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Chaotic Behavior of Rayleigh-Benard Convection 

with Shear Flow 

- Comparison Analysis of Three Components Lorenz Model 

and Five Components Model -

By Takashi AoYAGrt, Masatoshi YAGI* and Sanae-l. lTOH* 

The three components Lorenz model for Rayleigh-Benard convec-
tion is extended to the five components model taking an autonomous 
shear flow effect into account. The five components model is nurneri-
cally solved and analyzed in detail. Based on the Lyapunov exponent 
analysis, how the introduction of the new degrees of the freedom (the 
shear flow) changes the chaotic behavior of the solution is examined. 
The attractors, the time evolutions, the power spectra, the Nusselt 
number and so on of the five components model are compared with 
those of the three components model. 
It is found that the solutions of both models converge to the same 
one when the Rayleigh number is small (r= rx< 140). When the normal-
ized Rayleigh number exceeds 140, the difference between the three 
components model and the five components model is observed, i. e., the 
former has only the periodic solutions, while the latter contains the 
chaotic solutions. Some examples are shown. The limitation to a 
model with a few degrees of freedom is discussed. 

Key words: Lorenz model, Lyapunov exponent, chaos, shear flow, 
plasma, Scrape Off Layer (SOL) 
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§ 1. Introduction 

Chaotic dynamics may be said to have started with the work of Henri 
Poincare who have studied the problem of the orbit of three celestial bodies 
experiencing mutual gravitational attraction. It was very surprising that only 
three variables are required for chaos when it was found. For chaotic systems, 

the error grows exponentially in time, so that the state of the system is essen-
tially unknown after a very short time. This phenomenon which occurs only 

when the governing equations are nonlinear, is known as sensitivity to initial 
conditions. This concept is similar to Heisenberg's uncertainty principle which 
tells us that we can not measure both the position and the momentum of a 
particle simultaneously with arbitrary precision in microscopic level. 

Much efforts have been made on the research of chaos in a system with a 
few degrees of freedom. Although the recent development of computer is very 
rapid and its ability makes it possible to treat a system with a large number of 

freedom or more realistic models, it is important to understand what is going to 
occur in a given situation wihtout entering into the particular equations govern-
ing the system. 
There are important aspects. The first is how we can simplify a system but 
keep some meaning in it. Let us consider a specific example: Rayleigh-Benard 

convection [1], even in a small container where only two convective rolls are 
present, is governed by the Na vier-Stokes equations, which are in general 

perfectly insoluble. Without simplifications and approximations, the most 
powerful computers are incapable of providing us with numerical solutions. 
First approach : we try to make a model by drastically truncating the original 
equations; this has been done, we have seen, with the Lorenz model [2, 3]. This 
approach is already extremely rich ; but we can simplify further by passing 

from differential equations to finite difference equations, ending up with two 
— and even one-dimensional mapping. By doing this we arrive at an extreme-
ly simple formation, exploitable by particularly modest computational means, 
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and we succeed in discovering, among other thing, the route to turbulence via 
period-doubling cascades [ 4] which is verified perfectly by experiment. 

The second point is the idea of universality. As the model is simplified to 
the extreme, it shows universality, i.e., insensitivity to the details of the model. 
In other words, it is not only the equation f(x)=4μx(l-x) which describes a 
period-doubling cascade, but rather that almost any nonlinear function of x will 

do. 
According to the above background, we explain the purpose of our study. 

The main purpose is comparison of chaos in the three components Lorenz model 
and in the five components modified Lorenz model. Here the five components 
model has been used to describe the dynamic of Scrape Off Layer (SOL) in 
tokamak plasmas. Such a model has been also applied to describe Edge 
Localized Mode (ELM) observed during High confinement mode (H-mode). 
Without discussing the underlying detailed physics, we analyze both systems 

based on numerical simulation, compare the Lyapunov exponent with each other 
and try to find the universality. 
This thesis is organized as follows : The Chapter 2 is devoted to a review 
about the theory and numerical examples of chaos. In Section 2.1 and 2.2, we 
explain the concept of attractor and give four examples, i.e. the point attractor, 

the limit cycle, the torus T2 and the chaotic attractor. In Section 2.3, we 
introduce the Lyapunov exponent as the critical parameter of chaos, where the 
positive maximum Lyapunov exponent means that the orbit is chaotic, the zero 
maximum exponent shows that the orbit is periodic, and the negative maximum 
exponent corresponds to the case where the orbit converges to a fixed point. In 

Section 2.4, we explain Floquet theory to discuss about the stability criterion of 
chaos and further consider the bifurcation theory based on this criterion. In 
Section 2.5, the theory of intermittency is explained according to Ref. [5]. In 
Section 2.6, starting from Magneto Hydro Dynamics (MHD) model we derive 

the reduced MHD (RMHD) model assuming the electrostatic perturbations. 
Then RMHD model is further simplified to the Lorenz model. We discuss the 
stability analysis around the fixed points of this system. Some numerical results 

are also shown. 
In Chapter 3, we give main results of this thesis. We derive the extended 
Lorenz model of five components in Section 3.1. In Section 3.2, we examine the 

chaotic behavior solving the equations of the three components Lorenz model 
and the extended Lorenz model. We show their chaotic behaviors by using plots 
on the phase space, the time evolution of variables, the power spectrum and the 
relation between the Lyapunov exponent and the control parameter (Rayleigh 

number in this case). The results of the two models are compared. In Section 
3.3, we analyze our numerical results based on the theory of intermittency. The 
type of intermittency is tried to be identified for both the Lorenz model and the 

five components model. 
Summary and discussions are given in Chapter 4. 
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§ 2. Review 

In this chapter, we review an important concept in dynamics of dissipative 
system such as attractors in the phase space. A defining attribute of an 
attractor on which the dynamics is chaotic is that it displays exponentially 

sensitive dependence on initial conditions (chaotic attractor). A convenient 
indicator of the sensitivity to small orbit perturbations characteristic of chaotic 
attractors is the Lyapunov exponent, which is also explained. Related to this 
topic, we are interested in transitions from the regular behavior of the system 
to the chaotic behavior. Especially, our concern is the intermittent transition to 
chaos. To characterize the intermittent transition with variation of a system 
parameter, Floquet's theory is utilized. We will show an example using the 

Lorenz model. 

2.1 Attractors 
We analyze the evolution of arbitrary dissipative system. The systems are 

assumed to be deterministic ; since they are described by a continuous flow : 

d 
dt 
尺(t)=F(X(t))

where X is vector茫 (m:?::1).The function F contains one or several control 
parametersμ which express the constraint under investigation. The constraint 
can be, for example, the Rayleigh number for the Lorenz model. By changing 
a control parameter, it is possible to alter the behavior of the system. During 

the observation, the control parameter is kept (or assumed to be) constant. 
What interests us primarily is the long-term behavior of dissipative systems. 
When we think about it, we assume that the motion satisfies the condition that 
the trajectories stay in a bounded volume of the phase space. If the flow is 
dissipative, then in this finite volume the trajectories converge towards an 

attractor, a compact set in the phase space which is invariant under the flow or 
mapping. Our interest will consist of two parts : 
- defining the different types of attractors 

- cataloging the modes of transition between attractors. 
We explain briefly the three simplest attractors. 
The point attractor is a solution which is independent of time — that is, 
a steady state. This situation is completely understood, since the system does 

not evolve. 
A solution which is periodic in time is a limit cycle, characterized by its 
amplitude and period. Its Fourier spectrum contains a single fundamental 

frequency and possibly a certain number of harmonics, depending on the form of 
the oscillations. The solution to the flow can always be expressed as a Fourier 
series: if the state of the system is known at a given time, one can predict its 

state at all later times. 
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A third type of attractor, again relatively simple, is the torus yr（バを2)
which corresponds to a quasi-periodic regime with r independent fundamental 
frequencies. Here, too, the Fourier spectrum is composed of a set of lines, whose 
frequencies are linear combinations of the fundamental frequencies. While the 
solution to the flow cannot generally be put into the form of an ordinary Fourier 

series, it is still possible to calculate the state of the system starting from an 
initial condition. 

