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Abstract

Since water solubility in magmas (silicate melts) is a very fundamental and important piece

of information in volcanology, it has been investigated extensively from both experimental and

theoretical perspectives. Nevertheless, there has been no consensus on the consistency between

experimentally determined water solubility values and those estimated through a chemical

thermodynamics-based theoretical equation. In this study, I explicitly revisit this traditional

problem and consider how the consistency should be established between experimental and the-

oretical values for the partial molar volume and heat of dissolution of water, which characterize

the pressure- and temperature-dependence of water solubility, respectively.

The partial molar volume of water in silicate melt has been often estimated through an indi-

rect way in which an experimentally determined water solubility in silicate melt is substituted

into a theoretical equation derived from chemical thermodynamics. However, it has been also

often reported that the values estimated in such a way significantly deviated from the value

estimated through a direct method such as density measurement of quenched glass. In this

study, I attributed this paradox to the assumption of the ideal mixing of bridging oxygen (O)

of silicate and water (molecular water H2Om and hydroxyl groups OH), i.e., neglecting non-

ideality, in the theoretical equation of water solubility used in the past. Therefore, I showed

that the assumption of the ideal mixing is broken by a simple calculation, and by applying the

asymmetric regular solution model for the three components mentioned above, I found that

strong positive non-ideality appears when H2Om enters an environment with high O content.

Next, by using the above results to describe the equilibrium constant for the first dissolution

reaction of water into melt (r1: H2Om (vapor) ↔ H2Om (in melt)) and substituting it into the

theoretical equation, I calculated the enthalpy change (i.e., the heat of dissolution of water

into melt) for r1 in a wide range of temperatures and pressures. As a result, the heat of

dissolution for r1 is about −20 kJ/mol regardless of the temperature and pressure, indicating

that it is an exothermic reaction. By adding the heat of dissolution for the second reaction

(r2: H2Om (in melt) + Si−O−Si ↔ 2 Si−OH, endothermic), the heat of dissolution for the

entire dissolution reaction can also be calculated over a wide temperature and pressure range.

The results show a shift toward endothermic at higher temperatures and toward exothermic at
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lower temperatures and higher pressures, but the magnitude of the shift is highly dependent

on the previously estimated value of the heat of dissolution for r2, which varies depending on

the method of measurement of the speciation of H2Om and OH.

Furthermore, based on these values, I numerically calculated the temperature change of

hydrous rhyolitic melt with decompression-induced water vesiculation ascending a volcanic

conduit, assuming it is the equilibrium degassing in a closed system. The results showed that

the effects of the heat of exsolution of water from melt and the mechanical work of bubble

expansion contributed to warming and cooling the system, respectively, and the sum of them

resulted in slight cooling due to the relation of their magnitudes.

In the future, by combining the results of this study with the effect of latent heat of crys-

tallization of magma and solving them simultaneously, it may be possible to construct a new

conduit flow model with an enhanced material science aspect that incorporates temperature

changes due to vesiculation and crystallization in magma.
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Introduction

-1.1 Importance of water solubility in silicate melts

The driving force of volcanic eruptions is thought to be the vesiculation of the volatile

components (e.g. H2O, CO2, SO4 ) dissolved in magma (e.g. Sparks, 1978; Mangan et al.,

1993; Klug and Cashman, 1996; Navon and Lyakhovsky, 1998; Cashman and Sparks, 2013;

Gonnermann, 2015; Toramaru, 1989; 1995; 2022). The explosion intensity (from effusive to

explosive) of an eruption is strongly controlled by the amount of volatile components originally

dissolved in the magma and the amount of those components that precipitate with decompres-

sion or temperature increase. In particular, water accounts for a large proportion of the silicic

compositions that are prone to explosive and giant eruptions. (e.g. Woods and Koyaguchi,

1994; Eichelberger, 1995; Gonnermann and Manga, 2007; Cassidy et al., 2018) In other words,

quantitative study of water solubility in silicate melt (hereinafter, melt) is of great importance

in volcanology.

Water solubility in melt has been extensively investigated since Goranson (1931) through

high temperature and pressure experiments at various temperatures and pressures and for

various melt compositions. Burnham and Davis (1974) and Burnham (1975, 1979) proposed

the first chemical thermodynamic model to explain the experimental results in an albite-H2O

system. However, Burnham’s model assumed that all the water is dissolved as hydroxyl groups

OH. Later, with the development of analytical techniques, such as infrared spectroscopy (IR)

and nuclear magnetic resonance (NMR), it is found that water exists as two molecular species

(speciation), i.e., molecular water, H2Om, and OH, by analyzing hydrous glasses (including

those quenched in high-temperature and high-pressure experiments) (Orlova, 1962; Ostrovskiy

et al., 1964; Ernsberger, 1977; Bartholomew et al., 1980; Wu, 1980; Takata et al., 1981; Stolper,

1982a, 1982b). Stolper (1982a, 1982b) and Silver and Stolper (1985) proposed the following new

chemical thermodynamic model to explain this experimental data. For the highly polimerized

silicate melts, such as silica, albite, and rhyolite, where the ratio NBO/T is almost zero, ideal

mixing (ideal solution approximation) is realized when the hydrous melt is regarded as a mixture

of three components, namely, H2Om, OH, and O (all oxygen in the oxides except water is
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regarded as bridging oxygen). This simple theoretical model has been trusted and widely used

since its inception. One such example is the Excel macro VolatileCalc provided by Newman

and Lowenstern (2002), a publicly available program that can calculate the solubility of H2O

in the magma for a wide range of temperature and pressure.
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-1.2 A paradox of the partial molar volume of water in

silicate melt

Stolper’s equation has also been used to estimate the partial molar volume of water in melts

by keeping the temperature fixed and varying the pressure term (Silver et al., 1990; Blank et al.,

1993; Lange, 1994; Holloway and Blank, 1994; Dixon et al., 1995; Holtz et al., 1995; Mysen and

Acton, 1999; Zhang, 1999a, Mysen and Wheeler, 2000; Mysen and Cody, 2004; Mysen, 2007;

Lesne et al., 2011). The partial molar volume of water in melt is an essential parameter for

calculating the density of hydrous melts, which is fundamental for discussing the gravitational

stability and migration of the magma in the interior of the Earth and planets. However, due to

experimental difficulties, direct measurements have only been made in two cases by Burnham

and Davis (1971) and Ochs and Lange (1997, 1999). In those experimental studies, the partial

molar volume of water in melt was reported to be about 20 cm3/mol at the temperatures and

pressures of a typical shallow magma. In contrast, the partial molar volume of water in melt

estimated from Stolper’s equation ranges very widely from large positive values well above 20

cm3/mol to negative values, which are significantly different from the experimentally derived

one. Although this paradox has been mentioned in various papers, and a number of views have

been presented, no satisfied resolution has yet been reached. In other words, in recent years,

there has been no attempt in this field to deepen our chemical-thermodynamic understanding by

revisiting the fundamental theoretical equations. This is because convenient empirical models

compiled from large data sets have become the predominant tool for calculating water solubility

in melts (Papale, 1997, 1999; Moore et al., 1998; Liu et al., 2005; Papale et al., 2006; Moore,

2008; Iacono-Marziano et al., 2012; Duan, 2014; Shishkina et al., 2014; Ghiorso and Gualda,

2015; Burgisser et al., 2015; Iacovino et al., 2021; Wieser et al., 2021, including papers focused

on H2O-CO2 solubility), and the urgency to improve Stolper’s equations has diminished.

However, the large variation in previous estimates of the partial molar volume of water in

melt not only brings significant uncertainty to density calculations for hydrous melts (Lange,

1994; Kuritani, 2007), but also to our understanding of nucleation processes of supersaturated

volatiles in magma, the first stage of decompression-induced vesiculation of magma, especially

estimation calculations of surface tension between critical bubble nuclei and the surrounding

melt based on observations of the micro-scale textures of experimental products from laboratory

decompression experiments and on classical nucleation theory (CNT) (Mangan and Sisson,

2000, 2005; Mangan et al., 2004; Mourtada-Bonnefoi and Laporte, 2002, 2004; Cluzel et al.,

2008; Hamada et al., 2010; Gardner and Ketcham, 2011; Gardner, 2012; Gonnermann and

Gardner, 2013; Gardner et al., 2013, 2018). Therefore, resolving this paradox, which has
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remained unresolved for about 30 years, to provide strong constraints on the choice of estimated

values for the partial molar volume of water in melts is of great significance because it will lead

to a deeper understanding of the fundamental physical properties necessary for future research

in various fields of earth and planetary sciences.
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-1.3 How to solve the paradox: Reconsidering the ideal

mixing model

For the above-mentioned paradox, this study takes the position of questioning the ideal

solution approximation assumed in Stolper’s model. Ideal mixing is defined as “there are

no volume change and no heat generation during the mixing” (Uchida, 2012), whereas in

reality it is experimentally confirmed that there is volume change (Ochs and Lange, 1997,

1999) and heat generation (Richet et al., 2006) due to water dissolution into silicate melt.

In addition, if silicate-water mixture is ideally mixed, a miscibility gap would not appear,

but in reality there is a large miscibility gap below the second critical point (Kennedy et al.,

1962; Ostrovsky, 1966; Shen and Keppler, 1997; Bureau and Keppler, 1999). In other words,

it is necessary to reexamine whether the ideal solution approximation is really adequate in

explaining the silicate-water mutual dissolution system in a solution model based on chemical

thermodynamics. Assuming ideal mixing means ignoring non-ideality, so the paradox described

above may arise as a result of the neglected non-ideality being imposed on the partial molar

volume. Specifically, the non-ideality refers to an interaction parameter that acts between

each component of a mixture system and describes whether the energy state of the system

will change to a stable or unstable state due to intermolecular forces or other factors when a

particle of one component enters into a group of particles of another component on a lattice

arrangement. This study relies on Ochs and Lange’s measurements (1997, 1999) of the partial

molar volume of water in melts to reveal the neglected non-ideality and applies an asymmetric

regular solution model by Kakuda et al. (1991, 1994) to quantitatively determine, for the first

time, the magnitude of the interaction parameter between the three components H2Om, OH,

and O. In future, the results of this study may be integrated with experimental measurements

(e.g., X-ray diffraction and spectroscopic techniques) and computer simulations (e.g., molecular

dynamics) of the microstructure of hydrous melts to provide more insight into the chemical

behavior of water in silicate melts at high temperatures and pressures.
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-1.4 Effects of latent heat generated by vesiculation and

crystallization on temperature changes of ascending

magma

While until now the pressure dependence of the water solubility in melt has focused with

fixed temperature, in contrast, if pressure is fixed and the temperature dependence of the

equilibrium constants for the chemical reactions of dissolution is focused, the latent heat of

dissolution of water in melt (the enthalpy change during mixing) can be estimated from a

chemical thermodynamic perspective. Since the opposite sign of the heat of exsolution of

water from melt has the same numerical value as the heat of dissolution, estimating it in detail

enables to estimate its effect on the magma temperature as the magma dehydrates in a volcanic

eruption. It is important to comprehend the temperature-pressure path of magma during a

volcanic eruption to elucidate the conduit processes leading to the various eruptive phenomena

observed on the ground surface. Temperature change of magma has a significant impact on flow

dynamics in the conduit through rheological shift by the formation of bubbles and crystals, as

their formation processes are kinetically controlled by temperature-pressure condition on the

basis of equilibrium phase diagram. Simultaneously, pressure changes through the shift of

flow dynamics. Thus, temperature change has the primary significance on the entire history

of temperature and pressure of ascending magmas in the conduit. There are several causes

of temperature change of ascending magma in the conduit: cooling by the surrounding host

rock or hydrothermal system, viscous heating, temperature change by latent heat of volatile

exsolution, cooling by the work of volatile bubble expansion, and heating by latent heat of

condensation of crystals (Costa et al., 2007b).

However, most conduit flow models have assumed that the magma in the volcanic conduit is

isothermal from the magma chamber to the crater (e.g., Wilson et al., 1980; Giberti and Wilson,

1990; Dobran, 1992; Jaupart, 1996; Melnik and Sparks, 1999; Yoshida and Koyaguchi, 1999;

Legros and Kelfoun, 2000; Massol et al., 2001; Papale, 2001; Sahagian and Proussevitch, 2005;

Tanaka and Hashimoto, 2013; Kozono, 2021). Even though some models calculate temperature

changes assuming adiabatic changes in the system (Buresti and Casarosa, 1989; Mastin and

Ghiorso, 2001; Mastin, 2002; Mitchell, 2005), so far only Costa et al. (2007a) and Proussevitch

and Sahagian (1998) have considered in their models the temperature changes due to the heat

of solidification released during crystallization and the heat of exsolution generated during

vesiculation, respectively. However, the former did not refer to any publication on which the

value of the heat of solidification used is based, and the latter used the values of the heat of

exsolution obtained by the theoretical approach in Sahagian and Proussevitch (1996) where
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several logical flaws were contained (Zhang, 1999b). Thus, the incorporation of latent heat

effects from magma vesiculation and crystallization in the conduit flow model is still in a

nascent stage, leaving ample room to take advantage of the latent heat values estimated by

various experiments and theories.

11



-1.5 Experimental and theoretical determination of la-

tent heat generated by crystallization and water ex-

solution of silicate melts

The value of the heat of fusion of crystals, which has the opposite sign of the heat of so-

lidification, has been measured in great detail through various experimental techniques, such

as direct measurement by transposed-temperature-drop calorimetry and indirect measurement

by solution calorimetry and differential scanning calorimetry (Lange et al., 1994; Kojitani and

Akaogi, 1997; Sugawara and Akaogi, 2003; Sugawara, 2005; Kolzenburg et al., 2016; Whit-

tington and Sehlke, 2021). In contrast, the measurement of the heat of exsolution of water is

difficult and has only been attempted in two previous studies by Clemens and Navrotsky (1987)

and Richet et al. (2006). Clemens and Navrotsky (1987) combined drop-solution calorimetry at

ambient pressure and relative-enthalpy measurements at high pressure for hydrous albite melt.

Richet et al. (2006) applied HF solution calorimetry to hydrous phonolite and albite melts.

