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Preface

This Ph.D. thesis contains the result of time-inhomogeneous Gaussian Ornstein–Uhlenbeck
regression, undertaken at the Graduate School of Mathematics, Kyushu University, from April
2019. I noticed during these four years that I was stepping outside my comfort zone. However,
Ornstein–Uhlenbeck process makes me motivated and challenged to study it more deeply in
the future. Periodic time-inhomogeneous Ornstein–Uhlenbeck process can be considered as
a potential field for stochastic models of observational series from a wide range of fields since
periodicity phenomena are very close to human lives, and we can analyze these phenomena
using signal processing models. To be triggered by this periodicity phenomena, this thesis
could be a starting point to introduce a periodic time-inhomogeneous Ornstein–Uhlenbeck
process using signal processing models which can be used to identify the seasonal behavior
of any system in the all-time horizon forecast.

The thesis is structured as follows. The thesis contains a brief introduction in Chapter
1. Chapter 2 contains the notation and model setup. Theoretical results on weak consistency
are presented in Chapter 3, followed by the asymptotic properties of the least-square estimators.
Chapter 4 confirms our theoretical findings through a simulation study, and also the use of the
proposed model in the fitting of electricity load from Tokyo electric power company (TEPCO),
the energy use of light fixtures in one Belgium household, France household electric power, and
a case study of Tetouan city’s power consumption. The summary and future work of the thesis
are finally drawn in Chapter 5. An Appendix contains some proofs of our technical discussions.
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Abstract

We address the least-squares estimation of the drift coefficient parameter θ=(λ,A,B,δ)

of a time-inhomogeneous Ornstein–Uhlenbeck process with sinusoidal signal processing. We

concentrate on a discrete-time observation scheme, that is, the process is observed at a

high-frequency sampling setting, in which the discretized step size h satisfies h→0.

In this thesis, under the conditions nh→∞ and nh2→0, we prove the consistency and

the asymptotic normality of the estimators. We obtain the convergence of the parameters at

rate
√
nh, except for δ at

√
n3h3.

To verify our theoretical findings, we do a simulation study. We then illustrate the use

of the proposed model in the fitting of electricity load from Tokyo Electric Power Company

(TEPCO), the energy use of light fixtures in one Belgium household, France household electric

power, and a case study of Tetouan city’s power consumption. In an empirical study, we can

show the use of a time-inhomogeneous Ornstein–Uhlenbeck process with periodic sinusoidal

signal processing leads to capturing the seasonal variation in very short to medium-term

forecasts in electric power and energy systems.
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Chapter 1

Introduction

The Stochastic differential equation (SDE) has a wide range of applications. See, for
example, electric power system [El-Hawary, 2017], stock exchange [Heston and Sadka, 2008],
agricultural [Ghosh et al., 2018], health [Gutiérrez et al., 2012] and references therein. The
mean-reversion model can describe a wide range of behaviors, particularly in electric power
systems. The mean-reversion process tends to oscillate around a few mean levels. The
Ornstein–Uhlenbeck process is a well-known stochastic process that represents the characteristic
of the process to drift towards the mean. Mean-reversion is the term for this phenomenon.
The trend, seasonal dynamics and possible irregular effects of time series phenomena are
represented by a function of time in the drift in a time-inhomogeneous Ornstein–Uhlenbeck
model, see [Pérez Monsalve and Marín Sanchez, 2017] and [Chen et al., 2017] for results about
the periodic functional tendency.

Let us consider the SDE

dYt=a(θ,Yt,t)dt+σdwt, t≥0, Y0 =y0, (1.1)

where θ∈Θ is a finite-dimensional unknown parameter; a :Θ×R×[0,∞)→R, σ>0; w is the
standard Wiener process. We assume that

a(θ,Yt,t)=−λYt+ht(β),

where λ>0, θ=(λ,β), and

ht(β)=
K∑
k=1

[Akcos(ωkt)+Bksin(ωkt)], (1.2)

with β= (A,B,ω),A= (Ak)Kk=1,B= (Bk)Kk=1,ω= (ωk)Kk=1, and a fixed K ∈N. Moreover, λ is
known as the rate of reversion and ht(β)

λ is a time-inhomogeneous mean reversion level, which
is a deterministic function that captures the trend of the process. Note that if Yt> ht(β)

λ then
the trend term a(θ,Yt,t)<0, which implies Yt, tends to decrease. Conversely, if a(θ,Yt,t)>0,
then Yt tends to increase. The time-dependent signal processing function (1.2) can also be
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decomposed into a form

ht(β)=
K∑
k=1

√
A2
k+B2

kcos(ωkt+ϑk), (1.3)

for some k∈N,

• Ak,Bk∈R\{0},
√
A2
k+B2

k is the amplitude of the kth sinusoidal signal that represents
the maximum values between the horizontal axis and vertical position of the kth signal;

• ϑk represents a phase of the kth sinusoidal signal, where ϑk=−arctan
(
Bk
Ak

)
;

• ωk∈(0,∞) is an unknown frequency of the kth sinusoidal signal.

Since (1.2) is a continuous-time sinusoidal signal, then its periodicity can be modeled
by assuming that the kth harmonic of the components cos(ωkt) and sin(ωkt) has the same
periodicity for

ωk≡2πkδ, (1.4)

for all k ∈ N and δ > 0 is the unknown fundamental frequency of ht(β) (See
[Oppenheim et al., 1997, Cariolaro, 2011b] for references). Hence, there exists T >0 such that

ht(β)=ht+T (β). (1.5)

From the properties of (1.4) and (1.5), ht(β) ((1.2) or (1.3)) is a continuous-time periodic
sinusoidal signal, whereas T is called a fundamental signal’s period. Therefore, we recall θ as

θ :=(λ,A,B,δ). (1.6)

The sinusoidal processing model can be seen as a random signal, which has been used in
analyzing periodic phenomena[Kundu and Nandi, 2012]. A repeating pattern within any fixed
period is known as seasonal variation ([Metcalfe and Cowpertwait, 2009]), while a periodicity
is a pattern in a time series that occurs at regular time intervals ([Puech et al., 2019]). Hence,
the seasonal variation can be used in analyzing seasonal phenomena with kth periodic signal.

An observed seasonal time series can be meaningfully divided into several unobserved
components, e.g., a seasonal component. The seasonal variation has implications in an
economic structure [Plosser, 1978]. [Buonocore et al., 2022] managed the seasonal fluctuation in
electricity demand of electrified buildings to be employed renewable energy and seasonal energy
storage. The seasonality of coronaviruses from 2012 to 2019 to daily average weather parameters
has been compared to show coronavirus infections had a similar distribution to influenza A
and bocavirus [Nichols et al., 2021]. A warning against over-interpretation of seasonal signals
measured by the Global Navigation Satellite System (GNSS) [Chanard et al., 2020]. Application
of seasonal time series model in the precipitation forecast found in [Wang et al., 2013]. The
characteristic of the process mentioned in the references that follow to Ornstein–Uhlenbeck
process would be interesting for future issues in terms of identifying seasonal variations.
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The statistical inference of sinusoidal signals for continuous observation is given
(see e.g., [Song and Li, 2011, Kundu, 1997]). For continuously observed diffusion process,
see [Gutiérrez et al., 2006, Román-Román et al., 2018, Giorno et al., 2017]. However, for
the mentioned models, the sinusoidal signal processing model in a time-inhomogeneous
Ornstein–Uhlenbeck process (1.1) observed at high frequency, which motivated our current
study, seems to be far from being well-developed especially for the frequency parame-
ter δ. Some of the results of frequency components of diffusion processes are given in
[Ibragimov and Hasâ€™minskii, 1981] and [Kundu, 1993]. The anomalous behavior of the
angular component has been shown by [Whittle, 1952], that is, the result cannot test for the
presence of the harmonic term in the same way as that of most statistical parameters.

In this thesis, we apply least-squares estimation (LSE) for the drift parameters of (1.1)
based on discrete time observations, that is, we concentrate on the situation where the diffusion
process is observed at discrete times 0≡ t0<t1< ···<tn, where tnj = tj = jh, with j≤n and
for some nonrandom sampling time step h :=hn,

h→0, (1.7)

such that for n→∞,

Tn :=nh, Tn→∞, (1.8)

nh2→0. (1.9)

Under a high-frequency sampling setting, [Prakasa Rao, 1983] made an important assumption,
that is, the rate nh2→0 as the rapidly increasing experimental design in the study of the LSE.
Whereas [Yoshida, 1992] assumed nh3→0 in the study of the MLE; [Kessler, 1997] proved that
the derived estimator is asymptotic efficient under the rate nhp→0 for an arbitrary integer p.

The LSE only infers the estimators of the drift, therefore, one can extend the procedure
proposed by [Katsamaki and Skiadas, 1995] to estimate the parameters of the diffusion.
Further, in the context of the LSE for a model driven by the Wiener process, the estimation
of the parameters has been proposed in [Rao and Rubin, 1979] and [Prakasa Rao, 1983].
The literature has mainly concentrated on the estimation of the parameter based on
the likelihood approach; see [Billingsley, 2013, Dacunha-Castelle and Florens-Zmirou, 1986,
Florens-Zmirou, 1993, Aït-Sahalia, 2002] and references therein.

As far as the author is aware, no results are known regarding the asymptotic property of
frequency components of a time-inhomogeneous Ornstein–Uhlenbeck process. Therefore, our aim
in this research is to be the first in providing the asymptotic property of frequency components
of a time-inhomogeneous Ornstein–Uhlenbeck process under conditions of (1.7)-(1.9) using LSE.

The present research attempts to address, in doing so makes important contributions.

• No previous study to the best of the author’s knowledge on the asymptotic property
of the frequency components and its impact on life practices. Our study is to provide the
theory of an asymptotic property of the frequency components of a time-inhomogeneous
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Ornstein–Uhlenbeck process at a high-frequency scheme. The high-frequency sampling
scheme has the potential to handle possible non-linear coefficient cases in a unified way.
The theoretical considerations would be interesting for future issues.

• We proposed a model of a time-inhomogeneous Ornstein–Uhlenbeck process (1.1).

• Identifying seasonal effects is a critically important aspect of accurately predicting the
development of systems. The periodic continuous-time sinusoidal signal processing model
(1.2) in the drift of (1.1) can be used in identifying the seasonal variation in very short
to medium-term electric power and energy system forecasting problems.
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Chapter 2

Notation and model setting

2.1 Notation

Unless otherwise mentioned, the following basic notation is used in the rest of the paper:

• ∂mθ stands for the mth partial differential operator with respect to θ, θ={θi}i; we write
∂θ :=

{
∂
∂θi

}
i
, ∂2

θ :=
{

∂2

∂θi∂θl

}
i,l
;

• aj(θ)=a(θ,Ytj ,tj); hj(β)=htj(β);

• we abbreviate
∫ tj
tj−1 as

∫
j;

• C denotes a positive constant independent of n; we write zn.sn if there exists N such
that for all n>N , zn≤Csn;

• > denotes the transpose;

• the symbol p−→ stands for the convergence in Pθ0 probability, while L−→ denotes the weak
convergence in law under Pθ0, where Pθ denotes the image measure of a solution process
Y associated with the parameter value θ and Pθ0 denotes the true image measure;

• the notation IK is used for the K×K-identity matrix.

2.2 Model Setting

Suppose Y =(Yt)t∈R+ in (1.1) is a real-valued process that is a solution to the following
equation:

Yt=y0+
∫ t

0

(
−λYs+

K∑
k=1

[Akcos(ωks)+Bksin(ωks)]
)
ds+σwt, (2.1)

defined on an underlying complete filtered probability space (Ω,F,(Ft)t∈R+,P) with Ft=σ(ws :
s≤t) such that {wt−ws} is independent of Fs, where the ingredients involved are as follows:

• y0 is an F0-measurable real-valued random variable that is independent of the
w = {wt}t∈R+, and fulfills that E0

[
|y2

0|
]
<∞; here and in the sequel, E0 denotes the

expectation operator with respect to Pθ0;
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• θ∈Θ (1.6) is an unknown finite-dimensional parameter, where

– the parameter spaces Θλ⊂ (0,∞), ΘA⊂ (R\{0})K, ΘB⊂ (R\{0})K, Θδ⊂ (0,∞)
are bounded convex domains,

– K is assumed to be known,

– Θ:=Θλ×ΘA×ΘB×Θδ;

• the true parameter value is denoted by θ0 = (λ0,A0,B0,δ0)∈Θ, where A0 = (A0,k)Kk=1,
B0 =(B0,k)Kk=1, and we suppose that θ0∈Θ does exist.

Due to the drift coefficients, at(θ) with (1.2), the solution of equation (2.1) exists and
is unique. Using integration by parts, an explicit expression for the solution of the SDE (2.1)
can be obtained as

Yt=e−λty0+
∫ t

0
e−λ(t−τ)hτ(β)dτ+σ

∫ t

0
e−λ(t−τ)dwτ . (2.2)

Here and for later use, the notation Eθ[.|y0], and varθ(.|y0) denote the expectation and
variance operator under Pθ conditional on y0, respectively. Note that, since we have (2.2), then
we can find

Eθ[Yt|y0]=e−λty0+µt(θ), (2.3)

where

µt(θ)=
K∑
k=1

[
ωk

ω2
k+λ2

]{
sin(ωkt)

[
λBk
ωk

+Ak
]
+cos(ωkt)

[
λAk
ωk
−Bk

]
−e−λt

[
λAk
ωk
−Bk

]}
. (2.4)

Making use of the fact that, for the random variable,∫ t

0
eλτdwτ∼N

(
0,
∫ t

0
e2λsds

)
,

we obtain the conditional variance,

varθ(Yt|y0)=Eθ
[∫ t

0
σe−λ(t−τ)dwτ

]2
=σ2Eθ

[∫ t

0
e−2λ(t−u)du

]
= σ2

2λ

(
1− 1

e2λt

)
. (2.5)

Equations (2.3) and (2.5) help to develop the intuition for the process of Y . The mean
value of the process [Eθ[Yt|y0]−µt(θ)]→0 in the long run, given its value at y0; the variance
of the process has a finite limit as t→∞.

Given (2.2), Y is not stationary. Further, we will look for {Ỹt,t∈R} as a stationary
solution of (2.2). Following the route of Lemma 4.3 and Lemma 4.4 of [Dehling et al., 2010];
with the periodicity of ht(β) (see (1.2) and (1.4)), for our problem, we derive Lemma 2.1 and
Lemma 2.2 (see Appendix A for details).

Lemma 2.1. The sequence of {Ỹs−1+t}t∈[0,T ],s∈N is stationary and ergodic, with T defined
as in (1.5).
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Lemma 2.2. We have
|Ỹt−Yt|

a.s.−−→0, as t→∞.

It follows from Lemma 2.1 and Lemma 2.2 that, for any continuous real-valued function
φ(.) with polynomial growth that satisfies E0[|φ(y0)|]<∞,

1
n

n∑
j=1
φ(Ytj)

p−→E0[φ(y0)]. (2.6)

Lemma 2.1 is the original finding of this thesis. The difference with one provided in
[Dehling et al., 2010] is shown by the sinusoidal signal processing ht(β) in the drift at(θ).
Under a high-frequency sampling setting, this signal cause the difficulty in showing the
stationarity condition of {q̃t,t∈R}, i.e., application of the concept of analog/digital (A/D)
signal conversion to treat the continuous-time sinusoidal signal processing; application of the
periodic continuous-time sinusoidal signal processing.

7



Chapter 3

Theoretical Results

The Euler–Maruyama discretization for the underlying SDE model (2.1) under Pθ is
given by

Ytj
Pθ=Ytj−1 +

∫
j
as(θ)ds+σ

∫
j
dws≈Ytj−1 +aj−1(θ)h+σ∆jw, (3.1)

where
aj−1(θ)=−λYtj−1 +hj−1(β) (3.2)

and ∆jw is the jth increment of the Wiener process w. Here, we used the notation
∆jζ :=ζtj−ζtj−1 as the jth increment of the process ζ. Then, we have

∆jY
Pθ0=
∫
j
as(θ0)ds+σ∆jw≈aj−1(θ0)h+σ∆jw, (3.3)

and introduce the function

Qn(θ):=
n∑
j=1

1
h

[∆jY −aj−1(θ)h]2. (3.4)

The LSE of θ is defined by
θ̂n∈argmin

θ∈Θ
Qn(θ), (3.5)

where Θ denotes the closure of Θ. In the following, we discuss the consistency of the least
squares of (λ,A,B) and δ separately.

3.1 The consistency of the LSE of (λ,A,B)

Let us introduce the function

fn(θ):= 1
nh

[Qn(θ)−Qn(θ0)], (3.6)
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and we will look at the asymptotic behavior of (3.6). Observe that

Qn(θ)−Qn(θ0)=
n∑
j=1

1
h

{(∫
j
[as(θ0)−aj−1(θ)]ds+σ∆jw

)2
−
(∫

j
[as(θ0)−aj−1(θ0)]ds+σ∆jw

)2
}
.