2.2 Chaotic Attractors (Strange Attractors) 
What kind of attractor is associated with a regime whose Fourier spectrum 

contains a broad band? Landau conjectured in 1944 [6] if the dimension r of 
a torus yr becomes extremely high, intervals of line spectrum become narrow 

and as a result they become continuous spectrum. But we know this is false 
mainly from numerical simulations of three-or five-dimensional system. It is to 
Ruelle and Takens that we owe the break-through in 1971 [7] of having 
introduced attractors topologically different from the torus, which they named 
strange attractors, and of having shown that such attractors could be important 

in physical problems, including hydrodynamic turbulence. The name "strange 
attractor" refers to their unusual properties, the most crucial being sensitivity 
to initial conditions (S. I. C). But recently it is no longer strange, so it is called 

chaotic attractor. By virtue of S. I. C., any two initially close trajectories on the 
attractor eventually diverge from one another. Their divergence (average over 
short time intervals) even increases exponentially with time. 
We see that two trajectories, at first almost indistinguishable, later have 
nothing in common after a finite time has passed. The vanishing of the 

autocorrelation function, the broad band of the Fourier spectrum, and the 
intrinsic unpredictability of the system are all consequences of S. I. C.. In 
particular, it is clear that the slightest error or imprecision in specifying the 
initial condition will prevent us from deciding which will be the trajectory 
followed by the system, and therefore from making other than a statistical 
prediction on the long-term future of the system. 

For a chaotic solution associated with a chaotic attractor, S. I. C. implies 
the existence of a positive Lyapunov E!xponent 11 [8, 9, 10]. This is a direct 
consequence of the average divergence of neighboring trajectories. Therefore, 
finding a positive Lyapunov exponent is an unambiguous signature of a chaotic 

regime. For that reason, we explain the Lyapunov exponent in the next section. 

2.3 Lyapunov Exponent 

It becomes increasingly difficult to follow the evolution of the chaotic flow 
as the divergence of the trajectories on the attractor becomes more rapid. This 
is why we try to estimate or to measure the rate of divergence. The quantity 
used to characterize the divergence is the Lyapunov exponent, sometimes also 
called the Lyapunov number. 
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To estimate the significance of this quantity, let us examine the behavior of 

a trajectory initially close to a solution孟(t)of a flow: 

りf=F（¢).
Without loss of generality, we will limit ourselves to a three-dimensional flow 

；；；（t)=(X(t), Y(t), Z(t)). Linearizing the flow about叔t),we obtain an 
equation for the evolution of the difference, denoted by蒻：

→ oF 綽＝ → 

砂
|¢(t)綽，

where oF}祁 isa matrix which depends both on the flow and on the particular 
solution considered. Analytic integration of this equation is, except in special 

cases, impossible. However, it can always be integrated numerically, yielding a 

matrix L(t) such that: 

謹(t)=L(t)緑(0)

where 8；；；け） isthe solution associated with an initial displacement繹(0). By 
virtue of the preceding relation, L(O) = 1. The matrix L is a square m x叩

matrix for a flow of dimension m, and has m eigenvalues. 

This is very similar to the Floquet theory for the linear stability of a 

periodic trajectory. The procedure has the same inspiration : linear analysis of 

the behavior in the vicinity of a trajectory. But whereas in the Floquet theory 

we only look at what happens after one period of a closed orbit, here this 

restriction is lifted. While the eigenvalues of the Floquet matrix give informa-

tion about the linear stability of a limit cycle, the eigenvalues of L give an 

information about the evolution near a trajectory not constrained to close upon 

itself. 

Analytic integration is nevertheless easy when oF/or/> does not depend on 
time and its eigenvalues are the (possibly complex) numbersふ，ん andふ． We

arrive at a matrix L(t) which is diagonal in the coordinate system of its 

eigenvectors : 

111 o o I leい 0 0 
L(t)=I O 112 0 l=I O e,i,1 ・ 0 

0 0 ふ 0 0 eA3t 

Let us designate byじ theHermitian conjugate matrix of L. The trace of L九

is equal to: 

Tr(L +(t)L(t))= e(Ai+Ai*>t + e因＋入2*）t+e因＋As*)/

When t increases, the exponent with the largest real part,え， eventuallydomi-
nates the other two terms, so that : 

入＝lim
1 

t→。2t
ln[Tr（じ（t)L(t))].



Chaotic Behavior of Rayleigh-Benard Convection with Shear Flow 7
 

Using this expression, we are able to find the largest real part, X without having 
to use the usual methods for determination of eigenvalues. This is a non-
negligible practical advantage, as X dominates the behavior for long times. We 
therefore seek to extend it to more general situations. 
Most of the times, the matrix oF/orf; depends on time and L(t) cannot be put 
into the simple form above. There are two reasons for this : firstly, the 
eigenvalues of oF}砂 arenot constant, and secondly, L is not diagonalizable in 
a fixed reference frame. We can, however, still define the quantity: 

1 tl1¢1=lim-— ln[Tr(L +(t)L(t))] 
t→oo 2t 

because what are called multiplicative ergodic theorems establish the existence 
of this limit for a large category of situations. This limit is called the Lyapunov 
exponent (or Lyapunov number) associated with the solution尻(t).It expresses 
the fact that, at long times, the difference Bぷgrowsor decays exponentially on 
the average, according to whether the sign of tl1¢1 is positive or negative. 
In this study, we use the Fortran program given by Wolf et al. [10] in order 
to calculate the Lyapunov exponent. 

2.4 Route to Chaos 

What are the routes that lead a dynamical system from regular behavior to 
chaos ? To answer this question, we must list the different possible transitions 
between attractors. The representative examples with appearance of chaos are 
quasi-periodicity, period-doubling bifurcation, and intermittency. [11, 12, 13, 14, 
15] 

In the first part, we emphasize the tendency of many dynamical systems to 
adopt periodic behavior, regardless of their other characteristics. Although 
periodicity does not exhaust the range of possibilities, a natural first step 

towards addressing the questions posed above is to examine the conditions 
under which a periodic regime loses its stability. To argue it, we give an account 
of floquet theory of linear stability of periodic solutions. 

2.4.1 Floquet's Theory 

Consider a nonlinear autonomous flow in an m-dimensional phase space 
which has a periodic solution of period T : 

X(t+ T)=X(t). 

To find out if this solution is stable or not, it suffices to look at what 
happens to a small initial displacement紋 awayfrom the solution. Linearizing 
the flow about the periodic trajectory, we find that an initial condition芯＋双
（成 infinitesimal)is mapped at the end of the period T into Xo+ M揺 where
Mis an切 X切 matrixcalled the Floquet matrix. 

The problem of the linear stability of a periodic solution has been reduced 
in this way to the study of the eigenvalues of M. We first note that this matrix 
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always has an eigenvalue equals to one : this corresponds to a displacement紋
along the trajectory. The significance of this is simply that if we stay on the 
limit cycle, at the end of a period we arrive exactly at the point of departure : 
a trivial conclusion for a periodic solution, from which we learn nothing about 
its stability. Instead, we must study what happens in the directions perpendicu-

lar to the trajectory. We see intuitively that, while the eigenvalues of M depend 
on the form of the limit cycle, they are independent of the reference point芯
chosen along it. Since over one periodぷ＋紋 ismapped into芯＋M紋， the
solution is linearly stable if all of the eigenvalues of M are located inside the unit 
circle D of the complex plane. Then, all the components of the vector紋 which
are perpendicular to the limit cycle are reduced with each period. On the other 
hand if (at last) one of the eigenvalues of Mis outside of D,紋 growscontinu-
ally in at least one direction : the trajectory moves further and further away 
from the limit cycle, which is therefore unstable. 
By continuous variation of a parameter μ, the periodic solution gradually 
changes; the same is true of the matrix M and of its eigenvalues. Each of the 
eigenvalues can be represented in the complex plane by a curve parameterized 
by μ. Loss of stability of the periodic solution, accompanied by a bifurcation, 

occurs when one of these curves exits from the inside of the unit circle to the 
outside as ft is varied. There exist the three possibilities for traversal of the unit 
circle D by eigenvalues of the Floquet matrix : at (+ 1), at (-1) and at two 
complex conjugate eigenvalues(a土i/3）.Asidefrom the loss of stability, each of 
these crossing types, i. e. (+ 1), (-1) and (a土i/3）， hasdifferent consequences on 
the later behavior of the system, which depend on the nonlinearities and are 

closely related to the bifurcations involved. 