In the meantime, a small number of studies have also been conducted that theoretically esti-

mated the heat of exsolution of water using chemical thermodynamics (Sahagian and Prousse-

vitch, 1996; Zhang, 1999b). Sahagian and Proussevitch (1996) estimated the heat of exsolution

of water over a wide range of temperatures and pressures using a chemical thermodynamic

method “Entropy method” based on data on water solubility in the albite melt (Burnham and

Davis, 1974). In particular, they assumed that all water dissolved in melt exists as hydroxyl

(OH) groups, while water exists as both molecules H2Om and OH in reality. Thus, the assump-

tion is unreliable in the low-temperature and high-pressure regions, where H2Om is dominant

(Zhang, 1999b). Zhang (1999b) appropriately considered these problems and reconstructed an

equation for the exsolution enthalpy of water from rhyolitic melt and proposed the procedure to

determine the standard enthalpy change for the first reaction of dissolution (H2Om (vapor) ↔
H2Om (in melt)). Unfortunately, he only succeeded in calculating the values only at very low

pressure (≤ 10 MPa) because in those days the reliable experimental data of the equilibrium

constant Kr2 for the second reaction of dissolution (H2Om (in melt) + Si−O−Si ↔ 2 Si−OH)

were not available for higher total water content than 2.4 wt%. In addition, the data were ob-

tained by measuring quenched glass/melt at relatively low temperatures of 400-600◦C (Zhang

et al., 1991, 1995, 1997; Ihinger et al., 1999).

12



-1.6 Chemical-thermodynamic estimations of tempera-

ture change of magma with decompressed-induced

vesiculation

Subsequently, progress has been made in collecting infrared spectroscopic data on H2Om

and OH species at higher water contents and higher temperatures (Sowerby and Keppler, 1999,

2000; Nowak and Behrens, 2001; Behrensand Nowak, 2003), which should make it possible to

apply the calculation method of Zhang (1999b) to a wider range of temperatures and pressures.

In addition, Zhang (1999b) constructed his argument assuming the ideal mixing of silicate and

water species, but if the information on non-ideality obtained by solving the above-mentioned

problem, “the paradox of the partial molar volume of water in silicate melts,” the heat of

dissolution (heat of exsolution) can be determined much more accurately than when assuming

the ideal mixing. Furthermore, the temperature change in the magma due to decompression-

induced vesiculation of water in the magma ascendng in a volcanic conduit (the sum of the

effects of the heat of exsolution and mechanical work due to bubble expansion), which was

first calculated by Sahagian and Proussevitch (1996), can be estimated more accurately. In the

future, it is expected that these attempts tried in this study will contribute to the calculation

and estimation of more detailed temperature and pressure paths of the magma in the volcanic

conduit during eruptions by integrating them with various factors that cause temperature

changes.
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-1.7 Flow of this paper

In this paper, first, Chapter 0 describes the water dissolution process in melt, and an

equation for water solubility in melt is derived. From then on, based on the equation, Part I and

Part II focus on the pressure dependence of water solubility and the temperature dependence of

the equilibrium constant of the first dissolution reaction Kr1, respectively. In Part I, Chapter

1 describes the paradox of the partial molar volume of water in melt and shows by simple

calculations that the ideal mixing model, which was thought to be valid for silicate (O) and

water (H2Om and OH) since Stolper (1982a, 1982b), fails. In the following Chapter 2, the

three-component asymmetric regular solution model (Kakuda et al., 1991, 1994) is applied to

this system to reveal the magnitude of the interaction parameters between the components

to show the non-ideality of H2Om is especially high. In Part II, in Chapter 3, the enthalpy

change, or the heat of dissolution for the first dissolution reaction r1 is calculated using Zhang’s

(1999b) method: the Gibbs-Helmholtz equation, taking into account the non-ideality of mixing

clarified in Part I, and the heat of dissolution for the entire dissolution reaction is determined

for a wide range of temperatures and pressures. The obtained results are compared with

those of Sahagian and Proussevitch (1996) and Liu et al. (2005). In Chapter 4, the equation

for the temperature change of magma with decompression-induced vesiculation derived by

Sahagian and Proussevitch (1996) is improved, and the two effects of the heat of exsolution

and mechanical work of bubble expansion are numerically calculated using the values of the

heat of dissolution obtained in Chapter 3. The obtained results are compared with those of

Sahagian and Proussevitch (1996) and finally implications for natural systems are considered.
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Chapter 0

Preparation

0.1 Dissolution process of water in silicate melt

It is known based on analytical data with infrared (IR) or near-infrared (NIR) spectroscopy,

and nuclear magnetic resonance (NMR) that water dissolved in silicate melt exists as two molec-

ular species, i.e., molecular water, H2Om, and hydroxyl group, OH (Orlova, 1962; Ostrovskiy et

al., 1964; Ernsberger, 1977; Bartholomew et al., 1980; Wu, 1980; Takata et al., 1981; Stolper,

1982a, 1982b). The dissolution process is explained by breaking it down into two chemical re-

actions as follows. Reaction 1 (r1) is a physical change in which vapor H2Om undergoes a phase

transition and is incorporated into melt in the molecular state. Reaction 2 (r2) is a chemical

reaction in which a portion of dissolved H2Om hydrolyzes the bridging oxygen between Si to

form two OHs.

{
reaction 1 (r1) : H2Om (vapor) ↔ H2Om (in melt), (1)

reaction 2 (r2) : H2Om (in melt) + Si−O−Si ↔ 2 Si−OH. (2)

Fig. 0.1 shows the chemical structure of water dissolved in silicate melt. Schaller and

Sebald (1995) reported that 1H magic-angle spinning nuclear magnetic resonance (1H MAS

NMR) analyses indicated that H2Om may exist in the gaps of the silicate melt network as

clusters. In reality, in addition to SiO2, there exists other oxides, such as P2O5 as a network

former; TiO2, Al2O3, and Fe2O3 as intermediates; and FeO, MnO, MgO, CaO, Na2O, and K2O

as network modifiers (Sun, 1947; Taniguchi, 2001), but only SiO2 and H2O are focused on in

the drawing.
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[Figure 0.1] A schematic diagram of silicate melt in which water is dissolved. Oxides other

than SiO2 and H2O are omitted. Disslved water species are shown as red characters. H2Om

is present as a cluster in the gap of the silicate network, and some of the bridging oxygen are

hydrolyzed to OH.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Stolper (1982a, 1982b) and Silver and Stolper (1985) assumed that for highly polimerized

melts among the silicate melts, such as silica, albite, and rhyolite, where NBO/T is close to zero,

the ideal mixing (ideal solution approximation) is realized when the hydrous melt is regarded

as a mixture of three components, H2Om, OH, and O (all oxygen in the oxides except water is

regarded as bridging oxygen and represented as such). The rationale is that if the sum of the

mole fractions of each molecular species in melt was assumed to be 1:

XH2Om
+XOH +XO = 1 (3)

and if the ideal mixing: 
aH2Om

= XH2Om

aOH = XOH

aO = XO

(4)
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held for each of them, when the values of the “apparent” equilibrium constant of the second

reaction Qr2:

Qr2 ≡
X2

OH

XH2Om
·XO

(5)

were given appropriately, it was possible to fit the approximation well to each mole fraction of

H2Om and OH, respectively, obtained from the total water content and speciation data by IR

spectroscopy at low pressure. The detail calculation method of XH2Om
is shown at the end of

this section. Here ai and Xi (i = H2Om, OH, and O) represent the activity and mole fraction

(calculated with one oxygen basis) of component i, respectively, and are represented by the

following relation via the activity coefficient γi, where the ideal mixture is equivalent to γi = 1.

ai = γiXi. (6)

The reason why Qr2 is expressed as the “apparent” equilibrium constant is that Qr2 is calcu-

lable because the total water content and speciation measurements for hydrous quenched glass

prepared over a wide range of temperature and pressure have already been obtained for melts of

various chemical compositions, whereas Kr2 is not calculable because the“ exact”equilibrium

constant Kr2 is defined as

Kr2 ≡
a2OH

aH2Om
· aO

=
γ2
OH

γH2Om
· γO

· X2
OH

XH2Om
·XO

(7)

and because how each γi behaves with respect to temperature, pressure, and melt composition

has not been investigated in detail in the past. Assuming ideal mixing, γH2Om
= γOH = γO = 1,

i.e.,
γ2
OH

γH2Om
· γO

= 1, from Kr2 = Qr2.

Essentially, however, the ideal mixing is defined as follows (Uchida, 2012):� �
1. No internal energy change upon mixing: ∆Umix = 0.
2. No volume change upon mixing: ∆V mix = 0.
3. No heat generation upon mixing: ∆Hmix = 0 (this is derived from 1 and 2 according to
the relation, ∆Hmix = ∆Umix + P∆V mix).
4. The mixing entropy is the ideal mixing entropy: for a three-component system consisting
of A, B, and C: ∆Smix

ABC = −nR(xA lnxA+xB lnxB+xC lnxC) (derived by applying Stirling’s
formula to Boltzmann’s entropy formula in statistical mechanics).� �
In the 1980s, since there were few reliable quantitative measured data on volume change

and heat generation upon mixing of the silicate melt and water, Stolper (1982b) provided no

experimental facts to support the claim that Definitions 2. and 3. (which automatically en-

compass Definition 1.) were satisfied. In addition, Definition 4. can also be read as “A, B, and
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C are interchangeable on a lattice site, and the interaction energy of any pair is zero (Guggen-

heim, 1952).” Stolper (1982b) assumed this and constructed the ideal mixing model, but a

thermodynamic corollary based on experimental measurement data was still not presented.

Calculation method of XH2Om
� �
The mole fraction of total water Xtotal H2O

is calculated as below:

Xtotal H2O
= XH2Om

+
1

2
XOH. (8)

Using eqs. (3) and (5), eq. (8) can be written as the function of XH2Om
and Kr2 as below

(the same as equation (9) in Silver and Stolper, 1985):

Xtotal H2O
= XH2Om

+
1

4

[
−Kr2XH2Om

+
{
(K2

r2 − 4Kr2)X
2
H2Om

+ 4Kr2XH2Om

} 1
2

]
. (9)

This equation indicates that the pressure dependence of the total water content approaches
linearity when H2Om is abundant (at low temperature or at high pressure) and conversely
approaches parabolic when OH is abundant (at high temperature or at low pressure).
By solving eq. (9) by XH2Om

, the following equation is obtained:

XH2Om
= Xtotal H2O

−

1

2
−
{
1

4
−
(
1− 4

Kr2

)
(Xtotal H2O

−X2
total H2O

)

} 1
2

1− 4

Kr2

. (10)

� �
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0.2 Derivation of the equation for water solubility in sil-

icate melts

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

[Figure 0.2] The phase diagram of a two-component mixture of anhydrous silicate and water at

some temperature below the second critical point. The miscibility gap is formed at pressures

below the second critical point. The anhydrous silicate side of the region outside the miscibility

gap is called “melt,” and the pure water side is called “fluid.” The fluid is generally equated

with pure water vapor.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Silicate and water are mutually soluble and have the miscibility gap at somewhat higher

temperatures below the second critical point (Fig. 0.2). Experimentally, it was elucidated in

detail by the results of Kennedy et al. (1962) and Ostrovsky (1966) for the SiO2-water system,

Paillat et al. (1992), Shen and Keppler (1997), Stalder et al. (2000) and Makhluf et al. (2020)

for the albite-water system, and Bureau and Keppler (1999) for the haplogranite-water system.

The composition on the left side of the miscibility gap is called “melt,” and the composition on

the right side is called “fluid.” Melt can be viewed as a substance in which water is dissolved in

silicate, and the fluid as a substance in which silicate is dissolved in water. When divided at a

certain pressure, the boundary between melt and the miscibility gap represents melt saturated

with water, while the boundary between the fluid and the miscibility gap represents the fluid

saturated with silicate. Note that the melt region is generally much larger than the fluid region,
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i.e., water solubility in silicate is much larger than the solubility of silicate in water (Gerya et

al., 2005); therefore, the fluid can be regarded as almost the same as pure water vapor.

The equation for the first reaction of dissolution represents the coexistence of pure water

vapor and H2Om dissolved in melt. That is, when melt is saturated with water, the chemical

equilibria between water in melt and vapor at an arbitrary state (T, P, aH2Om
) and a reference

state (T0, P0, aH2Om,0) hold:{
µmelt
H2Om

(T, P, aH2Om
) = µvapor

H2Om
(T, P ), (11)

µmelt
H2Om

(T0, P0, aH2Om,0) = µvapor
H2Om

(T0, P0), (12)

where µ (J/mol) is the chemical potential. T (K) and P (bar) are arbitrary temperature and

pressure. “0” in the subscript means the reference state. aH2Om
is the relative activity of H2Om.

From above two equations, the following formula is written:

µmelt
H2Om

(T, P, aH2Om
)− µmelt

H2Om
(T0, P0, aH2Om,0) = µvapor

H2Om
(T, P )− µvapor

H2Om
(T0, P0). (13)

The left hand side (LHS) and the right hand side (RHS) of this formula are expanded as follows:

LHS = µmelt
H2Om

(T, P, aH2Om
)− µmelt

H2Om
(T, P, aH2Om,0) + µmelt

H2Om
(T, P, aH2Om,0)− µmelt

H2Om
(T0, P0, aH2Om,0)

= µmelt
H2Om

(T, P, aH2Om
)− µmelt

H2Om
(T, P, aH2Om,0) + µmelt

H2Om
(T, P0, aH2Om,0)− µmelt

H2Om
(T0, P0, aH2Om,0)

+ µmelt
H2Om

(T, P, aH2Om,0)− µmelt
H2Om

(T, P0, aH2Om,0)

=

∫ aH2Om

aH2Om,0

(
∂µmelt

H2Om

∂a′H2Om

)
T,P

da′H2Om
+

∫ T

T0

(
∂µmelt

H2Om

∂T ′

)
P0,aH2Om,0

dT ′ +

∫ P

P0

(
∂µmelt

H2Om

∂P ′

)
T,aH2Om,0

dP ′

= RT ln

(
aH2Om

aH2Om,0

)
+

∫ T

T0

−S
melt

H2Om
(T ′, P0, aH2Om,0)dT

′ +

∫ P

P0

V
melt

H2Om
(T, P ′, aH2Om,0)dP

′,

(14)

RHS = µvapor
H2Om

(T, P )− µvapor
H2Om

(T, P0) + µvapor
H2Om

(T, P0)− µvapor
H2Om

(T0, P0)

= µvapor
H2Om

(T, P0)− µvapor
H2Om

(T0, P0) + µvapor
H2Om

(T, P )− µvapor
H2Om

(T, P0)

=

∫ T

T0

(
∂µvapor

H2Om

∂T ′

)
P0

dT ′ +

∫ P

P0

(
∂µvapor

H2Om

∂P ′

)
T

dP ′

=

∫ T

T0

−S
vapor

H2Om
(T ′, P0)dT

′ +RT ln

(
fH2O

(T, P )

fH2O
(T, P0)

)
.