(3.7)

Now, we proceed to the first term of the right-hand side of (3.7). We have

n∑
j=1

1
h

(∫
j
[as(θ0)−aj−1(θ)]ds+σ∆jw

)2

=
n∑
j=1

1
h

{(∫
j
[as(θ0)−aj−1(θ)]ds

)2
+2σ

∫
j
∆jw[as(θ0)−aj−1(θ)]ds+σ2∆2

jw

}
(3.8)

together with the second term of the right-hand side of (3.7) which is can be found similarly
to (3.8), we obtain

Qn(θ)−Qn(θ0) = h
n∑
j=1

[aj−1(θ0)−aj−1(θ)]2+2
n∑
j=1

[aj−1(θ0)−aj−1(θ)]
∫
j
[as(θ0)−aj−1(θ0)]ds

+ 2σ
n∑
j=1

[aj−1(θ0)−aj−1(θ)]∆jw (3.9)

Now, we observe the second term of the right-hand side of (3.9). There exists C1>0 such that∣∣∣∣∫
j
[as(θ0)−aj−1(θ0)]ds

∣∣∣∣ ≤ C1

∫
j

∣∣∣Ys−Ytj−1

∣∣∣ds.(1+|Ytj−1|
)
h2+σh∆jw. (3.10)

To proceed further, we begin with the following Lemmas.

Lemma 3.1. We have

1
n

n∑
j=1

sin2(ωtj)= 1
2 +o

( 1
Tn

)
, (3.11)

1
n2h

n∑
j=1

sin(ωtj)cos(ωtj)=o
( 1
T 2
n

)
, (3.12)

1
n2h

n∑
j=1

cos(ωtj)cos(ω0tj)=o
( 1
T 2
n

)
, ω 6=ω0. (3.13)

Proof. To provide the proof, we use a quantization scheme to process a continuous-time
sinusoidal signal into a sequence of numbers. Quantization is the process of converting a
continuous-time signal by expressing each sample value as a finite (instead of an infinite)
number of digits ([Proakis, 2001]). Observe that

n∑
j=1

sin2(ωtj)=
n∑
j=1

1
2[1−cos(2ωtj)]=

n

2−
1
2

n∑
j=1

cos(2ωtj). (3.14)

9



We observe the second term of the right-hand side of (3.14). Let us denote 2ω=ν,

n∑
j=1

cos(νtj) = cos(νh)+cos(νh+νh)+cos(νh+2νh)+···+cos(νh+νnh−νh)

= 1
2

{sin
(
nνh+ 1

2νh
)

sin
(
νh
2

) −1
}

=−1
2 +

sin
(
νh[n+ 1

2 ]
)

2sin
(
νh
2

) . (3.15)

Plugging the result of (3.15) to (3.14), we get (3.11). The result is true for the cosine function.
We will prove (3.12) next,

h

2T 2
n

n∑
j=1

sin(2ωtj)= h

T 2
n

n∑
j=1

sin(ωtj)cos(ωtj), (3.16)

then

n∑
j=1

sin(νtj) =
sin
(
νh+(n−1

2 )νh
)
sin
(
nνh

2

)
sin(νh)

2
= 1

2

{cos
(
νh
2

)
−cos

(
nνh+ νh

2

)
sin
(
νh
2

) }
. (3.17)

Plugging (3.17) to (3.16), we obtain (3.12). We turn to (3.13).

1
n

n∑
j=1

cos(ωtj)cos(ω0tj) = 1
n

1
2

n∑
j=1

[cos([ω−ω0]tj)+cos([ω+ω0]tj)]

= 1
2

{
− 1

2n+
sin
(
[ω−ω0]h[n+ 1

2 ]
)

2nsin
(

[ω−ω0]h
2

) }
+ 1

2

{
− 1

2n+
sin
(
[ω+ω0]h[n+ 1

2 ]
)

2nsin
(

[ω+ω0]h
2

) }

= − 1
2n+

sin
(
[ω−ω0]h[n+ 1

2 ]
)

4nsin
(

[ω−ω0]h
2

) +
sin
(
[ω+ω0]h[n+ 1

2 ]
)

4nsin
(

[ω+ω0]h
2

) =o
( 1
Tn

)
,

and this implies (3.13). The result is also true for the sine function.

Corollary 3.2. For m∈N0,

h

Tm+2
n

n∑
j=1
tmj cos(ωtj)=o

( 1
T 2
n

)
, (3.18)

h

Tm+2
n

n∑
j=1
tmj sin(ωtj)cos(ωtj)=o

( 1
T 2
n

)
, (3.19)

h

Tm+2
n

n∑
j=1
tmj cos(ωtj)cos(ω0tj)=o

( 1
T 2
n

)
, (3.20)

Proof. We will prove (3.18) using mathematical induction. For m∈N0,

h

Tm+2
n

n∑
j=1
tmj cos(ωtj)=o

( 1
T 2
n

)
.
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The statement P0 says that

h

T 2
n

n∑
j=1

cos(ωtj)=o
( 1
T 2
n

)
,

is true by Lemma 3.1, that is,

h

T 2
n

n∑
j=1

cos(ωtj)= h

nh2
1
n

n∑
j=1

cos(ωtj)=o
( 1
T 2
n

)
.

Now, suppose that PL holds for L∈N0, that is,

h

TL+2
n

n∑
j=1
tLj cos(ωtj)=o

( 1
T 2
n

)
. (3.21)

Since (3.21) then
∣∣∣∣ h

T
(L+1)+2
n

∑n
j=1t

L+1
j cos(ωtj)

∣∣∣∣→ 0. This result implies the truth of (3.18).
Similar way on the proof of (3.19) and (3.20).

Lemma 3.3. We have

sup
ω

∣∣∣∣∣∣1n
n∑
j=1
Ytjcos(ωtj)

∣∣∣∣∣∣ p−→0 as n→∞.

Proof. Observe that

E0

sup
ω

∣∣∣∣∣∣1n
n∑
j=1
Ytjcos(ωtj)

∣∣∣∣∣∣
 ≤ 1

n

{
E0

sup
ω

∣∣∣∣∣∣
n∑
j=1
Ytje

iωtj

∣∣∣∣∣∣
2
}

1
2

= 1
n

{
E0

 n∑
j=1
Y 2
tj+2

n−1∑
j=1

YtjYtj+1 +
n−2∑
j=1

YtjYtj+2 +···+
n−r∑
j=1

YtjYtj+r

}1
2

.

By Lemma 2.1 and Lemma 2.2, there exists ϑ(Ytj)=YtjYtj+r satisfying E0[|ϑ(y0)|]<∞, such
that, for r an arbitrary element of N with r<n,

1
n−r

n−r∑
j=1

ϑ(Ytj)
p−→E0[ϑ(y0)].

Hence

E0

sup
ω

∣∣∣∣∣∣1n
n∑
j=1
Ytjcos(ωtj)

∣∣∣∣∣∣
≤ 1

n

{
O(max(n,n−1,n−2,...,n−r))

}1
2 =O

( 1√
n

)
.

The result above is true for the sine function.

Lemma 3.4. For l=1,2,...,

11



sup
ω

∣∣∣∣∣∣1n
n∑
j=1
Y ltjcos(ωtj)

∣∣∣∣∣∣ p−→0 as n→∞.

Lemma 3.4 also holds with a proof similar to the one of Lemma 3.3.

Corollary 3.5. For l=1,2,... and m∈N0,

sup
ω

∣∣∣∣∣∣ h

Tm+1
n

n∑
j=1
Y ltjt

m
j cos(ωtj)

∣∣∣∣∣∣ p−→0 as n→∞, Tn→∞, h→0.

Proof. We will prove

sup
ω

∣∣∣∣∣∣ h

Tm+1
n

n∑
j=1
Y ltjt

m
j cos(ωtj)

∣∣∣∣∣∣ p−→0,

using mathematical induction. For m∈N0, the statement P0 says that

sup
ω

∣∣∣∣∣∣ hTn
n∑
j=1
Y ltjcos(ωtj)

∣∣∣∣∣∣ p−→0,

is true by Lemma 3.4. Now, suppose that PL holds, that is,

sup
ω

∣∣∣∣∣∣ h

TL+1
n

n∑
j=1
Y ltjt

L
j cos(ωtj)

∣∣∣∣∣∣ p−→0, (3.22)

with L∈N0. It remains to show that PL+1 holds, that is,

sup
ω

∣∣∣∣∣∣ h

T
(L+1)+1
n

n∑
j=1
Y ltjt

L+1
j cos(ωtj)

∣∣∣∣∣∣ p−→0.

Using (3.22) we have

E0

sup
ω

∣∣∣∣∣∣ h

T
(L+1)+1
n

n∑
j=1
Y ltjt

L+1
j cos(ωtj)

∣∣∣∣∣∣
 ≤ O

(
max

( 1√
n
,

1
n
√
n

))
.

The result above is true for the sine function.

Lemma 3.6. We have ∣∣∣∣∣∣ 1
Tn

n∑
j=1
Ytj−1∆jw

∣∣∣∣∣∣ p−→0 as Tn→∞.

Proof. Observe that

E0

∣∣∣∣∣∣ 1
Tn

n∑
j=1
Ytj−1∆jw

∣∣∣∣∣∣


12



≤ 1
Tn

{
E0

 n∑
j=1
Y 2
tj−1∆2

jw+2

n−1∑
j=1

Ytj∆j+1wYtj−1∆jw+···+
n−r∑
j=1

Ytj+r−1∆j+rwYtj−1∆jw

}1
2

,

where r is an arbitrary element of N with r<n. It follows that

E0

∣∣∣∣∣∣ 1
Tn

n∑
j=1
Ytj−1∆jw

∣∣∣∣∣∣
≤O( 1√

Tn

)
.

Lemma 3.7. For l=1,2,..., ∣∣∣∣∣∣ 1
Tn

n∑
j=1
Y ltj−1∆jw

∣∣∣∣∣∣ p−→0 as Tn→∞.

The proof of Lemma 3.7 can be provided similarly to the proof of Lemma 3.6.

Lemma 3.8. We have

sup
ω

∣∣∣∣∣∣ 1
Tn

n∑
j=1

cos(ωtj−1)∆jw

∣∣∣∣∣∣ p−→0 as Tn→∞.

Proof. Observe that

E0

sup
ω

∣∣∣∣∣∣ 1
Tn

n∑
j=1

cos(ωtj−1)∆jw

∣∣∣∣∣∣


≤ 1
Tn

{
E0

sup
ω

∣∣∣∣∣∣
n∑
j=1
eiωtj−1∆jw

∣∣∣∣∣∣
2
}

1
2

= 1
Tn

{
E0

 n∑
j=1

∆2
jw+2

n−1∑
j=1

∆jw∆j+1w+
n−2∑
j=1

∆jw∆j+2w+···+
n−r∑
j=1

∆jw∆j+rw

}1
2

,

where r is an arbitrary element of N with r<n. Therefore

E0

sup
ω

∣∣∣∣∣∣ 1
Tn

n∑
j=1

cos(ωtj−1)∆jw

∣∣∣∣∣∣
≤o( 1√

Tn

)
.

The result is true for the sine function.

Corollary 3.9. For m∈N0,

sup
ω

∣∣∣∣∣∣ 1
Tm+1
n

n∑
j=1
tmj−1cos(ωtj−1)∆jw

∣∣∣∣∣∣ p−→0 as Tn→∞.

13



Proof. We provide the proof of Corollary 3.9 in a similar way to the proof of Corollary 3.5.
The statement P0 says that

sup
ω

∣∣∣∣∣∣ 1
Tn

n∑
j=1

cos(ωtj−1)∆jw

∣∣∣∣∣∣ p−→0,

is true by Lemma 3.8. Now, suppose that PL holds, that is,

sup
ω

∣∣∣∣∣∣ 1
TL+1
n

n∑
j=1
tLj−1cos(ωtj−1)∆jw

∣∣∣∣∣∣ p−→0, (3.23)

with L∈N0. It remains to show that PL+1 holds. By (3.23) we find that

E0

sup
ω

∣∣∣∣∣∣ 1
T

(L+1)+1
n

n∑
j=1
tL+1
j−1 cos(ωtj−1)∆jw

∣∣∣∣∣∣
 ≤ O

(
max

( 1√
Tn
,

1
n
√
Tn

))
.

The result above is true for the sine function.

Lemma 3.10. For l=1,2,...,

sup
ω

∣∣∣∣∣∣ 1
Tn

n∑
j=1
Y ltj−1∆jwcos(ωtj−1)

∣∣∣∣∣∣ p−→0 as Tn→∞.

Proof. Observe that

1
Tn

E0

sup
ω

∣∣∣∣∣∣
n∑
j=1
Y ltj−1cos(ωtj−1)∆jw

∣∣∣∣∣∣


≤ 1
Tn

{
E0

sup
ω

∣∣∣∣∣∣
n∑
j=1
Y ltj−1e

iωtj−1∆jw

∣∣∣∣∣∣
2
}

1
2

= 1
Tn

{
E0

 n∑
j=1
Y 2l
tj−1∆2

jw+2

n−1∑
j=1

Y ltj∆j+1wY
l
tj−1∆jw+···+

n−r∑
j=1

Y ltj+r−1∆j+rwY
l
tj−1∆jw

}1
2

=O
( 1√

Tn

)
,

where r is an arbitrary element of N with r<n. The result is true for the sine function.

Putting (3.10) to (3.9). Since E0[|g(y0)|]<∞,

1
n

n∑
j=1
g(Ytj)(1+|Ytj |)

p−→E0[g(y0)(1+|y0|)],

14



and by applying Lemma 3.6, then, we can write expression (3.6) as

fn(θ)= 1
n

n∑
j=1

[aj−1(θ0)−aj−1(θ)]2+ 2σ
nh

n∑
j=1

[aj−1(θ0)−aj−1(θ)]∆jw+op(h). (3.24)

Recall (3.2),

1
n

n∑
j=1

[aj−1(θ0)−aj−1(θ)]2

=(λ−λ0)2 1
n

n∑
j=1
Y 2
tj−1 +2(λ−λ0) 1

n

n∑
j=1
Ytj−1[hj−1(β0)−hj−1(β)]+ 1

n

n∑
j=1

[hj−1(β0)−hj−1(β)]2.

(3.25)

By applying Lemma 3.3 to the second term of the right-hand side of (3.25), then

1
n

n∑
j=1

[aj−1(θ0)−aj−1(θ)]2 = (λ−λ0)2 1
n

n∑
j=1
Y 2
tj−1 + 1

n

n∑
j=1

K∑
k=1

{
[A0,kcos(ωktj−1)−Akcos(ωktj−1)]2

+ [B0,ksin(ωktj−1)−Bksin(ωktj−1)]2
}

+op
( 1√

n

)
+op

( 1
Tn

)
. (3.26)

We will observe the second term of the right-hand side of (3.26), for the term of cosine. Using
Lemma 3.1,

1
2

K∑
k=1

{
(A0,k−Ak)2+2A0,kAk

}1
n

n∑
j=1

[cos(ωktj)−cos(ω0,ktj)]2 = 1
2

K∑
k=1

(A0,k−Ak)2+
K∑
k=1

A0,kAk+o
( 1
Tn

)
,

(3.27)
and

K∑
k=1

(A0,k−Ak)2 1
n

n∑
j=1

cos2([ω0,k−ωk]tj)= 1
2

K∑
k=1

(A2
0,k+A2

k)−
K∑
k=1

A0,kAk+o
( 1
Tn

)
. (3.28)

The expression of sine can be found similarly to (3.27) and (3.28). Further, from (3.24),
(3.26)-(3.28), and by using Lemma 3.6, and Lemma 3.8, we have

fn(θ)=
n∑
j=1

{
vn1,j(θ)+vn2,j(θ)

}
+qK(A,B)+op

( 1
Tn

)
+op(h), (3.29)

where

vn1,j(θ)= 1
n

(λ−λ0)2Y 2
tj−1, (3.30)

vn2,j(θ)= 2σ
Tn

{
(λ−λ0)Ytj−1 +qj(β)

}
∆jw, (3.31)

qj(β)=hj−1(β0)−hj−1(β), (3.32)
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qK(A,B)= 1
2

K∑
k=1

[
(Ak−A0,k)2+(Bk−B0,k)2

]
. (3.33)

Next, we will show the consistency of the estimates. The consistency follows on showing
that there exists f0(θ) such that

sup
θ∈Θ
|fn(θ)−f0(θ)| p−→0 as n→∞. (3.34)

Let the notation Ej−1
0 denotes the expectation operator under Pθ0 conditional on

Ftj−1. Applying Lemma 9 of [Genon-Catalot and Jacod, 1993], first of all, we will compute
for ∑n

j=1E
j−1
0

[
vn1,j(θ)+vn2,j(θ)

]
. Note the following observations.

