Eg|sup Zelwtﬂ'—lAjw

AR s

1 [ n—1 n—2
_T{EO ZA2w+2 ZA wAJHw—i—ZA WA j oW —i—ZA WA w

" Lj=1 j=1 j=1 j=1

where r is an arbitrary element of N with r <n. Therefore

Zcos wtj_1)Ajw

=1

(/)

Eq [sup
w

The result is true for the sine function.

Corollary 3.9. For meNy,

1 n
WZt?l_lcos(wtj,l)Ajw
n ]:1

sup 20 as T,—o0.

13




Proof. We provide the proof of Corollary in a similar way to the proof of Corollary
The statement Py says that

sup
w

ZCOS wtj_1)Ajw
] 1

is true by Lemma Now, suppose that P, holds, that is,

sup TL+1 Zt ~cos(wtj—1)Ajw

20, (3.23)

with L €Np. It remains to show that P41 holds. By (3.23)) we find that

< ofom(hr i)

The result above is true for the sine function. O

Eo |su coswt )Ajw
Olwp L+1+1Z -1 i-1)

Lemma 3.10. Forl=1,.2,...,

sup 50 as T,— .

w

1 n
?E Y;lj_lAjwcos(wtj,l)
ni—

Proof. Observe that

1 n
T—Eo sup ZYtlj_lcos(wtj_l)Ajw ]
1 n ) 2 2
< {EO sup ZYtljileWtjflAjw }

1
:T‘n{EO nyl A2w+2 (Z}/t ].HU)Y; A W +ZY2+ Aj.HﬂwY;llejw)

Jj=1 =

1
}2
1
“o()
Ty
where r is an arbitrary element of N with 7 <n. The result is true for the sine function. O

Putting (3.10) to (3.9). Since Eq[|g(yo)[] < oo

n

%Zg(}gj)(lﬂytj\)&Eo[g(yo)(lﬂyo!)]a
j=1

14



and by applying Lemma then, we can write expression (3.6]) as

1 20 —
0)=—>laj-1(00)—a; 1 (O)*+ > [a;1(60) —a; 1 ()] Ajw-+op(h). (3.24)
j=1 j=1
Recall (3.2)),

n

leg[aj—l(eo)—aj—l(e)]Q

Z(A—AO)Q:LEH:Y;?1+2(>\—)\o)i§n:ytj1[hj—l(ﬂo)—hj—l(ﬁ)]+i2[hj—1(50)_hj—1(5)]2'
j=1 i=1

j=1
(3.25)

By applying Lemma [3.3| to the second term of the right-hand side of (3.25)), then

n

%Z[aj,l(ﬁo)faj,l(e)]Q = (A=X)? ZY}J = ZZ{ [Ag rcos(wrtj—1) — Agcos(witj—1)]*
j=1 j=1k=1
+ [Bo’ksin(wktj_l)—Bksin(wktj_l)] }—l-Op(\}») —l-Op(j}) (326)

We will observe the second term of the right-hand side of (3.26]), for the term of cosine. Using
Lemma (3.1}

1 E K 1
*Z{ (Aoj—Ar)*+240 1Ak} = ZCOS witj)— COS(WO,ktj)]2:22(A07k—Ak)2+ZAO,kAk+O(T)a
k 1 g 1 k=1 k=1 n
(3.27)
and
K L LK K )
S (o — AR S cos? (fwi g —enlty) = Z(Ag,HAg)—ZAO,kAHo() L (328)
=1 ne4 23 =1 In

The expression of sine can be found similarly to (3.27) and (3.28). Further, from (3.24),
(3-26)-(3.28), and by using Lemma and Lemma we have

Z{ 0)+v3 5 ( )}+qK(A,B)+0p<;)+0p(h), (3.29)
J=1 "

where
vp ()= (A X)PYE L, (3.30)
15,(6)= 2T:{<A MYy +45(8) b (351
¢ (B)=hj-1(Bo) —hj-1(B), (3.32)

15



K
1
0" (A.B)=5 > [(Ar—Aos)*+(Bi—Bop)’]. (3:33)
k=1
Next, we will show the consistency of the estimates. The consistency follows on showing

that there exists fp(#) such that

sup|fn(0)—fo(0)| 20 as n—oc. (3.34)
0cO

Let the notation E%fl denotes the expectation operator under Py, conditional on
Fi;_,- Applying Lemma 9 of [Genon-Catalot and Jacod, 1993], first of all, we will compute
for ZglzlEéfl {vfj (0)+0v5 (0)} Note the following observations.

o Recalling (3.30), we have
SR o ()] = (A 20 LS Y2
S EG [o1(0)] = (20 3V
j=1 Jj=1

Since Eq||yd]] < oo,

LA 2 p 2
EZY@' =Ko {yo] ; (3.35)
7j=1
where
20 _
Eo [yo] =0, (3.36)
and then .
SB[ 0)] B (- 20)%C (3.37)
j=1
o« We can obtain "
> B g (0)] B0, (3.38)
j=1

: 2
Next, it is easy to show Z;-‘:lIE{)_l [(v%(@)%—v%(@)) } 2,0: indeed,

n n

2
j— 2 i 1 20
> B |(vh0)+8,0)| = B (<A—Ao>2nn3_l+T{<A_A0m“+qj<5>}Ajw)
Jj=1 j=1 n
= DB [ub g gy,
j=1
where
Y
upij:()\—)\(])él 7:1217 (339)
. 4o0? 2
W=7 { (A= 20)Y L i (8) | Afw, (3.40)

n

16




. Ao(A=Xp)?
=S (A0 +i(8) ) A (3.41)

We observe (3.39) first. It follows that
LNIPIEY (A— )\0
ZE{) 1|:’U/17:| Z t] 1?
j=1

and Eo[|yg] < oo

n
o]
j=1
thus .
SR [ugﬁj] 2. (3.43)
j=1

Now, we move to ,
ZE%_I {ugj}
j=1
402
- %Z{EO (A=20)2Y2 AZwl B, [+Bo [200- M)V, g5(8) 3w\ R, | +Eo g} (A)ATw| |}

0?1 80 )\ )\0 40 1 &
==X’ ZYt] s Z 1458 qu (3.44)

TL TL

Applying (3.35), Lemma and (3.33) to the first, the second, and the third term of the
right-hand side of (3.44]), respectively, and we find that

JZIEJ 1{ n }—O(Tl >+O(Tn)+o<z{n). (3.45)

It is easy to find

n

> B ug] 0. (3.46)
j=1
From ({3.43)-(3.46|), we get that
e n n 2
SR [(Ul,j(9)+v2,j(9)) } 2.0. (3.47)

J=1

It follows under (3.33)), (3.37), (3.38)), and (3.47) that

\fn(e)—fo(e)yﬂo as mn— oo, (3.48)

where

K
fow):(A—Ao)?C%Z[(Ak—Ao,k>2+<Bk—Bo,k>2], (3.49)
k=1

17



with (3.36) -

As we can see, the explicit expression of (§—dp) does not appear in . Given that
parameter ¢ has a different character than \,A and B, the presence of parameter § with other
parameters in adds to the complexity of providing evidence of consistency. This evidence
will be shown in section For this complexity, [Kundu and Nandi, 2012] which develops
the LSE of (A,B,w) shows the consistency of (A4,B,w) in separate ways; say, Lemma 4.1 for
strongly consistency of (A,B), and Lemma 4.3 for w. However, to show the LSE of (\,A,B)
then follows, using Lemma [3.6| and Lemma , it suffices to show (3.48)) holds. Recall

-, -, using Lemma H 6, Lemma [3.8] we will show that

(A=Xo)? ZYt —(A=20)2C+g1.n(A8)+g2n(B,0)| 0, (3.50)
where
1K
gln A 5 ZZ Ao kCOS %) ktj 1) AkCOS(wktj_l)]Q—§Z(Ak—A07k)2, (3.51)
k=1 k=1
1K
Gon(B,0)= ZZ By gsin(wotj—1)— BkSiD(Wktjfl)]Z_§Z(Bk_BO,k)2 (3.52)
N Sk=1 k=1

Now, we will observe one of the terms (3.51)) or (3.52)). Let us rewrite (3.51)) as follows:

K n K
1 1
g1a(A8)=) :(Ao,k—AkaE COSZ([wo,k—wk]tj—l)—§§ (Ap—Ao ). (3.53)
k=1 7=1 k=1

Take a look at the first term of the right-hand side of (3.53|). Using arguments similar to the
proof of Lemma [3.1} we have

1 1 1
njzzlcos2([wo—w]tj_1):2+0<Tn>. (3.54)

We can show (3.52) similarly to (3.51)). The consistency of A follows on the first and the second
term of the left expression of (3.50), with C' (3.36)), leaving out the terms (3.51)) and (3.52).
With (353), (B59) and (B52), then (350) holds.

Now, we will verify condition (3.34). To prove the uniformity of the convergence of f,(6),

it suffices to verify the following conditions

supEg sup|8>\fn(0)|}<oo as mn— oo, (3.55)
n L 0
supEq sup|8AKfn(9)|] <00 as m—oo, (3.56)
n L 0
supEg sup|8BKfn(0)@<oo as mn— oo, (3.57)
n L 0

18



for any K €N.
Recalling (3.29)), we obtain

2(A—=Xo)
Eo [sup|8,\ fn(H)q < Eg|sup 0) ZY; +Eo sup
0

ZYtJ 195 /8)“

] 1

+ Eg|sup —ZYtJ Ajw
0
=1

(3.58)

Using (3.35) for the first term, Lemma for the second term, and Lemma for the third
term on the right-hand side of (3.58)), respectively, we get

1 1
E O\fn(0)]| <O ) )
o supioat0)| <0+0( =) +0( )
Hence, (3.55) holds. We now turn to (3.56) and (3.57).

Bo[suploa 1)

<2 { Eo [sup
sup

Zq] Jeos(witj—1)

] 1

(A=) ZY} _cos(wktj—1)
] 1

+Eq [sup +0oEq Zcos witj—1)Ajw

] 1

(3.59)

H/—/

Using Lemma [3.1] we get

Eq qu Jeos(witj—1)

j 1

sup

] _ |AK|( Xj: s (Wit~ 1)“’(?&)

o))

and together with (3.60]), by applying Lemma [3.3[and Lemma [3.§| to the first and third term
on the right-hand side of (3.59), respectively, we have

EO{SIOIPWAKfn(G)q < O(\}>+|AK|+O<T>+O<\/1TT¢)

Therefore, we obtain (3.56|). Quite similarly, we find (3.57). Summarizing the computations
of above, then we can deduce that sup,,Eo[supy|0s f,,(0)|] < 0o, yielding the uniformity (3.34]).