(15)

Here R is the universal gas constant (83.14 cm3· bar/(mol · K)). a′H2Om
, T ′, and P ′ are the

dummy variables of aH2Om
, T , and P . S

melt

H2Om
and S

vapor

H2Om
(J/(K · mol)) are the partial molar

entropy of H2Om in melt and the molar entropy of H2Om in vapor, respectively. V
melt

H2Om
(T, P )
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(cm3/mol) is the partial molar volume of H2Om in melt. fH2O
(T, P ) (bar) is the fugacity of

pure water vapor.

From the relation LHS = RHS, the following formula is given:

RT

{
ln

(
aH2Om

aH2Om,0

)
− ln

(
fH2O

(T, P )

fH2O
(T, P0)

)}
=

∫ T

T0

∆S
◦
r1(T

′, P0)dT
′−
∫ P

P0

V
melt

H2Om
(T, P ′)dP ′, (16)

where ∆S
◦
r1(T

′, P0) ≡ S
melt

H2Om
(T ′, P0, aH2Om,0) − S

vapor

H2Om
(T ′, P0) is the molar entropy change

through the first dissolution reaction. The superscript ◦ means the standard state. Here

we neglect the dependence of V
melt

H2Om
on the chemical composition of melt and water content

for a reason discussed in Chapter 1.

This equation can be modified as below:

aH2Om

aH2Om,0

=
fH2O

(T, P )

fH2O
(T, P0)

exp

∫ T

T0

∆S
◦
r1(T

′, P0)dT
′

RT
−

∫ P

P0

V
melt

H2Om
(T, P ′)dP ′

RT

 . (17)

In general, since the activity ai and the mole fraction Xi of component i are expressed via

the activity coefficient γi as eq. (6), if ai, γi, and Xi, obtained by expanding eq. (17) according

to the above relation, each is assumed to be temperature and pressure-dependent, the following

can be derived.

aH2Om
(T, P )

aH2Om
(T0, P0)

=
γH2Om

(T, P )

γH2Om
(T0, P0)

·
XH2Om

(T, P )

XH2Om
(T0, P0)

=
fH2O

(T, P )

fH2O
(T, P0)

exp

∫ T

T0

∆S
◦
r1(T

′, P0)dT
′

RT
−

∫ P

P0

V
melt

H2Om
(T, P ′)dP ′

RT

 . (18)

The first of the exponential term in this equation represents the temperature dependence

of solubility, and the second term represents the pressure dependence. The above derivation

process is almost identical to that presented in Silver and Stolper (1985), with a few differences

in detail:

1. As mentioned in section 0.1, since it was argued by Stolper (1982a, 1982b) that the

mixing of the silicate and two species of water (H2Om and OH) can be approximated to the

ideal mixing in general, the activity coefficients of these three components, γi (i = H2Om, OH,

and O), were all approximated to 1.

2. The fugacity term before the exponential term is the result of the integration in the

pressure direction of the partial molar volume of vapor at a given temperature T . In other

words, the temperatures of the denominator and numerator arguments must be aligned at T .
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In Silver and Stolper (1985), this was exactly how it was expressed, but in Silver and Stolper

(1989) and Silver et al. (1990), it changed to the incorrect expression fH2O
(T, P )/fH2O

(T0, P0).

This expression is also used in studies on solubility of other volatile species (e.g., CO2, H2S) in

magmas (Papale et al., 2022).

3. In Silver and Stolper (1989), Silver et al. (1990), and Yamashita (1999), the en-

thalpy change of the first reaction at the standard state, ∆H
◦
r1(T, P0) (J/mol), was defined

as ∆H
◦
r1(T, P0) ≡ T∆S

◦
r1(T, P0), and the equation was modified. However, this modification

is incorrect because in general the Gibbs free energy change in the standard state is non-zero

(∆G
◦
(J/mol) ̸= 0). Also this expression is used in studies on solubility of other volatile species

in magmas (Papale et al., 2022), so a close examination of the correctness of mathematical

expressions is needed. Therefore, ∆H
◦
r1(T, P ) cannot be obtained from eq. (18), and another

method is needed. The anothor method (the Gibbs-Helmholtz equation) is described in detail

in Part II.
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Part I

Pressure Dependence of Water
Solubility in Silicate Melt
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Chapter 1

A paradox of the partial molar volume
of water in silicate melt and its solution

1.1 Studies before Stolper’s method

Burnham and Davis (1971) prepared hydrous albite glasses at a wide range of temperatures

and pressures (up to 950◦C and 8.5 kbar with total water contents up to 10.9 wt%) and precisely

measured their densities to obtain the partial molar volumes of water V
melt

total H2O
in the albite

melts, which were approximated polynomially as a function of temperature and pressure:

V
melt

total H2O
= 10.98 + 0.962T + 0.1005T 2 − 0.00199T 3 − (0.530 + 0.2031T + 0.00158T 2)P

+ (0.0780 + 0.01144T )P 2 − 0.00396P 3, (1.1)

where P is in kbar and T is in hundreds of ◦C. The function is designed to be consistent with the

data on the partial molar volume of water in the hydrous albite glass at around 20◦C (Orlova,

1962; Burnham and Davis, 1971). Before them, Goranson (1938), Wasserburg (1957), Khitarov

et al. (1963), Shaw (1964), and Ostrovskii and Orlova (1966) also tried to estimate V
melt

total H2O

in the hydrous albite melt from water solubility data. However, none of them could ignore the

imprecision of the experimental data or the ambiguity of the theoretical assumptions, and the

differences between the values of V
melt

total H2O
published in their respective literatures were very

large (See Fig. 16 in Burnham and Davis, 1971). Therefore, the empirical eq. (1.1) obtained

as a result of employing the most direct experimental measurement (density measurement) can

be considered as the first reliable result on this topic.
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1.2 Estimation of the partial molar volume of H2Om by

Stolper’s method

In this part, only the pressure dependence of the solubility equation is discussed, assuming

a constant temperature. This is equivalent to setting T = T0 in eq. (18) and can be written as

follows, omitting the temperature argument:

aH2Om
(P )

aH2Om
(P0)

=
γH2Om

(P )

γH2Om
(P0)

·
XH2Om

(P )

XH2Om
(P0)

=
fH2O

(P )

fH2O
(P0)

exp


−

∫ P

P0

V
melt

H2Om
(P ′)dP ′

RT

 . (1.2)

Since Stolper (1982a, 1982b) considered that the mixing of silicate and two water species

(H2Om and OH) can be roughly approximated to the ideal mixing, the approximation γH2Om
= 1

was used in his subsequent derivation of the theoretical equation for water solubility in silicate

melts (Silver and Stolper, 1985). That is, eq. (1.2) was simplified as follows:

XH2Om
(P )

XH2Om
(P0)

=
fH2O

(P )

fH2O
(P0)

exp


−

∫ P

P0

V
melt

H2Om
(P ′)dP ′

RT

 . (1.3)

When melt is saturated with water, the mole fraction XH2Om
of H2Om can be calculated

based on the experimentally measured water solubility, the chemical composition of melt, and

the speciation data of H2Om and OH obtained from the IR spectroscopy. In addition, the

fugacity of vapor fH2O
can be calculated with great accuracy from the equation of state of

water as a real gas (Burnham et al., 1969; Holloway, 1977; Haar et al., 1984; Wagner and Pruß,

2002; Wagner and Kretzschmar, 2007).

However, the partial molar volume of H2Om in melt, V
melt

H2Om
, is not guaranteed to be equal

to V
melt

total H2O
, and it was an unknown value. Therefore, many attempts have been made to

estimate the unknown V
melt

H2Om
from the known XH2Om

and fH2O
through eq. (1.3) (Silver et al.,

1990; Blank et al., 1993; Lange, 1994; Holloway and Blank, 1994; Dixon et al., 1995; Holtz et

al., 1995; Mysen and Acton, 1999; Zhang, 1999a, Mysen and Wheeler, 2000; Mysen and Cody,

2004; Mysen, 2007; Lesne et al., 2011).

In particular, Silver et al. (1990) took a limit in eq. (1.3) that brings an arbitrary pressure

P close to the reference pressure P0, and the concept is introduced below.

25



Calculation procedure of V
melt

H2Om
in Silver et al. (1990)� �

At typical magma temperatures, the magnitude of RT is approximately ≃ 105 bar · cm3.

In contrast, when P is taken in a neighborhood of P0,
∫ P

P0
V

melt

H2Om
(P ′)dP ′ can be sufficiently

small, and the exponential term in eq. (1.2) approaches 1. That is, when P → P0, it can
be regarded as:

aH2Om
∝ fH2O

. (1.4)

In addition, since the plot of XH2Om
vs. fH2O

in the low pressure region P ≲ 1 kbar shows
good linearity, it can be expressed as:

XH2Om
∝ fH2O

. (1.5)

Therefore, Henry’s law holds in the low pressure region as follows. This also means that
γH2Om

is independent of pressure.

aH2Om
∝ XH2Om

. (1.6)

From the above, the unknown V H2Om
(P ) can be obtained using the known XH2Om

(P ) and
fH2O

(P ):

V
melt

H2Om
(P0) = −RT lim

P→P0

ln
XH2Om

(P )

XH2Om
(P0)

− ln
fH2O

(P )

fH2O
(P0)

P − P0

= −RT lim
P→P0

ln
XH2Om

(P )

fH2O
(P )

− ln
XH2Om

(P0)

fH2O
(P0)

P − P0

= −RT

∂ ln
XH2Om

(P )

fH2O
(P )

∂P

∣∣∣∣∣∣∣∣∣
P=P0

. (1.7)

� �
However, in the above idea, even if taking the limit P → P0, simply

aH2Om
(P )

fH2O
(P )

=
aH2Om

(P0)

fH2O
(P0)

holds, so deriving eq. (1.4) is clearly wrong.

In an exceptional case, Silver and Stolper (1989) implicitly assumed that V
melt

total H2O
= V

melt

H2Om
,

and substituted the empirical equation (eq. (1.1)) of Burnham and Davis (1971) into the

theoretical solubility equation to obtain various thermodynamic parameters. This is discussed

later in Chapter 2.

The values of V
melt

H2Om
obtained in this way varied greatly from positive to negative depending

on melt temperature, pressure and composition as shown in Table 1.1 below.
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Table 1.1: Values of V
melt

H2Om
estimated through the theoretical expression for H2Om solubility

in silicate melts (eq. (1.3)).

Source Composition T P V
melt

H2Om

(◦C) (bars) (cm3/mol)
Silver et al. (1990) rhyolite 850 1 −3.3± 2.8

rhyolite n.d. up to 7 k 12.0
E2 1180 1 16.2
CAS-E2 1200–1450 15 k–20 k 13.8
albite 850 1 20.9 ± 0.6
albite 1000 1 22.4
albite 800–1000 800 22–25
albite 1200–1450 15 k–20 k 14.3
albite n.d. up to 7 k 11.6
orthoclase 850 1 25.1
orthoclase 1200–1450 15 k–20 k 15.1
Na, Zn-rich silicate n.d. up to 7 k 12
Na2Si3O7 n.d. up to 7 k 13

Blank et al. (1993) rhyolite 850, 1200 49–983 −2.5± 3.0
Lange (1994) albite 850 486–546 −4.0± 4.7
Dixon et al. (1995) tholeiitic basalt 1100–1200 180–8 k 12± 1
Holtz et al. (1995) haplogranite (AOQ) 900 1 k–8 k 10–12
Mysen and Acton (1999) haploandesite join 700–1300 8 k–20 k 6–14
Zhang (1999a) haplogranite (AOQ) 550–1321 1–5 k 32.8− 0.02057T (K)
Mysen and Wheeler (2000) haploandesite join 1000–1300 8 k–20 k 7.8–12.8
Mysen and Cody (2004) Na2O-SiO2 join 1000–1300 8 k–20 k 10–14
Mysen (2007) Na2O·4TO2 1100 8 k–20 k 8.9–12.5
Lesne et al. (2011) alkali basalt 1200 163–3848 26.9,−15.9,−48
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・T (◦C) and P (bars) represent the temperature and pressure of experimental determinations

of water solubility in silicate melts.

・V
melt

H2Om
(cm3/mol) represents the partial molar volume of H2Om in silicate melts.

・rhyolite = 77.5 wt% SiO2 + 12.5 wt% Al2O3 + 0.5 wt% CaO + 1.0 wt% FeO + 3.6 wt%

Na2O + 4.8 wt% K2O. ・E2 = 63.7 wt% SiO2 + 14.3 wt% Al2O3 + 22.0 wt% CaO.

・CAS = 62.8 wt% SiO2 + 14.3 wt% Al2O3 + 22.9 wt% CaO (almost the same as E2).

・albite = NaAlSi3O8.

・orthoclase = KAlSi3O8.

・Na, Zn-rich silicate = 72.9 wt% SiO2 + 2.1 wt% Al2O3 + 10.6 wt% Na2O + 4.5 wt% K2O

+ 10.0 wt% ZnO.

・tholeiitic basalt = 50.8 wt% SiO2 + 13.7 wt% Al2O3 + 1.84 wt% TiO2 + 12.4 wt% FeO +

0.22 wt% MnO + 6.67 wt% MgO + 11.5 wt% CaO + 2.68 wt% Na2O + 0.15 wt% K2O + 0.19

wt% P2O5 + 0.15 wt% S.

・haplogranite (AOQ) = 76.14 wt% SiO2 + 13.53 wt% Al2O3 + 4.65 wt% Na2O + 5.68 wt%

K2O (Ab38Or34Qz28, almost the same as rhyolite).

・haploandesite join = K2Si4O9-K2(KAl)4O9 with 0, 3 and 6 mol% Al2O3 added as K2(KAl)4O9

component.

・alkali basalt = 47.59-49.40 wt% SiO2 + 14.52-17.19 wt% Al2O3 + 0.80-1.66 wt% TiO2 +

7.51-10.15 wt% FeO + 0.14-0.20 wt% MnO + 5.72-8.00 wt% MgO + 10.85-12.77 wt% CaO +

1.80-3.42 wt% Na2O + 1.90-5.55 wt% K2O + 0.40-0.65 wt% P2O5.

・Na2O-SiO2 join = NSx (x = 2, 2 2/3, 4, and 8), where x represents the number of moles of

SiO2 relative to 1 Na2O.