• Recalling (3.30), we have

n∑
j=1

Ej−1
0

[
vn1,j(θ)

]
=(λ−λ0)2 1

n

n∑
j=1
Y 2
tj−1.

Since E0[|y2
0|]<∞,

1
n

n∑
j=1
Y 2
tj

p−→E0
[
y2

0

]
, (3.35)

where
E0
[
y2

0

]
=C, (3.36)

and then
n∑
j=1

Ej−1
0

[
vn1,j(θ)

]
p−→(λ−λ0)2C. (3.37)

• We can obtain
n∑
j=1

Ej−1
0

[
vn2,j(θ)

]
p−→0. (3.38)

Next, it is easy to show ∑n
j=1E

j−1
0

[(
vn1,j(θ)+vn2,j(θ)

)2
]
p−→0: indeed,

n∑
j=1

Ej−1
0

[(
vn1,j(θ)+vn2,j(θ)

)2
]

=
n∑
j=1

Ej−1
0

((λ−λ0)2 1
n
Y 2
tj−1 + 2σ

Tn

{
(λ−λ0)Ytj−1 +qj(β)

}
∆jw

)2
=

n∑
j=1

Ej−1
0

[
un1,j+un2,j+un3,j

]
,

where

un1,j=(λ−λ0)4Y
4
tj−1

n2 , (3.39)

un2,j= 4σ2

T 2
n

{
(λ−λ0)Ytj−1 +qj(β)

}2
∆2
jw, (3.40)
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un3,j= 4σ(λ−λ0)2

n2h
Y 2
tj−1

{
(λ−λ0)Ytj−1 +qj(β)

}
∆jw. (3.41)

We observe (3.39) first. It follows that

n∑
j=1

Ej−1
0

[
un1,j

]
= (λ−λ0)4

n

1
n

n∑
j=1
Y 4
tj−1,

and E0
[
|y4

0|
]
<∞,

1
n

n∑
j=1
Y 4
tj

p−→E0
[
y4

0

]
, (3.42)

thus
n∑
j=1

Ej−1
0

[
un1,j

]
p−→0. (3.43)

Now, we move to (3.40),

n∑
j=1

Ej−1
0

[
un2,j

]

= 4σ2

T 2
n

n∑
j=1

{
E0
[
(λ−λ0)2Y 2

tj−1∆2
jw|Ftj−1

]
+E0

[
2(λ−λ0)Ytj−1qj(β)∆2

jw|Ftj−1

]
+E0

[
q2
j (β)∆2

jw|Ftj−1

]}

=(λ−λ0)2σ
2

Tn

1
n

n∑
j=1
Y 2
tj−1 + 8σ2(λ−λ0)

Tn

1
n

n∑
j=1
Ytj−1qj(β)+ 4σ2

Tn

1
n

n∑
j=1
q2
j (β). (3.44)

Applying (3.35), Lemma 3.3, and (3.33) to the first, the second, and the third term of the
right-hand side of (3.44), respectively, and we find that

n∑
j=1

Ej−1
0

[
un2,j

]
=o
( 1
Tn

)
+O

( 1
Tn

)
+o
( 1
Tn

)
. (3.45)

It is easy to find
n∑
j=1

Ej−1
0

[
un3,j

]
p−→0. (3.46)

From (3.43)-(3.46), we get that

n∑
j=1

Ej−1
0

[(
vn1,j(θ)+vn2,j(θ)

)2
]
p−→0. (3.47)

It follows under (3.33), (3.37), (3.38), and (3.47) that

|fn(θ)−f0(θ)| p−→0 as n→∞, (3.48)

where

f0(θ)=(λ−λ0)2C+ 1
2

K∑
k=1

[
(Ak−A0,k)2+(Bk−B0,k)2

]
, (3.49)
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with (3.36).
As we can see, the explicit expression of (δ−δ0) does not appear in (3.49). Given that

parameter δ has a different character than λ,A and B, the presence of parameter δ with other
parameters in (2.1) adds to the complexity of providing evidence of consistency. This evidence
will be shown in section 3.2. For this complexity, [Kundu and Nandi, 2012] which develops
the LSE of (A,B,ω) shows the consistency of (A,B,ω) in separate ways; say, Lemma 4.1 for
strongly consistency of (A,B), and Lemma 4.3 for ω. However, to show the LSE of (λ,A,B)
then follows, using Lemma 3.6 and Lemma 3.8 to (3.6), it suffices to show (3.48) holds. Recall
(3.24), (3.49), using Lemma 3.6, Lemma 3.8, we will show that∣∣∣∣∣∣(λ−λ0)2 1

n

n∑
j=1
Y 2
tj−1−(λ−λ0)2C+g1,n(A,δ)+g2,n(B,δ)

∣∣∣∣∣∣ p−→0, (3.50)

where

g1,n(A,δ)= 1
n

n∑
j=1

K∑
k=1

[A0,kcos(ω0,ktj−1)−Akcos(ωktj−1)]2−1
2

K∑
k=1

(Ak−A0,k)2, (3.51)

g2,n(B,δ)= 1
n

n∑
j=1

K∑
k=1

[B0,ksin(ω0,ktj−1)−Bksin(ωktj−1)]2−1
2

K∑
k=1

(Bk−B0,k)2 (3.52)

Now, we will observe one of the terms (3.51) or (3.52). Let us rewrite (3.51) as follows:

g1,n(A,δ)=
K∑
k=1

(A0,k−Ak)2 1
n

n∑
j=1

cos2([ω0,k−ωk]tj−1)−1
2

K∑
k=1

(Ak−A0,k)2. (3.53)

Take a look at the first term of the right-hand side of (3.53). Using arguments similar to the
proof of Lemma 3.1, we have

1
n

n∑
j=1

cos2([ω0−ω]tj−1)= 1
2 +o

( 1
Tn

)
. (3.54)

We can show (3.52) similarly to (3.51). The consistency of λ follows on the first and the second
term of the left expression of (3.50), with C (3.36), leaving out the terms (3.51) and (3.52).
With (3.53), (3.54) and (3.52), then (3.50) holds.

Now, we will verify condition (3.34). To prove the uniformity of the convergence of fn(θ),
it suffices to verify the following conditions

sup
n
E0

[
sup
θ
|∂λfn(θ)|

]
<∞ as n→∞, (3.55)

sup
n
E0

[
sup
θ
|∂AKfn(θ)|

]
<∞ as n→∞, (3.56)

sup
n
E0

[
sup
θ
|∂BKfn(θ)|

]
<∞ as n→∞, (3.57)
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for any K∈N.
Recalling (3.29), we obtain

E0

[
sup
θ
|∂λfn(θ)|

]
≤ E0

sup
θ

∣∣∣∣∣∣2(λ−λ0)
n

n∑
j=1
Y 2
tj−1

∣∣∣∣∣∣
+E0

sup
θ

∣∣∣∣∣∣2n
n∑
j=1
Ytj−1qj(β)

∣∣∣∣∣∣


+ E0

sup
θ

∣∣∣∣∣∣2σTn
n∑
j=1
Ytj−1∆jw

∣∣∣∣∣∣
. (3.58)

Using (3.35) for the first term, Lemma 3.3 for the second term, and Lemma 3.6 for the third
term on the right-hand side of (3.58), respectively, we get

E0

[
sup
θ
|∂λfn(θ)|

]
≤O(1)+O

( 1√
n

)
+O

( 1√
Tn

)
.

Hence, (3.55) holds. We now turn to (3.56) and (3.57).

E0

[
sup
θ
|∂AKfn(θ)|

]

≤2
{
E0

sup
θ

∣∣∣∣∣∣(λ−λ0) 1
n

n∑
j=1
Ytj−1cos(ωKtj−1)

∣∣∣∣∣∣


+E0

sup
θ

∣∣∣∣∣∣1n
n∑
j=1
qj(β)cos(ωKtj−1)

∣∣∣∣∣∣
+σE0

sup
θ

∣∣∣∣∣∣ 1
Tn

n∑
j=1

cos(ωKtj−1)∆jw

∣∣∣∣∣∣
}. (3.59)

Using Lemma 3.1, we get

E0

sup
θ

∣∣∣∣∣∣1n
n∑
j=1
qj(β)cos(ωKtj−1)

∣∣∣∣∣∣
 = |AK|

1
n

n∑
j=1

cos2(ωKtj−1)

+o
( 1
Tn

)

= |AK|
(1

2 +o
( 1
Tn

))
+o
( 1
Tn

)
, (3.60)

and together with (3.60), by applying Lemma 3.3 and Lemma 3.8 to the first and third term
on the right-hand side of (3.59), respectively, we have

E0

[
sup
θ
|∂AKfn(θ)|

]
≤ O

( 1√
n

)
+|AK|+o

( 1
Tn

)
+O

( 1√
Tn

)
.

Therefore, we obtain (3.56). Quite similarly, we find (3.57). Summarizing the computations
of above, then we can deduce that supnE0[supθ|∂θfn(θ)|]<∞, yielding the uniformity (3.34).

3.2 The consistency of the LSE of δ

The frequency component corresponds to the periodogram’s greatest ordinate, and
the gauge of this ordinate provides other least-squares estimators. To see this more clearly,
let us take a look at (3.4). Following the way of [Whittle, 1952, Rice and Rosenblatt, 1988,
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Stoica and Moses, 1997, Kundu and Nandi, 2012]) in showing the periodogram, we plug the
explicit expression of the least-squares estimators of (λ,A,B), and we find that

min
δ∈Θ

Qn(λ̂,Â,B̂,δ)=:Q∗n(δ), (3.61)

where
Q∗n(δ)= 1

h

n∑
j=1
ϕ2
j−1−In(δ), (3.62)

ϕj−1 =∆jY +hλ̂Ytj−1, (3.63)

with (B.3), and

In(δ)= 2
Tn

K∑
k=1

{ n∑
j=1
ϕj−1cos(ωktj−1)

2

+

 n∑
j=1
ϕj−1sin(ωktj−1)

2}
, (3.64)

with (1.4). The explicit expressions of the least-squares estimators of (λ,A,B) and (3.62) are
given in Appendix B.

The complexity in showing the consistency of the estimators occurs when the least-squares
estimators of (λ,A,B) is obtained by minimizing (3.4). On the other hand, for the frequency com-
ponents estimator δ, the minimization occurs when the periodogram (3.64) is maximal. Further,
the term (δ−δ0) always vanishes in the calibration of (3.6); therefore, we look for the consistency
of the LSE of δ through the periodogram (3.64). Hence, based on (3.62) and (3.64), we can find
the least-squares estimators of δ by minimizing Qn(λ̂,Â,B̂,δ) which can be done by maximizing

Jn(δ)= 1
Tn

K∑
k=1

{ n∑
j=1
ϕj−1cos(2πkδtj−1)

2

+

 n∑
j=1
ϕj−1sin(2πkδtj−1)

2}
. (3.65)

Thus, the LSE of δ corresponds to the greatest ordinate of periodogram (3.65). In the se-
quel, unless otherwise mentioned, we used the notation ωk to shorten the writing of the term 2πkδ.

To prove the consistency of the least-squares estimators of δ, we define

f̃n(δ):= 1
n2 [Jn(δ)−Jn(δ0)]. (3.66)

Therefore, through (3.66), we will show that there exists f̃0(δ) such that

sup
δ∈Θδ

∣∣∣f̃n(δ)−f̃0(δ)
∣∣∣ p−→0 as n→∞, (3.67)

with
argmax
δ∈Θ

f̃0(δ)={δ0}. (3.68)
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Now, recalling (3.66), (3.65), and (1.4), we have

f̃n(δ) = 1
n3h

K∑
k=1

{ n∑
j=1
ϕj−1cos(ωktj−1)

2

−

 n∑
j=1
ϕ0,j−1cos(ω0,ktj−1)

2

+

 n∑
j=1
ϕj−1sin(ωktj−1)

2

−

 n∑
j=1
ϕ0,j−1sin(ω0,ktj−1)

2}
, (3.69)

where ϕ0,j−1 =∆jY +hλ0Ytj−1.
Take a look for the cosine term, namely

1
n3h

K∑
k=1

 n∑
j=1
ϕj−1cos(ωktj−1)

2

= 1
n3h

K∑
k=1

n∑
j=1
ϕ2
j−1cos2(ωktj−1)+ϕ∗n(ω), (3.70)

where

ϕ∗n(ω) = 2
n3h

K∑
k=1

{
n−1∑
j=1

ψjcos(ωktj)cos(ωktj−1)+···+
n−r∑
j=1

ψj+r−1cos(ωktj+r−1)cos(ωktj−1)
}
,

for r to be an arbitrary element of N with r <n, and ϕiϕi−1 =:ψi. Together with the sine
term that has arguments similar to (3.70), we have f̃n as

f̃n(δ)=
n∑
j=1

[
f̃n1,j(δ)+f̃n2,j(δ)

]
+op

( 1
nTn

)
, (3.71)

where

f̃n1,j(δ)= 1
n3h

K∑
k=1

[ϕj−1cos(ωktj−1)−ϕ0,j−1cos(ω0,ktj−1)]2, (3.72)

f̃n2,j(δ)= 1
n3h

K∑
k=1

[ϕj−1sin(ωktj−1)−ϕ0,j−1sin(ω0,ktj−1)]2. (3.73)

The details of (3.70) and (3.71) are provided in Appendix B. Let us define φk :=ωk−ω0,k

and ϕiϕ0,i=:ϕ̃i. Again, using Lemma 9 of [Genon-Catalot and Jacod, 1993], we can deduce that

n∑
j=1

Ej−1
0

[
f̃n1,j(δ)+f̃n2,j(δ)

]
= 1

n3h

K∑
k=1

n∑
j=1

{
ϕ2
j−1+ϕ2

0,j−1−2ϕ̃j−1cos(φktj−1)
}

= −2
n3h

K∑
k=1

n∑
j=1
ϕ̃j−1cos(φktj−1)+O

( 1
nTn

)

= −2
n3h

K∑
k=1

n−1∑
j=1

ϕ̃jcos(φktj)+O
( 1
nTn

)
.

Using the quantization scheme of [Proakis, 2001], i.e., for some n, the sampling analog signal,
periodically every T ∗ seconds to produce a discrete signal, that is, cos(ωn)=cos(ωnT ∗), and

21



the periodicity, we thus obtain

n∑
j=1

Ej−1
0

[
f̃n1,j(δ)+f̃n2,j(δ)

]
= −2

n3h

K∑
k=1

cos(φk)
{
ϕ̃1+ϕ̃2+···+ϕ̃n−1

}{
h+2h+···+(n−1)h

}
+O

( 1
nTn

)

= −
K∑
k=1

cos(φk)
1
n

n−1∑
j=1

ϕ̃j+O
( 1
Tn

)
+O

( 1
nTn

)
.

There exists ϕ̃(.) that satisfies E0[|ϕ̃(y0)|]<∞,

1
n

n∑
j=1
ϕ̃(Ytj)

p−→E0[ϕ̃(y0)],

where
E0[ϕ̃(y0)]=C∗, (3.74)

and then

n∑
j=1

Ej−1
0

[
f̃n1,j(δ)+f̃n2,j(δ)

]
=−C∗

K∑
k=1

cos(2πk(δ−δ0))+O
( 1
Tn

)
+O

( 1
nTn

)
. (3.75)

In a quite similar manner, we can find

n∑
j=1

Ej−1
0

[(
f̃n1,j(δ)+f̃n2,j(δ)

)2
]
p−→0. (3.76)

See Appendix B for detail (3.76). It follows under (3.71), (3.75) and (3.76), that∣∣∣f̃n(δ)−f̃0(δ)
∣∣∣ p−→0 as n→∞ (3.77)

where

f̃0(δ)=−C∗
K∑
k=1

cos(2πk(δ−δ0)), (3.78)

with (3.74) and (3.68). Observe that

argmax
δ∈Θ

f̃0(δ) = argmax
δ∈Θ

{
−C∗

K∑
k=1

cos(2πk(δ−δ0))
}

= −C∗argmax
δ∈Θ

{
cos(2πδ−2πδ0)+cos(4πδ−4πδ0)+···+cos(2πKδ−2πKδ0)

}
.