2.4.2 Bifurcation 
When (+ 1) is crossed, a saddle-node bifurcation occurs. The periodic 

solution does not merely become unstable: it disappears entirely. In a parame-
ter region slightly above the bifurcation threshold, the system enters a regime 
called the Type 1 intermittency. It is characterized by phases of regular, almost 
periodic behavior (laminar phases), interrupted from time to time by phases of 

apparently anarchical behavior (turbulent bursts). 
If the circle is traversed at (-1), the bifurcation is called subharmonic, and 
may be either supercritical (normal) or subcritical (inverse). In the case of a 
supercritical subharmonic bifurcation, a new stable periodic solution, whose 
period is twice as long, replaces the solution which has become unstable. Period 
-doubling is repeated for each of the periodic solutions obtained, resulting in an 
infinite sequence of bifurcations called a subharmonic cascade and ending in 
chaos. A subcritical bifurcation, on the other hand, leads to the Type III 
intermittency, which qualitatively resembles the Type I intermittency: long 
phases of almost periodic behavior are interrupted from time to time by chaotic 

bursts. However, the Type III is characterized by progressive increase of the 
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Table 2. 1 Type of bifurcation. 

Crossing Bifurcation Phenomenon 

(+ 1) Saddle-node Type I intermittency 

{ normal Subharmonic cascade 
(-1) Subharmonic 

mverse Type III intermittency 

{ normal Quasi periodicity 
(a土i/3） Hopf 

inverse Type II intermittency 

amplitude of the subharmonic during the almost periodic phase, the reason being 
that, here, nonlinear effects amplify the subharmonic instability of the limit 
cycle. The amplitude increases with each successive oscillation; when it 

exceeds a critical value, the laminar phase is interrupted. 
Finally, a third mode of instability takes place when two complex conjugate 
eigenvalues (a士i/3)simultaneously cross the unit circle: this is called a Hopf 
bifurcation. If the Hopf bifurcation is supercritical, it leads to a stable attractor, 
close to the limit cycle which is now unstable (but which still exists). This 

attractor is a torus T2 on the surface of which is inscribed the new solution 
corresponding to a quasi-periodic regime. A second supercritical Hopf bifurca-
tion can then generate a transition T2→T3 and the chaotic attractor appears as 

the outcome of a third bifurcation (possibly merged with the second). If the 
bifurcation is subcritical, we can encounter another phenomenon, called the 
Type II intermittency. The Type II intermittency has the same global qualita-

tive features as the Type I and the Type III, except for the fact that the 
instabilities which develop during the laminar phases have a frequency which is 

unrelated to the ratio a//3 where (a土沿） arethe eigenvalues crossing the unit 
circle at the bifurcation. The dynamical process which indicates a new laminar 

phase after a turbulent burst is particularly complex to describe in this case, as 
it involves a flow in a six-dimensional phase space, which means a Poincare 
section in R5. Table 2.1 summarizes the different situations we have described. 

2.5 Theory of Intermittency 
In this section, we analyze the intermittency in detail. According to Ref. 
[5], we briefly explain the theory of the intermittency. This theory is used to 

categorize the solutions with intermittency in the Lorenz and the five compo-
nents models (Sec. 3.3). 
We start from so called the Floquet matrix. Generically the eigenvalue of 

the Floquet matrix that crosses the unit circle D (Sec. 2.4.1) has a unique 
eigenvector. This is the case for the Lorenz model. Let us then define a 
coordinate u in the plane of the Poincare section which points to the direction 
of the destabilizing eigenvector. (The Poincare section is defined as a certain 
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plane which is crossed trajectory in the phase space. We have placed the points 
of intersection corresponding to a given direction of the evolution of the trajec-
tory such as Po, Pi, A,…and so on. The transformation leading from one point 
to the next is as continuous mapping T called the Poincare map, i.e., Pk+1= 
T(A)=T2(Pぃ）＝…） Usingthe eigenvalue A(r) as the function of r, a new 
coordinate u'by Poincare mapping : 

u
 

u ， u'=u 

U- u + u U+ 

(b) 

u 
(a) 

＇ U=U 
u ＇ r>r I 

E>O 

u
 

(c) 

Fig. 2.1 Graph of ui→u'(u) near its fixed point. 
(a) U+ and U-are fixed points, so the trajectory is a limit cycle. 
(b) u'(u, r) is tangent to the identity map u'=u. 
(c) A channel appears, therefore the intermittency occurs. 
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u'=A(r)u (2.1) 

At r＝れ ifthe conditions /l(r;)=l and (dll/dr)叶 0are satisfied, we label that 
the crossing is + 1. To have an idea what happens to the Poincare mapping 
when r varies near r;, we will start from the approximation (to be justified 
further on) that Eq. (2.1) is expanded by the Taylor series of the function u'(u, 
r) in the neighborhood of u = 0, and the origin is taken at r＝れ． Wefirst take 

a few higher order terms into account. 
A limit cycle for the dynamical system shows up as a fixed point of the 

Poi oincare mapping. Near the fixed point for r <広， thecurve of u'(u) on u'-u 
plane is almost tangent to the identity map (u'= u), since (du'/du)乃＝1and 
Jl(r』=1.We therefore find ourselves in the situation represented schematically 
in Figure 2.l(a). At the bifurcation point (r=r;), the curve u'(u) is exactly 
tangent to the identity map, since (du'/du)=I at the fixed point (Figure 2.l(b)). 
The passage from Fig. 2.l(a) to 2.l(b) is accomplished by translating the curve 
u'(u) upwards. If r continues to increase, the curve continues to move up, 

forming a small channel between itself and the identity map (Figure 2.l(c)). 
The one-parameter family of curves near the contact point is represented by 
the following generic form for u': 

u'=u+s+u2 (2.2) 

The coefficient of u2 (the second term of the Taylor series of u'about u =0 and 

r＝乃） hasbeen taken to be unity by an appropriate choice of the scale for u. 
The parameter 12, proportional to r -ri, is the control parameter which is varied 
to produce the transition from Fig. 2.l(a) to Fig. 2.l(c). 
For c= 0, we have the situation of Fig. 2.l(b) : the equation u'(u) = u has a 

double root at u=O, with slope (du'/du)u-o=+l. For s=l=O, fixed points of Eq. 
(2.2) are solutions of the equation u'(u)=u, i.e. u土＝土(-12)112, and exist only if 
E < 0. Their Floquet eigenvalues are (du'/du) u±=1土2(-12)112, so that the solu-
tion U-is stable, and u+ is unstable. This is easily illustrated by using the 
graphical construction for iterating the transformation u→u'(u) (Figure 2.2). 

The stable fixed point U-is an attractor for initial conditions u < u+, and 
the fixed point U+ is unstable. Iterations beginning from u > U+ diverge rapidly 
like (U(O))竺whereu<0l is a value close to the initial value and n is the number 
of iteration. Equation (2.2) represents the local change of u near r＝れ， and
indicates truncating the Taylor series of u'(u, r) at the first order in (r -r;) and 

at the second order in u. This takes account of the fact that the slope du'/du 
is close to unity near the considering bifurcation point. 
We have seen that when Eis small and positive, a narrow channel is created 
between the graphs of the identity map and ofり(u).This has two important 

consequences: 
i) First, for c > 0(r ~ ri) there no longer exists a fixed point of the first 

return map in the region considered. 
ii) An iteration that starts from a negative value of u will systematically 

1 1 
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drift towards the u > 0 region (see Figure 2.3) : because € and u2 are positive, we 

have u'=u+c+u2>u. 
But if c is very small, the successive iterations accumulate in the narrowest 
part of the channel. This brings us back to the question of interrnittency. The 
region of the channel -more specifically, the u values that we will actually 
observe -is very close to the fixed points that existed for c< 0. Therefore if we 

go back to the continuous time signal of the flow that corresponds to the 
passage through the channel for the Poincare mapping, we find a time depen-

u ＇ 

u_ U+ 
u
 

Fig. 2.2 Iteration of u→u'(u) when two fixed 
points u±exist. 

u
 

゜

。
u
 

Fig. 2.3 Iteration of u→u'=u+c:+u2 for c:>O. 
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dence very similar to that of the stable oscillations taking place for E:< 0. But 
the oscillations are no longer stable since the first return map u→u'(u, c) no 
longer has a fixed point near 0, and so there is no periodic solution, stable or 
unstable, to the equations of motion near the limit cycle. 
The Lorenz model exhibits an intermittent transition of the kind we have 
just described (in Sec. 3.3). Thus, we examine quantitative prediction of inter-

mittency by the theory. 
In a theoretical model, the physical parameters have been eliminated, 
leading to the universal form of the transformation u→び(u):

u'=u+E:+u2 

a form which is valid in a neighborhood of u =0. The quantitative predictions 
deduced from this description will therefore be of the form of the scaling laws 
governing, for example, the average duration of laminar phases near c=O. To 
find these laws, we notice that, if u'is close to u, we can replace z/ -u by the 
derivative du/dk (k is the discrete time of iteration). We then replace the 
difference equation by the differential equation: 

du 
dk 
=e+U2 

This equation has as its general solution: 

u(k) = E112tan(E112(k-ko)) 