・Na2O·4TO2 = the join between tetrasilicate (T = Si) and tetra-alminate (T = NaAl).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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1.3 A paradox of the partial molar volume of water in

silicate melt

Subsequently, like Burnham and Davis (1971), Ochs and Lange (1997) measured the den-

sity of the quenched hydrous albite glasses with various water contents synthesized at high

temperature and high pressure. In addition, by combining the measured thermal expansion co-

efficients of glass and melt near the glass transition point, the density of the hydrous albite melt

was precisely estimated, and V
melt

total H2O
was calculated. Subsequently, Ochs and Lange (1999)

performed density measurements for the first time on two compositions of hydrous melts other

than albite (rhyolite and KCS, KCS = 59.51 wt% SiO2 + 30.51 wt% CaO + 9.97 wt% K2O) to

investigate the melt composition dependence of V
melt

total H2O
. Albite and rhyolite are fully poly-

merized liquids (NBO/T = 0), whereas KCS is a depolymerized melt (NBO/T = 1.9). The

results of these experiments showed that V
melt

total H2O
satisfied the following empirical equation

in the range of 298-1500 K and 0.1 MPa-1.0 GPa, independent of the chemical composition of

melt, total water content, and water speciation:

V
melt

total H2O
(1000◦C, 1 bar) = 22.89± 0.55 cm3/mol, (1.8)

∂V
melt

total H2O

∂T
= (9.46± 0.83)× 10−3 cm3/(mol ·K), (1.9)

∂V
melt

total H2O

∂P
= (−3.15± 0.61)× 10−4 cm3/(mol · bar). (1.10)

The values of V
melt

total H2O
obtained by this empirical expression were in general agreement

with those estimated from the empirical equation (eq. (1.1)) of Burnham and Davis (1971),

with a maximum deviation of a few cm3/mol (See Fig. 4.1 in Ochs and Lange, 1997). Moreover,

Bouhifd et al.’s (2001) experiments with phonolite melt, similar to those of Ochs and Lange

(1997), also supported the above empirical equations. The fact that V
melt

total H2O
is independent

of water speciation means that the following equation holds:

V
melt

total H2O
= V

melt

H2Om
= V

melt

OH , (1.11)

where V
melt

OH means one cluster of two OH groups minus one oxygen, i.e., one H2O molecule

dissolved in the form of OH groups. Thus, the subscripts of V
melt

in eq. (1.8), eq. (1.9) and

eq. (1.10) can be read as H2Om.

In other words, Stolper’s method presented in section 1.2 calculates values far removed

from V
melt

H2Om
obtained from the empirical equations experimentally determined by Burnham and

Davis (1971) and Ochs and Lange (1997, 1999). That is, the theoretical solubility equation,
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eq. (1.3), used to estimate V
melt

H2Om
is not internally consistent. This paradox has been pointed

out in a number of publications (Silver et al., 1990; Lange, 1994; Holloway and Blank, 1994;

Dixon et al., 1995; Zhang, 1999b; Lesne et al., 2011), however, there have been no studies to

date that have explicitly addressed its causes.

Zhang (1999b) offered two ideas as to the cause of this inconsistency.

(1) Assuming that both the values of V
melt

H2Om
obtained via the theoretical solubility equation and

the experimentally determined values of V
melt

total H2O
are correct, V

melt

H2Om
̸= V

melt

OH is required to

satisfy both. In other words, he pointed out that the partial molar volume may differ between

H2Om and OH when water is dissolved into melt. However, this idea contradicts the above

equation (1.11) suggested by the experimental results of Ochs and Lange (1997, 1999). In

addition, since the ionic radius of the O atom is relatively large among the atoms constituting

melt, and a packing structure of O atoms can be assumed, it is unlikely that there is a large

difference between V
melt

H2Om
and V

melt

OH ; therefore, this idea does not seem to be appropriate that

includes the case where positive and negative values of V
melt

H2Om
and V

melt

OH may be inverted.

(2) At that time, since equilibrium constants for the second reaction of dissolution had only

been determined for glasses and melts at 400-600◦C with the water content of ≤ 2.4 wt%

for the rhyolite compositions (Zhang et al., 1997; Ihinger et al., 1999), he pointed out that

applying the equilibrium constants extrapolated to general magma temperatures and water

contents may have led to inaccurate estimations ofXH2Om
and V

melt

H2Om
. However, the equilibrium

constants at higher temperatures or higher water contents later obtained experimentally by

Nowak and Behrens (2001), Behrens and Nowak (2003), and others are not so different from

the extrapolated value of the equilibrium constant in Zhang et al. (1997) or Ihinger et al.

(1999), and thus it is unlikely to be the root cause of the paradox described above.

The Excel macro VolatileCalc, provided by Newman and Lowenstern (2002), a widely used　

publicly available program, can calculate the solubility of H2O and CO2 in basaltic and rhyolitic

melts. The program to calculate the H2O solubility (especially H2Om) is incorporated based on

the theoretical equation of Silver and Stolper (1985): eq. (1.3). In their calculation algorithm

for water solubility in rhyolitic melt, they arbitrarily set V H2Om
= 5 cm3/mol independent of

temperature and pressure, which is far from the value of Ochs and Lange (1997, 1999), with

no evidence so that water solubility obtained from eq. (1.3) roughly matched the previous

experimental data. Fig. 1.1 shows water solubilities in rhyolitic melts at 850◦C and below 500

MPa: previous experimental data (circles), calculated values using an empirical model compiled

from these data (the light blue curve, Liu et al., 2005), and calculated values using VolatileCalc

(the gray curve). The equation for the empirical model of Liu et al. (2005) is as follows:

Liu(T, P ′) =
(354.94P ′0.5 + 9.623P ′ − 1.5223P ′1.5)

T
+ 0.0012439P ′1.5, (1.12)

30



where Liu(T, P ′) is total dissolved H2O content in wt%, T is temperature in K, and P ′ is

pressure in MPa. The applicable range of this equation is 700-1200◦C and 1-5000 bars. Al-

though the figure shows that the curve of VolatileCalc seems to reproduce the data measured

in previous experiments, it has an upward convex at pressures higher than 200 MPa and total

water content higher than 6.0 wt%, while the curve of the empirical model has a downward

convex. Therefore, it is preferable to use eq. (1.12) rather than VolatileCalc for determining

water solubility in rhyolitic melts at 200-500 MPa.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

[Figure 1.1] Water solubility in 850◦C rhyolitic melt or haplogranite (AOQ) melt. Circles are

experimental measurements in previous studies: dark blue - Burnham and Jahns (1962); brown

- Shaw (1974); small yellow - Silver et al. (1990); yellowish green - Holtz et al. (1992, 1995);

orange - Yamashita (1999); red - Wilke et al. (2002); gray - Liu et al. (2005). The light blue

curve shows an empirical model derived from a compilation of some of the above by Liu et al.

(2005). The gray curve shows the calculated values by an open program VolatileCalc provided

by Newman and Lowenstern (2002).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The question of which value of V
melt

H2Om
should be chosen, the one obtained via the theoreti-

cal solubility equation or the one determined by experiment, is also important in experimental

studies of bubble nucleation, the initial stage of vesiculation of magma induced by decompres-

sion that is the driving force for volcanic eruptions. Specifically, in experiments to reproduce

the decompression-induced vesiculation of magma in a laboratory system with controlled ini-

tial pressure and decompression rate, the uncertainty in the value of V
melt

H2Om
greatly affects the

estimation of surface tension between melt and bubble nucleus by substituting the nucleation

rate estimated from the bubble number density (BND) of the experimental product into the
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classical nucleation theory (CNT, e.g., Hirth et al., 1970; Blander and Katz, 1975), (Mangan

and Sisson, 2000; 2005; Mangan et al., 2004; Mourtada-Bonnefoi and Laporte, 2002; 2004;

Cluzel et al., 2008; Hamada et al., 2010; Gardner and Ketcham, 2011; Gardner, 2012; Gonner-

mann and Gardner, 2013; Gardner et al., 2013; Gardner et al., 2018). Surface tension is the

strongest parameter governing bubble nucleation, but it is difficult to measure directly and has

only a few precedents (Epel’baum, 1973; Khitarov et al., 1979; Bagdassarov et al., 2000), so it

is mostly estimated indirectly through these laboratory decompression experiments. This esti-

mate impacts the question of whether homogeneous or heterogeneous nucleation predominates

in natural magma (Shea, 2017), and is also relevant to attempts to estimate the decompression

rate of magma from observations of bubble textures in pyroclastic fall deposits, such as pumice,

scoria and volcanic ash (Toramaru, 1989; 1995; 2006, Nishiwaki and Toramaru, 2019), so the

problem of the uncertainty of V
melt

H2Om
should be resolved as soon as possible.
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1.4 Resolving the paradox: Breaking of the ideal mixing

model

As noted in section 0.1, Stolper (1982a, 1982b) explained that the mutually soluble system

of silicate and water can be regarded as the ideal mixing. In addition, as discussed in section

1.2, for the subsequent approximately 40 years, the ideal solution approximation (eq. (1.3))

was used for the theoretical expression of water solubility in silicate melts. However, in reality,

the mixture of silicate and water has a miscibility gap as shown in Fig 0.2 and involves volume

change and heat generation during mixing. This behavior is clearly at odds with Definitions of

the ideal solution 2. and 3. given in section 0.1.

In other words, to solve the above paradox, the silicate-water mixture should not be ap-

proximated as the ideal solution, but as in eq. (1.2), the term γH2Om
(P )/γH2Om

(P0) must

be properly taken into account. In this study, the partial molar volume of H2Om in melt,

V H2Om
, is considered as known (eq. (1.8), eq. (1.9), and eq. (1.10)), and the unknown term

γH2Om
(P )/γH2Om

(P0) is evaluated through eq. (1.2). This idea is contrary to previous studies

(see section 1.3) that tried to find “unknown” V H2Om
by trusting the theoretical equation.

If a reference pressure P0 = 1 bar is assumed in eq. (1.2), the theoretical expression for the

solubility of H2Om in melt is written as below:

γH2Om
(P )

γH2Om
(1)

·
XH2Om

(P )

XH2Om
(1)

=
fH2O

(P )

fH2O
(1)

exp


−

∫ P

1

V
melt

H2Om
(P ′)dP ′

RT

 . (1.13)

XH2Om
was obtained from eq. (10) by determiningXtotal H2O

and the “apparent” equilibrium

constant Qr2 (defined as eq. (2.15), later explained in section 2.3) in haplogranite (AOQ)

melt (Behrens and Nowak, 2003), which is close in composition to rhyolitic melt. For the

representative chemical composition of anhydrous rhyolitic melt, that of obsidian glass from

Wada Pass, Nagano Prefecture, Japan (Yoshimura and Nakamura, 2010) was used. It is needed

for converting the value of water solubility Liu (wt%, eq. (1.12)) to Xtotal H2O
(mol). The

conversion equation is expressed as below:

Xtotal H2O
=

32.24 · Liu
100

18.02 + 14.22 · Liu
100

. (1.14)

fH2O
can be calculated from the equation of state of a real gas by “IAPWS-95” (Wagner

and Kretzschmar, 2007). That equation for lower than 1000◦C is extrapolated directly to

the range of 1000-1200◦C. The extrapolation result agrees well with the result obtained from

the modified Redlich-Kwong eqation (calculated with VolatileCalc provided by Newman and

Lowenstern, 2002) within 1.58 % error.
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If eq. (1.5) of the method by Silver et al. (1990) is correct, the relation

XH2Om
(P )

fH2O
(P )

/
XH2Om

(1)

fH2O
(1)

= 1 (1.15)

should hold in the low pressure region, however, the quantity of the LHS at 700-1200◦C can be

drawn as Fig. 1.2. Around 1000◦C, eq. (1.15) seems to be a good approximation over a wide

pressure range, but at other temperatures it deviates from unity significantly, thus eq. (1.5) is

not valid.
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[Figure 1.2] {XH2Om
(P )/fH2O

(P )}/{XH2Om
(1)/fH2O

(1)}. XH2Om
(P ) is the mole fraction of

H2Om in rhyolitic melt at P bars, obtained by the empirical model of water solubility in

rhyolitic melt (Liu et al., 2005, eq. (1.12)) and the apparent equilibrium constant of the second

dissolution reaction of water (r2, eq. (2)) in haplogranite melt Qr2 (Behrens and Nowak, 2003,

defined as eq. (5)). fH2O
(P ) is the pure water vapor fugacity at P bars.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The unknown term γH2Om
(P )/γH2Om

(1) for the same temperature and pressure range can

be drawn as Fig. 1.3. In the ideal mixing assumed in Stolper (1982a, 1982b) and Silver and

Stolper (1985), γH2Om
(P )/γH2Om

(1) = 1. However, Fig. 1.3 shows that γH2Om
(P )/γH2Om

(1) ̸= 1

in most temperature and pressure regions. This means that Henry’s law (eq. (1.6)) of Silver

et al.’s (1990) method and the ideal mixing model are broken. It immediately follows that eq.

(1.7) of Silver et al.’s (1990) method is also inappropriate.
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[Figure 1.3] The ratio of the activity coefficient of H2Om in melt γH2Om
(P )/γH2Om

(1), calculated

when XH2Om
(P ), fH2O

(P ), and the partial molar volume of H2Om in melt V
melt

H2Om
(P ′) in eq.

(1.13) are assumed to be known.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

[Figure 1.4] A conceptual diagram of the relation between the mole fraction X and the activity

a of a solute in a solution. The straight line a = X denotes the ideal mixing case. When the

activity coefficient γ = a/X is greater than unity, the mixing of solute and solvent molecules

is energetically unstable compared to the mixing of only solute or only solvent molecules. In

contrast, when γ is less than unity, the mixing of solute and solvent molecules is energetically

more stable than the mixing of only solute or only solvent molecules.
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Figure 1.4 shows a conceptual diagram of the relation between the mole fraction X and the

activity a of a solute in a solution. The activity coefficient γ (see eq. (6)) is the ratio of a and

X. Since solubility generally increases with increasing pressure, the horizontal axis corresponds

to the direction of increasing pressure. If X is small enough (X ≪ 1), γ decreases monotoni-

cally with increasing pressure when the mixing of solute and solvent molecules is energetically

unstable (γ > 1, the red curve) compared to the mixing of only solute or only solvent molecules.