3.2 The consistency of the LSE of ¢

The frequency component corresponds to the periodogram’s greatest ordinate, and
the gauge of this ordinate provides other least-squares estimators. To see this more clearly,
let us take a look at (3.4). Following the way of [Whittle, 1952, Rice and Rosenblatt, 1988|
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Stoica and Moses, 1997, [Kundu and Nandi, 2012]) in showing the periodogram, we plug the

explicit expression of the least-squares estimators of (A,A,B), and we find that

minQ, (A,A4,8,0)=:Qj (9), (3.61)
6€O
where
« 1<
@0)=3> #j-1~1a(), (3.62)
j=1
pj1=0Y +hAY, (3.63)

with (B.3)), and

2

+

2

zn:(pjflsin(wktjfl) }, (3.64)

j=1

K n
I,(0)= 22{ [Z@jlcos(wktjl)
Tn k=1 \|[j=1

with . The explicit expressions of the least-squares estimators of (A\,A,B) and are
given in Appendix

The complexity in showing the consistency of the estimators occurs when the least-squares
estimators of (\,A,B) is obtained by minimizing . On the other hand, for the frequency com-
ponents estimator §, the minimization occurs when the periodogram is maximal. Further,
the term (§—3p) always vanishes in the calibration of (3.6)); therefore, we look for the consistency
of the LSE of § through the periodogram . Hence, based on and , we can find

the least-squares estimators of 4 by minimizing Qn(j\,ﬁl,B ,0) which can be done by maximizing

K n 2 n 2
Jn(é): ;’Z{ |:Zg0j_1COS(27Tk5tj_1) + Zgoj_lsin(%rkétj_l)} } (365)
PE=1\]j=1 j=1

Thus, the LSE of § corresponds to the greatest ordinate of periodogram ([3.65). In the se-
quel, unless otherwise mentioned, we used the notation wy, to shorten the writing of the term 27kd.

To prove the consistency of the least-squares estimators of d, we define

1a(8):= 5 100(0)~Ju(60)] (3.60)

Therefore, through (3.66), we will show that there exists fo(d) such that

sup‘fn(5)—f0(5)‘£>0 as n— oo, (3.67)
6€B;s
with
argmax fo(8) = {80} (3.68)
0€O

20



Now, recalling (3.66} -, and (|1.4] , we have

K n 2 n 2
a0 = nihz{ [Z@j—lcos(wktj—l):| _|:Z<P0,j—1005(wo,ktj—1)]

k=1 [j=1 j=1

2 2
Zgoj_lsin(wktj_l)] —[Z¢o7j_1sin(w07ktj_1)] }, (369)

J=1 J=1

where ©0,j—1= AjY+h)\0}/,5j71

Take a look for the cosine term, namely
1 K n 2
> D pircos(wtj1) | = = ZZ% 1008” (witj—1)+ o (W), (3.70)
n hk_1 — h
= _j—l k= 1_] 1
where
2 K (n—1 n—r
or(w) = nth{ijcos(wktj)cos(wktj_l)+'-'+Z¢j+r_1cos(wktj+r_1)cos(wktj_l)},
k=1\j=1 j=1

for r to be an arbitrary element of N with r <n, and ¢;p;_1 =: ;. Together with the sine
term that has arguments similar to (3.70]), we have fn as

n 1
(0= 7167+ 78 ) +op( - ): (3.71)
where
| K
fi(0)= hZ[SOj—lCOS(Wktj—l)_‘PO,j—ICOS(WO,ktj—l)]2> (3.72)
N 1 K )
fg,j((s):ﬁZ[@j—lSin(wktj—l)_SDO,j—ISin(WO,ktj—l)] . (3.73)
p

The details of (3.70) and (3.71) are provided in Appendix B} Let us define ¢y, :==wp—wo
and ;0 =:@;. Again, using Lemma 9 of [Genon-Catalot and Jacod, 1993|, we can deduce that

>0+ F50)]) = nghzz{s@] 18 o125 1cos(Bxti 1) b
j=1

kl_]l

= — ZZ% 1cos(¢tj— 1)+O< n)

kl]l

9 K n—1
- nghzz%cos Pit; )+O( Tn)

k=1j=1

Using the quantization scheme of [Proakis, 2001], i.e., for some n, the sampling analog signal,

periodically every T™ seconds to produce a discrete signal, that is, cos(wn)=cos(wnT™), and

21



the periodicity, we thus obtain

ST 0)+7350)]
j=1
There exists ¢(.) that satisfies

where

and then

J=1

f:nzg’*l [}’ﬁj(a)ﬁgﬁj(a)} —C* Zcos (2mk (86— 50))+0<T >+o<

o K
s 2_cos(@i){ @1+ @art Gt {ht 20t
k=1

Zl ( )+O<nT>

Eo[|(yo)[] <oo

K
—Zcos(qﬁk
k=1

k=1

In a quite similar manner, we can find

> (7,04 72,0)

7=1

0.

1
nT,

+(n—1)h}+0<

(3.74)

(3.75)

)

(3.76)

See Appendix B for detail (3.76). It follows under (3.71), (3.75) and (3.76]), that

where

‘}n((s)—fo@)} 20 as n—oo

K
fo(6)= —C*Zcos(ka(&—éo)),
k=1

with (3.74) and (3.68). Observe that

argmax{ —
6€0

argmaxfo (0)
5€O

€O

Because of the periodicity of h(f3)

—C* argmax{cos(Qwé —27dp)+cos(4md —4mdy) +

c* Zcos (2mk(0— 50))}

exists 7'>0 such that T'=T(6). Therefore,

argmax fo ()

5€6 EE)

22

(3.77)

(3.78)

---+cos(27TK6—27TK50)}.

in (1.2), (1.4), and (1.5)), then for any 6 € © there

1 2 K
—C’*argmax{cos (27TT — 27r50) +cos (27rT —47r50> +---+cos (27TT — 27TK50> } ,

nT,

7



and we obtain (3.68)).

Now, in order to prove the uniformity of the convergence fn(é), we will show that

supEq [sup‘f)gfn(&)u < 00. (3.79)
n 5
If we denote
onk=k, k=1,.K, (3.80)
then for any K €N, we have
K
0 :Th[§1(5)+f2(5)]7 (3.81)
where
n
&1(8)=> lpj1cos(witj—1) =0 j-1008(wo rtj—1)][tj-1sin(wretj—1)pj-1); (3.82)
j=1
n
&(0)=)_[pj-1sin(wrtj—1)—po,j—18in(wo,rtj—1)][tj-1co8(wrctj—1)pj-1]- (3.83)
j=1
We observe the term (3.82)). Then
K
2 vl 0]
2K
hEO Sup th 195 1{% e Rb=t o i 1€W0Kt7 ! Sln (wrtj—1)
7j=1
2I~( - iwrti_1 W ti_1 Twrti_1
S 3 Eo |sup Zt] 19— 1[% 16K =g e O }Ze K=
J=1
Q‘f{ - twrti_1 wwo, Kk tj—1
= o | o [sup > 1 i€ — g g0l } +7(0)
L J=1 _
oic ([ u :
:nh{Eo sup > 81031 (P9 o1~ 205-100-1) +7(0) }
L J=1
where
n—1 n—2
T((g) — QthSOJ[Qaje Kt _ g eszKt Zt]+190]+1[90]+16 Kt]+1_¢0 +1ezw0KtJ+1]+“

Wt — ] ity
Y e[ € EE T g e

J=1

7j=1
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for an arbitrary r € N,r <n. This gives

S o[suplea(a) | < 2i{O(max(n2T3,nT3)) } )

and together with Eq[sups|&1(6)|], which can be obtained similarly to Eg[sups|¢1(0)]], therefore,
~ 1
By supfos(0)]| <0 ).
s n
and obviously (3.79)) is holds.

All Lemma in Sections .2 and [3.1] are the original finding of the thesis. The difference
with the one provided in IKundu and Nandi, 2012] and [Mangulis, 2012] is the continuous-time

we can find that

signal with kth harmonic of the components cos(wyt) and sin(wyt); that is included in the process
observed at a high-frequency sampling setting. From Sections [3.1] and [3.2] we have shown the
consistency of the estimates. This is not the new one, but the anomalous behavior of the frequency
component caused the complexity in showing the consistency of the estimates, that is, we establish
a two-step strategy for proving the consistency of the LSE of (\,A4,B) and ¢. Since the periodic
continuous-time sinusoidal signal processing in a time-inhomogeneous Ornstein—Uhlenbeck

process is under a high-frequency sampling setting, then it needs complicated technical details.

3.3 Asymptotic Normality

To proceed the asymptotic normality of the LSE of 8, we need the following Lemmas.

Lemma 3.11. We have
08 (8) — 93Qu (60) D 0 (3.84)
for any consistent estimator 6,, of 6.

Proof. Let D,, denote the (2K +2)x (2K +2) diagonal matrix
Dn:zdiag(x/nh,Vnh]IK,Vnh]IK,Vn3h3). (3.85)

Observe D! with I, as in (3.85)). That is, for the diagonal element /T},,

;n{{i([AjY—aj_l@n)h]azaj_l<én>—h['o‘eaj_1<én>12)}

J=1

) {i(mj Y —a;-1(60)h)0faj-1(60) —~h[dpa;1(60)]°) }}
h

1

1 n B n ~

=72 AV [050;1(0n) ~Oja;1(60)] FZ{GJ 1(0)95a;- 1(9n)—ajfl(9o)3a2ajfl(9o)}
nji—y nji—y
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S (19hy2 (B [y B0)P). (3.56)

To prove Lemma [3.11} let us take a brief look at the last term in the right-hand side of (3.86)).

Since we have

27 .1
1 n n 2
- (6 < (0
[ng(ay 1(0r) —aj—1( 0)) } > { Z::(a] 1(0r) —aj—1( 0)) }
= 1{ﬂ-z [t +ion+ ]}% (3.87)
- n 0[t1,n 2n 3.n ) .
where
N 2
un=[-Y_A=2)Y:,_, | ;
j=1
. 2
Lo = (Z [%‘—1(5)—%—1(50)}) ;
j=1
Ba=—2A=20))_ Y, > {%‘—1(5) —hj—l(ﬁo)] :
j=1 j=1
Using (3.35) and Lemma it follows that
1.0 =(A—=X0)?0p(n). (3.88)
We use Lemma [3.1] and the result of it, that is,
ity vt = vl 1)
nj:1coswj,1 wt =3, 0 T )
to obtain that
~ = 1
where ¢’ (A,B) is defined in (3.33). By Lemma using the fact that
n—1
sgp p— 1 ZYt cos wt]+1) =0,
we find that
L3,n:_2(x_)\0)0p(\/ﬁ)- (390)
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Therefore, plugging (3.8 -, and (3.90} - ) to ( , we can deduce

1
{EO
n
Now, let us look at the first term in the right-hand side of (3.86)). In a quite similar
manner as above, for the diagonal element /T,,, and recalling (3.3, we have

n

Zl(am(?)n)ajl(eo))z }%go(;ﬁ).