(2.3) 

(2.4) 

K。beingapproximately the step at which the iteration goes through the narr-
owest part of the channel. For simplicity we take k。=0.
The function u(k) diverges for k＝土（l[/2)r::―112(in fact for k=(ml[/2)r::―112, 

for any odd integer m). The meaning of this divergence is that when k has 
attained the value of the order of E―112, u'-u, is no longer small, so that the 

difference equation (2.2) can no longer be replaced by the differential equation 
(2.3). This tells us that the number of iterations necessary to go through the 
channel is of order E―112, as does the interval of k values between two consecu-
tive divergences of Eq. (2.4). We have found a scaling law: the average duration 
of the laminar phases diverges like E―l/2~1rーバ―112as the threshold is approa-
ched. 
When an intermittent transition occurs between the periodic and the turbu-
lent regimes, the Lyapunov exponent J(r::) characterizing the level of instability 

of the turbulent trajectories is of the order of the inverse of the correlation time 
of the signal with itself. If we assume that the correlation disappears almost 
completely during the turbulent bursts, we deduce that the correlation time is of 
order r::-112, like the mean time for channel traversal, and that its inverse, the 
Lyapunov exponent, obeys the law J(r::)c→o+ ~ r::112. This law is indeed verified by 

the Lorenz model. 
Another interesting quantity is the statistical distribution of the duration r 
of the laminar phases, that is P(,, r::). In a sample of N laminar phases (N 
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integer), there are N・fodr'P(i,c:) phases which last less than r. We already 
know that the average duration of a laminar phase is f『drP(r,c:)~c:―112. For c 
fixed, the duration of a laminar phases is bounded from above by a quantity of 
order c―112, and the closer we get to the threshold, the less the duration fluctu-

ates. These considerations allow us to draw a qualitative shape for P(r, c:) in 
an intermittent regime (Figure 2.4) of the laminar phases in the Type I. 
The exact form of P(r, c:) depends upon the details of the problem, as the 
fluctuations of r reflect the fluctuations of the process of reinjection into the 

P（て，e）

(~ e-i/2) ＇ 

Fig. 2.4 Distribution of the length of laminar 
phases in the Type I intermittency. 

P(1:, e) 

ば T:
-312 

"'e 
-2u 

£-1 
T
 

Fig. 2.5 Distribution of the length of laminar 
phases in the Type III intermittency. 
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channel. The distribution P(r, c) is more easily measured than the preceding 
scaling laws, which all require pinpointing the threshold c=O and thus a series 
of experiments at very closely spaced values of the control parameter. We note 
also that, for the other intermittency types (the Type II and III), the distribution 

of laminar phase duration follows a law very different from that of the Type I. 
These other distributions law have the maxima for short time scales and 
decrease algebraically in the large time scales. 
Similarly, we can derive scaling law of the Type III intermittency. The 
result is following : P(r) ~ r―312, for 1 <パ戸， andP(r) ~ exP(-2cr), for r?>c―I. 
The Lyapunov exponent is given by 11(c) ~ c. Distribution of the length of 
laminar phases in the Type III intermittency is shown in Figure 2.5. 

2.6 Model Equation 
Starting from one fluid MHD model, we derive RMHD model which is 
relevant to analyze the behavior of edge plasma with shear flow in the scrape-

off layer (SOL) [16, 17, 19, 20]. The boundary condition appropriate to SOL is 
shown. The reduction of the freedom of RMHD model gives the modified 
Lorenz type model with five variables, i.e., the Lorenz type model with shear 
flow effect [16, 18, 19]. If the shear flow is turn off, this model reduces to the 
conventional Lorenz model with three variables. The analysis of the Lorenz 
model based on the numerical simulation is revisited. 

2.6.1 One Fluid MHD Model 
One Fluid MHD model which is our starting point is given as follows: 
equation of motion, 

詈＝ー▽p+jxB+μ△V,
continuity equation, 

誓＋V・(pv)=O,
Ohm's law, 

E+vxB=TJj, 

adiabatic law of pressure, 

d (pp→)＝0, 
dt 

and Maxwell's equations, 

▽XE=-aB at, 
▽XB=μoj, 

• •B=O, 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

(2.11) 
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where μ, r, and μ。 arethe viscosity, the specific-heat ratio, and the magnetic 
permeability, respectively. Operator△denotes Laplacian. 

2.6.2 Coordinates System 
Now we consider coordinates system. Since we are interested in the 
behavior of SOL plasma in a toroidal system which is located at the region 
outside of separatrix, we treat the edge plasma region instead of the whole 

plasma region. 
Figure 2.6 shows the schematic view of SOL in poloidal section. In this 
region, the magnetic field lines are connected to the divertor or the limiter so 

that they have the finite lengths. It is hold that the condition Lc<il in SOL, 
where Le is the characteristic length of field line called connection length and入
is the typical mean free path of particles. This condition shows that the 

uniformity of plasma is kept along the field line. The direction of the magnetic 
field line is labeled by z. ・ From the above condition, we have 8/oz=O. The 
perpendicular surface to the magnetic field line is labeled by the coordinates (x, 
y), where x corresponds to the radial direction of torus and y corresponds to the 

poloidal direction of torus. We consider the situation that the effective gravity 
due to the magnetic field inhomogeneity acts on the x direction and the plasma 
shear flow is in the y direction. Two dimensional (2D) slab model is used to 
analyze this problem. For the boundary condition, we use the periodic boundary 
condition in the y direction and we have the boundary土d/2in the x direction, 
where x= -d/2 corresponds to the separatrix and d is the width of SOL. 

2.6.3 RMHD Model 
Here, the RMHD model equation is derived. On the assumption that the 
plasma is incompressible fluid, we have 

x
 

Fig. 2.6 The schematic view of SOL in poloidal section. 
Here we assume 2D slab plasma. Radial direction 
corresponds to the x direction and poloidal direction 
corresponds to the y direction in this model. 
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• •v=O. (2.12) 

Then the continuity equation Eq. (2.6) is reduced to 

如
at +v・V p=O. (2.13) 

Combining Eq. (2.13) with Eq. (2.8), the adiabatic law of pressure is rewritten as 

誓＋v•▽P=O. (2.14) 

This equation is valid when the fluid is non-dissipative and the change of the 
pressure is due to the convection. Introducing the effect of heat conduction, Eq. 
(2.14) is generalized as 

3p 
——+v• • P=x• P, (2.15) at 

where xis the heat conductivity. This equation is used to describe the evolution 

of the pressure. 
Next, we consider the equation of motion. Taking account of an effective 

gravity due to the curvature of the magnetic field line as an external force, 
N avier-Stokes equation gives rise to 

噌＋PV•▽v= ―▽P+PG文十µ△v, (2.16) 

where x represents the unit vector of the x direction, G is an effective gravita-
tional acceleration. To derive this equation, we assume no plasma current in the 
z direction. The centrifugal force per unit volume is estimated as pu2 /R, where 
R is the curvature radius of the magnetic field line and u is a guiding center 

velocity. Assuming that the typical velocity is estimated by that of the guiding 
center UT, we have the relation 2P= pu2T. Since the gravitational acceleration 
is balanced with the centrifugal force, it is followed that 

PU T 
＝ 
2P 2 

pG= 
R R' 

(2.17) 

showing that the gravitational acceleration G depends on the plasma pressure p. 
Introducing a coefficient g=2/(pR), Eq. (2.16) is written as 

噌＋pv· ▽v= —巧＋ pg瓜十µ△V. (2.18) 

Writing the variables asp→P叶 ]5,v→V。+iJ,where the subscript O denotes 
the equilibrium quantity and ~ stands for the fluctuating part, and using 
Boussinesq approximation, that is p= Po, Eqs. (2.15) and (2.18) are splitted into 
the equations describing the equilibrium quantity and the fluctuating part, 
respectively. For the equilibrium quantity two following equations 

▽P。
V。·▽Vo= — +Pog文十l.l△V。 (2.19) 

Po 

and 

17 
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V。・訊＝x△P。

are obtained. For the fluctuating part, 

ov Vク
+v·v'V。+V。·▽v+v·vv= — +pg足＋心V
Ot po 

and 

翌＋v・VP。+v。・咋＋V・咋＝噸

(2.20) 

(2.21) 

(2.22) 

are obtained. Acting今▽X to the equation of motion Eq. (2.21) and using the 
assumption of incompressibility Eq. (2.12), we obtain the vorticity equation, 

如可十v·V①o+V。・瓢＋ v·V正—g-fv ＋心，
i)y 

(2.23) 

where(J)＝z・(Vxv), and~ is omitted for simplicity. 
Fluid velocity of the plasma arises from the Ex B drift motion. Introducing 
the electrostatic potential ¢, the fluid velocity of the plasma is written by v= 
zx▽¢ in the electrostatic limit. Therefore the electrostatic potential is equiva-
lent to a stream function. In this case, the vorticity is expressed as(J)＝△J_¢, 
where△J_=o賛ぷ＋炉/oy2.Using two variables ¢ and p, Eqs. (2.23) and (2.22) are 

written as 

0 A J r J A.l  l r m A 1 l r..! A m l _ OP 祝△J_¢=-［¢，△J_¢]-［(J)。，△J_¢l-［¢，△J_(J)。l-g ＋））△J_△J_ ¢ (2.24) 
oy 

and 

゜ffrP= -[¢, p]-[(j)。,p]-x辺~+x△J_p
oy 

(2.25) 

where P=Po(x) is assumed, and x=-dPo/dx. The Poisson's bracket is defined 
by 

[/, g]= 
of og of og 
紅 oy oy ox' 

for any functions of f and g. 