Conversely, if the mixing of solute and solvent molecules is energetically stable (γ < 1, the blue

curve) compared to the mixing of only solute or only solvent molecules, γ increases monoton-

ically with increasing pressure. In the system discussed here, since O is overwhelmingly more

abundant than H2Om, O corresponds to the solvent and H2Om to the solute. Even in the case

of the highest solubility of H2Om in the temperature and pressure range treated in this study

(700◦C, 5000 bars), at most XH2Om
< 0.1. The ratio γH2Om

(P )/γH2Om
(1) plotted in Fig. 1.3

is smaller than unity in most temperature and pressure regions and decreases monotonically

with increasing pressure; therefore, γH2Om
(P ) is a monotonically decreasing function. This cor-

responds to the red curve, indicating that the mixing of O and H2Om is more unstable than

the mixing of O alone. In contrast, the ratio γH2Om
(P )/γH2Om

(1) is greater than unity in the

temperature and pressure regions of (700◦C, ≲ 1600 bars), (800◦C, ≲ 900 bars), and (900◦C,

≲ 300 bars), and all of them increase with increasing pressure at very low pressures. The reason

for this is unknown and still under consideration.

In the following, the reason why the estimated value of V H2Om
was extremely unstable

when assuming the ideal mixing (i.e., γH2Om
= 1, see Table 1.1), is examined by comparing the

magnitude of the two terms γH2Om
and XH2Om

/fH2O
.

According to Ochs and Lange (1999), since the pressure dependence of V
melt

H2Om
is expressed

as eq. (1.10), V H2Om
at 1000◦C varies at most only 1.6 cm3/mol in the range of 1-5000 bars.

Therefore, ignoring the pressure dependence of V H2Om
, the equation for estimating V H2Om

can

be approximated in a form of difference rather than in the differential form as eq. (1.7) in the

method by Silver et al. (1990):

V H2Om
≃ −RT

ln
aH2Om

(P )

aH2Om
(P0)

− ln
fH2O

(P )

fH2O
(P0)

P − P0

. (1.16)

When P0 = 1 bar, the RHS of eq. (1.16) can be transformed as follows:
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Table 1.2: ln
γH2Om

(P )

γH2Om
(1)

vs. ln

(
XH2Om

(P )

XH2Om
(1)

/
fH2O

(P )

fH2O
(1)

)
T/P 1000 bars 3000 bars 5000 bars
800◦C (−0.0263,−0.210) (−0.369,−0.352) (−0.595, 0.625)
1000◦C (−0.281, 0.0632) (−0.716, 0.0540) (−1.04,−0.0742)
1200◦C (−0.479, 0.275) (−1.03, 0.414) (−1.45, 0.404)

Values of the first and second terms in the numerator of eq. (1.17) at specific temperatures
and pressures.

Table 1.3: Estimated values of V H2Om
(cm3/mol): assuming Henry’s law vs. Ochs and Lange’s

(1999) equation

T/P 1000 bars 3000 bars 5000 bars
800◦C (18.8, 20.7) (10.5, 20.0) (11.2, 19.4)
1000◦C (−6.70, 22.6) (−1.90, 21.9) (1.57, 21.3)
1200◦C (−33.7, 24.5) (−16.9, 23.8) (−9.89, 23.2)

Values calculated when the first term of the numerator in eq. (1.17) is set to 0 vs. from eq.
(1.8), eq. (1.9), and eq. (1.10) derived from the density measurement experiments by Ochs and
Lange (1999).

= −RT

ln
aH2Om

(P )

aH2Om
(1)

− ln
fH2O

(P )

fH2O
(1)

P − 1

= −RT

ln
γH2Om

(P )

γH2Om
(1)

+ ln
XH2Om

(P )

XH2Om
(1)

− ln
fH2O

(P )

fH2O
(1)

P − 1

= −RT

ln
γH2Om

(P )

γH2Om
(1)

+ ln

(
XH2Om

(P )

XH2Om
(1)

/
fH2O

(P )

fH2O
(1)

)
P − 1

. (1.17)

When the temperature is fixed to one of 800, 1000, or 1200◦C, and the pressure is varied

to 1000, 3000, or 5000 bars, the pairs of values of the two logarithmic terms in the numerator

of eq. (1.17)

{
ln

γH2Om
(P )

γH2Om
(1)

, ln

(
XH2Om

(P )

XH2Om
(1)

/
fH2O

(P )

fH2O
(1)

)}
are shown as Table 1.2. At any

temperature, the term γH2Om
is non-negligible compared to the term XH2Om

/fH2O
.

Moreover, the pairs of the values of V H2Om
: when Henry’s law

γH2Om
(P )

γH2Om
(1)

= 1 i.e. ln
γH2Om

(P )

γH2Om
(1)

=

0 is applied in eq. (1.17) (the conventional method) vs. obtained by Ochs and Lange (1999)’s

equations (1.8), (1.9), and (1.10) are listed in Table 1.3. Since the term γH2Om
sensitively

changes with temperature and pressure, it can be concluded that neglecting this term have led

to the previous estimations of extremely unstable V H2Om
values.
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Chapter 2

Three-component asymmetric regular
solution model

2.1 Regular solution approximation

In Chapter 1, it was shown that the ideal solution approximation for the three-component

mixture of silicate and water (H2Om + OH) breaks down, and the values of γH2Om
(P )/γH2Om

(P0)

were obtained over a wide temperature and pressure range for a reference pressure P0 = 1 bar.

However, this is only the ratio of γH2Om
at arbitrary and reference pressures. Therefore, in this

chapter, it is attempted to find the specific value of γH2Om
.

If the deviation from an ideal solution in a real solution is expressed as “ex” (excess), the

excess mixing enthalpy ∆Hex and the excess mixing entropy ∆Sex of the ideal solution are{
∆Hex = 0, (2.1)

∆Sex = 0, (2.2)

whereas those of the real solution are {
∆Hex ̸= 0, (2.3)

∆Sex ̸= 0. (2.4)

Note that an inorganic solid solution is generally treated as a regular solution, where ∆Sex is

assumed to be minute (Uchida, 2012): {
∆Hex ̸= 0, (2.5)

∆Sex = 0. (2.6)

This study also attempts to approximate the regular solution for the three-component mix-

ture of silicate and water (H2Om + OH). In this chapter, the three components are denoted by

A, B, and C, where A = H2Om, B = OH, and C = O (bridging oxygen), to avoid complicated

subscripts.
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2.2 Three-component asymmetric regular solution

In general, the curve of the excess Gibbs energy ∆Gex of mixing for a multicomponent solid

solution is asymmetric between components. Kakuda et al. (1991, 1994) extended the Bragg-

Williams approximation in the two-component system to the three-component (A, B, and C)

system and derived an equation for ∆Gex
ABC for a three-component asymmetric regular solution.

GABC = G◦
ABC +∆Gmix

ABC +∆Gex
ABC. (2.7)

In addition, each term is expanded as follows:

G◦
ABC = nAµ

◦
A + nBµ

◦
B + nCµ

◦
C, (2.8)

∆Gmix
ABC = RT

(
nA ln

nA

nA + nB + nC

+ nB ln
nB

nA + nB + nC

+ nC ln
nC

nA + nB + nC

)
, (2.9)

∆Gex
ABC =

1

(nA + nB + nC)2

{nAnB(nAwAAB + nBwABB)

+ nBnC(nBwBBC + nCwBCC)

+ nCnA(nCwCCA + nAwCAA)

+ 2nAnBnCwABC}, (2.10)

where µ◦
i (i = A,B, and C) are chemical potentials of the pure components, respectively. wijk

(i = A,B, and C) are interaction parameters that represent the magnitude of the interaction

energy acting among three nearest neighbor particles (triplet). For example, “iij” represents

the interaction when one particle of j enters an i-rich environment, and “ijj” represents the

interaction when one particle of i enters a j-rich environment. This can be interpreted as

reflecting the fact that the two-body interaction between i and j changes under the influence of

the surrounding environment. wiij > 0 means that the i-only state is more energetically stable

than the state in which one particle of j enters. Conversely, wiij < 0 means that the state in

which one j particle enters is more energetically stable than the i-only state.

∆Gex
ABC and γA, the activity coefficient of the component A, are connected by the following

relation, expanded from eq. (2.10):
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µex
A = RT ln γA =

∂∆Gex
ABC

∂nA

= wAAB(−2x2
AxB + 2xAxB)

+ wABB(−2xAx
2
B + x2

B)

+ wBBC(−2x2
BxC)

+ wBCC(−2xBx
2
C)

+ wCCA(−2xAx
2
C + x2

C)

+ wCAA(−2xCx
2
A + 2xCxA)

+ wABC(−4xAxBxC + 2xBxC), (2.11)

where µex
A is the excess chemical potential of the component A, and xA =

nA

nA + nB + nC

,

xB =
nB

nA + nB + nC

, xC =
nC

nA + nB + nC

. The identical equations can be expanded for the

components B and C as follows:

µex
B = RT ln γB =

∂∆Gex
ABC

∂nB

= wAAB(−2xBx
2
A + x2

A)

+ wABB(−2xAx
2
B + 2xAxB)

+ wBBC(−2x2
BxC + 2xBxC)

+ wBCC(−2xCx
2
A + x2

A)

+ wCCA(−2x2
CxA)

+ wCAA(−2xCx
2
A)

+ wABC(−4xAxBxC + 2xCxA), (2.12)

µex
C = RT ln γC =

∂∆Gex
ABC

∂nC

= wAAB(−2x2
AxB)

+ wABB(−2xAx
2
B)

+ wBBC(−2xCx
2
B + x2

B)

+ wBCC(−2xBx
2
C + 2xBxC)

+ wCCA(−2x2
CxA + 2xCxA)

+ wCAA(−2xAx
2
B + x2

B)

+ wABC(−4xAxBxC + 2xAxB). (2.13)
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2.3 Calculations of interaction parameters and activity

coefficients by the steepest descent method

After fixing the temperature to one of 700, 800, 900, 1000, 1100, or 1200◦C, the pressure

range 4999.00-5000.00 bars was divided into 100 parts. The values of xA, xB, and xC at each

pressure were substituted into eq. (2.11). In addition, the ratio γH2Om
(P )/γH2Om

(5000) was

also calculated for each pressure, and then the values of the seven interaction parameters of

eq. (2.11) at 5000 bars were calculated by the steepest descent method based on those 100

equations (Table 2.1). The steepest descent method is an algorithm that searches for the

minimum value of a function when viewed as a potential surface, based on the slope of the

function (the first-order derivative) and an arbitrarily given initial value. The step size and

the number of step were set to a value as large as possible that allows the calculated value

to converge without divergence and 100,000 times, respectively, to confirm that the calculated

value converges sufficiently. The reason why P0 was not set at 1 bar was that the values of xA

and xB around 1 bar were about 10−5, very small compared to xC which was about unity, and

that the difference in magnitude among the coefficient terms of each wijk was by a factor of 1015

at most, making the calculation of the steepest descent method very unstable. For P0 = 5000

bars, approximately xA was 0.071-0.089, xB was 0.138-0.221, and xC was 0.708-0.772, i.e., the

coefficient terms for each wijk differed only by a factor of 30 at most, allowing the steepest

descent method to be computed without any problems.

Table 2.1 shows that wCCA is by far the largest when compared with the absolute values of

each of the seven interaction parameters. This is consistent with the prediction described in

section 1.4 that the mixture of O and H2Om is more energetically unstable than the mixture

of only O. In addition, every parameter depends on temperature, and their absolute values are

larger at higher temperatures. This is consistent with the fact that the miscibility gap between

silicate and water widens at higher temperatures (Mysen and Acton, 1999).

Silver and Stolper (1989) applied the data of water solubility in albite melt to two the-

oretical models: the ideal mixing model and the symmetric regular solution model. In the

symmetric regular solution model, only three interaction parameters, WH2Om−O, WO−OH, and

WH2Om−OH, were used because energy symmetry was assumed for H2Om, OH, and O. They

used the theoretical equation of Burnham and Davis (1971) for V H2Om
(T, P ) (eq. (1.1)) to

obtain those three interaction parameters to explain the results of speciation measurements by

IR spectroscopy. The parameters obtained were then used to calculate, for example, the heat

of dissolution for r1. However, they made two arbitrary assumptions: the three interaction

parameters were constants independent on temperature and pressure; and WH2Om−O = 0. The
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Table 2.1: Interaction parameters at 5000 bars (J/mol) calculated by the steepest descent
method

T (◦C) wAAB wABB wBBC wBCC wCCA wCAA wABC

700 −125 −40 78 19 1233 -379 2
800 −195 −75 138 5 1704 -501 5
900 −256 −116 203 −20 2046 -576 6
1000 −315 −166 273 −53 2348 -634 4
1100 −371 −222 348 −92 2633 -684 1
1200 −427 −286 429 −137 2913 -728 -3

Value of the interaction parameter at 5000 bars. The subscript A, B and C represent H2Om,
OH, and O, respectively. wiij represents the interaction energy for a single particle of j entering
an i-rich environment. When it is positive, the i-only state is more energetically stable than
the state in which one particle of j enters. Conversely, when it is negative, the state in which
one j particle enters is more energetically stable than the i-only state. These were obtained by
the steepest descent method by combining eq. (2.11) at 5000 bars and at different pressures
close to that.

results of the above calculations with the asymmetric regular solution model adopted in this

study were in sharp contradiction with their assumptions, suggesting that their assumptions

were not valid.

In addition, γH2Om
(5000), i.e., γA at P = 5000 bars was calculated by re-substituting the

seven interaction parameter values to eq. (2.11). Similarly, the steepest descent method was

applied to eq. (2.12) and eq. (2.13) to obtain the values of γOH(5000) and γO(5000) (Table

2.2). The value of γOH(5000) is slightly less than unity, which corresponds to the blue curve in

Fig. 1.4, indicating that the mixing of O and OH is more unstable than the mixing of O alone.

This is the opposite behavior of H2Om, but I still have no idea why, specifically the geometric

arrangement of each molecule and how the intermolecular forces (electrostatic forces) between

them interact.