ZA Y( a] 1 ) agaj_l(eo))“

2 1
}2

2] }20(\@ —;;{HSSE%) Eo[lys\zl}%O(\/ﬁ) SO(\/lﬁ)-

S;n{EO i{/jas(én)dsqLoAjw}(a@a] 1( ) — 89a] 1(90))

=1

1
<—E 1+|ys|)d
< fm | [a s

We can obtain similarly for the case of the diagonal element /T, with \/T3; /T3, so this
completes the proof.

O]

Lemma 3.12. We have

n

(60)hl00a;-1(00) ——7= / Dpaas (60)duwsy 250, (3.91)

Proof. First, concerning the diagonal element +/1,,, we have

1 n

\/TZ[A Y — aj— 1(90)h O'A wW+oA; U)]@@aj 1(90 / 89(1,5 Qo)dwt
nj=1
1o
= Z[A-Y—a-,l(eo)h—aA-w]aga-,l(ﬁo) {ZA wopa;—1(6) / Ogar( 90)dwt}
\/ﬁj:1 J J J J \/T = J—

(3.92)

We observe the first term of the right-hand side of (3.92). Again, recall . Then

\/%Eo jf:l(Ajy—aAjw—aj_l(eo)h)aeaj_l(eo)]
2 1
S \/ITTL{EO ; {/jas(ﬁo)ds—ajl(eo)h} Ggaj,l(éo) } .
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For r is an arbitrary element of N with r<n, we have

2
as(bo)ds—a;j—1(6o)h

i
L

< ‘as(ﬁg)ds—aj_l(eo)h 2+2 'as(eo)ds_aj—l(gﬂ)h
J RRbal

J=1
J

/ as(60)ds—a;(60)h
1

b +z[ Jes(tohds—a;-a 60

J
as(ﬂo)ds—ajw(%)h] },
—+r

thus we obtain

\/%EO ji(AjY—aAjw—aj_l(90)h)89aj_1(90)]
< \/%{O(max{nh?’,(n—l)hg,(n—2)h3+---+(n—r)h3})}éO(ﬁ)zO( nh?).  (3.93)

Result (3.93)) indicates that condition (|1.9)) is necessary in the study. Similarly, for the second
term of the right-hand side of (3.92), we get

\/ﬁEO ;A jwopaj—1(0o) / Opay( Ho)dwt]
o T, T 2] 2
< \/ﬁ{EO 50613(‘90)(1103—/0 Opar(6p)dwy }

2

Eo[|Y,—Yi?| } <OWh), (3.94)

<2 g CO/Tndw

with CY>0. Having (3.93) and (3.94), we obtain Lemma

]
The result is true for the diagonal element /T}5.
Lemma 3.13. We have
Z A Y- aj— 1 90 ]8(,@] 1(90 / 89at Qo)dwt—>0
Proof. We show Lemma [3.13|in a similar manner to Lemma Note that
1 & ]
EO T—Z[AjY—aj_l(Hg)h—oAjw]agaj_l(Ho) SO(\/E), (3.95)
LI~ "=t i
0 1
E, Tn{]zlA swdRa;_1(60) / Ray Go)dwt} go(\/ﬁ>, (3.96)
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then the proof is complete.

The result is true for the diagonal element /T;, with \/T3; \/T3.
The asymptotic behavior of the LSE of 8 is given in the following Theorem.

Theorem 3.14. We have

where

o we recalled 0 with order 0=

D, (9n —90) £ Mokt (0,0’21\/10(90)_1) :

o D, is defined in (3.85);

o My(bo) is a (2K +2)x

My (6p):

with C' (3.36).

Proof. We will follow the route of the Central Limit Theorem of a stochastic process of

Theorem 5.5.1 of [Fuller, 2009]. First of all, we denote by 9pQ,(6o)

the first derivative,

00Qn(bo) =

C

= O

Sym.

= O O
- O O O

= O O O O

(8)\@% (00> 78A1 Qn (90)7831 Qn ((90),. .

and 97Q,, (o) the (2K +2)x (2K +2) matrix,

DQ,(00):=

0%,Q,
&% \Qn
92,0,

8124 KA QTL
OeAQn
05 Qn

94, Qn
8%1 Ay Qn

81%KA1 Qn
8%1@41 Qn
934,Qn

)\Bl Qn
AlBl Qn

B% QTL

AKBlQn
BKBl Qn

93,Qn
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(>‘7AlvBl7"')AKaBK75);

oS O O O O
o O O O O

D=
= O e

(2K +2) matriz, with general form as follows:

0
27TBO71
4
_ 2mAo,1

4
47 By 2
4
_ 4w Ao 2

4

2K7’I’BO’K
4
_ QKTI'AO,K

4
An? (A2, +B2 )

8>2\AKQ71
A1 Ak @n
831 Ak QTL

2
aA%(@n

5AKQn

6

2
aABKQn
AlBKQn

BlBKQ”

2
Py Qn
07 52 Qn

%5, Qn

)

05 Qn(60),08, Qn(60),05Qn(60)) "

8)2\5 Qn
6,241 ) Qn
0%, 5Qn

8124 KO QTL
O1sQn
9%Qp

(3.97)

(3.98)

a (2K +2) x 1 vector of

(3.99)

(B.100)




By utilizing Taylor series expansions about 6y, it can be shown that
D,,'9Qu(0) = |~D; ' 33Qu (8, ) D5 | D, (8.~ ) |, (3.101)
where én is on the line joining @n and 0. Set
M, (60) = |~D; "% Qu(60)D; " (3.102)

then by (3.101), Lemma Lemma and Lemma [3.12] it suffices to show that there
exists a fixed matrix My (6p) such that

M, (60) Mo (6o), (3.103)

and
[D;laan(eo)} £ Norero (o,GQMO(eo)). (3.104)

To prove (3.103)), we define the following.

21 (00) = TE[aA,A,Baj—l(QO)F; (3.105)
2,5(00) = % [0.4,50;-1(60)][5a;-1(60)]; (3.106)
23 5(00) == % [B5a;-1(00)]* (3.107)

n

Here and in the sequel, 0y, g, 9,,a denotes the first derivative of a with respect to 60;, 6;, and
0, respectively. First, we observe (3.105). We find

ZEJ 1{ [Oxaj—1(60)] } Z 2 (3.108)

and also,

Xn:E%_lKTh [Oraj—1(60)] ” ;Zn: [Oraj—1(60)]" = { ZY“ } (3.109)

J=1

Since we have ({3.42)) then we obtain

ZEJ 1[( [Oraj_ 1?)1&0. (3.110)

Having (3.108)) with (3.35) and (3.36)); (3.109) in hand, then we have

Z [Oraj_1(00)]* 20, (3.111)
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with C' (3.36]).

Observe that

zn:Eg)—l |:711[8)\aj—1<90)][814kaj—1(90) :| :—*ZYZJ 1COS((4.)0 Kt] 1) (3112)
Jj=1 "=

By applying Lemma [3.3[ to (3.112)), and using the fact

7j—1
=1

1 211 &, R,
ZE] [( [0xaj—1(60)] [0 aj— 1(90)]> ]:n{%Zi@—lcos(WO,Ktj—l)Jr%Zﬂ };
j=1

2
by using Lemma 34, G35, @30) . then Y5, B 1{(z’i[awj-l<90>M8AKaj_1<eo>]) | 2o
Thus

1 n
ng a)\aj 1(00)][ 8AKaJ 1(90)] (3.113)
Jj=1

Quite similar to (3.113)), we get

n

3 101 (00)] 951 (00)] 20, (3.114)

=1
and

ii[aAKaj—l(%)] [03,0-1(60)] =0, (3.115)
j=1

for any LeN.
By Lemma furthermore, it is easy to find that

n .
DBy

J=1

1 1
n[ﬁAKaj 1(60)] } Zcos (wo,ktj—1)= 2—1—0();

] 1
and

" ql/1 9\ 2 13 1
;E% l(n[aAKajl(Go)} 2]z;cos (wo,ktj—1)= - §+0 )
therefore,

*Z [0, aj-1(60)]" = 5.

] 1

In a quite similar manner to (3.116)), we obtain

(3.116)

l\')\»a

(3.117)

DN | =

1 n
EZ[aBKaj—l(Ho)]Q &
=1

Using Lemma in the same way as (3.111)-(3.117)), we find

n

> 01 (60)]0a,05-1(60)) 0, (3119

=1
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and
n

10051 60)]0m, 011 (60)] %0 (3:119)

j=1
where K# L.
We are done with (3.105)). Now, we turn to (3.106]). Recalling (3.80)), we find that

oo h h& .
SR {TQ[awjl(l%)] [35%'1(90)]} =K ﬁzytmtjfl{Ao,Ksm(wo,Ktjfl)—Bo,KCOS(WO,Ktjfl)},

j=1 n =1

applying Corollary we have
}n:EH ﬂ[a —1(00)][05a;—1(60)] | 20 (3.120)
410 T2 A5 —1(00)]|0sa5—1\00 . .
Jj= n

Also, we can obtain

n

' 2
ot [(jig[awﬂ(eon 5100

J=1

h? & . .
= ﬁznfilﬁfl {Ag,KSIHQ (wothj_1)+B(2)’KCOS2 (wo,Ktj_l)+2A07KBD7KSIH(WO7Ktj_1)COS(OJQKtj_l) } ,
nj—1

(3.121)

Applying (3.35)) for the first and the second term of the right hand side of (3.121)); Corollary
for the last term of the right hand side of (3.121), we get

Z:IEff1 [(1}}2 [Ora;j—1(00)][0saj-1 (90)]> ] s

=1

therefore, together with (3.120]), we have

h n
ﬁZ[&\aj_l(Ho)] [agaj_l(eo)] £> 0. (3.122)
nj:l
Next, we observe
VL (001 (60) By 1 (6
> B 72 104,caj-1(60)][95a-1(60)]
j=1 n
h _ n N n
_—T2{KA07Kth_1COS(w07Ktj_1)Sin(woj(tj_l)—KBoyKth_1COSQ(waKtj_l)}. (3.123)
n 7=1 7=1

Applying Corollary [3.2] Lemma [3.1] to the first term and the last term of the right hand side
of (3.123)), respectively; using the fact

n ) 2
SR l(]@[aAKaj1(90>][a5aj1(90)]> ] 20,

J=1
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we thus find

:ﬁzi[aAKaj_l(90)][35%_1(90)] »K = (3.124)
" i
Quite similarly to , we can obtain
22 [08:caj-1(60))[05aj-1(60)] = Kjﬁ’K. (3.125)
TS
Last, we look at case :
JZZ;E{;_I sG] - 7?]21[ b1 K (Ag esinn sty 1) — Bo secos(en sty 1) |

= T3Z 1K2<A§7Ksin2(w0,Ktj_1)+B(2)7Kcos2(w07Ktj_1))
n j=1

h & - o
— 2A07KBO’KﬁZt?flKQSln(waKtj_l)COS(wO’Ktj_l).(3.126)
”j:l

By Lemma to the first and the second term of the right hand side of (3.126)); Corollary
to the last term of the right hand side of (3.126)); also, together with

no 2
38 (apslosesa @) | %o

J=1

then we can deduce that

h < 2p K27 1 5
nghgz[aéaj—l(ei))] 6 [AO,K_}_BO,K}‘ (3.127)
=1

From (3.111))-(3.127)), (3.102), with (3.85)) and (3.100)), we can deduce that there exists
My (6p) (3.98)) such that (3.103) holds (see Appendix |C| for the positive semi-definite of the

matrix).