The boundary condition are imposed as 

p(x＝土d/2)=0,

for p and 

¢（ぉ＝土d/2)=0,

for stream function ¢. The slip-free boundary condition 

△¢（エ＝土d/2)=0

(2.26) 

)
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、
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is used for vorticity where the vorticity goes to zero at the boundaries of x= 
土d/2.The periodic boundary condition is adapted in the y direction. 

2.6.4 Lorenz Model 
In the absence of the shear flow, Eqs. (2.24) and (2.25) are reduced to the 
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equations of heat convection of the neutral fluid in the Boussinesq approxima-
tion. In this limit, the normalized equations are written as 

0 A J. r J.'<"'7 -17, n (OP 砂¢=-[¢,い]＋Pr(―訂＋▽.LV.L¢) (2.30) 

and 

羞p=-[¢,p]-R暑＋▽.LP, (2.31) 

where we use the normalization: d for the scale of length, dりxfor the scale of 
time, x for the scale of stream function,巧x/d3gfor the scale of pressure. Two 
dimensionless quantities, i.e., Rayleigh number応 andPrandtl number几 are
introduced by 

Ra= 
gxd4 

!JX 
(2.32) 

and 

)J 
Pr=—-. 
X 

(2.33) 

Rayleigh number Ra shows that a numerator corresponds to the magnitude of 
driving force of interchange instability [21] due to the gravity and the pressure 
gradient and a denominator corresponds to the magnitude of dissipation due to 
the heat conductivity and the viscosity. The larger the Rayleigh number is, the 

more the system unstable and turbulent becomes. On the other hand, the ratio 
of the viscosity to the heat conductivity, Pr, is related to the similarity of 
solutions. In the problem of thermal convection, it is known that the convective 
vortex called'Benard-cell'is created when the Rayleigh number exceeds a 

certain critical value and that the chaos is generated by this convection in the 
larger Rayleigh number regime. Equations (2.30) and (2.31) are the partial 

differential equations (PDE) and have infinite degrees of freedom. 
A chaos in the heat convection problem is known to be generated even in the 

presence of the small degrees of freedom (a small numbers of the Fourier 
components). A set of the ordinary differential equations (ODE) called the 
'Lorenz model', which consists of three Fourier components of the fields, has 
been utilized to analyze the chaotic behavior. Hereafter we shall revisit the 

Lorenz model. We start from Eqs. (2.30) and (2.31) with the boundary conditions 
Eqs. (2.27), (2.28), (2.29) and with the periodic boundary condition in the y-

direction. Assuming that ¢ is described by only one Fourier component, 

r/>(x, y, t)=¢1(t)cos（冗:r)sin(qy), (2.34) 

踪d
where q =~ indicated (normalized) wave number of cell (roll)-arrangement. 

L 

Substituting Eq. (2.34) into Eq. (2.30) and Eq. (2.31), the equations 

ーか（が＋が）cos（冗:r)sin(qy)=-Pr一一
み）
oy +Pr（が＋が）2q>1COS（冗:r)sin(qy)
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and 

翌＝叫1}in(冗x)sin(qy)＋噂如OS（冗x)cos(qy) 

-Raqかcos(7rx)cos (qy）十△_l_p

are obtained. Furthermore, we take the pressure perturbation in the form of 

p(x, Y, z)＝か(t)cos(7rx)cos (qy)＋か(t)sin(2冗x), (2.35) 

where the term sin (2冗x)is added in the pressure field which corresponds to the 
higher harmonic component of Fourier mode generated by the convective 

nonlinearity. 
Substituting Eq. (2.34) and Eq. (2.35) into Eq. (2.30) and Eq. (2.31), we obtain 

the dynamic equations for ¢1, P1 and Pz as 

and 

Prq 
か＝ー 2かーPr（が＋が）向が＋q

か＝冗q¢ふ—Raqかー（炉＋ q2)PI,

1 
か＝ー一冗かかー4炉釦．2 

(2.36) 

(2.37) 

(2.38) 

Using the normalization and introducing variables X, Y and Z, which represent 

か，か andか respectively,as 

r=（が＋が）t, (2.39) 

X=-
冗q

⑰（が＋q2)2 か，

冗q2 
Y= ⑫（が十q2)2 3pl, 

and 

冗q2 

Z=（が＋が）3か，

the Lorenz model is written as follows : 

dX =Pr(Y-X), 

and 

with 

dr 

dY 
dr 

dZ 
dr 

=-XZ+rX-Y, 

=XY-bZ, 

q 2 

r=（が＋が）3Ra 

(2.40) 

(2.41) 

(2.42) 

(2.43) 

(2.44) 

(2.45) 

(2.46) 
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and 

b= 
47r2 
2 2. 
冗十q

(2.4 7) 

Let us discuss the stability analysis of the stationary solutions of the Lorenz 
model. The analysis is done for the fixed points of the model equations. The 
fixed points are obtained by letting o/or=O in Eqs. (2.43), (2.44) and (2.45), as (0, 

0, 0) and （土 ✓ b （ r-1) ，土 ✓oTr=IJ, r-1). We categorize a parameter regime 
into three according to the value of normalized Rayleigh number r, i.e., (1) 0< 
r< 1, (2) l< rく乃 and(3) r>rc, where rc=Pr(Pr+b+3)/(Pr-b-l). 
In the regime (1), 0 < r < 1, only the fixed point 
(0, 0, 0) 

is stable. 
In the regime (2), 1 < r < re, the fixed points 

（土 ✓b(r-l) ，土 ✓b(r-1) ， r-1)

are stable but the fixed point (0, 0, 0) is unstable. 
In the regime (3), r > re, all the fixed point are unstable. 

(2.48) 

(2.49) 

In order to explain the. behavior of Benard convection described by the 
Lorenz model, we show the results from the numerical simulation. The parame-

ters are given by Pr=lO.O, b=8/3 and rc=24.74. 
For the parameter regime (1), 0< r< 1, the solution converges to (O, 0, O) for 
any initial values. There is not convection in this parameter regime, where the 
heat is transmitted from the bottom to the top. The temperature difference 
between the top and the bottom remains small. 
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Fig. 2.7 Trajectory in the phase space projected on 
the X -Y plane. In the 3D space, the trajec-
tory like the plumage of a butterfly corre-
sponds to a chaotic attractor or a strange 
attractor. 
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In the parameter regime (2), 1< r< re, the stable fixed points are given by 

（げ□9]二， r-1)and(-(［ロパ—いFi, r-1). The 
convection is generated in this regime. The temperature difference becomes 
rather larger than that in the regime (1). 
In the regime (3) r > re, three fixed points are unstable and the chaotic 
behavior of the solution in the phase space is observed. 
Figure 2.7 shows a chaotic attractor in the case with r=28. The trajectory 

Y time evolution 
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Fig. 2.8 (a) the time evolution of Y showing the 
non-periodic oscillation, 
(b) the power spectrum of Y which is the 
continuous spectrum. 
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in the phase space is projected on X -Y plane. The chaotic attractor shows 

that the trajectory goes around the fixed points (6⑫, 6⑫,27) and (-6⑫ -6/2, 
27), and that the structure consists of many sheets but a thin sheet or a thick 
sheet. 
Figure 2.S(a) shows the time evolution of Y and (b) shows the power 

spectrum of Y respectively, those correspond to the case shown in Fig. 2.7. 
These plots show the typical nature of a chaos, i.e., the irregularity and 
complexity of the temporal behavior of the solution, having the continuous and 
broadband spectrum. Convection is broken down and the turbulence appears in 
this regime. 