Furthermore, γ2
OH/(γH2Om

· γO) at 5000 bars were calculated based on the above, and they

were smaller than unity (Table 2.2). As mentioned in section 0.1, the equilibrium constant

Kr2 for the second reaction of dissolution (defined as eq. (7)) has been considered equal to

the “apparent” equilibrium constant Qr2 (defined as eq. (5)). The speciation of H2Om and

OH in hydrous silicate melts at high temperatures and high pressures has been measured by

various experimental techniques including “heat and quench” and in situ IR (Shen and Keppler,

1995; Nowak and Behrens, 1995; 2001; Ihinger et al., 1999; Sowerby and Keppler, 1999; 2000;

Ohlhorst et al., 2000; Behrens and Nowak, 2003; Liu et al., 2004; Schmidt, 2004; Botcharnikov

et al., 2006; Behrens and Yamashita, 2008; Bauer et al., 2015; Behrens et al., 2018; Balzer et

al., 2019a; 2019b; Balzer et al., 2020; Behrens et al., 2020). By substituting a set of measured
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Table 2.2: Values of γH2Om
, γOH, γO and γ2

OH/(γH2Om
· γO) at 5000 bars

T (◦C) γH2Om
γOH γO γ2

OH/(γH2Om
· γO)

700 1.070 0.9939 0.9956 0.9272
800 1.086 0.9906 0.9936 0.9093
900 1.093 0.9879 0.9920 0.9004
1000 1.096 0.9856 0.9907 0.8945
1100 1.098 0.9836 0.9897 0.8902
1200 1.100 0.9819 0.9888 0.8868

The values of the activity coefficients of each component, H2Om, OH, and O, obtained by
substituting the values of the seven interaction parameters calculated at 5000 bars (Table 2.1)
into eq. (2.11), eq. (2.12), and eq. (2.13), and the values of the coefficient described by a
combination of the activity coefficients that appear in the equilibrium constant of the second
reaction of water dissolution Kr2 (see eq. (7)). Note that γH2Om

= γA in eq. (2.11), γOH = γB
in eq. (2.12), and γO = γC in eq. (2.13).

data at a given pressure and various temperatures into eq. (2.15) (the same as eq. (5)), ∆H
◦
r2

and ∆S
◦
r2 have been estimated from eq. (2.14), assumed as equivalent with eq. (2.15):



Kr2 ≡
a2OH

aH2Om
· aO

= exp

(
−∆G

◦
r2

RT

)
= exp

(
−∆H

◦
r2

RT
+

∆S
◦
r2

R

)
,

(2.14)

Qr2 ≡
X2

OH

XH2Om
·XO

, (2.15)

where ∆A
◦
r2 (A = Gibbs free energy G, enthalpy H, and entropy S) are the changes of the

partial molar thermodynamic quantities at the standard state through the second dissolution

reaction r2 (eq. (2)), defined as ≡ A
melt,◦
2OH−O − A

melt,◦
H2Om

, where A
melt,◦
2OH−O and A

melt,◦
H2Om

are the partial

molar value of water exists as OH in melt and the molar thermodynamic quantity of H2Om in

melt, respectively. As a result, most studies have regarded both ∆H
◦
r2 and ∆S

◦
r2 as constants

independent of temperature and pressure. However, the calculation results of this study show

that Kr2 = γ2
OH/(γH2Om

· γO) · Qr2 < Qr2, and γ2
OH/(γH2Om

· γO) was found to be temperature-

dependent. Therefore, a proper evaluation of the non-ideal behavior of mixing may reveal more

accurate values of ∆H
◦
r2 and ∆S

◦
r2 and their temperature-dependence not yet discovered.

Then, since the values of γH2Om
(P )/γH2Om

(5000) at each temperature can be calculated over

a wide pressure range of 1-5000 bars (Fig. 2.1) by the same method as discussed in section

1.4, the values of γH2Om
(P ) were successfully calculated from them and γH2Om

(5000) calculated

using the steepest descent method. Although it is difficult at present, if the steepest descent

method can be applied stably to much lower pressures than 5000 bars (e.g., 1 bar), it will be
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possible to calculate γOH and γO in all pressure ranges. Experimental measurements on water

speciation in rhyolitic melt at very high pressures (Hui et al., 2008) showed that Kr2 was almost

pressure-independent below about 20 kbar. If the behavior of γOH and γO over a wide pressure

range is clarified, the knowledge on the pressure dependence of Kr2 would be updated.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

[Figure 2.1] The ratio of the activity coefficients of H2Om in melt, γH2Om
(P )/γH2Om

(5000),

calculated in the same way as in Fig. 1.3, when the reference pressure P0 was set at 5000 bars.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fig. 2.2 shows the ratio of aH2Om
and XH2Om

drawn based on γH2Om
calculated by the above

method in the wide temperature and pressure range. The left end of each curve (approximately

at the origin) corresponds to 1 bar and the right end to 5000 bars.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

[Figure 2.2] The relation between aH2Om
and XH2Om

. Based on the values of γH2Om
(5000) (Table

2.2) and γH2Om
(P )/γH2Om

(5000) (Fig. 2.1) calculated in this study, the values of γH2Om
(P ) for
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a wide range of pressures 1-5000 bars were obtained. The left end of each curve (approximately

at the origin) corresponds to 1 bar and the right end to 5000 bars.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Part II

Temperature Dependence of Water
Solubility in Silicate Melt
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Chapter 3

Estimation of the heat of dissolution of
water in rhyolitic melt

3.1 Previous studies

Sahagian and Proussevitch (1996) calculated the heat of exsolution of water from albite

melt (equivalent to the opposite sign of the heat for the total dissolution reactions ∆Htotal,

later expained in eq. (3.1), in this study) based on the entropy change equation derived by

Burnham and Davis (1974) over a very wide temperature and pressure range (700-1300◦C and

0.1-1000 MPa, see Table 3 in their paper). The range 700-1200◦C and 0.1-300 MPa of which

is shown as the colored thick solid curves in Fig. 3 (a). They also estimated the temperature

change of hydrous albite melt during equilibrium degassing by simple numerical calculations

using the obtained values of the heat of exssolution. In this study, I significantly updated their

numerical calculations and compared those in Chapter 4.

Zhang (1999b) pointed out that Sahagian and Proussevitch’s (1996) method “Entropy

method” had some non-negligible logical flaws. One of the critical points is that the speci-

ation of water was not yet taken into account in Burnham and Davis’s (1974) entropy change

equation used, i.e., all water was assumed to dissolve as OH. Since the speciation of water in

melt is sensitive to changes of temperature and pressure, the proportion of H2Om cannot be

ignored especially at lower temperature or higher pressure. Then, Zhang (1999b) proposed a

method for calculating the heat of exsolution of water from rhyolitic melt using the Gibbs-

Helmholtz equation (later explained in section 3.2), which links the equilibrium constant to

the enthalpy change in a chemical reaction under isobaric pressure, to calculate the heat of

dissolution in the first and the second reactions of dissolution (r1 and r2, eq. (1) and eq. (2)),

respectively. However, he was not able to obtain the concrete value of the heat of exsolution

for r1 (equivalent to the opposite sign of the heat of dissolution for r1 ∆H
◦
r1) because in those

days the reliable experimental data of the equilibrium constant Kr2 for r2 were not available for
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Table 3.1: Compilation of water speciation data in rhyolite/haplogranite (AOQ) glasses/melts.

Source Composition Ctotal H2O
T ∆H

◦
r2 ∆S

◦
r2 Method

(wt%) (◦C) (kJ/mol) (J/mol)
Ihi99 rhyolite 0.7 - 2.4 400 - 600 25.9 ± 0.4 15.7 ± 0.4 heat and quench
SK99 rhyolite 3.93 397 - 560 31.8 ± 2.5 24.9 in situ IR
NB01 haplogranite (AOQ) 1.3 - 5.2 500 - 800 35.0 ± 1.2 27.7 ± 1.3 in situ IR
BN03 haplogranite (AOQ) 1.0 - 7.9 332 - 634 29.9 ± 0.8 20.1 Tf by quench rate

・Source: Ihi99 - Ihinger et al. (1999). SK99 - Sowerby and Keppler (1999, 2000). NB01 -
Nowak and Behrens (2001). BN03 - Behrens and Nowak (2003).
・Ctotal H2O

(wt%) represents the range of total water content of the samples.

・T (◦C) represents the temperature range of experimental determinations of ∆H
◦
r2 and ∆S

◦
r2

values.
・∆H

◦
r2 (kJ/mol) and ∆S

◦
r2 (J/mol) represent the changes of the partial molar enthalpy and

the partial molar entropy through the second reaction of water dissolution in melt r2 (eq. (2)),
respectively.
・Method: heat and quench - After sufficient time for water species (H2Om and OH) to reach
the equilibrium distribution, the glass/melt was quenched and IR spectroscopy was performed
at room temperature. in situ IR - Water speciation was measured at high temperature and high
pressure by in situ IR spectroscopy. Tf by quench rate - Hydrous melt was cooled from high
temperature at a controlled rate and infrared spectroscopy was performed at room temperature.
Tf is the fictive temperature at which water speciation is frozen.

higher total water content than 2.4 wt% and for higher temperature than 600◦C (Zhang et al.,

1991, 1995, 1997; Ihinger et al., 1999). Thus, he regarded ∆H
◦
r1 as constant and only modeled

the trend of how the heat of the total dissolution reactions ∆Htotal depends on pressure at very

low pressure (≤ 10 MPa). Note that he assumed ideal mixing for the mixture of silicate and

water species.

Liu et al. (2005) performed experiments to determine water solubility in rhyolitic melt at

very low pressures, including atmospheric pressure. Using the experimental data at 0.1, 6, and

11 MPa and the same theoretical method presented by Zhang (1999b), they obtained the heat

of exsolution of water at (850◦C, 0.1-12 MPa), shown as the black thick solid curve in Fig. 3

(a), which confirmed Zhang’s (1999b) prediction.

As shown in Table 3.1, after Zhang’s study, IR spectroscopic data on H2Om and OH species

at higher water content or higher temperature have already been obtained (Sowerby and Kep-

pler, 1999, 2000; Nowak and Behrens, 2001; Behrensand Nowak, 2003), which should make

it possible to extend the application of the calculation method of Zhang (1999b) to a wider

range of temperatures and pressures. Moreover, since I showed in Part I of this study that

the ideal mixing model breaks down for the mixing of silicate and water, and calculated the
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activity coefficient of H2Om when the regular solution model is applied, which is an indicator

of non-ideality, these information can be used to update the value of the heat of dissolution of

water calculated compared with Zhang (1999) and Liu et al. (2005) where ideal mixing was

assumed.

In this chapter, those possibilities are explored in the case of rhyolitic melt. The reason why

focusing on rhyolite-water (including haplogranite-water) system, not on albite-water system,

is because its application to natural systems is relatively straightforward.
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3.2 Calculation methods

While Part I focused on the pressure dependence of water solubility in melt with fixed

temperature, by contrast, this chapter focuses on the temperature dependence of the equilib-

rium constants of the dissolution reactions, especially the first reaction r1 (eq. (1)) with fixed

pressure. Therefore, in the following, pressure is assumed to be equal to the reference pressure

(P = P1), and pressure terms in equations are hereafter omitted. Note that the reference

pressure P1 is different from P0 used in Part I. The goal of this Chapter is to obtain the partial

molar dissolution heat of total water into rhyolitic melt ∆Htotal(T ), which is described as below:

∆Htotal(T ) = ∆H
◦
r1(T ) +

(
1−

XH2Om
(T )

Xtotal H2O
(T )

)
∆H

◦
r2, (3.1)

where ∆H
◦
r1(T ) is the partial molar enthalpy change through r1, defined as ≡ H

melt,◦
H2Om

−H
vapor,◦
H2Om

,

where H
melt,◦
H2Om

and H
vapor,◦
H2Om

are the partial molar enthalpy of H2Om in melt and the molar en-

thalpy of water vapor, respectively. The superscript ◦ means the standard state. The paren-

theses multiplied in the second term of the RHS means the proportion of H2Om dissolved in r1

of which proceeds to r2.

∆H
◦
r1(T ) is acquired from the equilibrium constant of first reaction Kr1(T ) by using the

relation called the Gibbs-Helmholtz equation:

∂ lnK(T )

∂(1/T )
= −∆H

◦
(T )

R
, (3.2)

linking an equilibrium constant and a partial molar enthalpy change, which generally holds

through an isobaric chemical reaction. Since Kr1(T ) can be expressed as

Kr1(T ) =
aH2Om

(T )

fH2O
(T )

=
γH2Om

(T ) ·XH2Om
(T )

fH2O
(T )

, (3.3)

substituting eq. (3.3) into eq. (3.2), the following relation is obtained:

∆H
◦
r1(T ) = −R

∂ lnKr1(T )

∂(1/T )
= −R

∂ ln

(
γH2Om

(T ) ·XH2Om
(T )

fH2O
(T )

)
∂(1/T )

. (3.4)

For γH2Om
(T ), the values calculated by the assymetric regular solution model in section 2.3 are

used. XH2Om
(T ) and fH2O

(T ) can be calculated by the methods described in section 1.4.

∆H
◦
r2 (and ∆S

◦
r2) in rhyolitic melt or haplogranite (AOQ) melt have been measured by

mainly heat and quench and in situ IR spectroscopy over a wide range of temperatures and

pressures (Ihinger et al., 1999; Sowerby and Keppler, 1999, 2000; Nowak and Behrens, 2001;

Behrens and Nowak, 2003, see also Table 2 in Behrens, 2020). Reported data by them are

recapitulated in Table 3.1. The positive value of ∆H
◦
r2 means that the forward reaction of r2 is
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endothermic. These four speciation data were all investigated including the temperature region

around the glass-melt transition point, and each suite of the values of ∆H
◦
r2 and ∆S

◦
r2 were

reported as constant independent of temperature or pressure. Although the possibility that

∆H
◦
r2 is not constant but depends on temperature, if taking the non-ideality of silicate-water

mixing into account, was pointed out in section 2.3, for now it is treated as constant in Part II.
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3.3 Calculation results

Fig. 3 (b)-(f) show the newly obtained calculation results in this study: ∆H
◦
r1 (the thin

solid lines), (1−XH2Om
/Xtotal H2O

)∆H
◦
r2 (the thin dashed curves), and the sum of them (see eq.

(3.1)), i.e., ∆Htotal (the thick solid curves), plotted for the range of 700-1200◦C in increments

of 100◦C at fixed pressures in the range of 0.1-300 MPa in increments of 0.1 MPa. ∆H
◦
r1 was

calculated in two cases whether taking the non-ideality of silicate-water mixing into account or

not. Fig. 3 (b)-(e) are “Regular solution model” in which the non-ideality was appropriately

taken into account: for γH2Om
(T ) in eq. (3.4), the values calculated by the assymetric regular

solution model in section 2.3 was used. In “Regular solution model,” the values of ∆H
◦
r2 for

four different speciation data: Ihinger et al. (1999), Behrens and Nowak (2003), Sowerby and

Keppler (1999, 2000), and Nowak and Behrens (2001) were used, respectively (see Table 3.1).

In contrast, for a comparison, Fig. 3 (f) is “Ideal solution model” in which the non-ideality

was not taken into account: assuming γH2Om
(T ) = 1 in eq. (3.4). In “Ideal solution model,”

Nowak and Behrens’s (2001) ∆H
◦
r2 was also used for the comparison with Fig. 3 (e). I tried

other speciation data than that of Nowak and Behrens (2001) and found that ∆H
◦
r1 depends

on the choice of speciation data, while ∆Htotal is almost independent of speciation data, as the

same as reported in Liu et al. (2005).