Because of the periodicity of ht(β) in (1.2), (1.4), and (1.5), then for any δ ∈Θ there
exists T >0 such that T=T(δ). Therefore,

argmax
δ∈Θ

f̃0(δ)=−C∗argmax
δ∈Θ

{
cos
(

2π 1
T
−2πδ0

)
+cos

(
2π 2
T
−4πδ0

)
+···+cos

(
2πK
T
−2πKδ0

)}
,
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and we obtain (3.68).
Now, in order to prove the uniformity of the convergence f̃n(δ), we will show that

sup
n
E0

[
sup
δ

∣∣∣∂δf̃n(δ)
∣∣∣]<∞. (3.79)

If we denote
2πk=: k̃, k=1,...,K, (3.80)

then for any K∈N, we have

∂δf̃n(δ)= 2K̃
n3h

[ξ1(δ)+ξ2(δ)], (3.81)

where

ξ1(δ)=
n∑
j=1

[ϕj−1cos(ωKtj−1)−ϕ0,j−1cos(ω0,Ktj−1)][−tj−1sin(ωKtj−1)ϕj−1], (3.82)

ξ2(δ)=
n∑
j=1

[ϕj−1sin(ωKtj−1)−ϕ0,j−1sin(ω0,Ktj−1)][tj−1cos(ωKtj−1)ϕj−1]. (3.83)

We observe the term (3.82). Then

2K̃
n3h

E0

[
sup
δ
|ξ1(δ)|

]

= 2K̃
n3h

E0

sup
δ

∣∣∣∣∣∣−
n∑
j=1
tj−1ϕj−1

[
ϕj−1e

iωKtj−1−ϕ0,j−1e
iω0,Ktj−1

]
sin(ωKtj−1)

∣∣∣∣∣∣
2


≤ 2K̃
n3h

{
E0

sup
δ

∣∣∣∣∣∣−
n∑
j=1
tj−1ϕj−1

[
ϕj−1e

iωKtj−1−ϕ0,j−1e
iω0,Ktj−1

]
ieiωKtj−1

∣∣∣∣∣∣
2
}

1
2

= 2K̃
n3h

{
E0

sup
δ

 n∑
j=1
t2j−1ϕ

2
j−1

[
ϕj−1e

iωKtj−1−ϕ0,j−1e
iω0,Ktj−1

]2
+r(δ)

}1
2

= 2K̃
n3h

{
E0

sup
δ

 n∑
j=1
t2j−1ϕ

2
j−1

(
ϕ2
j−1+ϕ2

0,j−1−2ϕj−1ϕ0,j−1
)

+r(δ)

}1
2

where

r(δ) = 2
n−1∑
j=1

tjϕj[ϕjeiωKtj−ϕ0,je
iω0,Ktj ]

{
n−2∑
j=1

tj+1ϕj+1[ϕj+1e
iωKtj+1−ϕ0,j+1e

iω0,Ktj+1]+...

+
n−r∑
j=1

tj+r−1[ϕj+r−1e
iωKtj+r−1−ϕ0,j+r−1e

iω0,Ktj+r−1]
}
,
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for an arbitrary r∈N,r<n. This gives

2K̃
n3h

E0

[
sup
δ
|ξ1(δ)|

]
≤ 2K̃
n3h

{
O
(
max(n2T 2

n,nT
2
n)
)}1

2

,

and together with E0[supδ|ξ1(δ)|], which can be obtained similarly to E0[supδ|ξ1(δ)|], therefore,
we can find that

E0

[
sup
δ

∣∣∣∂δf̃n(δ)
∣∣∣]≤O(1

n

)
,

and obviously (3.79) is holds.
All Lemma in Sections 3.2 and 3.1 are the original finding of the thesis. The difference

with the one provided in [Kundu and Nandi, 2012] and [Mangulis, 2012] is the continuous-time
signal with kth harmonic of the components cos(ωkt) and sin(ωkt); that is included in the process
observed at a high-frequency sampling setting. From Sections 3.1 and 3.2, we have shown the
consistency of the estimates. This is not the new one, but the anomalous behavior of the frequency
component caused the complexity in showing the consistency of the estimates, that is, we establish
a two-step strategy for proving the consistency of the LSE of (λ,A,B) and δ. Since the periodic
continuous-time sinusoidal signal processing in a time-inhomogeneous Ornstein–Uhlenbeck
process is under a high-frequency sampling setting, then it needs complicated technical details.

3.3 Asymptotic Normality

To proceed the asymptotic normality of the LSE of θ, we need the following Lemmas.

Lemma 3.11. We have

D−1
n

[
∂2
θQn

(
θ̃n
)
−∂2

θQn(θ0)
]
D−1
n

p−→0 (3.84)

for any consistent estimator θ̃n of θ0.

Proof. Let Dn denote the (2K+2)×(2K+2) diagonal matrix

Dn :=diag
(√

nh,
√
nhIK,

√
nhIK,

√
n3h3

)
. (3.85)

Observe D−1
n with Dn as in (3.85). That is, for the diagonal element

√
Tn,

1
Tn

{{
n∑
j=1

(
[∆jY −aj−1(θ̃n)h]∂2

θaj−1(θ̃n)−h[∂θaj−1(θ̃n)]2
)}

−
{

n∑
j=1

(
[∆jY −aj−1(θ0)h]∂2

θaj−1(θ0)−h[∂θaj−1(θ0)]2
)}}

= 1
Tn

n∑
j=1

∆jY [∂2
θaj−1(θ̃n)−∂2

θaj−1(θ0)]− h

Tn

n∑
j=1

[
aj−1(θ̃n)∂2

θaj−1(θ̃n)−aj−1(θ0)∂2
θaj−1(θ0)

]
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− h

Tn

n∑
j=1

(
[∂θaj−1(θ̃n)]2−[∂θaj−1(θ0)]2

)
. (3.86)

To prove Lemma 3.11, let us take a brief look at the last term in the right-hand side of (3.86).
Since we have

E0

∣∣∣∣∣∣1n
n∑
j=1

(
aj−1(θ̃n)−aj−1(θ0)

)∣∣∣∣∣∣
 ≤ 1

n

{
E0


∣∣∣∣∣∣
n∑
j=1

(
aj−1(θ̃n)−aj−1(θ0)

)∣∣∣∣∣∣
2
}

1
2

= 1
n

{
E0[ι1,n+ι2,n+ι3,n]

}1
2
, (3.87)

where

ι1,n=

− n∑
j=1

(λ̃−λ0)Ytj−1

2

;

ι2,n=

 n∑
j=1

[
hj−1(β̃)−hj−1(β0)

]2

;

ι3,n=−2(λ̃−λ0)
n∑
j=1
Ytj−1

n∑
j=1

[
hj−1(β̃)−hj−1(β0)

]
.

Using (3.35) and Lemma 3.3, it follows that

ι1,n=(λ̃−λ0)2op(n). (3.88)

We use Lemma 3.1 and the result of it, that is,

1
n

n∑
j=1

cos(ω̃tj−1+ωtj)= 1
2n+o

( 1
Tn

)
,

to obtain that

ι2,n=n
{
qK(Ã,B̃)+ 1

2 +o
( 1
Tn

)}
, (3.89)

where qK(Ã,B̃) is defined in (3.33). By Lemma 3.3, using the fact that

sup
ω

∣∣∣∣∣∣ 1
n−1

n−1∑
j=1

Ytjcos(ωtj+1)

∣∣∣∣∣∣ p−→0,

we find that
ι3,n=−2(λ̃−λ0)op(

√
n). (3.90)
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Therefore, plugging (3.88), (3.89), and (3.90) to (3.87), we can deduce

1
n

{
E0


∣∣∣∣∣∣
n∑
j=1

(
aj−1(θ̃n)−aj−1(θ0)

)∣∣∣∣∣∣
2
}

1
2

≤O
( 1√

n

)
.

Now, let us look at the first term in the right-hand side of (3.86). In a quite similar
manner as above, for the diagonal element

√
Tn, and recalling (3.3), we have

E0

∣∣∣∣∣∣ 1
Tn

n∑
j=1

∆jY
(
∂2
θaj−1(θ̃n)−∂2

θaj−1(θ0)
)∣∣∣∣∣∣


≤ 1
Tn

{
E0


∣∣∣∣∣∣
n∑
j=1

{∫
j
as(θ̃n)ds+σ∆jw

}(
∂2
θaj−1(θ̃n)−∂2

θaj−1(θ0)
)∣∣∣∣∣∣

2
}

1
2

≤ 1
Tn

{
E0

[∣∣∣∣∫
j
(1+|ys|)ds

∣∣∣∣2
]}1

2

O
(√
n
)
= h

Tn

{
1+ sup

s≤Tn
E0[|ys|2]

}1
2
O
(√
n
)
.O

( 1√
n

)
.

We can obtain similarly for the case of the diagonal element
√
Tn with

√
T 3
n;
√
T 3
n, so this

completes the proof.

Lemma 3.12. We have

1√
Tn

n∑
j=1

[∆jY −aj−1(θ0)h]∂θaj−1(θ0)− σ√
Tn

∫ Tn

0
∂θat(θ0)dwt

p−→0. (3.91)

Proof. First, concerning the diagonal element
√
Tn, we have

1√
Tn

n∑
j=1

[∆jY −aj−1(θ0)h−σ∆jw+σ∆jw]∂θaj−1(θ0)− σ√
Tn

∫ Tn

0
∂θat(θ0)dwt

= 1√
Tn

n∑
j=1

[∆jY −aj−1(θ0)h−σ∆jw]∂θaj−1(θ0)+ σ√
Tn

{
n∑
j=1

∆jw∂θaj−1(θ0)−
∫ Tn

0
∂θat(θ0)dwt

}
.

(3.92)

We observe the first term of the right-hand side of (3.92). Again, recall (3.3). Then

1√
Tn

E0

∣∣∣∣∣∣
n∑
j=1

(∆jY −σ∆jw−aj−1(θ0)h)∂θaj−1(θ0)

∣∣∣∣∣∣


≤ 1√
Tn

{
E0


∣∣∣∣∣∣
n∑
j=1

[∫
j
as(θ0)ds−aj−1(θ0)h

]
∂θaj−1(θ0)

∣∣∣∣∣∣
2
}

1
2

.
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For r is an arbitrary element of N with r<n, we have∣∣∣∣∣∣
n∑
j=1

∫
j
as(θ0)ds−aj−1(θ0)h

∣∣∣∣∣∣
2

≤
n∑
j=1

[∫
j
as(θ0)ds−aj−1(θ0)h

]2
+2
{
n−1∑
j=1

[∫
j
as(θ0)ds−aj−1(θ0)h

][∫
j+1

as(θ0)ds−aj(θ0)h
]

+···+
n−r∑
j=1

[∫
j
as(θ0)ds−aj−1(θ0)h

][∫
j+r

as(θ0)ds−aj+r(θ0)h
]}
,

thus we obtain

1√
Tn

E0

∣∣∣∣∣∣
n∑
j=1

(∆jY −σ∆jw−aj−1(θ0)h)∂θaj−1(θ0)

∣∣∣∣∣∣


≤ 1√
Tn

{
O(max{nh3,(n−1)h3,(n−2)h3+···+(n−r)h3})

}1
2
O(
√
n)=O

(√
nh2

)
. (3.93)

Result (3.93) indicates that condition (1.9) is necessary in the study. Similarly, for the second
term of the right-hand side of (3.92), we get

σ√
Tn

E0

∣∣∣∣∣∣
n∑
j=1

∆jw∂θaj−1(θ0)−
∫ Tn

0
∂θat(θ0)dwt

∣∣∣∣∣∣


≤ σ√
Tn

{
E0

∣∣∣∣∣
∫ Tn

0
∂θas(θ0)dws−

∫ Tn

0
∂θat(θ0)dwt

∣∣∣∣∣
2
}1

2

≤ σ√
Tn

{
E0

∣∣∣∣∣C0
∫ Tn

0
dwu

∣∣∣∣∣
2
E0

[
|Ys−Yt|2

]}1
2

.O(
√
h), (3.94)

with C0>0. Having (3.93) and (3.94), we obtain Lemma 3.12.

The result is true for the diagonal element
√
T 3
n.

Lemma 3.13. We have

1
Tn

n∑
j=1

[∆jY −aj−1(θ0)h]∂2
θaj−1(θ0)− σ

Tn

∫ Tn

0
∂2
θat(θ0)dwt

p−→0.

Proof. We show Lemma 3.13 in a similar manner to Lemma 3.12. Note that

E0

∣∣∣∣∣∣ 1
Tn

n∑
j=1

[∆jY −aj−1(θ0)h−σ∆jw]∂2
θaj−1(θ0)

∣∣∣∣∣∣
≤O(√h), (3.95)

E0

∣∣∣∣∣∣ σTn
{ n∑
j=1

∆jw∂
2
θaj−1(θ0)−

∫ Tn

0
∂2
θat(θ0)dwt

}∣∣∣∣∣∣
≤O( 1√

n

)
, (3.96)
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then the proof is complete.

The result is true for the diagonal element
√
Tn with

√
T 3
n;
√
T 3
n.

The asymptotic behavior of the LSE of θ is given in the following Theorem.

Theorem 3.14. We have

Dn

(
θ̂n−θ0

) L−→N2K+2
(
0,σ2M0(θ0)−1

)
, (3.97)

where

• we recalled θ with order θ=(λ,A1,B1,...,AK,BK,δ);

• Dn is defined in (3.85);

• M0(θ0) is a (2K+2)×(2K+2) matrix, with general form as follows:

M0(θ0):=



C 0 0 0 0 ... 0 0 0
1
2 0 0 0 ... 0 0 2πB0,1

4
1
2 0 0 ... 0 0 −2πA0,1

4
1
2 0 ... 0 0 4πB0,2

4
1
2 ... 0 0 −4πA0,2

4
... ...

...
...

1
2 0 2KπB0,K

4
1
2 −2KπA0,K

4

Sym. 4π2K2(A2
0,K+B2

0,K)
6



, (3.98)

with C (3.36).

Proof. We will follow the route of the Central Limit Theorem of a stochastic process of
Theorem 5.5.1 of [Fuller, 2009]. First of all, we denote by ∂θQn(θ0) a (2K+2)×1 vector of
the first derivative,

∂θQn(θ0):=(∂λQn(θ0),∂A1Qn(θ0),∂B1Qn(θ0),...,∂AKQn(θ0),∂BKQn(θ0),∂δQn(θ0))>, (3.99)

and ∂2
θQn(θ0) the (2K+2)×(2K+2) matrix,

∂2
θQn(θ0):=



∂2
λ2Qn ∂2

λA1
Qn ∂2

λB1
Qn ... ∂2

λAK
Qn ∂2

λBK
Qn ∂2

λδQn
∂2
A1λ

Qn ∂2
A2

1
Qn ∂2

A1B1
Qn ... ∂2

A1AK
Qn ∂2

A1BK
Qn ∂2

A1δ
Qn

∂2
B1λ

Qn ∂2
B1A1

Qn ∂2
B2

1
Qn ... ∂2

B1AK
Qn ∂2

B1BK
Qn ∂2

B1δ
Qn

...
...

... . . . ...
...

...
∂2
AKλ

Qn ∂2
AKA1

Qn ∂2
AKB1

Qn ... ∂2
A2
K
Qn ∂2

AKBK
Qn ∂2

AKδ
Qn

∂2
BKλ

Qn ∂2
BKA1

Qn ∂2
BKB1

Qn ... ∂2
BKAK

Qn ∂2
B2
K
Qn ∂2

BKδ
Qn

∂2
δλQn ∂2

δA1
Qn ∂2

δB1
Qn ... ∂2

δAK
Qn ∂2

δBK
Qn ∂2

δ2Qn


.(3.100)
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By utilizing Taylor series expansions about θ0, it can be shown that

D−1
n ∂θQn(θ0)=

[
−D−1

n ∂2
θQn

(
θ̃n
)
D−1
n

][
Dn

(
θ̂n−θ0

)]
, (3.101)

where θ̃n is on the line joining θ̂n and θ0. Set

Mn(θ0):=
[
−D−1

n ∂2
θQn(θ0)D−1

n

]
, (3.102)

then by (3.101), Lemma 3.11, Lemma 3.13 and Lemma 3.12, it suffices to show that there
exists a fixed matrix M0(θ0) such that

Mn(θ0) p−→M0(θ0), (3.103)

and [
D−1
n ∂θQn(θ0)

] L−→N2K+2
(
0,σ2M0(θ0)

)
. (3.104)

To prove (3.103), we define the following.

zn1,j(θ0):= h

Tn
[∂λ,A,Baj−1(θ0)]2; (3.105)

zn2,j(θ0):= h

T 2
n

[∂λ,A,Baj−1(θ0)][∂δaj−1(θ0)]; (3.106)

zn3,j(θ0):= h

T 3
n

[∂δaj−1(θ0)]2. (3.107)

Here and in the sequel, ∂θi,θl,θma denotes the first derivative of a with respect to θi, θl, and
θm, respectively. First, we observe (3.105). We find

n∑
j=1

Ej−1
0

[1
n

[∂λaj−1(θ0)]2
]

= 1
n

n∑
j=1
Y 2
tj−1, (3.108)

and also,

n∑
j=1

Ej−1
0

[(
h

Tn
[∂λaj−1(θ0)]2

)2]
= 1
n2

n∑
j=1

[∂λaj−1(θ0)]4 = 1
n

{
1
n

n∑
j=1
Y 4
j−1

}
. (3.109)

Since we have (3.42) then we obtain

n∑
j=1

Ej−1
0

[(
h

Tn
[∂λaj−1]2

)2]
p−→0. (3.110)

Having (3.108) with (3.35) and (3.36); (3.109) in hand, then we have

1
n

n∑
j=1

[∂λaj−1(θ0)]2 p−→C, (3.111)
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with C (3.36).
Observe that

n∑
j=1

Ej−1
0

[1
n

[∂λaj−1(θ0)][∂AKaj−1(θ0)]
]

=−1
n

n∑
j=1
Ytj−1cos(ω0,Ktj−1). (3.112)

By applying Lemma 3.3 to (3.112), and using the fact

n∑
j=1

Ej−1
0

[(
h

Tn
[∂λaj−1(θ0)][∂AKaj−1(θ0)]

)2]
= 1
n

{
1

2n

n∑
j=1
Y 2
tj−1cos(ω0,Ktj−1)+ 1

2n

n∑
j=1
Y 2
tj−1

}
;

by using Lemma 3.4, (3.35), (3.36) , then ∑n
j=1E

j−1
0

[(
h
Tn

[∂λaj−1(θ0)][∂AKaj−1(θ0)]
)2
]
p−→ 0.