For the case with the larger value of r, a limit cycle, a period-doubling 
bifurcation, an intermittent transition and a chaotic attractor are observed. 
Finally a stable limit cycle re-appears for the extremely large value of r. 

Figure 2.9 shows the three components of the Lyapunov exponent versus the 
normalized Rayleigh number r. The positive value of the maximum Lyapunov 
exponent corresponds to the appearance of chaos and when the exponent is zero 
the periodic oscillation is observed. 

The intermittent transition to a chaos is observed in the Lorenz model. To 
examine this transition, numerical simulation is performed changing r for the 

fixed parameters of Pr=lO.O and b=-:::;,-. 8 
3 
The intermittency appears near r = 
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Fig. 2.9 The relation between the Lyapunov expo-
nent and r. When the maximum exponent is 
positive, the system is chaotic, and zero 
exponent corresponds to the periodic oscilla-
tion. At r=28, the maximum exponent is 
positive, which corresponds to the appear-
ance of chaos. Near r=l66 the exponent 
changes from zero to the positive value, 
where intermittent transition to chaos is 
observed. 
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Fig. 2.10 The appearance of the intermittent regime of the Lorenz 
model is shown calculating the cases for (a) r = 166.0, (b) r = 
166.12, and (c) r=166.2. Time evolution of Y is illustrated. 
In this parameter regime, the intermittency appears at r,= 
166.07. When r< r,, the periodic oscillation is observed as is 
shown by (a). For the larger values of r, (b) (c), the burst 
appears more frequently. 
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166. 
Figure 2.10 shows the time evolution of Yin the cases with r=166.0, r= 
166.12, and r=166.2. In Fig. 2.lO(b) the burst exists at a place near t=629~637, 
while in (c) the bursts occur at three places near t=603~605, t=626~628 and 

t=648. A qualitative definition of the burst is that it occurs suddenly with the 
short time duration of the increase of amplitude. Our quantitative definition will 
be presented in Sec. 3.2. The larger the value of r is, the more frequent the burst 
is. It is known that this intermittency corresponds to the Type I. 

§ 3. Comparison of Three and Five Components Models 

Three components model has been studied extensively as is seen in Chapter 
2. In this chapter, we present a five components model [18] and we perform the 

numerical simulation of the model. The simulation results of the three compo-
nents model are compared with those of the five components model based on the 
Lyapunov analysis, which is a novel point in this thesis. 

3.1 Derivation of Five Components Model 
The Lorenz model derived in Chap. 2 does not include the shear flow in the 
y direction. The Lorenz model has been extended [18, 19] by introducing the 
new Fourier harmonics which represent the shear flow. According to the 

following procedure, we derive the model equation. 
We start from Eqs. (2.30) and (2.31) with Eqs. (2.34) and (2.35), and the same 

boundary conditions as in the Lorenz model are used here, i.e., Eqs. (2.27), (2.28), 
and (2.29) in the x direction, and periodic condition in they direction. Assuming 

that ¢ is still described by a small number of the Fourier modes, we add new 
Fourier harmonics into ¢ field as 

q;(x, y, t)=¢1(t)cos(7rx)sin(qy) 

+ ¢z(t)cos (7rx) + ¢s(t)sin (27rx)cos (qy). (3.1) 

Two terms are added to Eq. (2.34), i. e., the term which is proportional to cos 
（冗x)contains the shear flow in they-direction and the term proportional to sin 
(2冗x)cos(qy) corresponds to the higher harmonics generated by the nonlinear 

coupling between the introduced shear flow and the pressure perturbation p. As 
for P, we use the same equation Eq. (2.35) as the Lorenz model. 

In order to visualize the convection patterns of ¢(x, y) and p(x, y), we show 
the basic patterns of Fourier components in x-y plane which appear in basic 

equations, Eqs. (3.1) and (2.35). In Figure 3.1, the basic convection patterns of 
¢(x, y) are illustrated: (a) the fundamental component ¢1cos（冗x)sin(qy)
(Benard cell type), (b) the shear flow component伽cos（冗x),(c) the higher 
harmonic one cp3sin (2冗x)cos(qy) and (d) the combination of all the components 

with the same weightings. Here we chooseか＝伽＝rp3=land q=T(. The white 
color corresponds to the positive value and the black color to the negative value. 
According to the change of color from black to white, the value changes its sign 
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from minus to plus. In Figure 3.2, the convection patterns of the pressure are 

shown : (a) the fundamental componentかcos（冗x)cos(qy), (b) the quasi-linear 
term釦sin(2冗x)and (c) their combination for p戸釦＝1and q＝冗． Theconvec-
tion pattern can be deformed by the shear flow component from Fig. 3.l(a) to 

Fig. 3.l(d). 
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 Fig. 3.1 (a) ¢1cos（冗x)sin(qy),(b) ¢zcos（冗x),(c) <p3sin(2冗x)cos(qy),(d) (a)+(b)+(c), where ¢1 

＝釦＝釦＝1and q＝冗． Ahorizontal axis indicates the x direction and a vertical 
axis does the y direction. The boundary of x is -0.5 and 0.5 and the y direction 
is periodic. 
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Substituting Eqs. (3.1) and (2.35) into Eq. (2.30), 

ーか（が＋砂cos（冗x)sin(qy)ーかがcos（冗X）

ーか(4が＋が）sin(2冗x)cos(qy) 

冗= -―q渇ふsin(2冗x)cos(qy) 
2 
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Fig. 3.2 (a) p,cos(7rX)cos(qy), (b) p,sin(2冗），（c)(a)+(b), whereか＝拓＝1and q=lf. A hori-
zontal axis indicates x direction and a vertical axis does the y direction. The 
boundary of x is -0.5 and 0.5 and the y direction is periodic. 
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3 十一ーが¢1伽{cos（冗X）-cos(3冗x)}{l-cos(2qy)} 
4,  

3 ーが¢1釦{cos（冗x)+cos(3冗x)}{l+cos(2qy)} 
2 

＋和(3冠＋が）崎{cos（冗x)-sin(3冗X)｝sin(qy)

+Pパ冗2十が）2か{cos（冗x)sin(qy)+ Pr7r4伽cos（冗X）

+Pr(4が＋が）2¢:iSin (2冗X)cos(qy) (3.2) 

is :obtained. 
,Neglecting the higher harmonics, we obtain the dynamic equations for仇伽

and,Ps as, 

か＝一
7[q(3が＋が） qPr 
2（が＋が）

伽¢3 7[十q- 2 2か一凡（が＋が）¢1,

. 3 
伽＝ nq<p1<p3 -Prn2伽，
4 

and 

釦＝2（4冗冗？：が）砂—Pr(4が＋が）伽．

、̀
‘/‘‘,'’

3

4

 

•• 
• 
3

3

 

‘、,¥、,`
‘

(3.5) 

The substitution of Eqs. (3.1) and (2.35) into Eq. (2.31) gives the other relations 

for the pressure perturbation,かandP2, as 

か＝冗q¢1P2-・Raqかー（が＋が）か (3.6) 

and 

1 加＝— 冗q¢1P1-4が加．
2 

(3.7) 

Using the normalization: Eqs. (2.39)-(2.42) and introducing new variables of V 
and W, which represent釦and釦respectively,as 

V=高（冗りq十が）喜[9伽， （3.8) 

and 

W= 亭 q 3が＋が2⑫（が＋が） ✓ が＋がか，
Eqs. (3.3)-(3.7) are rewritten as 

dX 
dr 
VW+Pr(Y-X), 

dY 
dr 
=-XZ+rxX-Y, 

dZ 
dr 
=XY-rzZ, 

(3.9) 
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dV 
dr 
=-XW-yvV, 

and 

dW 
dt 
=-CXV-rwW. 