In “Regular solution model,” ∆H
◦
r1 behaved almost the same for all speciation data and

was approximately −20 kJ/mol independent of temperature and pressure. The negative value

means that the forward reaction of r1 is exothermic. Its absolute value |∆H
◦
r1| was slightly

smaller at higher temperatures and decreased linearly with increasing pressure at the same rate

independent of temperature. (1−XH2Om
/Xtotal H2O

)∆H
◦
r2 decreased monotonically with pres-

sure in all temperature ranges due to the temperature dependence of water speciation: the lower

the temperature, the larger the fraction of H2Om. As a result of the sum of these quantities,

∆Htotal generally behaved taking over the characteristics of (1−XH2Om
/Xtotal H2O

)∆H
◦
r2. The

range of its possible values varied widely from negative to positive depending on the speciation

data. For example, in Fig. 3 (b) the total dissolution reaction is exothermic over most of the

temperature and pressure range, while in Fig. 3 (e) it is endothermic.

In “Ideal solution model,” ∆H
◦
r1 showed a complicated behavior: at 700◦C, it increased,

decreased, and then increased again in response to increasing pressure, whereas it increased

monotonically with pressure at 800◦C and above. As a result of the sum of these quanti-

ties, ∆Htotal showed a complex bending at low temperatures at 800◦C and below, where r1

predominates, taking over the characteristics of ∆H
◦
r1, but increased monotonically at high

temperatures at 900◦C and above, where r2 predominates. Ryan et al. (2015) conducted ex-

52



periments to investigate the temperature dependence of water solubility in rhyolitic melt at

(900-1100◦C, 0.1 MPa) and obtained a value of |∆Htotal| = 17.8 kJ/mol assuming ideal mixing

of silicate and water, which is almost the same as the theoretically estimated value at 0.1 MPa

of 18.8-19.1 kJ/mol at 900◦C and 22.5-22.6 kJ/mol at 1100◦C in Fig. 3 (f). However, in any

case, even though started from the ideal mixing assumption, the obtained values of ∆Htotal

greatly deviate from 0, and it is clearly self-contradictory.

Both the values of ∆Htotal in “Regular solution model” and “Ideal solution model” showed

completely different behaviors than that of Sahagian and Proussevitch (1996) in Fig. 3 (a).

The low pressure part of ∆Htotal in “Regular solution model” and that of Liu et al. (2005) in

Fig. 3 (a) appear to similarly behaves as its absolute value |∆Htotal| increases with increasing

pressure, which is later discussed in section 3.5.
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[Figure 3] The enthalpy change, i.e., the heat of dissolution of water in silicate melts calculated

by chemical-thermodynamic methods in the temperature and pressure range of 700-1200◦C and

0.1-300 MPa.

(a) The calculation results from previous studies. The colored thick solid curves: ∆Htotal

for the total dissolution reaction in albite melt, calculated by “Entropy method” in Sahagian

and Proussevitch (1996). The black thick solid curve: ∆Htotal for rhyolitic melt at 850◦C and

0.1-12 MPa in Liu et al. (2005), calculated through the Gibbs-Helmholtz equation, proposed

in Zhang (1999b).

(b)-(f) The calculation results using the Gibbs-Helmholtz equation (see section 3.2) in this

study in the cases of rhyolitic or haplogranite (AOQ) melt. (b)-(e) “Regular solution model”

in which the non-ideality was appropriately taken into account. (f) “Ideal solution model” in

which the non-ideality was not taken into account. The thin solid lines: ∆H
◦
r1 (< 0, exothermic)

for r1 (eq. (1)). The thin dashed curves: (1−XH2Om
/Xtotal H2O

)∆H
◦
r2 (> 0, endothermic) for r2

(eq. (2)). The multiplied parentheses means the proportion of H2Om dissolved in r1 of which

proceeds to r2. The thick solid curves: ∆Htotal = ∆H
◦
r1 + (1 − XH2Om

/Xtotal H2O
)∆H

◦
r2 for

the total dissolution reaction. Here four different speciation data were used: (b) Ihinger et al.

(1999), (c) Behrens and Nowak (2003), (d) Sowerby and Keppler (1999, 2000) and (e) and (f)

Nowak and Behrens (2001).
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3.4 Comparison of “Regular solution model” with “Ideal

solution model”

The values of |∆H
◦
r1| of Fig. 3 (b)-(e) “Regular solution model” are much smaller than that

of (f) “Ideal solution model.” In addition, the curves of ∆H
◦
r1 in (f) have a complex shape,

whereas those in (b)-(e) are linearly aligned. This sharp contrast is due to the incorporation of

the integrated partial molar volume by pressure in the process of determining the activity of

H2Om in section 1.4.

Eq. (18) can be transformed as below:

aH2Om
(T, P )

fH2O
(T, P )

=
aH2Om

(T0, P0)

fH2O
(T, P0)

exp

∫ T

T0

∆S
◦
r1(T

′, P0)dT
′

RT
−

∫ P

P0

V
melt

H2Om
(T, P ′)dP ′

RT

 . (3.5)

Substituting this into eq. (3.4), expanded as follows:

∆H
◦
r1|P=P1 = −R

∂ lnKr1(T )

∂(1/T )

∣∣∣∣
P=P1

(3.6)

= −R

∂ ln

(
aH2Om

(T, P )

fH2O
(T, P )

)
∂(1/T )

∣∣∣∣∣∣∣∣∣
P=P1

(3.7)

= −R
∂

∂(1/T )

∣∣∣∣
P=P1

ln
aH2Om

(T0, P0)

fH2O
(T, P0)

+

∫ T

T0

∆S
◦
r1(T

′, P0)dT
′

RT
−

∫ P

P0

V
melt

H2Om
(T, P ′)dP ′

RT

 .

(3.8)

As shown in eq. (1.10), since the pressure derivative of V
melt

total H2O
or even V

melt

H2Om
is constant,

the third term in the parentheses of eq. (3.8) is a linear function of pressuer P . This is the

reason why ∆H
◦
r1 in Fig. 3 (b)-(e) is linearly aligned.
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3.5 Comparison with Liu et al. (2005)

The behavior of ∆Htotal (shown as the black thick solid curve in Fig. 3 (a)) reported by

Liu et al. (2005) appears to be similar to that of ∆Htotal of Fig. 3 (b)-(e) “Regular solution

model” obtained in this study at low pressure. However, since ideal mixing was assumed in

Liu et al. (2005), their results should be different from “Regular solution model” and should

be the same as Fig. 3 (f) “Ideal solution model.” It would make sense if Liu et al. (2005) had

used ∆H
◦
r1 as constant in the same way as Zhang (1999b), but they did not clarify the specific

value of ∆H
◦
r1 that they calculated. Therefore, it is difficult to pursue this discrepancy further

here.

Supplement information on the definition of ∆H
◦
r1

� �
The form of eq. (3.1) and the procedure of determining values of each term in this equation
(∆H

◦
r1, XH2Om

, Xtotal H2O
, and ∆H

◦
total) are similar to those considered in section 2.4 in

Zhang (1999b), although there is an only one difference between Zhang’s method and ours:

the definition of ∆H
◦
r1. He defined “∆H0

r1 = H
melt,0

H2Om
−H

vapor,0

H2O
(T, 1bar),” where the reference

pressures of vapor and H2Om in melt were taken at different pressures. In contrast, in this
study both are assigned to an arbitrary pressure. Thus, the term in eq. (16) in his paper

“[H
vapor

H2O
− H

vapor,0

H2O
(T, 1 bar)] − ∆H0

r1” (where [ ] is the correction term of the difference
of enthalpies of water vapor between at 1 bar and an arbitrary pressure P ) is equivalent
to −∆H

◦
r1 in this study. Since the Gibbs-Helmholtz equation used in the procedure for

obtaining ∆H
◦
r1 is valid under constant pressure, that condition is incompatible with his

definition of ∆H
◦
r1 and compatible with our definition of ∆H

◦
r1. Namely, the correction term

[ ] added in his paper was extra and unnecessary. Note that the values of [ ] between 0.1-12
MPa discussed in Zhang (1999b) and Liu et al. (2005) are sufficiently small (0 kJ/mol at 0.1
MPa and about −0.9 kJ/mol at 12 MPa, by ∂H

vapor

H2O
/∂P = −7.6 J/(mol · bar) according

to the steam table in Haar et al., 1984) to neglect compared to ∆Hex,H2Ot
. Note that this

does not help explain the difference of ∆Htotal between Liu et al. (2005) and this study
discussed above.� �
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Chapter 4

Numerical calculations of temperature
change of magma with
decompression-induced vesiculation

4.1 Assumptions and formulation

When hydrous magmas ascend the volcanic conduit and decompress, water exsolution, i.e.,

vesiculation occurs. Using the newly obtained values of the heat of exsolution (the opposite sign

of the heat of dissolution) of water in rhyolitic melt, here I estimate the temperature change of

rhyolitic magma with decompression-induced vesiculation. The differential equations describing

the temperature change due to the heat of exsolution and the mechanical work of vapor bubble

expansion were numerically solved under the following physical conditions and assumptions.

Out of applied conditions, those different from in Sahagian and Proussevitch’s (1996) numerical

calculations (including updates of referenced physical property data) are numbered as [1]-[8].

The system of interest is assumed as a closed system consisting of water-saturated rhyolitic

melt and vapor exsolved from melt, and water dissolved in melt and vapor are in chemical

equilibrium. Water exsolution is assumed as an adiabatic reversible process, i.e., decompression-

induced vesiculation proceeds slowly along the water solubility curve. For the equation of water

solubility in melts, Sahagian and Proussevitch (1996) used c (wt%) = 0.424P ′0.5 for albite melt

(P ′ in MPa, eq. (34) in their paper), in which the temperature dependence is not taken into

account, while this study uses Liu(T, P ′) (eq. (1.12)) for rhyolitic melt [1]. Because of the very

slow decompression and ascent of magma, the relative motion of vapor and melt does not need

to be considered. The initial temperature and pressure ranges are 700◦C ≤ Ti ≤ 1200◦C and 1

MPa ≤ Pi ≤ 300 MPa, respectively.

In Sahagian and Proussevitch (1996), it was assumed that ∆Htotal(T, P ) retains its value

at the initial temperature during decompression due to the small temperature dependence of

∆Htotal(T, P ) (see Fig. 3 (a)), so they simply integrated it by pressure to determine the effect
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of the exsolution heat on the temperature change of magma. In contrast, in this study, I se-

quentially tracked the change of ∆Htotal(T, P ) with the change of temperature and pressure [2].

When x(T, P ) represents the weight fraction of vapor in the system, the following differential

equations can be formulated:


dT =

∂T

∂x
dx+

∂T

∂P
dP =

∆Htotal(T, P )dx+ x(T, P )RT
dP

P
MH2O

C ′magma
P (T, P )

, (4.1)

dx =
∂x(T, P )

∂T
dT +

∂x(T, P )

∂P
dP = − 1

100

(
∂Liu(T, P )

∂T
dT +

∂Liu(T, P )

∂P
dP

)
, (4.2)

where MH2O
is the molar weight of water, = 18.02 × 10−3 (kg/mol). Eq. (4.1) expresses the

temperature change of magma, modified from eq. (13) in Sahagian and Proussevitch (1996),

where ∆Htotal(T, P )dx is the effect of the heat of exsolution of water, and x(T, P )RTdP/P is

the effect of mechanical work of vapor bubble expansion. C ′
P (J/(kg · K)) is the specific heat

capacity. In this study, I define the relation among the specific heat capacity C ′
P , the molar heat

capacity CP (J/(mol · K)) and the molar weight M (kg/mol) as C ′
P ≡ CP/M . C ′magma

P (T, P )

in eq. (4.1) is written down as

C ′magma
P (T, P ) = x(T, P )C ′vapor

P (T, P ) + (1− x(T, P ))C ′hydrous melt
P (T, P ). (4.3)

The term x(T, P )C ′vapor
P (T, P ), regarded as negligible in Sahagian and Proussevitch (1996), was

taken into account in this study [3].

C ′vapor
P (T, P ) was obtained by interpolating the discrete values of the steam table, calculated

by the equation of state of water as a real gas in Wagner and Pruß (2002). C ′hydrous melt
P (T, P )

is written as the sum of proportional distribution of those of total water in melt C ′melt
P,total H2O

and of dry melt C ′dry melt
P (T ):

C ′hydrous melt
P (T, P ) =

Liu(Ti, Pi)

100
− x(T, P )

1− x(T, P )
C ′melt

P,total H2O
+

1− Liu(Ti, Pi)

100
1− x(T, P )

C ′dry melt
P (T ), (4.4)

where C ′melt
P,total H2O

= 3144.0 J/(kg · K) (= Cmelt
P,total H2O

/MH2O
= 56.64 J/(mol · K) / (18.02

× 10−3) kg/mol) for pantellerite melt, closest to the rhyolitic composition, by Di Genova et

al. (2014), which was not considered in Sahagian and Proussevitch (1996) [4]. C ′dry melt
P (T ) is

expressed as = Cdry melt
P (T )/Mdry melt = (80.69+7.615× 10−3 T +9.990× 104 T−2) J/(mol · K)

/ (64.67 × 10−3) kg/mol, where Mdry melt is the molar weight of dry rhyolitic melt. Cdry melt
P (T )

is calculated for the composition of dry rhyolitic melt from the CP values of various oxides

reported in Richet and Bottinga (1985).
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Eq. (4.2) is based on the assumption that decompression proceeds along the solubility curve

and no vapor exists at the start of decompression: x(Ti, Pi) = 0.
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4.2 Calculation methods

The above two differential equations (4.1) and (4.2) were coupled and solved numerically

using the Radau IIA family of order 5 (Wanner and Hairer, 1996), one of the implicit Runge-

Kutta methods. The width of decompression step in the numerical calculation was set to 0.0001

MPa.

Calculation runs were performed substituting five different values of ∆Htotal(T, P ), newly

obtained in this study, into (4.1) [5]. They are shown in Fig. 3 as (b)-(e) “Regular solution

model” based on the four speciation data (Ihinger et al., 1999; Sowerby and Keppler, 1999,

2000; Nowak and Behrens, 2001; Behrens and Nowak, 2003) and (f) “Ideal solution model”

based on Nowak and Behrens’s (2001) speciation data. Here, newly introduced conditions in

this study [1]-[8] were all applied. [6]-[8] related to the calculation-end conditions are explained

later.