Thus
1
n

n∑
j=1

[∂λaj−1(θ0)][∂AKaj−1(θ0)] p−→0. (3.113)

Quite similar to (3.113), we get

1
n

n∑
j=1

[∂λaj−1(θ0)][∂BKaj−1(θ0)] p−→0, (3.114)

and
1
n

n∑
j=1

[∂AKaj−1(θ0)][∂BLaj−1(θ0)] p−→0, (3.115)

for any L∈N.
By Lemma 3.1, furthermore, it is easy to find that

n∑
j=1

Ej−1
0

[1
n

[∂AKaj−1(θ0)]2
]

= 1
n

n∑
j=1

cos2(ω0,Ktj−1)= 1
2 +o

( 1
Tn

)
;

and
n∑
j=1

Ej−1
0

[(1
n

[∂AKaj−1(θ0)]2
)2
]

= 1
n2

n∑
j=1

cos4(ω0,Ktj−1)= 1
n

{
3
8 +o

( 1
Tn

)}
,

therefore,
1
n

n∑
j=1

[∂AKaj−1(θ0)]2 p−→ 1
2 . (3.116)

In a quite similar manner to (3.116), we obtain

1
n

n∑
j=1

[∂BKaj−1(θ0)]2 p−→ 1
2 . (3.117)

Using Lemma 3.1, in the same way as (3.111)-(3.117), we find

1
n

n∑
j=1

[∂AKaj−1(θ0)][∂ALaj−1(θ0)] p−→0, (3.118)
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and
1
n

n∑
j=1

[∂BKaj−1(θ0)][∂BLaj−1(θ0)] p−→0, (3.119)

where K 6=L.
We are done with (3.105). Now, we turn to (3.106). Recalling (3.80), we find that

n∑
j=1

Ej−1
0

[
h

T 2
n

[∂λaj−1(θ0)][∂δaj−1(θ0)]
]

=K̃ h

T 2
n

n∑
j=1
Ytj−1tj−1

{
A0,Ksin(ω0,Ktj−1)−B0,Kcos(ω0,Ktj−1)

}
,

applying Corollary 3.5, we have

n∑
j=1

Ej−1
0

[
h

T 2
n

[∂λaj−1(θ0)][∂δaj−1(θ0)]
]
p−→0. (3.120)

Also, we can obtain

n∑
j=1

Ej−1
0

[(
h

T 2
n

[∂λaj−1(θ0)][∂δaj−1(θ0)]
)2]

= h2

T 4
n

n∑
j=1
Y 2
tj−1t

2
j−1

{
A2

0,Ksin2(ω0,Ktj−1)+B2
0,Kcos2(ω0,Ktj−1)+2A0,KB0,Ksin(ω0,Ktj−1)cos(ω0,Ktj−1)

}
,

(3.121)

Applying (3.35) for the first and the second term of the right hand side of (3.121); Corollary
3.5 for the last term of the right hand side of (3.121), we get

n∑
j=1

Ej−1
0

[(
h

T 2
n

[∂λaj−1(θ0)][∂δaj−1(θ0)]
)2]

p−→0,

therefore, together with (3.120), we have

h

T 2
n

n∑
j=1

[∂λaj−1(θ0)][∂δaj−1(θ0)] p−→0. (3.122)

Next, we observe

n∑
j=1

Ej−1
0

[
h

T 2
n

[∂AKaj−1(θ0)][∂δaj−1(θ0)]
]

=− h

T 2
n

{
K̃A0,K

n∑
j=1
tj−1cos(ω0,Ktj−1)sin(ω0,Ktj−1)−K̃B0,K

n∑
j=1
tj−1cos2(ω0,Ktj−1)

}
. (3.123)

Applying Corollary 3.2, Lemma 3.1 to the first term and the last term of the right hand side
of (3.123), respectively; using the fact

n∑
j=1

Ej−1
0

[(
h

T 2
n

[∂AKaj−1(θ0)][∂δaj−1(θ0)]
)2]

p−→0,
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we thus find
h

T 2
n

n∑
j=1

[∂AKaj−1(θ0)][∂δaj−1(θ0)] p−→ K̃B0,K
4 . (3.124)

Quite similarly to (3.124), we can obtain

h

T 2
n

n∑
j=1

[∂BKaj−1(θ0)][∂δaj−1(θ0)] p−→−K̃A0,K
4 . (3.125)

Last, we look at case (3.107):

n∑
j=1

Ej−1
0

[
h

n3h3 [∂δaj−1(θ0)]2
]

= h

T 3
n

n∑
j=1

[
−tj−1K̃(A0,Ksin(ω0,Ktj−1)−B0,Kcos(ω0,Ktj−1))

]2
= h

T 3
n

n∑
j=1
t2j−1K̃

2
(
A2

0,Ksin2(ω0,Ktj−1)+B2
0,Kcos2(ω0,Ktj−1)

)

− 2A0,KB0,K
h

T 3
n

n∑
j=1
t2j−1K̃

2sin(ω0,Ktj−1)cos(ω0,Ktj−1).(3.126)

By Lemma 3.1 to the first and the second term of the right hand side of (3.126); Corollary
3.2 to the last term of the right hand side of (3.126); also, together with

n∑
j=1

Ej−1
0

[(
h

n3h3 [∂δaj−1(θ0)]2
)2]

p−→0,

then we can deduce that

h

n3h3

n∑
j=1

[∂δaj−1(θ0)]2 p−→ K̃2

6
[
A2

0,K+B2
0,K

]
. (3.127)

From (3.111)-(3.127), (3.102), with (3.85) and (3.100), we can deduce that there exists
M0(θ0) (3.98) such that (3.103) holds (see Appendix C for the positive semi-definite of the
matrix).

Now, we turn to the proof of

sup
θ
|Mn(θ)−M0(θ)| p−→0 as n→∞. (3.128)

Let
M1,n(θ):=− 1

Tn

n∑
j=1

{
[∆jY −aj−1(θ)h]∂2

θaj−1(θ)−h[∂θaj−1(θ)]2
}
. (3.129)

From (3.129), we get
sup
λ
|m1,n(θ)| p−→0, (3.130)
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where

m1,n(θ)=− 1
Tn

n∑
j=1

{
[∆jY −aj−1(θ0)h]∂2

λaj−1(θ0)−h[∂λaj−1(θ0)]2
}

+∂λM1,n(λ̃)(λ−λ0)−C.

Using Lemma 3.13; (3.111), and ∂λM1,n(λ̃)=op(1), then we have

sup
λ
|m1,n(θ)|

≤sup
λ

{∣∣∣∣∣∣− 1
Tn

n∑
j=1

[∆jY −aj−1(θ0)h]∂2
λaj−1(θ0)

∣∣∣∣∣∣+
∣∣∣∣∣∣ hTn

n∑
j=1

[∂λaj−1(θ0)]2−C

∣∣∣∣∣∣+
∣∣∣∂λM1,n(λ̃)(λ−λ0)

∣∣∣}

=op(1).

Quite similarly to above and using (3.116), we get

sup
AK

|m2,n(θ)| p−→0, (3.131)

where

m2,n(θ) = − 1
Tn

n∑
j=1

{
[∆jY −aj−1(θ0)h]∂2

AK
aj−1(θ0)−h[∂AKaj−1(θ0)]2

}

+ ∂AKM1,n(ÃK)(AK−A0,K)−1
2 .

And by using(3.117),
sup
BK

|m3,n(θ)| p−→0, (3.132)

where

m3,n(θ) = − 1
Tn

n∑
j=1

{
[∆jY −aj−1(θ0)h]∂2

BK
aj−1(θ0)−h[∂BKaj−1(θ0)]2

}

+ ∂BKM1,n(B̃K)(BK−B0,K)−1
2 .

Following the same lines as (3.130)-(3.132), by applying (3.113)-(3.115), (3.118), and
(3.119), respectively, we obtain

sup
AK

|m4,n(θ)| p−→0, sup
BK

|m5,n(θ)| p−→0,

sup
AK

|m6,n(θ)| p−→0, sup
AK

|m7,n(θ)| p−→0, sup
BK

|m8,n(θ)| p−→0, (3.133)

where

m4,n(θ) = − 1
Tn

n∑
j=1

{
[∆jY −aj−1(θ0)h]∂2

λAK
aj−1(θ0)−h[∂λaj−1(θ0)][∂AKaj−1(θ0)]

}
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+ ∂AKM1,n(ÃK)(AK−A0,K),

m5,n(θ) = − 1
Tn

n∑
j=1

{
[∆jY −aj−1(θ0)h]∂2

λBK
aj−1(θ0)−h[∂λaj−1(θ0)][∂BKaj−1(θ0)]

}
+ ∂BKM1,n(B̃K)(BK−B0,K),

m6,n(θ) = − 1
Tn

n∑
j=1

{
[∆jY −aj−1(θ0)h]∂2

AKBL
aj−1(θ0)−h[∂AKaj−1(θ0)][∂BLaj−1(θ0)]

}
+ ∂AKM1,n(ÃK)(AK−A0,K), L∈N,

m7,n(θ) = − 1
Tn

n∑
j=1

{
[∆jY −aj−1(θ0)h]∂2

AKAL
aj−1(θ0)−h[∂AKaj−1(θ0)][∂ALaj−1(θ0)]

}
+ ∂AKM1,n(ÃK)(AK−A0,K), K 6=L,

m8,n(θ) = − 1
Tn

n∑
j=1

{
[∆jY −aj−1(θ0)h]∂2

BKBL
aj−1(θ0)−h[∂BKaj−1(θ0)][∂BLaj−1(θ0)]

}
+ ∂BKM1,n(B̃K)(BK−B0,K), K 6=L.

We move to the following

M2,n(θ):=− 1
T 3
n

n∑
j=1

{
[∆jY −aj−1(θ)h]∂2

θaj−1(θ)−h[∂θaj−1(θ)]2
}
. (3.134)

Using (3.134) and (3.127), with similar proof to (3.129)-(3.133), we find

sup
δ
|m9,n(θ)| p−→0, (3.135)

where

m9,n(θ) = − 1
T 3
n

n∑
j=1

{
[∆jY −aj−1(θ0)h]∂2

δaj−1(θ0)−h[∂δaj−1(θ0)]2
}

+ ∂δM2,n(δ̃)(δ−δ0)− K̃
2

6 [A2
0,K+B2

0,K].

At last, we define

M3,n(θ):=− 1
T 2
n

n∑
j=1

{
[∆jY −aj−1(θ)h]∂2

θaj−1(θ)−h[∂θaj−1(θ)]2
}
. (3.136)

Based on (3.136), together with (3.122), (3.124), and (3.125), respectively, we get

sup
λ
|m10,n(θ)| p−→0, sup

AK

|m11,n(θ)| p−→0, sup
BK

|m12,n(θ)| p−→0, (3.137)

where

m10,n(θ) = − 1
T 2
n

n∑
j=1

{
[∆jY −aj−1(θ0)h]∂2

λδaj−1(θ0)−h[∂λaj−1(θ0)][∂δaj−1(θ0)]
}
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+ ∂λM3,n(λ̃)(λ−λ0),

m11,n(θ) = − 1
T 2
n

n∑
j=1

{
[∆jY −aj−1(θ0)h]∂2

AKδ
aj−1(θ0)−h[∂AKaj−1(θ0)][∂δaj−1(θ0)]

}

+ ∂AKM3,n(ÃK)(AK−A0,K)− K̃B0,K
4 ,

m12,n(θ) = − 1
T 2
n

n∑
j=1

{
[∆jY −aj−1(θ0)h]∂2

BKδ
aj−1(θ0)−h[∂BKaj−1(θ0)][∂δaj−1(θ0)]

}

+ ∂BKM3,n(B̃K)(BK−B0,K)−
(
−K̃A0,K

4

)
.

Finally, (3.128) holds through (3.130)-(3.137).
We turn to prove (3.104) with define

Sn1,j(θ0):= σ√
Tn

∆jw∂λaj−1(θ0),

Sn2,K,j(θ0):= σ√
Tn

∆jw∂AKaj−1(θ0),

Sn3,K,j(θ0):= σ√
Tn

∆jw∂BKaj−1(θ0),

Sn4,j(θ0):= σ√
T 3
n

∆jw∂δaj−1(θ0).

Observe that
n∑
j=1

Ej−1
0

[(
Sn1,j(θ0)

)2
]

=σ2 h

Tn

n∑
j=1

[∂λaj−1(θ0)]2,

and by plugging (3.111), we get

n∑
j=1

Ej−1
0

[(
Sn1,j(θ0)

)2
]
p−→σ2C, (3.138)

with C (3.36). Using a similar way to (3.138), by (3.116), (3.117), we obtain

n∑
j=1

Ej−1
0

[(
Sn2,K,j(θ0)

)2
]
p−→σ2 1

2 , (3.139)

and
n∑
j=1

Ej−1
0

[(
Sn3,K,j(θ0)

)2
]
p−→σ2 1

2 . (3.140)

Using (3.127), (3.113), (3.114), (3.122), (3.124), and (3.125) we have

n∑
j=1

Ej−1
0

[(
Sn4,j(θ)

)2
]
p−→σ2 K̃

2

6
[
A2

0,K+B2
0,K

]
, (3.141)

n∑
j=1

Ej−1
0

[
Sn1,j(θ0)Sn2,K,j(θ0)

]
p−→0, (3.142)
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n∑
j=1

Ej−1
0

[
Sn1,j(θ0)Sn3,K,j(θ0)

]
p−→0, (3.143)

n∑
j=1

Ej−1
0

[
Sn1,j(θ0)Sn4,j(θ0)

]
p−→0, (3.144)

n∑
j=1

Ej−1
0

[
Sn2,K,j(θ0)Sn4,j(θ0)

]
p−→σ2 K̃B0,K

4 , (3.145)

n∑
j=1

Ej−1
0

[
Sn3,K,j(θ0)Sn4,j(θ0)

]
p−→−σ2 K̃A0,K

4 . (3.146)

Since we have (3.118), (3.119), then we obtain

n∑
j=1

Ej−1
0

[
Sn2,K,j(θ0)Sn2,L,j(θ0)

]
p−→0, (3.147)

n∑
j=1

Ej−1
0

[
Sn3,K,j(θ0)Sn3,L,j(θ0)

]
p−→0, (3.148)

with K 6=L. Also, using (3.115),

n∑
j=1

Ej−1
0

[
Sn2,K,j(θ0)Sn3,L,j(θ0)

]
p−→0, (3.149)

with L∈N. From the properties of (3.138)-(3.149), and

n∑
j=1

Ej−1
0

[
Sni,·,j(θ0)

]
p−→0,

then we find (3.104). This completes the proof.

All Lemma and Theorem in Section 3.3 are the original finding of the thesis. The differ-
ence with the one provided in [Fuller, 2009], [Kundu and Nandi, 2012], [Rao and Rubin, 1979]
is the presence of the continuous-time signal in the SDE (2.1). This function should be treated
with specific techniques in detail (e.g., A/D signal conversion). From the findings, we claim
the rate convergence of (λ,A,B) at

√
nh, while the rate convergence of δ at

√
n3h3.
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Chapter 4

Numerical Experiments

[Gross and Galiana, 1987] defined electric power systems’ short-term load forecasting
as dealing with the prediction of the order of minutes, hours, and half hours up to 168 hours or
a few weeks for the short-term problem. Whereas [Abu-Shikhah and Elkarmi, 2011] classified
forecasting frames into long-term forecasting (1-20 years), medium-term (1-12 months),
short-term (1-4 weeks), and very short-term (1-7 days ahead).