Here non-dimensional parameters are introduced as 

q 2 

rx=（が十が）3Ra, 

4が
rz=が＋q2,

冗
2 

rv= 2 
冗十q
2pr, 

(3.13) 

(3.14) 

47[三が
rw=--s--+-::zPr, 
冗十q

、
~
‘
,
＇
／
5

6

7

8
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．
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and 

C= 3が4(4が＋が）・ (3.19) 

Equations (3.10)-(3.14) constitute the five components equations of the extended 

Lorenz model [18, 19]. 
The stability analysis around the fixed point, i. e., stationary solution of (X, 
Y, Z, V, W) has been done in Ref. [19] and the results are shown below. The 
fixed points are given by setting (X, Y, i, V, W)=(O, 0, 0, 0, 0). The number 
of the fixed points are seven and they are found to be (0, 0, 0, 0, 0), （士 ✓ rz(rx-1) ，

士占工丁事 rx-1, 0, 0), （土(}示； ＋凶五豆こ区江 rxrvrw 
rvrw+ rzc ”w十アzC

土《— Pr:IV アvr::r戸；z： rx) ，一/-Pヴv rvr;:r戸；~)and （土（戸，
十丘五戸rxrz rxrvrw ェ ＿Prrw rvrw+ rze 1-rx 
- rvrw+ rzC ' rvrw十アzC ' ✓ e rvrw+ （rzC ) ' 
《-Pヴvrvr;:：鸞：アx)）
Three regimes for fixed points are identified according to the value of rx 

(normalized Rayleigh number). They are (1) 0< rx<l, (2) 1< rx< Yti and (3)アt1

< rx, whereアt1=1+rvrw 欧， アzC.

In the regime (1), 0 < rx < l, one fixed point, 

(0, 0, 0, 0, 0) 

appears and is stable. But it becomes unstable for rx > l. 
In the regime (2), 1 < rxくアti,two fixed points, 

（土 ✓rz(rx-1) ，土 ✓ア5=IJ, rx-1, 0, 0) 

appear. The bifurcation of the solution occurs at rx=l. 

(3.20) 

(3.21) 
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In the regime (3)，知<rx,four fixed points 

(土(了戸，士三已::誓 rv冒喜zC'
土✓＿ Pr:w rvr;：:::(;z: rx), -(l-Pヴvrvア；~rご〗~) (3.22) 

and 

（士(}五:,土立五五工卓 rxrvrw 
C'-'(v'(w +'(zC''(v'(w +'(zC' 

工✓＿ Prrw rvrw+ rze(1-rx)' ✓-Pヴ~) (3.23) 
C rvrw + rzc'V -','rvrw + rzc 

appear. The bifurcation of the solution occurs at rx=アt1・
For the stability in the regime (2) and (3), two limits are considered. The 

化(rz+Pr+3)
first case is]＜アt2<rn, where ア12=~- Equation (3.21) becomes 

Pr-l-rz 

unstable for rx >'(12 and Eqs. (3.22)-(3.23) become unstable for rx>アt1・
The second case is加 <I(Pr< rz+l) or知＜ア12.Equation (3.21) becomes 
unstable for rx >'/ti. In the case Ytz< I, Eqs. (3.22)-(3.23) become unstable for rx 

>'/ts> rn, where'/t3 is some critical value. 
When all stationary solutions become unstable, the limit cycles and the 
chaotic attractor appear. 

3.2 Numerical Analyses 
Numerical simulations of the three components model (Lorenz model) (2.43) 
-(2.45) and the five components model (3.10)-(3.14) are carried out and their 

results are shown below. 
In these simulations, the normalized Rayleigh number 

r=rx=tり (3.24) 

is chosen to be an order parameter to characterize the system behavior and the 

other parameters are fixed as 

b= Yz=2.0, Yv=2.0, Yw=l0.0, c=0.15, q=冗， Pr=4.0.

When these parameters are chosen as above values, the critical values and 

the stationary solutions become as follows. 
For the three components model : 

(1) 0< r< 1 

(0, 0, 0) 

(2) 1< r<36 

（土 ✓2(19-1)，土ぷ2(r-l) ， ,r-1)

(3) r > 3 6 All the stationary solutions are unstable. 
For the five components model: 
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(1) 0< 1x< 1 

(0, 0, 0, 0, 0) 

203 I 203 
(2) l< Yx く (,t1=~, アt2=36)3 ¥1'1- 3 

（土 ✓2(rx-1) ，士 ✓~',x-1, 0, 0) 

(3) 
203 
3 
<,x 

（土 20贋士旦迎江 20アX 士;_80020.3-0.3Yx - -820.3-0.3rx 
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（士20?0，士占聾，咽謄，干{-8]020.3孤麿的x,-｛-820.3祠位的x)
Initial values are given in the three components models as 

(X, Y, Z)=(l.O, 1.0, 1.0) 

and those in the five components model are 

(X, Y, Z, V, W)=(l.O, 1.0, 1.0, 1.0, 1.0). 
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Fig. 3.4 Trajectory in phase space is projected to X 
-Y plane at r= rx=50.0. (a) the three com• 
ponents model (b) the five components model 
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Three components model has been extensively investigated for the parame-

ters Pr=lO.O and b=8/3 [2, 22] (Sec. 2.6.4). Here we choose the parameters as 
Pr=4.0 and b＝アz=2.0to compare both models based on the Lyapunov analysis. 
Figure 3.3 shows the comparison between successive change of attractors for the 
three and the five components models with respect to the control parameter r 
or 1x. This figure is drawn based on the maximum Lyapunov exponent shown 
in Fiugre 3.14, which will be explained in the latter half of this section. Typical 
examples of the trajectory in the phase space, the time evolution of Y and the 
power spectrum of Y for specific values of r or Yx are shown. The variables 
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Fig. 3.5 Time evolution of Y is shown at r＝アx＝
50.0. 
(a) the three components model 
(b) the five components model 
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X, Y, Z, V and W correspond to the fields r/J1, P1, Pz,伽 and伽 respectively.
Case(l) r=rx=50.0 

At this value, both the three components model and the five components 

model give the chaotic solutions. The chaotic behavior is seen in Figures 3.4-

3.6. Figure 3.4 compares the three components model (a) and the five compo-

nents model (b), showing the trajectories of the solutions in the phase space 

projected on X -Y plane. Initial trajectory traced from the initial value to the 
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(a) the three components model 
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attractors is omitted for simplicity. Both trajectories in (a) and (b) are the 
chaotic attractors. Temporal evolutions of Y are shown in Fig. 3.5(a) and (b), 
indicating the irregular oscillations. According to the change of the sign of Y, 
the sign of the pressure perturbation P1 shown in Fig. 3.2(a) changes. The 
associated power spectra of Y are shown in Fig. 3.6(a) and (b). The continuous 
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four times period. 
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spectrum which is the typical characteristics of chaos is observed in each case. 

Case (2) rx三305
Near this value, the period-doubling bifurcation is found to occur in the five 

components model, while only the periodic solution is found in the three compo-

nents model. 
Figure 3.7 shows the trajectories of the phase space for the five components 

model in cases with (a) rx=305, (b) rx=306, and (c) rx=322, respectively. At rx 
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Fig. 3.8 The time evolution of Y associated with the period-
doubling is shown, for the cases of (a), (b), and (c) in 
Fig. 3.7. 
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=305, the first limit cycle solution appears, and the second limit cycle of the 

twice period is seen at rx=306. At rx=322, the third limit cycle of the period 
of four times is found. The successive period-doubling occurs as Yx increases. 
Associated time evolution of Y for each case is shown in Figure 3.8. The period 
of each case is roughly estimated to be (a) 0.6, (b) 1.2, and (c) 2.4. In order to 
show the period-doubling process the power spectrum for each case is measured 
and is shown in Figure 3.9, where (a) shows the basic frequencies and their fine 
peaks are observed, (b) the basic frequencies and the half of them are seen, and 
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Fig. 3.9 The power spectrum of Y corresponding to the case 
of (a), (b), and (c) in Fig. 3.7 are shown. 
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(c) further one-fourth of the basic frequencies are seen. The frequency which is 
eight times smaller than the basic frequency, exists but is difficult to be recog-
nized in the plots. After the successive period-doubling of infinite times, the 

system becomes chaotic. This is understood as a typical example of a route to 
a chaos from the period-doubling bifurcation. 

Case (3) r= rx=400.0 
When r and rx become a few hundreds, it is found that there appears the 

considerable difference between the three components model and the five 
components model as seen from Fig. 3.3. Let us show the difference in the case 
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Fig. 3.10 Projected trajectory in phase space at r＝アx
=400.0. 
(a) the three components model. 
(b) the five components model. 
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of r= rx=400.0. The trajectory of the phase space (X, Y) is compared in 
Figure 3.10 where the three components model shows the limit cycle solution (a), 
on the other hand the five components model shows the chaotic attractor (b). 

Figure 3.11 depicts the time evolution of Y corresponding to the cases in Fig. 3. 
10. It is shown that in the three components model the solution is the periodic 
oscillation, while in the five components model the irregular oscillation is found. 
The power spectrum corresponding to the cases in Fig. 3.10 is shown in Fig. 3. 