Now, we turn to the proof of

sup|M,,(0)—My(0)| 20 as n—oo. (3.128)
4
Let "
M ,(6 Z{AY a;-1(0)h]0Fa;1(6)—h[dpa; 1 (O] }. (3.129)
From ((3.129)), we get
sup|my »(0)| 20, (3.130)
A
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where

M5 () :—Z{A Y —a;_1(60)h]03a;_1(60)— [OAaj1(90)]2}+6,\M1,n(5\)()\—>\0)—C.
7j=1

Using Lemma [3.13f (.111), and 8yM; ,,(\) =0,(1), then we have

sup|mi ()]
A

<sup
A

=0,(1).

n

1
—T—Z[AjY—aj,l(Gg)h]a,\a] 1 90

n .

+‘6AM1,n(5‘)(>‘_)\0)‘}
7j=1

h n
sz 6)\(1] 1 90 —C

Quite similarly to above and using (3.116)), we get

sup|ma . (0)] 20, (3.131)
Ak
where
1 n
mon(0) = TZ{[AJ‘Yaj1(90)h]531Kaj1(90)h[aAKaj1(9o)]2}
+ 0 Mun(Ar) (A — Ao i) — 5
And by using(3.117),
sup|ms . (0)| 20, (3.132)
Bk
where
1 n
man(0) = —TZ{[AJY—%WO)M@%K%1(90)—h[5BKajl(90)]2}
nj=1

~ 1
+ 0B Min(Bk)(Bxk—Box)— =

Following the same lines as (3.130)-(3.132), by applying (3.113)-(3.115), (3.118), and
(3.119)), respectively, we obtain

sup|ma,, (0)] £>O, sup|ms . (0)| EN 0,

Ak Bk
sup|men(0)| 20, sup|mzn,(0)| 20, sup|msn(6)] 20, (3.133)
Ag Ak K
where
M (0 Z{ [A;Y —a;-1(60)h]03 4, aj-1(60) —h[Ora;—1(6o)] [3AK%—1(90)]}
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+ 04, My (AR)(Ax — Ao o),

msn(0) = —Z{AY aj-1(60)h)03 g, aj1(f0) — [(Mj—l(90)][83Kaj—1(90)]}
+ 8BKI<4111n(BK)(BK—BO K),

men(0) = —Z{AY aj—1(00) N0 .5, 051 (00) h[aAKaj—l(%)][8BLaj—1(90)]}
+ Oa I\Jﬂlln(AK)(AK—AOK) LeN,

mrn(0) = —Z{AY aj-1(00)h)0% . 4, aj-1(60) - h[(?AKaj1(90)][8ALaj1(90)]}
+ Oa I\Jﬂlln(AK)(AK—AOK) K#L,

mgn(0) = —Zl{AY aj-1(00)h)0%, , a;-1(00) - [E)BKaj—l(90)][83Laj—1(90)]}

+ 0B, Min(Bg)(Bk—Bok), K#L.
We move to the following

Mo, (6) = — ;3i{A Y —a; 1(9);1]83@]-_1(9)—h[agaj_l(a)ﬁ}. (3.134)

n

Using (3.134) and (3.127)), with similar proof to (3.129)-(3.133)), we find

sgp\mg,n(f))\io, (3.135)
where
mon(0) = %i{AY aj—1 Ho)h]agaj—l(eo)—h[aéaj—l(%)]Q}
b O (5)5—60)~ S LA e+ B )

At last, we define

Mgn(e = T2Z{A Y — aj— 1( )h]@gajl(ﬁ)h[agajl(G)P} (3136)

Based on (3.136)), together with (3.122)), (3.124), and (3.125]), respectively, we get

sup|mi0,,(0)] 20, sup|miyn(0)] 20, sup|mian(8)] 20, (3.137)
A Ak K
where
1 n
mion(0) = —TQZ{[AjY—aj—l(90)’1]335%—1(90)—h[awj—l(eo)][36%—1(90)]}
n =1
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and

with C' (3.36). Using a similar way to (3.138), by (3.116]), (3.117]), we obtain

and

+ M3, (A)(A—X),
[

1 n
mial) = —mg {AY aj— 1(90)h]5,24K5aj—1(90)—h[aAKaj—l(é’o)][36%'—1(6’0)]}
n =1
. KB,
+ 5AKM3,n(AK)(AK—A0,K)—¥,
1 n
mizn(0) = —75 {[AjY—aj—l(9o)h]3129maj—1(90)—h[aBKaj—l(%)][36%‘—1(90)]}
nj=1

+ OBKMgm(BK)(BK

KA
().

Finally, (3.128) holds through (3.130])-(3.137]).

We turn to prove (3.104) with define

ﬁj(QO) =
S3 i (00):=

Observe that
j=1
by plugging (3.111)), we get

n .
> _Fo

J=1

znjEjo'—l {(S;‘,K,j(eo)) } Ho?s,
j=1

J=1

> (S3cs00))°| o5

\/LT—Ajwawj—l(Go),

g

ﬁﬁjwaflx%—l(%)v

g

\/TAjwaBKaj—l(HO)a
n

g Ajwa(;aj,l(eo).

VT3

> B (51,000) ] =0 > onasa )

= {(s?,j(eo)ﬂ 2%,

21

2].

Using (8.127), (3.113), (.114), (3.122), (3.124), and (3.125) we have

> (51,0

ZE] st

)| 2o 2 B,
(60)S5 1c(60)] 20
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(3.139)

(3.140)

(3.141)

(3.142)



D EG ST (00)S5. ¢ (60)| 250, (3.143)

iEél S75(00) S5 (60)| 250, (3.144)
i]E% (851 (00)SE;(00)] 2> QKJZOK , (3.145)
ZE] il 3K](00>54711,j(00>}£>_‘72f{/}4071(- (3.146)
j=1
Since we have , , then we obtain
f:ﬂ%_l |55 1¢,1(60) 5.1, (60) | 20, (3.147)
jfl
ZE] 1[ 3Kg(90)5§L,j(90)]£>0, (3.148)
j=1
with K# L. Also, using (3.115),
ZE] 1[ 5.1, (00) S5, LJ(90)] 0, (3.149)
with L €N. From the properties of -, and
ZEJ H[sz 5 (00)] 20
j=1
then we find . This completes the proof. ]

All Lemma and Theorem in Section are the original finding of the thesis. The differ-
ence with the one provided in [Fuller, 2009], [Kundu and Nandi, 2012], [Rao and Rubin, 1979]
is the presence of the continuous-time signal in the SDE ({2.1]). This function should be treated

with specific techniques in detail (e.g., A/D signal conversion). From the findings, we claim
the rate convergence of (\,A,B) at v/nh, while the rate convergence of ¢ at vVn3h3.
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Chapter 4
Numerical Experiments

[Gross and Galiana, 1987] defined electric power systems’ short-term load forecasting
as dealing with the prediction of the order of minutes, hours, and half hours up to 168 hours or
a few weeks for the short-term problem. Whereas [Abu-Shikhah and Elkarmi, 2011] classified
forecasting frames into long-term forecasting (1-20 years), medium-term (1-12 months),
short-term (1-4 weeks), and very short-term (1-7 days ahead).

The numerical examples are presented to verify our theoretical findings in the previous
section. We do a simulation study in Section and we illustrate the proposed model by
describing the electric power and energy systems, namely: electricity load from Tokyo Electric
Power Company (TEPCO), the energy consumption of light fixtures in one Belgium household,
France household electric power, and a case study of Tetouan city’s power consumption in

Section All calculations in the empirical results have been performed in the R program.

4.1 Simulation Study

Consider the cases of diffusion o =1. The simulation consists of the following steps:

1. Set a particular number of sinusoidal signals K, and step size h, we approximate n
elements {(Y,)7_o} of (3.1) with 6y, following the model setting in (2.1)) and (1.4).
2. We estimate {@%}{;1 by the optim function to be minimized is given by

n

S (v ha@)) ()
j=1

where L denotes the number of replicated runs.

3. Using the result in step [2, we calculate the mean and standard deviation of their
estimates (stdev), then graph the histogram. The mean of their estimates and standard

o e AW
deviation of {\"};~,

>

L A .
>N
i=1

il



Table 4.1: The performance of the estimates concerning model (2.1)), for K =2, and considered
n and h. The mean estimates is given with their standard deviation in parenthesis

T,=10 T,=12.248 T,=14.491
nh?=1 nh?=05 nh?=0.3

Xo=1 1.821 1.252 1.006
(0.207)  (0.057) (0.028)
Ap1=15 1179 1.608 1.520
(0.211)  (0.052) (0.028)
Boi=15 1731 1.476 1.466
(0.179)  (0.066) (0.032)
Agp=15 1279 1.579 1.594
(0.401)  (0.104) (0.062)
Bop=15 1717 1.287 1.430
(0.344)  (0.117) (0.063)
5o=0.785  0.784 0.783 0.784

(0.002)  (0.0006)  (0.0005)

and

. 1 Lo =2
stdev(A): JHZ(N—A) ,

respectively. Similar arguments on the mean estimates and the standard deviation of

the other estimates.