In addition, to evaluate the effect of the difference of numerical program on the calculation

results with Sahagian and Proussevitch (1996), I calculated the temperature drop of albite

melt using the water solubility equation for albite melt c (wt%) = 0.424P ′0.5 (eq. (34) in their

paper) and ∆Hev (Table 3 in their paper, equivalent to the opposite sign of ∆Htotal(T, P ) in

this study). For this run, to match their calculation conditions, C ′vapor
P (T, P ) and C ′melt

P,total H2O

were not incorporated into the differential equations. Thus, in this case, exceptionally only [2],

[6], and [8] were applied, but [1], [3], [4], ([5]), and [7] were not applied.

For the end of the calculation, following three conditions were applied.

[I] First, always applied, is that the calculation must end at atomospheric pressure 0.1 MPa.

[II] Second, the calculation is terminated when the magma temperature T falls below the glass

transition point Tg (Dingwell, 1998) because the magma loses its viscous fluid properties:

T ≤ Tg = 785.15− 83.47 ln c, (4.5)

where c (wt%) is the water content in melt [6]. When the equilibrium degassing is assumed,

melt is always water-saturated: c = Liu(T, P ).

[III] Third, the same as employed in Sahagian and Proussevitch (1996), the calculation is

terminated when the volume fraction of vapor exceeds 80%, which is the limit of vesicularity

in common scoria and pumice where bubbles are connected to each other and the melt films

between them are fractured and isolated (Mangan et al., 1993):

x(T, P ) ≥ 4ρvapor(T, P )

4ρvapor(T, P ) + ρmelt(T, P, c)
, (4.6)

where ρvapor(T, P ) and ρmelt(T, P, c) (kg/m3) are the densities of vapor and melt, respectively:
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ρvapor(T, P ) =
MH2O

V
vapor

(T, P )
, (4.7)

ρmelt(T, P, c) = 2341.211

− 0.25232(T − 973.15)

+
[
0.17985− 1.1478× 10−5(T − 973.15) + 1.5403× 10−3 c

+
c

10

{
−1.9925× 10−6 + 1.7918× 10−3 (T − 973.15)

50

}]
(P − 0.1)

+
{
−32.429− 1.7441× 10−2(T − 973.15) + 1.5403× 10−3(P − 0.1)

}
c,

(4.8)

where V
vapor

(T, P ) is the molar volume of vapor, obtained by interpolating the discrete values

of the steam table, calculated by the equation of state of water as a real gas in Wagner and

Pruß (2002), while calculated by the ideal gas law in Sahagian and Proussevitch (1996) [7].

Using the open source program DensityX (calculated in the Excel macro) provided by Iacovino

and Till (2019), the density of hydrous rhyolitic melt was calculated for eight suites of different

temperatures, pressures, and water contents: (700◦C or 1200◦C) × (0.1 MPa or 300 MPa) × (0

wt% or 10 wt%). Based on the obtained values, eq. (4.8) was derived by linear approximation,

taking the reference point at (700◦C, 0.1 MPa, 0 wt%). In Sahagian and Proussevitch (1996),

the reference data used for ρmelt was not clearly stated [8].
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4.3 Calculation results

The calculation-end condition [II] ([6]) was satisfied at the initial temperature and pressure

only in a very narrow region around 700◦C and below 0.1 MPa. When decompression was

started from higher pressure, i.e., higher water content, the calculation always ended by the

calculation-end condition [III] ([7] and [8]) before entering that very narrow region.

Fig. 4.1 shows the calculation results of the temperature change of (a’) albite melt and (b)-

(f) rhyolitic or haplogranite (AOQ) melt on the (Ti, Pi) plane. The middle and the lower panels

show the effects of exsolution (∆Texsolution) and expansion (∆Texpansion), respectively, and the

upper panels are the sum of them, i.e., the total temperature change (∆Ttotal). (b)-(f) are the

results when using the speciation-dependent values of ∆Htotal corresponding to Fig. 3 (b)-(f),

respectively. (a) is the original calculation result for albite melt (redrawn based on Fig. 9 in

Sahagian and Proussevitch, 1996). Since the temperature dependence of ∆Htotal(T, P ) was not

taken into account in Sahagian and Proussevitch (1996), the contour in (a) is parallel to the Ti

axis.

Comparing (a) with (a’), calculated by the newly constructed numerical program in this

study, |∆Texpansion| is almost the same, but |∆Texsolution| is always smaller at any (Ti, Pi) in (a’),

resulting about 10 K smaller |∆Ttotal| in (a’).

In common with the newly calculated results in this study (a’) and (b)-(f), |∆Texpansion| is
almost the same and its Ti dependence is almost negligible at lower Pi, but it increases for higher

Ti at higher Pi. In contrast, ∆Texsolution significantly varies depending on the speciation data and

solution models. In comparison within “Regular solution model” (b)-(e), the negative region is

dominant in (b), while the positive region is dominant in (e), and there is a difference of about

20 K between them at any (Ti, Pi). Comparing the results for different solution models using

the same speciation data (Nowak and Behrens, 2001), “Regular solution model” (e) shows that

the whole region is positive, whereas “Ideal solution model” (f) shows that the whole region

is negative, which is extremely contrasting. Comparing ∆Ttotal, in (e) there is a small positive

region at lower Pi, but in (f) the whole region is negative, and the difference between them

reaches 50 K at (Ti, Pi) = (1200◦C, 300 MPa).

From the above, the choice of speciation data and solution models is very important because

it greatly influences the calculation results in estimating temperature changes of magma during

decompression-induced vesiculation.
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[Figure 4.1] The numerical calculation results of the temperature change of hydours silicate

melts during decompression-induced equilibrium water degassing. All panels are drawn on the

plane of the initial temperature 700-1200◦C and the initial pressure 0.1-300 MPa. Values on

contours indicate the temperature change (K). The middle and lower panels show the effects of

heat of exsolution (∆Texsolution) and expansion (∆Texpansion), respectively, and the upper panels

are the sum of them, i.e., the total temperature change (∆Ttotal).

(a) The original calculation result for albite melt from Fig. 9 in Sahagian and Proussevitch

(1996). (a’) The recalculation result when substituting the values of the heat of exsolution

from Table 3 in Sahagian and Proussevitch (1996) into the numerical program developed in

this study.

(b)-(f) The results when using the speciation-dependent values of ∆Htotal corresponding to

Fig. 3 (b)-(f) in the cases of rhyolitic or haplogranite (AOQ) melt, respectively.
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4.4 Comparison with Sahagian and Proussevitch (1996)

Comparing |∆Ttotal| in (b)-(e) of “Regular solution model” with that in (a), it is found that

at (Ti, Pi) = (1200◦C, 300 MPa) the former is about 20-40 K smaller than the latter. In other

words, the calculations in this study, where various parameters are most appropriately taken

into account, imply that Sahagian and Proussevitch’s (1996) estimates of the temperature drop

of the magma were overestimated.

Moreover, the very small positive region of ∆Ttotal in (e) means that, regardless of Ti, if

decompression starts from lower Pi below a few 10 MPa, the temperature of magma can retain

almost the same or even increase by a few K. This is in contrast to (a) the results of Sahagian

and Proussevitch (1996), who stated that the temperature of magma drops regardless of which

(Ti, Pi) the decompression starts from.

In the following, I discuss how each of the contributions of newly introduced conditions in

this study [1]-[8] changed the numerical calculation results from (a) Sahagian and Proussevitch

(1996).� �
[1]: water solubility equation - albite melt vs. rhyolitic melt
[2]: a set of differential equations to track the temperature and pressure dependence of
∆Htotal

[3]: specific heat capacity of vapor
[4]: specific heat capacity of water dissolved in melt
[5]: update of ∆Htotal

[6]: glass transition point
[7]: density of vapor calculated through the equation of state of a real gas
[8]: equation for estimating the density of hydrous melt� �
First, water solubility in albite melt is 7.34 wt% at (1200◦C, 300 MPa), while that in rhyolitic

melt is 7.23 wt% at (1200◦C, 300 MPa) and is 7.62 wt% at (700◦C, 300 MPa) calculated from

eq. (1.12), so the latter is 0.985-1.04 times larger than the former, and the contribution of [1]

is small.

As mentioned in section 4.2, since the reference data for ρmelt was not stated in Sahagian

and Proussevitch (1996), the contribution of [8] cannot be evaluated. Also, as mentioned at

the beginning of section 4.3, [6] was only applied in the very narrow temperature and pressure

range. In (a’), [2], [6], and [8] are applied, so the ∆Texsolution difference between (a) and (a’)

can be attributed to [2].

In the range of temperatures and pressures that can be taken in the calculations in this

study, (C ′dry melt
P = 1355-1421 J/(kg · K), C ′melt

P,total H2O
= 3144 J/(kg · K), and C ′vapor

P ≃ 2200-
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4900 J/(kg · K)). From these, the value of C ′magma
P is larger than the value of C ′dry melt

P used

in Sahagian and Proussevitch (1996), but the range of possible values was at most 1.2 times

larger. Although this should work to reduce the temperature change from eq. (4.1), since there

is little difference when comparing the ∆Texpansion of (a) and the others (a’)-(f), the contribution

of [3] and [4] are small enough.

The ratio of the volume of vapor V
vapor

(T, P ) determined using the equation of state of a

real gas to that determined by the ideal gas law can be regarded as unity in most temperature

and pressure ranges. On the other hand, it is locally far from unity as shown in Fig. 4.2, e.g.,

1.17 at (1200◦C, 300 MPa) and 0.789 at (700◦C, 100 MPa), thus the contribution of [7] cannot

be ignored in such a temperature and pressure range.

The magnitude of ∆Texsolution in (a’) and (b)-(f) clearly reflects the magnitude of ∆Htotal in

Fig. 3 (a)-(f) (vertical position of the curves), i.e. the contribution of [5].

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

[Figure 4.2] The value subtracted 1 from the ratio of the volume of vapor V
vapor

(T, P ) deter-

mined using the equation of state of a real gas (Wagner and Pruß, 2002) to that determined

by the ideal gas law.
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4.5 Implications for natural systems

It was found that, assuming equilibrium degassing in a closed system, the temperature of

rhyolitic magma does not change as much, or at most decreases by 45 K due to decompression-

induced vesiculation. In real natural systems, vapor bubble exsolved from melt is partially

coalesces into a permeable flow, i.e., it would be an open system, so that |∆Texpansion| would
be smaller than the estimation in this study. Also, if a decompression rate is large enough,

non-equilibrium degassing occurs before reaching thermal equilibrium, and |∆Texpansion| would
be smaller (Sahagian and Proussevitch, 1996). Considering the above, the effect of expansion

becomes smaller as the eruption intensity increases, and only the effect of exsolution becomes

dominant, therefore the temperature of magma remains almost the same or even increases due

to decompression-induced vesiculation.

In addition, in natural systems, crystallization proceeds simultaneously with decompression-

induced vesiculation of magma. The fact that the heat of solidification released during crystal-

lization is positive (exothermic) has been well confirmed by direct measurements by transposed-

temperature-drop calorimetry and indirect measurements by solution calorimetry and differen-

tial scanning calorimetry (Lange et al., 1994; Kojitani and Akaogi, 1997; Sugawara and Akaogi,

2003; Sugawara, 2005; Whittington and Sehlke, 2011; Kolzenburg et al., 2016). Moreover, ac-

cording to Blundy et al. (2006), a modeling based on microtextural observations of pyroclasts

from two andesitic volcanic eruptions, Mount St. Helens and Shiveluch, indicates that the

temperature of magma that starts decompression from 300 MPa may increase by about 100 K.

Combining this with the numerical calculation results in this study, it is likely that crystalliza-

tion tends to predominantly contribute to the temperature change of magma in the process of

magma ascending the volcanic conduit, and even depending on the balance between the two,

the temperature of magma will eventually increase in most cases.

Although not handled in this study, to obtain the specific temperature and pressure histories,

it is necessary to simultaneously and sequentially solve the complicated transition of phase

equilibrium relation among vapor bubbles, liquid melt and solid crystals in magma. In the

future, it may be possible through such calculations to incorporate temperature changes due

to vesiculation and crystallization of magma into conventional conduit flow models.
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Conclusions

In this study, several problems related to the dissolution of water in silicate melts were theo-

retically treated using chemical thermodynamics, and the following new findings were obtained.

(1) Although the experimentally estimated partial molar volume of water in melts is approx-

imately 20 cm3/mol, it is known that the values estimated through theoretical equations for

water solubility in melts vary widely, sometimes it can be negative. The cause of this paradox

is that the conventional theoretical equation for water solubility assumed the ideal mixing of

H2Om, OH, and O, even though their actual mixture clearly exhibits thermodynamic behavior

different from that of ideal mixing. Therefore, the previously neglected non-ideal term (the

ratio of the activity coefficients of H2Om at different pressures) in the theoretical equation was

explicitly redescribed and its effect was quantitatively evaluated through simple calculations.

(2) By applying the asymmetric regular solution model to a three-component mixture of

H2Om, OH, and O, values of interaction parameters between each component in the range

700-1200◦C at 5000 bars were obtained. As a result, it was found that all parameters are

temperature-dependent and that a particularly strong positive non-ideality appears when H2Om

enters an O-rich environment. Besides, the behavior of activity coefficient of H2Om in a wide

temperature and pressure range of 700-1200◦C, 1-5000 bars, i.e., the relation between activity

and mole fraction of H2Om, was clarified in detail.

(3) By applying the Gibbs-Helmholtz equation to the equilibrium constant of the first re-

action of dissolution, the enthalpy change, i.e. the heat of dissolution, was determined over a

wide range of temperature and pressure, and found to be approximately −20 kJ/mol (exother-

mic) regardless of temperature and pressure. By adding the heat of dissolution of the second

reaction, the heat of dissolution of the overall reaction could also be calculated over a wide tem-

perature and pressure range. It was found to shift towards endothermic at higher temperatures

and towards exothermic at lower pressures, and the extent of the shift was highly dependent

on the experimentally-estimated value of the heat of dissolution of the second reaction.

(4) The temperature change of magma during decompression-induced vesiculation was nu-

merically calculated. It was found that the effect of the heat of exsolution worked to raise and

the effect of the mechanical work of bubble expansion worked to lower the temperature of the
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magma, but the latter effect was always greater, resulting in a slight cooling of magma. In

natural systems, however, the temperature rise due to magma crystallization would predomi-

nate over the temperature drop due to vesiculation, thus the temperature of the magma would

eventually increase.
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