The numerical examples are presented to verify our theoretical findings in the previous
section. We do a simulation study in Section 4.1, and we illustrate the proposed model (2.1) by
describing the electric power and energy systems, namely: electricity load from Tokyo Electric
Power Company (TEPCO), the energy consumption of light fixtures in one Belgium household,
France household electric power, and a case study of Tetouan city’s power consumption in
Section 4.2. All calculations in the empirical results have been performed in the R program.

4.1 Simulation Study

Consider the cases of diffusion σ=1. The simulation consists of the following steps:

1. Set a particular number of sinusoidal signals K, and step size h, we approximate n
elements {(Ytj)nj=0} of (3.1) with θ0, following the model setting in (2.1) and (1.4).

2. We estimate {θ̂in}Li=1 by the optim function to be minimized is given by

n∑
j=1

1
h

{
Ytj−

(
Ytj−1−λhYtj−1 +h hj−1(β)

)}2
, (4.1)

where L denotes the number of replicated runs.

3. Using the result in step 2, we calculate the mean and standard deviation of their
estimates (stdev), then graph the histogram. The mean of their estimates and standard
deviation of {λ̂i}Li=1,

λ̂= 1
L

L∑
i=1
λ̂i
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Table 4.1: The performance of the estimates concerning model (2.1), for K=2, and considered
n and h. The mean estimates is given with their standard deviation in parenthesis

Tn=10 Tn=12.248 Tn=14.491
nh2 =1 nh2 =0.5 nh2 =0.3

λ0 =1 1.821 1.252 1.006
(0.207) (0.057) (0.028)

A0,1 =1.5 1.179 1.608 1.520
(0.211) (0.052) (0.028)

B0,1 =1.5 1.731 1.476 1.466
(0.179) (0.066) (0.032)

A0,2 =1.5 1.279 1.579 1.594
(0.401) (0.104) (0.062)

B0,2 =1.5 1.717 1.287 1.430
(0.344) (0.117) (0.063)

δ0 =0.785 0.784 0.783 0.784
(0.002) (0.0006) (0.0005)

and

stdev
(
λ̂
)

=

√√√√ 1
L−1

L∑
i=1

(
λ̂i−λ̂

)2
,

respectively. Similar arguments on the mean estimates and the standard deviation of
the other estimates.

We perform simulations for K=2 and K=3. The mean of their estimates and their stan-
dard deviation are reported in Table 4.1, for K=2 over L=2000, and considered (n,h), namely
(100,0.1);(300,0.041), and (700,0.021). Whereas Table 4.2, for K=3 over L=1000, and con-
sidered (n,h), namely (100,0.1);(300,0.045), and (800,0.019). The histogram of both simulations
is shown in Figure 4.1 and Figure 4.2. Note that in the theoretical view, we have set Tn→∞
and nh2→0. In our simulation, Tn and nh2 are set as mentioned in Table 4.1 and Table 4.2. It
follows from Table 4.2 and Table4.1, the estimates seem better, in which nh2 decreases and Tn
increases as well. This evidence is consistent with our theoretical findings in the previous section.
From Figure 4.1 and Figure 4.2, we can see the histograms are approximately normal distributed.
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(a) λ̂ (b) Â1 (c) B̂1

(d) Â2 (e) B̂2 (f) δ̂
The histogram for (n,h)=(100,0.1), with θ0 =(1,1.5,1.5,1.5,1.5,0.785).

(g) λ̂ (h) Â1 (i) B̂1

(j) Â2 (k) B̂2 (l) δ̂
The histogram for (n,h)=(300,0.041), with θ0 =(1,1.5,1.5,1.5,1.5,0.785).

(m) λ̂ (n) Â1 (o) B̂1

(p) Â2 (q) B̂2 (r) δ̂
The histogram for (n,h)=(700,0.021), with θ0 =(1,1.5,1.5,1.5,1.5,0.785).

Figure 4.1: Histogram of {θ̂in}Li=1 with L = 2000. The normal curve (solid blue line) is
superimposed on the histogram.
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Table 4.2: The performance of the estimates concerning model (2.1), for K=3, and considered
n and h. The mean estimates is given with their standard deviation in parenthesis

Tn=10 Tn=13.416 Tn=15.492
nh2 =1 nh2 =0.6 nh2 =0.3

λ0 =1 1.876 1.324 0.972
(0.170) (0.061) (0.043)

A0,1 =2 1.544 1.894 2.085
(0.171) (0.063) (0.051)

B0,1 =2 2.349 2.279 1.940
(0.147) (0.073) (0.058)

A0,2 =2 1.396 2.056 2.112
(0.246) (0.089) (0.088)

B0,2 =2 2.268 1.912 1.884
(0.226) (0.086) (0.093)

A0,3 =2 1.766 2.057 2.082
(0.312) (0.124) (0.117)

B0,3 =2 2.041 1.855 1.850
(0.322) (0.119) (0.137)

δ0 =0.8 0.801 0.800 0.780
(0.001) (0.0003) (0.0003)
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(a) λ̂ (b) Â1 (c) B̂1 (d) Â2

(e) B̂2 (f) Â3 (g) B̂3 (h) δ̂
The histogram for (n,h)=(100,0.1), with θ0 =(1,2,2,2,2,2,2,0.8).

(i) λ̂ (j) Â1 (k) B̂1 (l) Â2

(m) B̂2 (n) Â3 (o) B̂3 (p) δ̂
The histogram for (n,h)=(300,0.045), with θ0 =(1,2,2,2,2,2,2,0.8).

(q) λ̂ (r) Â1 (s) B̂1 (t) Â2

(u) B̂2 (v) Â3 (w) B̂3 (x) δ̂
The histogram for (n,h)=(800,0.019), with θ0 =(1,2,2,2,2,2,2,0.8).

Figure 4.2: Histogram of {θ̂in}Li=1 with L = 1000. The normal curve (solid blue line) is
superimposed on the histogram.
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4.2 Application to electric power and energy systems

The following is a list of the methodology’s components considering the cases of diffusion
σ=1:

1. Set a particular number of sinusoidal signals K, and step size h for n samples of the
real dataset as (Ytj)nj=0 .

2. We set an initial of θ of (3.1), following the model setting in (2.1) and (1.4).

3. We estimate θ̂n of (Ytj)ntrj=0 by the optim function; recall that the objective function to
be minimized is

ntr∑
j=1

1
h

{
Ytj−

(
Ytj−1−λhYtj−1 +h hj−1(β)

)}2
, (4.2)

(see Appendix D for the convexity of the function).

4. Using the result in step 3, we calculate the Root Mean Squares Error (RMSE) of (Ytj)ntrj=0
and (Ytj)nntr+1, that is,√√√√ 1

ntr

ntr∑
j=1

{
Ytj−

(
Ytj−1−λhYtj−1 +h hj−1(β)

)}2
,

√√√√ 1
nts

n∑
ntr+1

{
Ytj−

(
Ytj−1−λhYtj−1 +h hj−1(β)

)}2
,

where nts is the number of test samples, and then observe the measurement in different
configurations of h,n and K.

We need to set an initial of θ to the equation in terms of the parenthesis of (4.2). This
term is used to perform the initial least-squares error. It returns a least-squares object. Then
the objective function is called to be optimized.

In this study, we implement a train-test split to evaluate the model that consists of
splitting the dataset into training and testing sets; namely, we select an arbitrary split point:
all records up to the split points are taken as the training dataset, and all the records from
the split point to the end of observations is taken as the test set. One set was then used
to train the model, and the testing dataset was used to evaluate the model (see, e.g., in
[Igual and Seguí, 2017] and [Brownlee, 2016]).

4.2.1 Electricity load from TEPCO

In this Section, we analyze the empirical performance of θ̂n of the past electricity demand
data with the theoretical values provided by the proposed model (2.1). A short-term dataset
was obtained from TEPCO Holdings’s files [TEPCO, 2016], and consisted of twenty-four-time
series, one for each hour during a day, of hourly power demand system electricity consumption,
with three decimal points.
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The twenty-four electricity consumption time series, for the seven years, starting April
1, 2016, and ending June 9, 2022, as a first casual look at the hourly system electricity (Y
represents the electricity load, in kW) time series in Figure 4.3, which exhibits a seasonal and
periodicity pattern. A repeating pattern within any fixed period is known as seasonal variation
([Metcalfe and Cowpertwait, 2009]), while a periodicity is a pattern in a time series that occurs at
regular time intervals ([Puech et al., 2019]). Figure 4.3 also shows a trend of mean reversion, that
is, when the load is high, its demand tends to increase, putting downforce on the load. Conversely,
when the load is low, the electricity demand tends to decrease, providing an uplift to the load.

Figure 4.3: Hourly System Electricity Time Series (2016-2022)

Table 4.3-4.5 summarizes the overall results of performance of θ̂n concerning model (2.1)
corresponding to different n and h for 2017, 2018, and 2019 loads; with their RMSE. We took
the past electricity demand data in the period January 17, 2017, to July 11, 2017; January 27 to
December 8, 2018; February 11 to June 16, 2019. From Table 4.3 and Table 4.5, it seems that
the models are overfitting. A model is overfitting if there exists a less complex model with a
lower test RMSE [Alshboul et al., 2022]. Overfitting indicates that the model fits the data very
well, but due to the complexity of the pattern of the seasonality for any particular time series, we
should care to predict the new data of the same system. Table 4.4 for n=7500 reports the results
that the models are relatively underfitting. A model is underfitting if there exists a more complex
model with lower test RMSE [Alshboul et al., 2022]. Further, the models seem underfitting.

In this case, and the sequel, we compare the performance of θ̂n with the least absolute
deviation-estimators (LADE), θ̌n; just for computationally comparisons. With the same
methodology step in Section 4.2, excluding step 3, and change the objective function (4.2) with
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Table 4.3: The performance of θ̂n concerning model (2.1), for electricity load in 2017, and
considered n and h; just for comparison. The RMSE of the train is given with the RMSE
of the test in parenthesis

θ̂n h=0.03 n=4000
n=4100 n=4200 h=0.03 h=0.09 h=0.3

λ̂ 0.005 0.005 0.005 0.002 0.0005
Â1 1.513 1.524 1.529 1.374 1.523
B̂1 1.782 1.787 1.780 1.810 1.674
Â2 1.528 1.492 1.499 1.528 1.442
B̂2 1.754 1.753 1.756 1.801 1.619
δ̂ 1.530 1.546 1.526 1.523 1.829
RMSE 528.936 541.560 527.781 527.764 527.790

(1058.368) (1168.052) (838.256) (838.063) (838.160)

Table 4.4: The performance of θ̂n concerning model (2.1), for electricity load in 2018, and
considered n and h; just for comparison. The RMSE of the train is given with the RMSE
of the test in parenthesis

θ̂n h=0.07 n=7500
n=7450 n=7550 h=0.7 h=0.1 h=0.07

λ̂ 0.0007 0.0007 0.00007 0.0005 0.0007
Â1 1.517 1.516 1.431 1.481 1.538
B̂1 1.798 1.791 1.916 1.873 1.799
Â2 1.497 1.506 1.498 1.439 1.497
B̂2 1.765 1.762 1.734 1.794 1.754
δ̂ 1.517 1.531 1.500 1.506 1.522
RMSE 779.218 775.608 778.058 777.130 777.139

(451.756) (480.421) (463.496) (462.103) (462.057)

Table 4.5: The performance of θ̂n concerning model (2.1), for n=3000 of electricity load in
2019, and considered h; just for comparison. The RMSE of the train is given with the RMSE
of the test in parenthesis

n=3000
θ̂n h=0.05 h=0.065 h=0.071

λ̂ 0.005 0.004 0.004
Â1 0.693 0.681 0.699
B̂1 0.960 0.974 0.977
Â2 0.608 0.605 0.596
B̂2 0.846 0.836 0.838
δ̂ 0.575 0.568 0.567
RMSE 610.483 (921.875) 610.486 (921.974) 610.479(921.990)
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the LADE, that is,

θ̌n∈argmin
θ

n∑
j=1

∣∣∣Ytj−(Ytj−1−λhYtj−1 +hhj−1(β)
)∣∣∣.

It can be seen from Table 4.4; for electricity load in 2018, n= 7500;h= 0.1,0.07, and
Table 4.6, that the performance of the LSE is better than the LADE.

Table 4.6: The performance of the θ̌n concerning model (2.1), for electricity load in 2018, and
considered n and h; just for comparisons. The RMSE of the train is given with the RMSE
of the test in parenthesis

n=7500 θ̌n RMSE
h=0.1 (0.001, 1.375, 1.842, 1.559, 1.840, 1.433) 781.582 (534.095)
h=0.07 (0.001, 1.595, 1.543, 1.610, 1.726, 1.701) 781.570 (533.819)

4.2.2 Belgium household appliances energy

This study was applied to real data for the energy consumption of light fixtures in one Bel-
gium household. These data are available at [UCIMachineLearningRepository, 2017] and the
relevant paper at [Candanedo et al., 2017]. The dataset contains 19737 energy uses in the house-
hold with a ten-minute sampling rate over a period from January 11, to May 27, 2016. We use a
train-test split of 67% to visualize the energy use plotted in Figure 4.4 which shows (Ytj)nj=0 and(

Ytj−1−λhYtj−1 +h hj−1(β)
)
, j=1,...,n (4.3)

of energy. We can see that the periodicity of ht(β) (see (1.2), (1.4) and (1.5)) can be seen from its
repeated pattern over identical subsequent periods, which is finally shown in (4.3); it seems that
the sample path (Ytj)nj=0 can be approximated by a sinusoidal signal processing hj−1(β) in (4.3).

Figure 4.4: (Ytj)1500
j=1006 (red) and (4.3) (black) curves for 67% split test 1500 sample set (period

from January 31, to February 3, 2016). Y in Watt-hour of active energy; time in hours.
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Table 4.7: The performance of θ̂n concerning model (2.1), for h=0.7, and considered n; just
for comparison. The performance of θ̌n is given in the square. The RMSE of the training is
given with the RMSE of the test in parenthesis

θ̂n n=18675 n=18700 n=18800

λ̂ 0.184 [-5.6e-05] 0.229 [0.227] 0.090 [-2.8e-05]
Â1 1.510 [1.538] 1.457 [1.483] 1.506 [1.528]
B̂1 1.680 [1.760] 1.758 [1.595] 1.855 [1.752]
Â2 1.517 [1.460] 1.478 [1.553] 1.506 [1.464]
B̂2 1.726 [1.746] 1.764 [1.639] 1.706 [1.755]
δ̂ 1.597 [1.687] 1.549 [1.754] 1.573 [1.690]
RMSE of the LSE 139.327 (136.860) 139.242 (136.946) 139.572(138.083)
RMSE of the LADE 108.699 (95.626) 139.257 (136.820) 107.737 (99.137)

When a train-test split of 90%, the results of the performance of the estimators and the
RMSE of the training and testing are given in Table 4.7. From the training and testing of RMSE,
the model is relatively underfitting. It follows that the forecast results obtained from the proposed
model (2.1) with the LSE listed in Table 4.7 can be used in a ten-minute sampling of appliances’
energy consumption with a large number of observations (period of measurement: January 18
to May 27, 2016). From Table 4.7 we can analyze that the LSE is better than the LADE.

4.2.3 France household electric power consumption

The time series is composed of a one-minute sampling rate of electric power consumption
in a house located in Sceaux, Paris, France, between December 16, 2006, and ending December
13, 2008. The data set available at the [UCIMachineLearningRepository, 2012] is made
available under the “Creative Commons Attribution 4.0 International (CC BY 4.0)” license.
We considered four data of the energy consumed, namely:

• GAP represents the active energy consumed (in Wh) in the household by electrical
equipment not measured in SM1 and SM2;

• GRP represents the reactive energy consumed (in Wh) in the household by electrical
equipment not measured in SM1 and SM2;

• SM1 represents energy sub-metering no 1 (in Wh of active energy) corresponds to the
kitchen, containing mainly a dishwasher, an oven, and a microwave;

• SM2 represents energy sub-metering no 2 (in Wh of active energy) corresponds to the
laundry room, containing a washing machine, a tumble-drier, a refrigerator, and a light.