We perform simulations for K =2 and K =3. The mean of their estimates and their stan-
dard deviation are reported in Table for K =2 over L=2000, and considered (n,h), namely
(100,0.1);(300,0.041), and (700,0.021). Whereas Table for K =3 over L=1000, and con-
sidered (n,h), namely (100,0.1);(300,0.045), and (800,0.019). The histogram of both simulations
is shown in Figure and Figure Note that in the theoretical view, we have set 1;, — o0
and nh?—0. In our simulation, T}, and nh? are set as mentioned in Table and Table It
follows from Table and Tabl the estimates seem better, in which nh? decreases and 7T},
increases as well. This evidence is consistent with our theoretical findings in the previous section.

From Figure [d.1]and Figure £.2] we can see the histograms are approximately normal distributed.
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8
(d) A (e) b () 3

The histogram for (n,h)=(100,0.1), with 6y=(1,1.5,1.5,1.5,1.5,0.785).

(8) A () A (i) By
(i) Aa (k) B> 16

The histogram for (n,h)=(300,0.041), with 6y=(1,1.5,1.5,1.5,1.5,0.785).

4 8 8 10 12 14

H g
H H &
i B A
(m) A (n) A (0) By
: .
H g 7 J
8 & : 52“
- g-
s e 11 1 2 1 4 s s o o oms ome o ome om omo
(p) As (a) Be (r) o

The histogram for (n,h)=(700,0.021), with 6y=(1,1.5,1.5,1.5,1.5,0.785).

Figure 4.1: Histogram of {92 L | with L =2000. The normal curve (solid blue line) is
superimposed on the histogram.
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Table 4.2: The performance of the estimates concerning model (2.1)), for K =3, and considered
n and h. The mean estimates is given with their standard deviation in parenthesis

T,=10 1T,,=13416 1T,,=15.492
nh?=1 nh?=0.6 nh?=0.3

=1 1.876 1.324 0.972
(0.170)  (0.061) (0.043)
Ag1=2 1544 1.894 2.085
(0.171)  (0.063) (0.051)
Bo1=2 2349 2.279 1.940
(0.147)  (0.073) (0.058)
Ap2=2  1.396 2.056 2.112
(0.246)  (0.089) (0.088)
Boz=2 2.268 1.912 1.884
(0.226)  (0.086) (0.093)
Apz=2  1.766 2.057 2.082
(0.312)  (0.124) (0.117)
Bos=2 2041 1.855 1.850
(0.322)  (0.119) (0.137)
5=08  0.801 0.800 0.780

(0.001)  (0.0003)  (0.0003)
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I i I I
() By (f) As (8) Bs (h) &
The histogram for (n,h)=(100,0.1), with 6y=(1,2,2,2,2,2,2,0.8).
(i) A () As (k) By (1) 4y
(m) B, (n) As (0) Bs (p) &
The histogram for (n,h)=(300,0.045), with 6y=(1,2,2,2,2,2,2,0.8).
(@) A (r) 4 (s) By (t) Ay
(w) By (v) 45 (w) Bs (x) 0

The histogram for (n,h)=(800,0.019), with 6y=(1,2,2,2,2,2,2.0.8).

Figure 4.2: Histogram of {éﬁl L | with L = 1000. The normal curve (solid blue line) is
superimposed on the histogram.
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4.2 Application to electric power and energy systems

The following is a list of the methodology’s components considering the cases of diffusion

1. Set a particular number of sinusoidal signals K, and step size h for n samples of the

real dataset as (Y3,)7_ .
2. We set an initial of  of (3.1)), following the model setting in (2.1 and (1.4).

3. We estimate 6, of (Y, );”:7'0 by the optim function; recall that the objective function to
be minimized is
Ntr 1

S (v ha@)) (42)
j=1

(see Appendix [D] for the convexity of the function).

4. Using the result in step 3 we calculate the Root Mean Squares Error (RMSE) of (Yz,)
and (Y,)y5,, 41, that is,

2S5 1))
T =1
\ "tsnél{ytﬂ' - (Ytjfl — ARy, +h hj_l(ﬁ)) }2’

where n;s is the number of test samples, and then observe the measurement in different

configurations of h,n and K.

We need to set an initial of 6 to the equation in terms of the parenthesis of . This
term is used to perform the initial least-squares error. It returns a least-squares object. Then
the objective function is called to be optimized.

In this study, we implement a train-test split to evaluate the model that consists of
splitting the dataset into training and testing sets; namely, we select an arbitrary split point:
all records up to the split points are taken as the training dataset, and all the records from
the split point to the end of observations is taken as the test set. One set was then used
to train the model, and the testing dataset was used to evaluate the model (see, e.g., in
[[gual and Segui, 2017] and [Brownlee, 2016]).

4.2.1 Electricity load from TEPCO

In this Section, we analyze the empirical performance of @n of the past electricity demand
data with the theoretical values provided by the proposed model . A short-term dataset
was obtained from TEPCO Holdings’s files [TEPCO, 2016|, and consisted of twenty-four-time
series, one for each hour during a day, of hourly power demand system electricity consumption,

with three decimal points.
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The twenty-four electricity consumption time series, for the seven years, starting April
1, 2016, and ending June 9, 2022, as a first casual look at the hourly system electricity (Y
represents the electricity load, in kW) time series in Figure which exhibits a seasonal and

periodicity pattern. A repeating pattern within any fixed period is known as seasonal variation

([Metcalfe and Cowpertwait, 2009]), while a periodicity is a pattern in a time series that occurs at

regular time intervals ([Puech et al., 2019]). Figurealso shows a trend of mean reversion, that

is, when the load is high, its demand tends to increase, putting downforce on the load. Conversely,

when the load is low, the electricity demand tends to decrease, providing an uplift to the load.
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Figure 4.3: Hourly System Electricity Time Series (2016-2022)

Table summarizes the overall results of performance of 0,, concerning model
corresponding to different n and h for 2017, 2018, and 2019 loads; with their RMSE. We took
the past electricity demand data in the period January 17, 2017, to July 11, 2017; January 27 to
December 8, 2018; February 11 to June 16, 2019. From Table 1.3 and Table it seems that
the models are overfitting. A model is overfitting if there exists a less complex model with a
lower test RMSE [Alshboul et al., 2022]. Overfitting indicates that the model fits the data very

well, but due to the complexity of the pattern of the seasonality for any particular time series, we

should care to predict the new data of the same system. Table 1.4 for n="7500 reports the results
that the models are relatively underfitting. A model is underfitting if there exists a more complex
model with lower test RMSE [Alshboul et al., 2022]. Further, the models seem underfitting.

In this case, and the sequel, we compare the performance of 0,, with the least absolute

v

deviation-estimators (LADE), 6,,; just for computationally comparisons. With the same
methodology step in Section excluding step 3| and change the objective function (4.2)) with

43



Table 4.3: The performance of @n concerning model (2.1)), for electricity load in 2017, and
considered n and h; just for comparison. The RMSE of the train is given with the RMSE
of the test in parenthesis

0, h=0.03 n=4000

n=4100 n=4200 h=0.03 h=0.09 h=0.3
h\ 0.005 0.005 0.005 0.002 0.0005
A 1.513 1.524 1.529 1.374 1.523
By 1.782 1.787 1.780 1.810 1.674
A 1.528 1.492 1.499 1.528 1.442
By 1.754 1.753 1.756 1.801 1.619
5 1.530 1.546 1.526 1.523 1.829

RMSE 528936  541.560 527.781  527.764  527.790
(1058.368) (1168.052) (838.256) (838.063) (838.160)

Table 4.4: The performance of 6,, concerning model (2.1)), for electricity load in 2018, and
considered n and h; just for comparison. The RMSE of the train is given with the RMSE
of the test in parenthesis

0, h=0.07 n="7500

n=T7450 n=7550 h=0.7 h=0.1 h=0.07
A 0.0007  0.0007  0.00007 0.0005  0.0007
Ay 1.517 1.516 1.431 1.481 1.538
By 1.798 1.791 1.916 1.873 1.799
As 1.497 1.506 1.498 1.439 1.497
By 1.765 1.762 1.734 1.794 1.754
5 1.517 1.531 1.500 1.506 1.522

RMSE 779.218  775.608 778058  777.130  777.139
(451.756) (480.421) (463.496) (462.103) (462.057)

Table 4.5: The performance of 6, concerning model ([2.1)), for n=3000 of electricity load in
2019, and considered h; just for comparison. The RMSE of the train is given with the RMSE
of the test in parenthesis

n=3000
0, h=0.05 h=0.065 h=0.071
A 0.005 0.004 0.004
Ay 0.693 0.681 0.699
B 0.960 0.974 0.977
A, 0.608 0.605 0.596
By 0.846 0.836 0.838
5 0.575 0.568 0.567

RMSE 610.483 (921.875) 610.486 (921.974) 610.479(921.990)
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the LADE, that is,

n
en € argéninZ‘Y}j - <}/tj71 _)‘hYtj71 +hh]—1(6)) ’
j=1
It can be seen from Table [4.4} for electricity load in 2018, n = 7500;h =0.1,0.07, and
Table .6} that the performance of the LSE is better than the LADE.

Table 4.6: The performance of the én concerning model , for electricity load in 2018, and
considered n and h; just for comparisons. The RMSE of the train is given with the RMSE
of the test in parenthesis

n=7500 | O, | RMSE |

h=0.1 (0.001, 1.375, 1.842, 1.559, 1.840, 1.433) | 781.582 (534.095)
h=0.07 | (0.001, 1.595, 1.543, 1.610, 1.726, 1.701) | 781.570 (533.819)

4.2.2 Belgium household appliances energy

This study was applied to real data for the energy consumption of light fixtures in one Bel-
gium household. These data are available at [UCI Machine Learning Repository, 2017] and the
relevant paper at [Candanedo et al., 2017]. The dataset contains 19737 energy uses in the house-
hold with a ten-minute sampling rate over a period from January 11, to May 27, 2016. We use a
train-test split of 67% to visualize the energy use plotted in Figure (.4 which shows (Y%,)7_, and

(Yo =AY, b hya(8)), j=T.m (4.3)

of energy. We can see that the periodicity of h¢(3) (see (1.2)), (1.4) and (1.5))) can be seen from its
repeated pattern over identical subsequent periods, which is finally shown in (4.3)); it seems that

the sample path (Y;;)7_ can be approximated by a sinusoidal signal processing h;j—1(8) in (4.3).

100 200 300 400 500 600 700
| |

VTV

[ [ [ [ [ [ [
65 70 75 80 85 90 95
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Time
Figure 4.4: (Y}, )}201%06 (red) and (4.3)) (black) curves for 67% split test 1500 sample set (period
from January 31, to February 3, 2016). Y in Watt-hour of active energy; time in hours.
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Table 4.7: The performance of 0, concerning model (2.1] . for h=0.7, and considered n; just
for comparison. The performance of 0, is given in the square. The RMSE of the training is
given with the RMSE of the test in parenthesis

b, n=18675 n=18700 n=18300

A 0.184 [-5.6e-05] 0.229 [0.227] 0.090 [-2.8¢-05]
A 1.510 [1.538] 1.457 [1.483] 1.506 [1.528]
B 1.680 [1.760] 1.758 [1.595] 1.855 [1.752]
Ay 1.517 [1.460] 1.478 [1.553] 1.506 [1.464]
B, 1.726 [1.746] 1.764 [1.639] 1.706 [1.755]

5 1.597 [1.687] 1.549 [1.754] 1.573 [1.690]
RMSE of the LSE  139.327 (136.860) 139.242 (136.946) 139.572(138.083)
RMSE of the LADE ~ 108.699 (95.626)  139.257 (136.820) 107.737 (99.137)

When a train-test split of 90%, the results of the performance of the estimators and the
RMSE of the training and testing are given in Table[l.7] From the training and testing of RMSE,
the model is relatively underfitting. It follows that the forecast results obtained from the proposed
model with the LSE listed in Table can be used in a ten-minute sampling of appliances’
energy consumption with a large number of observations (period of measurement: January 18
to May 27, 2016). From Table |4.7| we can analyze that the LSE is better than the LADE.

4.2.3 France household electric power consumption

The time series is composed of a one-minute sampling rate of electric power consumption
in a house located in Sceaux, Paris, France, between December 16, 2006, and ending December
13, 2008. The data set available at the [UCIMachine Learning Repository, 2012] is made
available under the “Creative Commons Attribution 4.0 International (CC BY 4.0)” license.

We considered four data of the energy consumed, namely:

o GAP represents the active energy consumed (in Wh) in the household by electrical
equipment not measured in SM1 and SM2;

o GRP represents the reactive energy consumed (in Wh) in the household by electrical

equipment not measured in SM1 and SM2;

o SMI1 represents energy sub-metering no 1 (in Wh of active energy) corresponds to the

kitchen, containing mainly a dishwasher, an oven, and a microwave;

o SM2 represents energy sub-metering no 2 (in Wh of active energy) corresponds to the

laundry room, containing a washing machine, a tumble-drier, a refrigerator, and a light.

We analyze the empirical performance of 6, of the GAP and GRP; SM1 and SM2 with
a train-test split of 90%. The performance of 6,, and the RMSE is reported in Tables and
From Table the test RMSE of GAP is greater than the train RMSE. Whereas, for
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Table 4.8: The performance of @n concerning model (2.1) with n=900 of GAP and GRP, and
considered h; just for comparison. The RMSE of the train is given with the RMSE of the
test in parenthesis

0, GAP GRP
h=0.7 h=08 h=07 h=08

A 0.002 0.002 0.053 0.067
Ay 0.485 0.487 0.510 0.539
By 0.528 0.495 1.036 0.979
A 0.731 0.713 1.027 1.052
By 0.360 0.464 0.812 3.527
5 0.848 0.761 0.694 0.643

RMSE 500.603  500.629  41.609  40.554
(506.358) (506.705)  (27.995)  (25.345)

Table 4.9: The performance of 6,, concerning model (2.1)), for SM1 and SM2, and considered n and
h; just for comparison. The RMSE of the train is given with the RMSE of the test in parenthesis

0, SM1, n=2100 SM2, h=0.73
h=0.73 h=083 n=2100 n=>5100 n=6100

A 0.399 0.265  —0.001 0.404 0.398
Ay 0.100 0.314 0.185 0.164 0.097
By 0.500 0.193 0.021 0.489 0.499
A 0.699 0.744 0.570 0.719 0.712
By 0.100 0.278 0.508 0.117 0.136
5 1.100 1.014 1.000 0.975 0.974

RMSE  6.738 6.742 9546 12220  12.021
(2.021)  (2051)  (5216)  (6.653)  (4.062)

GRP, the test RMSE decreases as the train RMSE. The results indicate the model of GAP
is overfitting, while the model of GRP is relatively underfitting.

As can be seen in Table we can find out the fact that the test RMSE is less than
the train RMSE. The model of SM1 and SM2 tends to be underfitting. The seasonality of the
one-minute sampling rate of electric power consumption in the kitchen (period from December
16, to December 18, 2006) and laundry room (period from December 16, to December 20,
2006), can be approximated by with the same periodic sinusoidal signal that its estimator
listed in Table This evidence indicates that the consumption of electric power in both
rooms has the same pattern of periodicity in the given periods. Further, we also deduce that
the performance of the LSE in Table [4.9]is better than the LADE in Table

4.2.4 Power consumption of Tetouan city

According to reference [Salam and EI Hibaoui, 2018], the data set that is available at
[UCI Machine Learning Repository, 2021] comprises the power consumption data (in kWh) in
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Table 4.10: The performance of én concerning model (2.1)), for SM1 and SM2, and considered
n and h; just for comparison. The RMSE of the train is given with the RMSE of the test
in parenthesis

0, SM1, n=2100 SM2, h=0.73
h=0.73 h=083 n=2100 n=>5100 n=6100

A —0.0003 —0.0003  0.0001  5.3¢—05 4.6e—05
Ay 0.158 0.250 0.314 0.176 0.175
By 0.587 0.643 0.536 0.617 0.621
As 0.811 0.754 0.515 0.736 0.740
By 0.303 0.344 0.370 0.340 0.346

5 0.977 0.834 0.974 0.944 0.932

RMSE 6.083 6077 9837 11206  10.993
(0.681)  (0.899)  (5.216)  (5.538)  (3.015)

Table 4.11: The performance of 0, concerning model (2.1)), and considered n and h; just for
comparison. The RMSE of the train is given with the RMSE of the test in parenthesis

6,, Quads, n=3000 Smir, n=4000 Boussafou, n=4000
h=0.002 h=0.003 h=0.002 h=0.003 h=0.002 h=0.003
A 0.070 0.047 0.013 0.009 0.055 0.036
A, 0.191 0.192 0.186 0.184 0.147 0.184
B 0.156 0.160 0.177 0.156 0.162 0.154
Ay 0.681 0.708 0.721 0.692 0.702 0.698
By 0.412 0.432 0.454 0.441 0.457 0.423
5 0.145 0.095 0.102 0.152 0.110 0.166

RMSES8817.515  8817.581 4492407  4492.372  5144.363  5144.285
(7755.679) (7756.834) (4505.368) (4505.327) (4443.826) (4443.972)

Tetouan city, collected every ten minutes from the supervisory control and data acquisition
system of Amendis company which is distributed the energy to the three different source
stations located in northern Morocco, namely Quads, Smir and Boussafou. We considered three
data of their power consumption. To conclude this Section, the performance of the LSE of the
power consumption of Quads, Smir, and Boussafou was analyzed with a train-test split of 90%.
We took the power consumption of Quads in the period January 14, to February 4, 2017;
Smir in the period February 11, to March 11, 2017, and Boussafou in the period January 7, to
February 4, 2017. Table summarizes the results of the performance of 0,, and the RMSE.
The test RMSE of Quads increases as the train RMSE; the test RMSE of Smir decreases as the
train RMSE; the test RMSE of Boussafou increases as the train RMSE decreases. The model
of Quads and Boussafou tend to be underfitting. For Quads and Boussafou; h=0.003, we can
see from Table that the performance of the estimates of both is better than the LADE.
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Table 4.12: The performance of 0, concerning model (2.1). The RMSE of the train is given
with the RMSE of the test in parenthesis

| h=0.003 | by, | RMSE |
Quads (0.046, -0.146, 0.335, 0.461, 0.361, 0.226) | 8817.986 (7670.666)
Boussafou | (0.043, 0.201, 0.115, 0.686, 0.331, 0.156) | 5194.563 (5041.249)

4.3 Summary of the numerical experiments

From Subsection we can summarize the following.

1. The salient feature of electricity consumption is seasonality. The hourly electricity load
of TEPCO (Subsection shows that the seasonality of the past electricity demand in
the period January 27 to December 8, 2018, can be approximated by a periodic sinusoidal
signal processing model h;(53) in the drift of (1.1)). Further, the proposed model

can be used for medium-term forecasting using hour-by-hour Japan electricity load data.

2. A ten-minute sampling of appliances’ energy consumption has been used in Belgium
households (Subsection . The results identify the seasonal energy use of appliances
in a low-energy house for a medium-term problem, say, the period January 18 to May
27, 2016. We suspect that the impressive performance of the periodicity of h(53) is
improved with the use of a large dataset. Our results confirm the findings in references
[Taylor et al., 2006] and [Gould et al., 2008], that is, the use of the periodic model needed
a longer time series to estimate the periodicity in the parameter, in our case, particularly in

view of a ten-minute sampling dataset measurement in medium-term forecasting problems.

3. The results of electric power in Subsection indicate that the seasonality of the
one-minute sampling rate of the reactive energy consumed for December 16 to December
17, 2006, can be approximated by a periodic sinusoidal signal. Whereas, the seasonality
of the one-minute sampling rate of electric power consumption in the kitchen and laundry
room in the periods December 16 to December 20, 2006, can be approximated by
with the same periodicity. Seasonality identification to manage building electrification
also has mentioned in [Buonocore et al., 2022, that is, the study proposed renewable
energy and seasonal energy storage by identifying the building electrification seasonality
of the electricity demand. The numerical studies confirm that the seasonality of a
time-inhomogeneous Ornstein—Uhlenbeck process led to a good result for very short-term

forecasting using minute-by-minute data.