We analyze the empirical performance of θ̂n of the GAP and GRP; SM1 and SM2 with
a train-test split of 90%. The performance of θ̂n and the RMSE is reported in Tables 4.8 and
4.9. From Table 4.8, the test RMSE of GAP is greater than the train RMSE. Whereas, for
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Table 4.8: The performance of θ̂n concerning model (2.1) with n=900 of GAP and GRP, and
considered h; just for comparison. The RMSE of the train is given with the RMSE of the
test in parenthesis

θ̂n GAP GRP
h=0.7 h=0.8 h=0.7 h=0.8

λ̂ 0.002 0.002 0.053 0.067
Â1 0.485 0.487 0.510 0.539
B̂1 0.528 0.495 1.036 0.979
Â2 0.731 0.713 1.027 1.052
B̂2 0.360 0.464 0.812 3.527
δ̂ 0.848 0.761 0.694 0.643
RMSE 500.603 500.629 41.609 40.554

(506.358) (506.705) (27.995) (25.345)

Table 4.9: The performance of θ̂n concerningmodel (2.1), for SM1 and SM2, and considered n and
h; just for comparison. The RMSE of the train is given with the RMSE of the test in parenthesis

θ̂n SM1, n=2100 SM2, h=0.73
h=0.73 h=0.83 n=2100 n=5100 n=6100

λ̂ 0.399 0.265 −0.001 0.404 0.398
Â1 0.100 0.314 0.185 0.164 0.097
B̂1 0.500 0.193 0.021 0.489 0.499
Â2 0.699 0.744 0.570 0.719 0.712
B̂2 0.100 0.278 0.508 0.117 0.136
δ̂ 1.100 1.014 1.000 0.975 0.974
RMSE 6.738 6.742 9.546 12.220 12.021

(2.021) (2.051) (5.216) (6.653) (4.062)

GRP, the test RMSE decreases as the train RMSE. The results indicate the model of GAP
is overfitting, while the model of GRP is relatively underfitting.

As can be seen in Table 4.9, we can find out the fact that the test RMSE is less than
the train RMSE. The model of SM1 and SM2 tends to be underfitting. The seasonality of the
one-minute sampling rate of electric power consumption in the kitchen (period from December
16, to December 18, 2006) and laundry room (period from December 16, to December 20,
2006), can be approximated by (2.1) with the same periodic sinusoidal signal that its estimator
listed in Table 4.9. This evidence indicates that the consumption of electric power in both
rooms has the same pattern of periodicity in the given periods. Further, we also deduce that
the performance of the LSE in Table 4.9 is better than the LADE in Table 4.10.

4.2.4 Power consumption of Tetouan city

According to reference [Salam and El Hibaoui, 2018], the data set that is available at
[UCIMachineLearningRepository, 2021] comprises the power consumption data (in kWh) in
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Table 4.10: The performance of θ̌n concerning model (2.1), for SM1 and SM2, and considered
n and h; just for comparison. The RMSE of the train is given with the RMSE of the test
in parenthesis

θ̌n SM1, n=2100 SM2, h=0.73
h=0.73 h=0.83 n=2100 n=5100 n=6100

λ̂ −0.0003 −0.0003 0.0001 5.3e−05 4.6e−05
Â1 0.158 0.250 0.314 0.176 0.175
B̂1 0.587 0.643 0.536 0.617 0.621
Â2 0.811 0.754 0.515 0.736 0.740
B̂2 0.303 0.344 0.370 0.340 0.346
δ̂ 0.977 0.834 0.974 0.944 0.932
RMSE 6.083 6.077 9.837 11.206 10.993

(0.681) (0.899) (5.216) (5.538) (3.015)

Table 4.11: The performance of θ̂n concerning model (2.1), and considered n and h; just for
comparison. The RMSE of the train is given with the RMSE of the test in parenthesis

θ̂n Quads, n=3000 Smir, n=4000 Boussafou, n=4000
h=0.002 h=0.003 h=0.002 h=0.003 h=0.002 h=0.003

λ̂ 0.070 0.047 0.013 0.009 0.055 0.036
Â1 0.191 0.192 0.186 0.184 0.147 0.184
B̂1 0.156 0.160 0.177 0.156 0.162 0.154
Â2 0.681 0.708 0.721 0.692 0.702 0.698
B̂2 0.412 0.432 0.454 0.441 0.457 0.423
δ̂ 0.145 0.095 0.102 0.152 0.110 0.166
RMSE8817.515 8817.581 4492.407 4492.372 5144.363 5144.285

(7755.679) (7756.834) (4505.368) (4505.327) (4443.826) (4443.972)

Tetouan city, collected every ten minutes from the supervisory control and data acquisition
system of Amendis company which is distributed the energy to the three different source
stations located in northern Morocco, namely Quads, Smir and Boussafou. We considered three
data of their power consumption. To conclude this Section, the performance of the LSE of the
power consumption of Quads, Smir, and Boussafou was analyzed with a train-test split of 90%.

We took the power consumption of Quads in the period January 14, to February 4, 2017;
Smir in the period February 11, to March 11, 2017, and Boussafou in the period January 7, to
February 4, 2017. Table 4.11 summarizes the results of the performance of θ̂n and the RMSE.
The test RMSE of Quads increases as the train RMSE; the test RMSE of Smir decreases as the
train RMSE; the test RMSE of Boussafou increases as the train RMSE decreases. The model
of Quads and Boussafou tend to be underfitting. For Quads and Boussafou; h=0.003, we can
see from Table 4.12 that the performance of the estimates of both is better than the LADE.
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Table 4.12: The performance of θ̌n concerning model (2.1). The RMSE of the train is given
with the RMSE of the test in parenthesis

h=0.003 θ̌n RMSE
Quads (0.046, -0.146, 0.335, 0.461, 0.361, 0.226) 8817.986 (7670.666)
Boussafou (0.043, 0.201, 0.115, 0.686, 0.331, 0.156) 5194.563 (5041.249)

4.3 Summary of the numerical experiments

From Subsection 4.2.1-4.2.4 we can summarize the following.

1. The salient feature of electricity consumption is seasonality. The hourly electricity load
of TEPCO (Subsection 4.2.1) shows that the seasonality of the past electricity demand in
the period January 27 to December 8, 2018, can be approximated by a periodic sinusoidal
signal processing model ht(β) in the drift of (1.1). Further, the proposed model (2.1)
can be used for medium-term forecasting using hour-by-hour Japan electricity load data.

2. A ten-minute sampling of appliances’ energy consumption has been used in Belgium
households (Subsection 4.2.2). The results identify the seasonal energy use of appliances
in a low-energy house for a medium-term problem, say, the period January 18 to May
27, 2016. We suspect that the impressive performance of the periodicity of ht(β) is
improved with the use of a large dataset. Our results confirm the findings in references
[Taylor et al., 2006] and [Gould et al., 2008], that is, the use of the periodic model needed
a longer time series to estimate the periodicity in the parameter, in our case, particularly in
view of a ten-minute sampling dataset measurement in medium-term forecasting problems.

3. The results of electric power in Subsection 4.2.3 indicate that the seasonality of the
one-minute sampling rate of the reactive energy consumed for December 16 to December
17, 2006, can be approximated by a periodic sinusoidal signal. Whereas, the seasonality
of the one-minute sampling rate of electric power consumption in the kitchen and laundry
room in the periods December 16 to December 20, 2006, can be approximated by (2.1)
with the same periodicity. Seasonality identification to manage building electrification
also has mentioned in [Buonocore et al., 2022], that is, the study proposed renewable
energy and seasonal energy storage by identifying the building electrification seasonality
of the electricity demand. The numerical studies confirm that the seasonality of a
time-inhomogeneous Ornstein–Uhlenbeck process led to a good result for very short-term
forecasting using minute-by-minute data.

4. In the given periods, the seasonality of power consumption of Quads and Boussafou
(Subsection 4.2.4) has similarities. This evidence is supported by the seasonality of ten
minutes of power consumption can be approximated by (2.1) with the same periodic
sinusoidal signal processing model. Furthermore, [Salam and El Hibaoui, 2018] confirms
the similarities because of the hot weather and vacation time. The results also confirm
that the seasonality of a time-inhomogeneous Ornstein–Uhlenbeck process can be used
for short-term forecasting with ten-minute-by-ten-minute data.
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From the numerical experiments, we can deduce the following.

• In the computational comparisons, the performance of the LSE is better than the LADE;

• The proposed model (2.1) can capture the seasonal variation in very short-term to
medium-term horizon forecasts. The performance of the estimates is very satisfactory
for very short-term problems. We presume this happens because of the sensitivity of
the periodic sinusoidal signal processing model in approaching the process, therefore, we
should take care in applying the model to the new systems in each term horizon forecast.
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Chapter 5

Summary and Future Works

In this thesis, we began by briefly discussing the difficulties in performing least-squares
inference of θ=(λ,A,B,δ) for observations modeled by the time-inhomogeneous signal processing
model in the drift of Ornstein–Uhlenbeck process. Many of these difficulties are caused by the fact
that, although the models exist in continuous time, the data are necessarily observed discretely
in time in practice. Since ht(β) is a periodic sinusoidal signal, we use quantization to process a
continuous-time sinusoidal signal into a sequence of numbers, and Euler–Maruyama discretization
of the model. The sinusoidal processing model has been used in analyzing seasonal phenomena.
We consider a periodic sinusoidal signal whose is modeled by the kth harmonic of components
cos(ωkt) and sin(ωkt) to have the same periodicity for ωk≡2πkδ. By the periodicity, we can find
(Ỹt)t∈R as a stationary solution of (Yt)t∈R+. The stationarity is easily relaxed since we employ
that the sinusoidal signal is periodic. However, it is straightforward to generalize the model set,
so it applies to the model where the continuous-time sinusoidal signal model is non-periodic.

The presence of frequency component with other parameters, namely (λ,A,B) adds to
the complexity of providing evidence of consistency. One of the research results that reveal this
uniqueness is in [Kundu and Nandi, 2012], which shows the consistency (A,B,ω) in separate
ways; say, Lemma 4.1 for consistency (A,B) and Lemma 4.3 for consistency ω. We obtain the
convergence of the parameters at rate

√
nh, except for the frequency δ at

√
n3h3. Ibragimov

and Has’minskii [Ibragimov and Hasâ€™minskii, 1981] treated dYt=sin(θt)dt+dWt when the
sample path is continuously observed on [0,T ], and it is proved that the rate of estimation for θ is√
T 3. This result is the same for discrete-time sinusoidal signal (see [Kundu, 1993]). We presume

the rate convergence of frequency is the same under the same condition, that is, the noise term
[Ziskind and Wax, 1988] has mean zero and finite variance; the sinusoidal processing model∑K
k=1[Akcos(ωkt)+Bksin(ωkt)] is a periodic continuous-time signal. In this respect, it is inter-

esting to study further that the rate for δ is the same as in the problem of frequency estimation
without mean-reversion assumption with periodic or non-periodic sinusoidal signal, say,

dYt=
K∑
k=1

[Akcos(ωkt)+Bksin(ωkt)]dt+dwt.
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Also, we can set other drift functions as a part of the one-factor mean-reverting model, such as

dYt=
(
−λYt+λht(β)+ d

dt
ht(β)

)
dt+dwt,

with (1.2); and
Xt=exp(ft+Yt),

with the deterministic function

ft=γ0+γ1Ht+γ2Pt+γ3St,

where

• Ht=1, if the % relative humidity (r.h) is between 30−60%, Ht=0 otherwise;

• Pt=1, if the temperature is between 150C-240C, Pt=0 otherwise;

• St=1, if the wind speed is between 2−10.5 m/s, St=0 otherwise,

and Yt is defined in (2.1).
The least-squares methods only infer the estimators of the drift, therefore, one can

extend the procedure proposed by [Katsamaki and Skiadas, 1995] to estimate the parameters
of the diffusion. In all the development of the thesis assumed that the number of components
K is known in advance. Moreover, the estimation of the number of components K can
be considered a model selection problem. In some literature studies, several approaches
can be done to estimate the number of components, namely the likelihood ratio approach,
and information-theoretic criterion (see[Kundu and Nandi, 2005, Kundu and Mitra, 2000] for
references to the number of components of a discrete-time sinusoidal signal).

A special case of interest is when the process is in the state-space form (e.g.,
[Hamilton, 2020], [Shumway et al., 2000]), that is,

Yt=y0+
∫ t

0
(−λYs+hs(β))ds+Atαt+σwt, (5.1)

with an unobserved process
αt=Ψαt−1+ζt, (5.2)

where ζt∼NID(0,Qt), and initial state distribution α1∼N (a1,P1), a1,P1 are fixed and known
but can be generalized. Concerning seasonality, it is interesting to study further that (5.1) can
capture the seasonality in the periodicity representation and non-periodic seasonal components
in the state equation (5.2). Moreover, we can compare the performance of SDE (2.1) and (5.1)
in the electric power and energy systems forecast.

A class of models that can capture a time variation is the periodic model, while the features
of seasonality that appear as a periodic pattern are common at least with daily and weekly series
(see [El-Hawary, 2017], [Heston and Sadka, 2008], and [Kundu and Nandi, 2012]). Further, the
behavior of an electric power system load depends on time, weather, or other random disturbances.
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Time factors include weekly periodicity and seasonal variations. In this thesis, practical experi-
ments were conducted in Section 4.2 which confirms that the proposed model (2.1) with the peri-
odic continuous-time sinusoidal signal can be used to capture the seasonal variation in very short
to medium-term problems. We feel sure that our proposedmodel is appropriate for long-term fore-
casting (e.g., in-stock exchange problems). In this view, in addition to the model of [Hirose, 2021]
for medium and short-term forecasting, our model (2.1) as a periodic time-inhomogeneous
Ornstein–Uhlenbeck process can be used to identify a seasonal variation that appears in a
periodicity pattern in all-time horizon forecasts, excluding the long short-term problems.

Interestingly, an important point to note regarding the non-periodic sinusoidal signal
capturing irregular (or non-linearity) components that are caused by irregular patterns (see
[Djuric and Kay, 1990, Kundu and Nandi, 2008, Lahiri et al., 2012] in the case of discrete-time
chirp signal), is that we can consider non-periodic time-inhomogeneous Ornstein–Uhlenbeck
model as paving the way to a massive solar energy supply and wind power generation in
very short-term forecasting due to the existence of high non-linearity in the systems (e.g.,
[Hossain et al., 2021], [Dambreville et al., 2014] for references).

In other fields than electric power and energy system, we can apply the Gompertzian model

dYt=(−λlogYt+gt(α))Ytdt+σYtdwt

approach to predicting virus, bacterial, and cancer cell growths (e.g.,
[Harvey and Kattuman, 2020]). Exogenous factors that affect virus, bacterial, and can-
cer cell growths, e.g., moisture, pH level, oxygen level, and cell deformability; are included
in a time-dependent function gt(α)=α0+∑q

i=1αiqi(t).
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Appendix A

Stationarity

Recall (2.2). We will look for {Ỹt,t∈R} as a stationary solution of (2.2). Let us define

Ỹt= q̃t+L̃t, t∈R, (A.1)

where

q̃t=e−λt
K∑
k=1

∫ t

−∞
eλτ [Akcos(ωkτ)+Bksin(ωkτ)]dτ,

L̃t=σe−λt
∫ t

−∞
eλτdw̃τ .

Here, w̃={w̃τ}τ is a (bilateral) Wiener process that is defined as in [Peyre, 2017], that is, the
increment is adapted to (Fτ)τ∈R, which means, for all τ∈R,

• for all u≤0 then (w̃τ+u−w̃τ) is Fτ -measurable;

• for all v≥0 then (w̃τ+v−w̃τ) is independent from Fτ .

Proof of Lemma 2.1. Let us denote

Ỹs−1+t= q̃s−1+t+L̃s−1+t, t∈ [0,T ],s∈N,

where

q̃s−1+t=e−λ(s−1+t)
K∑
k=1

∫ s−1+t

−∞
eλτ [Akcos(ωkτ)+Bksin(ωkτ)]dτ, (A.2)

L̃s−1+t=σe−λ(s−1+t)
∫ s−1+t

−∞
eλτdw̃τ . (A.3)

First, we observe (A.2).

• For s= 1, we have q̃t =
∫ t
0 e
−λteλτhτ(β)dτ . A periodic signal is fully identified by its

behavior in a single period [υ0,υ0+T0], where υ0 is arbitrary. The area of periodic signal St
given by area(S)=

∫ t0+T0
t0

Stdt [Cariolaro, 2011a]. Since we have (1.4), there exists T >0
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such that the signal ht(β) in (1.3) is periodic (1.5). Therefore, by using (2.4), we obtain

q̃T =
∫ T

0
e−λTeλτhτ(β)dτ=:S0

T (θ)=µT (θ),

where

µT (θ)=
K∑
k=1

[
ωk

ω2
k+λ2

]{
sin(ωkT)

[
λBk
ωk

+Ak
]
+cos(ωkT)

[
λAk
ωk
−Bk

]
−e−λT

[
λAk
ωk
−Bk

]}
.

• For s=2,

q̃1+t = e−λ(1+t)
∫ 1

0
eλτhτ(β)dτ+e−λ

∫ 1+t

1
e−λteλτhτ(β)dτ.

Further, there exists T >0, such that

q̃1+T = e−λ(1+T)
∫ 1

0
eλτhτ(β)dτ+e−λS1

T (θ),

where S1
T (θ):=

∫ 1+T
1 e−λTeλτhτ(β)dτ .

Thus, for s∈N, t∈ [0,T ], there exists T >0 such that

q̃s−1+T = e−λ(s−1+T)
∫ s−1

0
eλτhτ(β)dτ+

∫ s−1+T

s−1
e−λ(s−1+T)eλτhτ(β)dτ

= e−λ(s−1+T)
∫ s−1

0
eλτhτ(β)dτ+e−λ(s−1)Ss−1

T (θ), (A.4)

where Ss−1
T (θ):=

∫ s−1+T
s−1 e−λTeλτhτ(β)dτ ; it assures that (A.2) is stationary.

We now turn to (A.3). Denote

L̃s−1+t=L̃1,s−1+t+L̃2,s−1+t,

where

L̃1,s−1+t=σe−λ(s−1+t)
∫ s−1

−∞
eλτdw̃τ ,

L̃2,s−1+t=σe−λ(s−1+t)
∫ s−1+t

s−1
eλτdw̃τ .

Observe that

•

L̃1,s−1+t=σe−λ(s−1+t)
∫ s−1

−∞
eλτdw̃τ =σ

0∑
i=−∞

e−λ((1−i)+t)
∫ 1

0
eλτdw̃τ . (A.5)
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If C[0,T ] denotes the space of all continuous functions from [0,T ] to R, then

τ : [0,T ] 7→C[0,T ]; τ 7→
{
w̃(1−i)+τ

(
u 7→Ỹ(1−i)+τ(u),i∈(−∞,0]

)
−w̃τ

(
u 7→Ỹτ(u)

)}
.

Hence, for all τ ∈ [0,T ], there exists a stationary increment w̃ = {w̃τ}τ∈[0,T ] whose
increments are adapted to Fτ , namely

– for all (1−i)≤0 then {w̃(1−i)+τ−w̃τ} is Fτ -measurable;

– for all (1−i)≥0 then {w̃(1−i)+τ−w̃τ} is independent from Fτ .

• Further, observe that

L̃2,s−1+t=σe−λ(s−1+t)
∫ s−1+t

s−1
eλτdw̃τ =σe−λt

∫ t

0
eλτdw̃τ . (A.6)

We have

τ : [0,T ] 7→C[0,T ]; τ 7→
{
w̃(s−1)+τ

(
u 7→Ỹ(s−1)+τ(u);s≥1,s∈N

)
−ω̃τ(u 7→Ỹτ(u))

}
.

Therefore, for all τ ∈ [0,T ], there exists a stationary increment w̃={w̃τ}τ∈[0,T ] which is
adapted to Fτ , that is, for all s≥1,s∈N then {w̃(s−1)+τ−w̃τ} is independent from Fτ .
Hence, it follows that for all t∈ [0,T ], the sequence {Ỹs−1+t}t∈[0,T ],s∈N is stationary.

From Lemma 2.1, it follows that for any continuous real-valued function φ(.) with
polynomial growth, satisfying E0[|φ(y0)|]<∞,

1
T

∫ T

0
φ(Ỹt)dt

p−→E0[φ(y0)].

Obviously, because of the periodicity of ht(β) and Lemma 2.1 imply that

1
Tn

∫ Tn

0
φ(Ỹt)dt

p−→E0[φ(y0)]. (A.7)

Proof of Lemma 2.2. Recalling Ỹt and Yt,

|Ỹt−Yt|

=
∣∣∣∣q̃t+L̃t−(e−λty0+e−λt

∫ t

0
eλτht(β)dτ+σe−λt

∫ t

0
eλτdwτ

)∣∣∣∣
≤
∣∣∣∣ y0
eλt

∣∣∣∣+∣∣∣∣e−λt(∫ t

−∞
eλτhτ(β)dτ−

∫ t

0
eλτhτ(β)dτ

)∣∣∣∣+∣∣∣∣σe−λt(∫ t

−∞
eλτdw̃τ−

∫ t

0
eλτdwτ

)∣∣∣∣.
Therefore, we have |Ỹt − Yt|

a.s.−−→ 0 as t → ∞ (see Lemma 4.3 and Lemma 4.4 of
[Dehling et al., 2010] for reference).
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Since we have ∫ Tn

0
φ(Ỹt)dt= lim

h→0

n∑
j=1
φ(Ỹtj)h

that implies
h

Tn

n∑
j=1
φ(Ỹtj)

p−→ 1
Tn

∫ Tn

0
φ(Ỹt)dt,

then by (A.7), we get
1
n

n∑
j=1
φ(Ỹtj)

p−→E0[φ(y0)]. (A.8)

Together with Lemma 2.2 and (A.8), the expression (2.6) follows.
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Appendix B

Supplement of Section 3.2

Minimizing (3.4) with respect to (λ,A,B) yields the LSE of (λ,A,B). We first compute
the explicit form of the LSE. By the first derivative of (3.4) and Lemma 3.1, we have

−
n∑
j=1

(∆jY +hλ̂Ytj−1)cos(ωKtj−1)+h
n∑
j=1

K∑
k=1

[
Âkcos(ωktj−1)+B̂ksin(ωktj−1)

]
cos(ωKtj−1)=0

−
n∑
j=1

(∆jY +hλ̂Ytj−1)cos(ωKtj−1)+nh

2 ÂK=0,

Hence
ÂK,n= 2

Tn

n∑
j=1

(∆jY +hλ̂Ytj−1)cos(ωKtj−1). (B.1)

Similarly, we find

B̂K,n= 2
Tn

n∑
j=1

(∆jY +hλ̂Ytj−1)sin(ωKtj−1). (B.2)

Now, we turn to λ̂n. We have

n∑
j=1

∆jY Ytj−1 +hλ̂
n∑
j=1
Y 2
tj−1−h

n∑
j=1

K∑
k=1

[Âkcos(ωktj−1)+B̂ksin(ωktj−1)]Ytj−1 =0

n∑
j=1

∆jY Ytj−1 +hλ̂
n∑
j=1
Y 2
tj−1−h

n∑
j=1

{
2
Tn

n∑
j=1

(∆jY +λ̂hYtj−1)cos2(ω1tj−1)+ 2
Tn

n∑
j=1

(∆jY +λ̂hYtj−1)sin2(ω1tj−1)

+···+ 2
Tn

n∑
j=1

(∆jY +λ̂hYtj−1)cos2(ωKtj−1)+ 2
Tn

n∑
j=1

(∆jY +λ̂hYtj−1)sin2(ωKtj−1)
}
Ytj−1 =0,

therefore,

λ̂n=D
∑n
j=1(∆jY )Ytj−1

h
∑n
j=1Y

2
tj−1

, (B.3)
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where D= 2K−1
1−2K , K ∈N. Inserting (B.1), (B.2) and (B.3) into (3.4); applying Lemma 3.1,

leads to (3.61), that is,

Q∗n(δ) = 1
h

n∑
j=1

{(
∆jY +λ̂hYtj−1

)
−
(
h
K∑
k=1

[
Âkcos(ωktj−1)+B̂ksin(ωktj−1)

])}2

= 1
h

n∑
j=1

(
∆jY +λ̂hYtj−1

)2
−2nh2

K∑
k=1

[
Â2
k+B̂2

k

]
+nh

2

K∑
k=1

[
Â2
k+B̂2

k

]

= 1
h

n∑
j=1

(
∆jY +λ̂hYtj−1

)2
−In(δ). (B.4)

Therefore, we get (3.62). The function In(δ) (3.64) known as periodogram (see
[Stoica and Moses, 1997] for reference). We can see that the LSE of (λ,A,B) is obtained by
minimizing (3.4) which is equivalent to maximizing (3.64).

Next, we turn to the expression of (3.70) and (3.71). Recall (3.69), and observe (for e.g.,
the cosine term),

1
n3h

K∑
k=1

 n∑
j=1
ϕj−1cos(ωktj−1)

2

= 1
n3h

K∑
k=1

n∑
j=1
ϕ2
j−1cos2(ωktj−1)+ϕ∗n(ω).

By applying Lemma 3.3, and ψi :=ϕiϕi−1, we obtain the term ϕ∗n(ω) as

ϕ∗n(ω)

= 2
n3h

K∑
k=1

{
n−1∑
j=1

ψjcos(ωktj)cos(ωktj−1)+···+
n−r∑
j=1

ψj+r−1cos(ωktj+r−1)cos(ωktj−1)
}

= 1
n3h

K∑
k=1

{
n−1∑
j=1

ψj(cos(ωk[tj−tj−1])+cos(ωk[tj+tj−1]))+...

+
n−r∑
j=1

ψj+r−1(cos(ωk[tj−1−tj+r−1])+cos(ωk[tj−1+tj−1]))
}

= 1
n3h

K∑
k=1

{
(n−1)

cos(ωkh) 1
n−1

n−1∑
j=1

ψj

+(n−1) 1
n−1

n−1∑
j=1

ψjcos(ωk[tj+tj−1])

+···+(n−r)

cos(ωkh) 1
n−r

n−r∑
j=1

ψj+r−1

+(n−r) 1
n−r

n−r∑
j=1

ψj+r−1cos(ωk[tj+r−1+tj−1])
}
.

There exists ψ(.) that satisfying E0[|ψ(y0)|]<∞, such that, for r is an arbitrary element of
N with r<n,

1
n−r

n−r∑
j=1

ψj
p−→E0[ψ(y0)].

Also, with the following lemma that is proved in a similar way to Lemma 3.3, we get
ϕ∗n(ω)=op

(
1
nTn

)
.
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Lemma B.1. We have

sup
ω

∣∣∣∣∣∣1n
n∑
j=1
Ytjcos(ω[tj+tj−1])

∣∣∣∣∣∣ p−→0 as n→∞,

With similar arguments for the sine term, we have

1
n3h

K∑
k=1

 n∑
j=1
ϕj−1sin(ωktj−1)

2

= 1
n3h

K∑
k=1

 n∑
j=1
ϕ2
j−1sin2(ωktj−1)

+op
( 1
nTn

)
.

Hence, we can obtain

f̃n(δ) = 1
n3h

K∑
k=1

n∑
j=1

{(
ϕ2
j−1cos2(ωktj−1)−ϕ2

0,j−1cos2(ω0,ktj−1)
)

+
(
ϕ2
j−1sin2(ωktj−1)−ϕ2

0,j−1sin2(ω0,ktj−1)
)}

+op
( 1
nTn

)
.

Look for the cosine term; we have

1
n3h

K∑
k=1

n∑
j=1

{
ϕ2
j−1cos2(ωktj−1)−ϕ2

0,j−1cos2(ω0,ktj−1)
}

= 1
n3h

K∑
k=1

n∑
j=1

{
ϕj−1cos(ωktj−1)−ϕ0,j−1cos(ω0,ktj−1)

}2
−2ϕ2

0,j−1cos2(ω0,ktj−1)

+2ϕj−1ϕ0,j−1cos(ωktj−1)cos(ω0,ktj−1),

and then, combining with the sine term that has a similar form, we obtain

f̃n(δ) = 1
n3h

K∑
k=1

n∑
j=1

{
[ϕj−1cos(ωktj−1)−ϕ0,j−1cos(ω0,ktj−1)]2

+ [ϕj−1sin(ωktj−1)−ϕ0,j−1sin(ω0,ktj−1)]2
}
−ς1,n+ς2,n,

where

ς1,n= 2
n3h

K∑
k=1

n∑
j=1
ϕ2

0,j−1

[
cos2(ω0,ktj−1)+sin2(ω0,ktj−1)

]
,

ς2,n= 2
n3h

K∑
k=1

n∑
j=1
ϕj−1ϕ0,j−1[cos(ωktj−1)cos(ω0,ktj−1)+sin(ωktj−1)sin(ω0,ktj−1)].

We find ς1,n as follows:

ς1,n= 2K
nTn

1
n

n∑
j=1
ϕ2

0,j−1 =op
( 1
nTn

)
.

Again, for ς2,n, similar to the discussion of ψi above, and with the following Corollary
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B.2, we get
ς2,n=op

( 1
nT 2

n

)
.

Corollary B.2. For ω 6=ω0,∣∣∣∣∣∣1n
n∑
j=1
ϕjcos(ωtj)cos(ω0tj)

∣∣∣∣∣∣ p−→0 as n→∞, (B.5)

Proof. Using Lemma 3.1, we obtain

E0

∣∣∣∣∣∣1n
n∑
j=1
ϕjcos(ωtj)cos(ω0tj)

∣∣∣∣∣∣
≤o( 1

Tn

)

Therefore, we can obtain (3.71).
Now, we turn to ∑n

j=1E
j−1
0

[(
f̃n1,j(δ)+f̃n2,j(δ)

)2
]
.

n∑
j=1

Ej−1
0

[(
f̃n1,j(δ)+f̃n2,j(δ)

)2
]

= 1
n6h2

n∑
j=1

(
qK1,j(δ)+qK2,j(δ)

)2
, (B.6)

where

qK1,j(δ)=
K∑
k=1

[ϕj−1cos(ωktj−1)−ϕ0,j−1cos(ω0,ktj−1)]2, (B.7)

qK2,j(δ)=
K∑
k=1

[ϕj−1sin(ωktj−1)−ϕ0,j−1sin(ω0,ktj−1)]2. (B.8)

We use the following results from Lemma 3.1, that is,

1
n

n∑
j=1

cos4(ωtj)= 3
2 +o

( 1
Tn

)
,

1
n

n∑
j=1

cos3(ωtj)cos(ω0tj)=o
( 1
T 2
n

)
, ω 6=ω0.

Therefore, we obtain
1

n6h2

n∑
j=1

(
qK1,j(δ)

)2
=O

( 1
n2T 2

n

)
,

and
1

n6h2

n∑
j=1

(
qK2,j(δ)

)2
=O

( 1
n2T 2

n

)
.
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Quite similar, we get

1
n6h2

n∑
j=1
qK1,j(δ)qK2,j(δ)=O

(
max

( 1
n3T 2

n

,
1

n2T 2
n

,
1
nT 4

n

))
.

This provides (3.76).
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Appendix C

Positive semi-definite matrix

We will show the fixed matrix M0 (3.98) is positive semi-definite, that is, if only if

• M0 is symmetric,

• vTM0v≥0, for all non zero vector v 6=0

Since we have (3.98), obviously that M0 = MT
0 . Therefore, M0 is symmetric. From the

second-derivative of (3.4), and also Lemma 3.13, we can express ∂2
θQn(θ0) the (2K+2)×(2K+2)

matrix as
∂2
θQn(θ0)=

[
∂θaT (θ0)∂θa(θ0)

]
.

For any non zero (2K+2)×1 vector v,

vTM0(θ0)v = vT
[
D−1
n ∂2

θQn(θ0)D−1
n

]
v

= vT
[
D−1
n ∂θaT (θ0)∂θa(θ0)D−1

n

]
v

=
[
vT (D−1

n )T∂θaT (θ0)
][
∂θa(θ0)D−1

n v
]

=
[
∂θa(θ0)D−1

n v
]T [

∂θa(θ0)D−1
n v

]
≥0.

Hence, M0(θ0) is positive semi-definite.
Now, let L is a eigenvalue of M0 then there exists eigenvector, say, (2K+2)×1 vector

v, v 6=0 such that

M0(θ0)v = Lv

vTM0(θ0)v = vTLv

Since vTv ≥ 0 for all v, then L is non-negative. Further, all the eigenvalues are
non-negative.
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Appendix D

Convexity

Recall (3.4), let us denote fj(θ):=∆jY −aj−1(θ)h. The function fj is convex if only if
its Hessian matrix ∇2f(θ) is positive definite, for all θ∈Θ. We will check the convexity of the
function (3.4) with respect to θ. Now, from (3.4), we can obtain the gradient and the second
derivatives of f(θ), respectively, as follows

∇f(θ)= 2
h

n∑
j=1
fj(θ)∇fj(θ),

and

∇2f(θ)= 2
h

{
n∑
j=1
fj(θ)∇2fj(θ)+

n∑
j=1
∇fj(θ)∇fj(θ)T

}
. (D.1)

Observe that the last term of the right-hand side of (D.1), ∑n
j=1∇fj(θ)∇fj(θ)T ≥0, and

leaving out the term ∑n
j=1fj(θ)∇2fj(θ) to be checked. For each j, we have

∂2
AKδ

fj(θ)=hK̃tj−1sin(ωKtj−1), (D.2)

∂2
BKδ

fj(θ)=−hK̃tj−1cos(ωKtj−1), (D.3)

and

∂2
δ2fj(θ)=hK̃2t2j−1[AKcos(ωKtj−1)+BKsin(ωKtj−1)] (D.4)

for any K∈N. Since (D.2)-(D.4) is not always positive, then ∇2f(θ) is not positive definite.
Therefore, the function (3.4) is not convex with respect to θ.

The initial values are sensitive in the simulation study (e.g., the fixed initial values).
This is a generally inevitable issue in non-convex optimization, and further consideration of
stabilizing the global optimization is beyond the scope of this study. This study does not
present evidence that shows the instability of the function with respect to the initial values
for numerical optimizations. The stabilizing of the global optimization with the evidence
consideration would be interesting for future issues.
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