4. In the given periods, the seasonality of power consumption of Quads and Boussafou
(Subsection has similarities. This evidence is supported by the seasonality of ten
minutes of power consumption can be approximated by with the same periodic
sinusoidal signal processing model. Furthermore, [Salam and EI Hibaoui, 2018| confirms
the similarities because of the hot weather and vacation time. The results also confirm
that the seasonality of a time-inhomogeneous Ornstein—Uhlenbeck process can be used

for short-term forecasting with ten-minute-by-ten-minute data.
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From the numerical experiments, we can deduce the following.
e In the computational comparisons, the performance of the LSE is better than the LADE;

e The proposed model can capture the seasonal variation in very short-term to
medium-term horizon forecasts. The performance of the estimates is very satisfactory
for very short-term problems. We presume this happens because of the sensitivity of
the periodic sinusoidal signal processing model in approaching the process, therefore, we

should take care in applying the model to the new systems in each term horizon forecast.
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Chapter 5
Summary and Future Works

In this thesis, we began by briefly discussing the difficulties in performing least-squares
inference of 6= (\,A,B,6) for observations modeled by the time-inhomogeneous signal processing
model in the drift of Ornstein—Uhlenbeck process. Many of these difficulties are caused by the fact
that, although the models exist in continuous time, the data are necessarily observed discretely
in time in practice. Since hy(() is a periodic sinusoidal signal, we use quantization to process a
continuous-time sinusoidal signal into a sequence of numbers, and Euler-Maruyama discretization
of the model. The sinusoidal processing model has been used in analyzing seasonal phenomena.
We consider a periodic sinusoidal signal whose is modeled by the kth harmonic of components
cos(wyt) and sin(wgt) to have the same periodicity for wy =27kd. By the periodicity, we can find
(ﬁ)teR as a stationary solution of (¥;);cr, . The stationarity is easily relaxed since we employ
that the sinusoidal signal is periodic. However, it is straightforward to generalize the model set,
so it applies to the model where the continuous-time sinusoidal signal model is non-periodic.

The presence of frequency component with other parameters, namely (\,A,B) adds to
the complexity of providing evidence of consistency. One of the research results that reveal this
uniqueness is in [Kundu and Nandi, 2012], which shows the consistency (A,B,w) in separate
ways; say, Lemma 4.1 for consistency (A,B) and Lemma 4.3 for consistency w. We obtain the
convergence of the parameters at rate v/nh, except for the frequency & at vn3h3. Ibragimov
and Has'minskii [Ibragimov and Hasa€™minskii, 1981] treated dY; =sin(0t)dt+dW; when the
sample path is continuously observed on [0,7, and it is proved that the rate of estimation for 6 is
V/T3. This result is the same for discrete-time sinusoidal signal (see [Kundu, 1993]). We presume
the rate convergence of frequency is the same under the same condition, that is, the noise term
[Ziskind and Wax, 1988] has mean zero and finite variance; the sinusoidal processing model
oK [Agcos(wit) + Bysin(wgt)] is a periodic continuous-time signal. In this respect, it is inter-
esting to study further that the rate for § is the same as in the problem of frequency estimation

without mean-reversion assumption with periodic or non-periodic sinusoidal signal, say,
K

d)/t = Z [AkCOS(wkt) =+ Bksin(wkt)]dt—f—dwt.
k=1
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Also, we can set other drift functions as a part of the one-factor mean-reverting model, such as

d
dY,= (—)\Yt-f-)\ht(ﬂ)‘l‘dtht(ﬁ)>dt+dwt,
with ; and
Xt:eXp(ft‘f‘Y%),

with the deterministic function

fr=rv+1nHi+vP+3St,

where
o H;=1, if the % relative humidity (r.h) is between 30—60%, H; =0 otherwise;
o P,=1, if the temperature is between 15°C-24°C, P, =0 otherwise;
o S;=1, if the wind speed is between 2—10.5 m/s, S; =0 otherwise,

and Y; is defined in .

The least-squares methods only infer the estimators of the drift, therefore, one can
extend the procedure proposed by [Katsamaki and Skiadas, 1995] to estimate the parameters
of the diffusion. In all the development of the thesis assumed that the number of components
K is known in advance. Moreover, the estimation of the number of components K can
be considered a model selection problem. In some literature studies, several approaches
can be done to estimate the number of components, namely the likelihood ratio approach,
and information-theoretic criterion (see[Kundu and Nandi, 2005| [Kundu and Mitra, 2000] for
references to the number of components of a discrete-time sinusoidal signal).

A special case of interest is when the process is in the state-space form (e.g.,
[Hamilton, 2020], [Shumway et al., 2000]), that is,

t
Y}/zyﬁ—/ (=AY;+hs(B))ds+ Ara+owy, (5.1)
0

with an unobserved process
ar=Way_1+(, (5.2)

where (; ~NZID(0,Q:), and initial state distribution a; ~N(ay,P;), a1,P; are fixed and known
but can be generalized. Concerning seasonality, it is interesting to study further that can
capture the seasonality in the periodicity representation and non-periodic seasonal components
in the state equation . Moreover, we can compare the performance of SDE (2.1) and
in the electric power and energy systems forecast.

A class of models that can capture a time variation is the periodic model, while the features
of seasonality that appear as a periodic pattern are common at least with daily and weekly series
(see [El-Hawary, 2017], [Heston and Sadka, 2008], and [Kundu and Nandi, 2012]). Further, the

behavior of an electric power system load depends on time, weather, or other random disturbances.
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Time factors include weekly periodicity and seasonal variations. In this thesis, practical experi-
ments were conducted in Section 4.2] which confirms that the proposed model with the peri-
odic continuous-time sinusoidal signal can be used to capture the seasonal variation in very short
to medium-term problems. We feel sure that our proposed model is appropriate for long-term fore-
casting (e.g., in-stock exchange problems). In this view, in addition to the model of [Hirose, 2021]
for medium and short-term forecasting, our model as a periodic time-inhomogeneous
Ornstein—Uhlenbeck process can be used to identify a seasonal variation that appears in a
periodicity pattern in all-time horizon forecasts, excluding the long short-term problems.

Interestingly, an important point to note regarding the non-periodic sinusoidal signal
capturing irregular (or non-linearity) components that are caused by irregular patterns (see
[Djuric and Kay, 1990, [Kundu and Nandi, 2008, [Lahiri et al., 2012] in the case of discrete-time
chirp signal), is that we can consider non-periodic time-inhomogeneous Ornstein—Uhlenbeck
model as paving the way to a massive solar energy supply and wind power generation in
very short-term forecasting due to the existence of high non-linearity in the systems (e.g.,
[Hossain et al., 2021|, [Dambreville et al., 2014] for references).

In other fields than electric power and energy system, we can apply the Gompertzian model
dY;=(—MogY;+gi(a))Yidt+oYidw,

approach to predicting virus, bacterial, and cancer cell growths (e.g.,
[Harvey and Kattuman, 2020]). Exogenous factors that affect virus, bacterial, and can-
cer cell growths, e.g., moisture, pH level, oxygen level, and cell deformability; are included

in a time-dependent function g(a) =ap+Y 1 i (t).
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Appendix A

Stationarity

Recall (2.2). We will look for {ﬁ,tER} as a stationary solution of (2.2)). Let us define
Yi=g+Li, teR, (A1)

where
i —Atz/ T[Agcos(wyT)+ Bysin(wgT)]dT,
R t
Li=ce™M / A dib, .
—00

Here, w={w.}, is a (bilateral) Wiener process that is defined as in [Peyre, 2017], that is, the
increment is adapted to (F;)rer, which means, for all T€R,
o for all u<0 then (W4, —w;) is Fr-measurable;

o for all v>0 then (W;4,—w;) is independent from F;.

Proof of Lemma[2.1. Let us denote

}N/s—l—l—t — (?s—l—&-t"‘jis—l—l—t) te [O7T]7S € N7

where
s—1+t
Qs—1+t :e_)‘(S_Ht)Z/ e [Agcos(wyT) + Bysin(wy)]dr, (A.2)
~ s—1+t
Ls_14¢ :Ue*’\(sflﬂ)/ e dib,. (A.3)

First, we observe (A.2).

o For s =1, we have ¢ = [je e Mh,(B)dr. A periodic signal is fully identified by its
behavior in a single period [vg,vp+Tp], where vy is arbitrary. The area of periodic signal Sy
given by area(S)= j;ZOJrTOStdt [Cariolaro, 2011a]. Since we have (1.4)), there exists 7'>0
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such that the signal hy(3) in (1.3) is periodic (1.5). Therefore, by using (2.4), we obtain

T
dr= [ T h(B)dr = $(6) =1 0),

0
where
KT w - A\By M, [ Mg
pr(0)= kz_:l AT {sm(wkT) {Wk —I—Ak} +cos(wiT) {Wk —Bk] —e [Wk —Bk} }
For s=2,

1 1+t
Giae = ea(ut)/ eArhT(ﬁ)dTJref,\/ ef)\te)\ThT(/B)dT'
0 1

Further, there exists T'>0, such that
1
tar = 0 [Oh (B)dr+e 50,

where Sh(6):= 11+Te_’\Te’\ThT(ﬂ)dT.

Thus, for s€N, t€]0,T7], there exists T'>0 such that

s—1 s—1+T
Gorir = D [ (Garg [ NN ()
0 s—1

s—1
o Ms—14T) /O A h (B)dr+e MV g5 (g), (A4)

where S5:1(6):= . SsleTe_)‘Te)‘ThT (B)dr; it assures that (A.2) is stationary.

We now turn to (A.3]). Denote

Ls 11=L1s 14t+Los 144,

s—1
L1,s—1+t=<7€_)‘(s_l+t)/ M divy,

—00

_ A 1 s—14t X\
Ly 111=0€" (5= +t)/ e di;.
s—1

Observe that

B s—1 0 ) 1
LLS_Ht:ae*)‘(S*IH)/ MNdw, =0 Z e*’\((lﬂ)“)/ A diw,. (A.5)
0

o0 i=—00
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If C[0,T] denotes the space of all continuous functions from [0,7] to R, then

(0,1~ C[0.T); T+ {fvaiw (> Va—iyr () € (—00,0]) =0y (s Vi (u)) }
Hence, for all 7 € [0,7], there exists a stationary increment @ = {w},¢|o) Whose
increments are adapted to JF;, namely

— for all (1—i) <0 then {@(_s4,—wW,} is Fr-measurable;

— for all (1—i)>0 then {@(_4,—-} is independent from F.

e Further, observe that
_ s—1+4t t
L2,3_1+t:ae_/\(s_1+t)/ e)‘Tdﬂ)T:Ue_At/ M di, . (A.6)
s—1 0

We have

7:[0,T]—C[0,T]; 7T~ {ﬁ;(sl)Jr.r (uv—>Y(S,1)+T(u);s >1,s EN) —@T(u0—>§7}(u))}

Therefore, for all 7€ (0,77, there exists a stationary increment @ = {1 },¢o,r] Which is
adapted to J7, that is, for all s>1,s€N then {@_1);,—w,} is independent from F.
Hence, it follows that for all £€[0,77, the sequence {Y/:@*l%ﬁ}te[O,T],seN is stationary.

O

From Lemma it follows that for any continuous real-valued function ¢(.) with
polynomial growth, satisfying Eq[|¢(yo)|] < oo,

5| 6052 Eafotun),

Obviously, because of the periodicity of h;(5) and Lemma imply that

1 [T
[ o B Ealo (). (A7)
Proof of Lemma[2.3. Recalling V; and V3,

Y~ Y|

- t t
q+Li— (e_Myoﬂ—e_)‘t/ eATht(B)dT+Je_)‘t/ eAwaT)
0 0

—l—‘e)‘t ( [ ooe/\ThT(ﬂ)dT— / te’\ThT(B)d7'> oe M ( /_t ooe”dwT— /0 te)‘waT>

0
Therefore, we have |[Y; — Y| =% 0 as t — oo (sece Lemma 4.3 and Lemma 4.4 of
[Dehling et al., 2010] for reference). O

Yo

< | Z=
By

< +
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Since we have

T ~ n -
/ OTi=Jim> ()

that implies

L TP L W Av
L= T T
then by , we get .
;jzfmj)%o[ayon.

Together with Lemma and (A.8), the expression (2.6 follows.
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Appendix B

Supplement of Section 3.2

Minimizing (3.4]) with respect to (\,A,B) yields the LSE of (\,4,B). We first compute
the explicit form of the LSE. By the first derivative of (3.4) and Lemma we have

n n K
AjY—I—h)\Ytj_l)cos(wKtj,1)+hZZ [Akcos(wktj,l)+Bksin(wktj,1)} cos(witj—1)=0
j=1 j=1k=1

" nh -

(
Z(AjY—i-h;\Ytj_l)cos(wKtj_l)—i- 7AK =0,
i=1

J

Hence n

A 2 {

Agpn= T—Z(A]’Y—I—h)\yzﬁl)COS(OJKtjfﬁ- (B.1)
Similarly, we find

. 2 & Q .

Bin= 7 3 (A5Y +hAY;,_ Jsin(wictj). (B.2)

Now, we turn to An. We have

n n n K
ZAleftj_l +h)‘zlft?,1 —hzz[AkCOS(wktj_l)—i—BkSin(wktj_l)]Y;gj_l =0
j=1 j=1 j=1k=1
n . n n 2 n R 2 n R ]
ZAJYY;j—l —I—h)\ZYg_l —hZ{ T*Z(AjY‘F)\hYtj,l)COSQ(Wltj—l)‘F?Z(AjY+Ahnj,l)Sm2 (wltjfl)
j=1 j=1 j=1{""j=1 nj=1

2 n . 2 n R )
+"'+TZ(AjYJr)\hYtj_l)COSZ(wKtj—l)JFTZ(AjYJF)\hYtj_l)SIHQ(WKtj—l)}Ytj_l—07

=1 " j=1
therefore,

5\ _ ?:I(AjY)YtjA (B 3)
hzz';lyg—l ’
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where D = ?5(2}%, K eN. Inserting - and (| into ( , applying Lemma

leads to (3.61)), that is,

2

S| =

<
Il
-

Q.(0) =

||MN

Akcos (witj— 1)+Bksm(wkt] 1)})}

{(A Y+ nY;, (

(A Y+ ARY; ) —2%

] 135 [+

1 k—l

I
T‘qi
Mw

<
Il
—

k

(A +3nY, ) L), (B.4)

I
==
™M=

I
—

J

Therefore, we get (3.62). The function I,(9) known as periodogram (see
[Stoica and Moses, 1997] for reference). We can see that the LSE of (\,A,B) is obtained by
minimizing which is equivalent to maximizing .

Next, we turn to the expression of and . Recall , and observe (for e.g.,

the cosine term),
1 K n 2
ﬁz Z(pj_lcos(wktj_l) 3hZZ<pJ 1C0S (wktj 1)+en(w).
k=1|j=1 k=1j=1

By applying Lemma and v; ;= ;p;_1, we obtain the term ¢} (w) as

Pn(w)

92 K (n—1 n—r
= @Z { Z@Z)jcos(wktj)cos(wktj,l)+---+Z@ZJjJrr,lcos(wkthrr,l)cos(wktj,l) }

k=1 j=1 j=1

1 K (n—1
= MZ{Z%(COS(%[Q —tj—1])+cos(wyltj+tj—1]))+-..

k=1 j=1

+D Wjrr—1(cos(wi[tj—1 —tjrr—1]) +cos(wrltj—1 +tj1]))}
j=1

K n—1
1 1
- n%z{(n_l) (cos wkh Z%) 771— 1 > pjeos(wilt;+t-1])
k=1 Jj=1
1 n—r
+-+(n—r)| cos wkh ijﬂﬂ 1 mz¢j+r71COS(Wk[tj+r—l +tj1])}.
j=1
There exists ¥(.) that satisfying Eo[|1)(yo)|] < oo, such that, for r is an arbitrary element of

N with r<n,

S Eo[t(yo)].

Also, with the following lemma that is proved in a similar way to Lemma we get

eh(w) =0p( 787 )-
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Lemma B.1. We have

1 P
EZYtjcos(w[tj—i—tj_l]) =0 as n—oo,

sup

With similar arguments for the sine term, we have

1 K n 2 1 K n 1
. 2 2
ﬁz > pj1sin(wytj—1) :mz Zcpjflsln (wrtj-1) +op<nT>.
k=1|j=1 k=1|j=1 n
Hence, we can obtain
~ 1 K n
fn((s) = MZZ{(@?—Icosz(wktjl)30(2),j—1COS2(w0,ktj1)>
k=1j=1

. 1 1
+ (Fasin®(wrtj—1) =0 ssin’(woutj—1) } o (nTn) '

Look for the cosine term; we have

K n
1
@ZZ{@?_lcOSQ(wktjq)—so(g),j_lcos2(w07ktj,1)}
k=1j=1
K n
1 9 ) )
:ﬁzz{wj—lcos(wktj—l)_@07J_1COS(W0’ktJ_1)} _2@07]71COS (WO,ktj—l)
k=1j=1

+2g0j_1(,007]'_1COS(wktj_l)COS(wO,ktj_l),

and then, combining with the sine term that has a similar form, we obtain

R 1Kn

fa(0) = EZZ{ [pj—1€08(witj—1) —0,j—1008(wp it j—1)]”
k=1j=1

+ lprsin(wrty—1) o -1sin(wonti—1))* —sat<zn,

where
92 K n ) ) .
€1,n=m];j§%,j—1 {COS (wo,ktj—1)+sin (Woyktjfl)},
2 K n
Qn= mkzljzzlgoj_lgoo,j_l [cos(wytj—1)cos(wortj—1)+sin(wytj—1)sin(woktj—1)]-

We find 1, as follows:
2K 1~ 5 1
§1,nnTnanI<,00,j1 0p(nTn>'

Again, for ¢, similar to the discussion of 1; above, and with the following Corollary
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we get

1
S2,n=0p (nTg ) :
Corollary B.2. For w#uwy,

n

1
Zap]cos wtj)cos(wot;)
j 1

20 as n— 00,

Proof. Using Lemma [3.1] we obtain

s

Therefore, we can obtain (3.71)).
- . - 2
Now, we turn to E?leﬁ%_l (fﬂj((S)—l—fﬁj(é)) }

SE 1{(f“( )+ 15,0 >] 6h2z( )l (0))

ngjcos wtj)cos(wot;)
J=1

J=1
where
K
a15(0)=>_[pj—1c08(wrtj—1) — o j—1co8(wotj—1)]’,
k=1
K
QQJ((S) Z[% ISIH(WktJ 1)— @O,jflsin(wo,ktjfl)]g

k

Il
—_

We use the following results from Lemma that is,

L 3 /1
- t)=2 —
njglcos (wt)) 2+0< n),

1A 4 1
- t. £:) = .
n;:lcos (wtj)cos(wot;) 0( 7%>, wHwy

Therefore, we obtain

1 & 2 1
o 22 50) =012

n

and

1 & 2 1
i 2 (15 (0)) =0 (7))
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Quite similar, we get

1 & gk 1 1 1
’I’L6h2 jz:l(h,j (5)(12,] (5) =0 (max <n3TT% 7n2TT% 7TZT;% .

This provides (3.76).
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Appendix C

Positive semi-definite matrix

We will show the fixed matrix My (3.98) is positive semi-definite, that is, if only if
e My is symmetric,
e vI'Mgv >0, for all non zero vector v#0

Since we have (3.98), obviously that My = MOT. Therefore, My is symmetric. From the
second-derivative of (3.4), and also Lemma we can express 93Q,,(0p) the (2K +2) x (2K +2)

matrix as

33Qu(00) = [0pa (60)09a(6y)]

For any non zero (2K +2)x1 vector v,

VIMyo)v = VT [D;'%3Qu(0)D; ! v
v | D} apa” (00)dsa(60)D; v

= [v'(D5") 5" (00)] |96 (60)D; V]

_ [aea(eo)nglv]T[aga(eo)Dglv] >0.

Hence, My(6p) is positive semi-definite.
Now, let L is a eigenvalue of M then there exists eigenvector, say, (2K +2)x 1 vector
v, v#0 such that

Mo(eg)v = Lv
viMy(bo)v = vILv

Since vI'v > 0 for all v, then L is non-negative. Further, all the eigenvalues are

non-negative.
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Appendix D

Convexity

Recall (3.4), let us denote f;(6):=A;Y —a;_1(0)h. The function f; is convex if only if
its Hessian matrix V2f(6) is positive definite, for all §€©. We will check the convexity of the
function (3.4) with respect to . Now, from (3.4]), we can obtain the gradient and the second

derivatives of f(6), respectively, as follows
2 n
VIO)=32 10V f;(0),
=1

and

v2f<9>=Z{ifjw)wfj(e)+iwj<9>wj<9>T}. D)
=t =1

Observe that the last term of the right-hand side of (D.1)), 37,V f;(0)V f; (0)T >0, and
leaving out the term Y-7_, f;(6)V?£;(6) to be checked. For each j, we have

O yes1i(0)=hEKt; 1sin(wictj 1), (D.2)
O%1e5.15(0) =—hKKt; ycos(wrctj 1), (D.3)

and
% f;(0)= hf(%?_l [Agcos(wrtj—1)+Brsin(witj—1)] (D.4)

for any K €N. Since (D.2)-(D.4) is not always positive, then V2£(6) is not positive definite.
Therefore, the function is not convex with respect to 6.

The initial values are sensitive in the simulation study (e.g., the fixed initial values).
This is a generally inevitable issue in non-convex optimization, and further consideration of
stabilizing the global optimization is beyond the scope of this study. This study does not
present evidence that shows the instability of the function with respect to the initial values
for numerical optimizations. The stabilizing of the global optimization with the evidence

consideration would be interesting for future issues.
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