12. Peaks of the basic frequencies are observed in the three components model, 
on the other hand the continuous spectrum is seen in the five components model. 
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(a) the three components model 
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Case (4) rx;,: 1345 
An intermittent transition is found to take place in the five components 
model, while only the periodic solution is found for the three components model 

near this value. 
The time evolution of Yin the cases with (a) rx=1345.16, (b) rx=1345.17, 
(c) rx=1345.19, and (d) rx=1345.30 are depicted in Figure 3.13 to show the 
appearance of the intermittent behavior. The intermittency threshold is calcu-
lated to be rx,=1345.16784 by surveying the value at which the Lyapunov 

exponent becomes closest to zero. Bellow this threshold, the periodic oscillation 
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Fig. 3.12 Power spectrum of Y at r＝アx=400.0.
(a) the three components model 
(b) the five components model 
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is observed as is shown in Fig. 3.13(a). When the value of rx exceeds rx;, bursts 
in the amplitude Y appear (Fig. 3.13(b)). In Fig. 3.13(b) the bursts exist two 

places near t=540~560 and t=870~880. We here quantitatively define the 
burst when we observe an increase in 10% of the amplitude beyond its average 
maximum value. The larger rx is, the more bursts appear (Fig. 3.13(c)). In Fig. 
3.13(c) the bursts occur four places near t=570~590, t=690~710, t=810~820 
and t=930~950. The chaotic behavior is seen in Fig. 3.13(d). This intermittency 
will be studied in detail in the next section. 

Above typical cases are depicted from the parameter survey of r and欧
which is shown in Fig. 3.3. In order to understand these transitions, we calculate 
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the Lyapunov exponents for the three components model and for the five 
components model. Parameters r and ・rx are surveyed from zero upto 4000. As 
is discussed in the previous chapter, if the maximum Lyapunov exponent exists 
to be positive, then the system becomes chaotic. The periodic solution is found 
if the maximum exponent is zero. If we only find the negative value of the 
exponent, the solution converges to the fixed points. 
Nothing these facts, we show the Lyapunov exponents versus r and rx 
(normalized Rayleigh number) in the case with Pr=4.0 in Fig. 3.14. The expo-
nents for the three components model and for the five components model are 
shown in (a) and(b）,respectively. In the three components model, 1) the regime 

600 Y time evolution 

300 

ン。

-300 

-600 500 600 700 800 900 

(c) 

600 Y time evolution 

300 

ン。

-300 

(d) 

Fig. 3.13 Time evolution of Y for the five components model 
(c) at rx=1345.19 
(d) at rx=1345.30 
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O<rく29has the fixed point, 2) the regime 29 < r < 71 has the chaotic solution 

with the positive value of the maximum Lyapunov exponent, 3) the regime 71 < 

r < 91 has either the positive value or zero of the maximum exponent, and 4) the 

regime of 91 < r has only the periodic solution (i. e.the maximum exponent is 

5

0

 

゜

5

1

0

1

5

2

0

2

5

 

『

―

―

―

弓
u
o
d
x
g
A
o
u
n
d
u
A
:
1
 

＼ 

＼ 

I• 
’‘―---- - - - - - ～—ー・ー·+ -r •一·―-—-
i. 

500 1000 1500 2000 2500 3000 3500 4000 

r 

(a) 

5
 

゜ i

―-
＿
―
―
-

ー

『

一
,

l

f

-ヽ・一

-' 
ヽ
•
一

．．．． 
-．
 
，．
 

一`
ヽ

・

l

.

r

.

•,. 

＿

，
5
 

,．
 ，＇ 

．

ヽ

rヽ

i'り，
i
．．
 

ー・
1

』
.
~
,
1
 

，
 ．．
 

ー

北
＂
ー
！
ぶ
やし

，＇ ．
 

しだ`

q
出
'’’’RK・

．
 
．
 

，
 

i
r
'
1
}
9
9
9
9
 

'
 

ヽ
屯

（

＇

メ

-
9
[
r
 

心

'
，
/
 

{.9,9'，い」

!,＇ー｝}•
エ
}
'

芦
ゾ
／
r

、

,
1
5
r
'
,

．
 

＇ 

.9,’'「
h
1
1
h
'

ぃ

0

5

 

5

ー

ー
一

―

1忌

u
o
d
x
~AoundBA'] 

-20 

-25 

゜
500 1000 1500 2000 2500 

荻

3000 3500 4000 

(b) 

Fig. 3.14 The relation between the Lyapunov exponent and r or 
rx for P,=4.0. One of the exponent is on the zero line in 
(a) and (b). 
(a) the three components model 
(b) the five components model 
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zero) which falls into the limit cycle. The analysis by use of the Lyapunov 
exponent is illustrated in the upper level of the lines shown in Fig. 3.3. 
Concerning the five components model, the similar behavior of the 

Lyapunov exponent is・ observed to that of the'three components model for the 
parameter regime of r = rx < 140. As seen in Fig. 3.14(b), the positive value of 
the maximum Lyapunov exponent appears and disappears in the regime of 306 

< rxく2200.We observe the chaotic behavior and the limit cycle solution as well 
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Fig. 3.15 The relation between the Lyapunov exponent and r or 
アxfor P,=1.0. 
(a) the three components model 
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as the period-doubling process 9f the.solution. Finally; for the regime of rx > 
2200 the five components model also falls into the limit cycle with zero value of 
the exponent. The stability of the limit. cycle in extremely large. Rayleigh 

number regime is discussed in Ref. [23]. • Detailed structure of the solution 
conesponding to the case studied here is illustrated in the lower level of the lines 
in Fig. 3.3. 
For the reference, the Lyapunov exponent is calculated changing the param-

eters rand rx for the case with P,.=1.0 and is shown in Figure 3.15. For the 
three components model, all the Lyapunov exponents are negative for any value 
of r as is seen in Fig. 3.15(a), which means that the fixed points are always 
stable. On the other hand, in the five components model the chaos and limit 
cycle appear in the presence of the positive value of the exponent, but finally the 
exponent becomes zero. The result is shown in Fig. 3.15(b). 

Now let us investigate the difference between the three components model 
and the five components one. We  here concentrate on the non-linearity term 
VW in Eq. (3.10) in the five components model. Because the main difference 

between the three components model and the five components one lies in the 
term VW. The variables V and W depend on the variable X. 

We introduce a new parmeter o into Eq. (3.10), that is, 

dX 
dr 
=oVW+P,(Y-X), (3.25) 

where 0<か<:::1. We shall investigate the Lyapunov exponent and the trajectory 
of the solution in the phase space by.ch五ngingthe value of !J. 
The Lyapunov exponent is calculated for various values of !J for the case 

with rx=400.0, and the result is shown in Figure 3.16. It is seen from this figure 
that the existence of the term 8VW in Eq. (3.25) does not affect the values of the 
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Lyapunov exponents. For the parameter r=rx=400.0, the three components 
model has a limit cycle and the five components model has a chaotic attractor 
(Fig. 3.10), where the maximum Lyapunov exponents are zero and 3.36, respec-
tively. The trajectory in the phase space projected onto the V -W plane is 

shown in Figure 3.17 for various values of o. The variables X, Y and Z do not 
affect their amplitudes. The amplitudes of V and W become larger as the value 
of o becomes smaller, so that the amplitude of the term oVW is found to be 
constant. 
For the case with rx = 1380.0, where the five components model has a 
chaotic solutions and the three components model has a periodic ones in this 
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parameter regime, we also obtain similar results, i.e., the Lyapunov exponent 
are not affected by the change of 8, while the amplitudes of V and W depend 
on the change of 8. It suggests that in the limit of 8→0 the five components 
model has a kind of sigularity and does not reduce to the three components 

model. 
Finally we present the numerical result of the Nusselt number, which 
corresponds to the heat flux, in order to study a statistical quantity. The 

Nusselt number Nu is defined by the ratio of the total transport consisting of the 
conduction part and the convection part to the conduction part as, 

N戸 l+
〈PVx〉

XIC ’ 
(3.26) 

whereく〉 standsfor the space average. Setting q＝冗 andusing Eqs. (2.32), 
(3.24), (2.34), (2.35) and (3.26), 

ふ＝1+
XY  (3.27) 

is obtained for the three components model, where means the time average. 
Similarly we obtain 

ふ＝l+
XY  
~ (3.28) 

for the five components model. Figure 3.18 shows the relation between Nu and 
r (a) or rx (b) by the symbol'o'for P,=4.0. A jump between r= rx=20 and 30 

is due to the bifurcation from the fixed point to the chaotic attractor at r =アx
=29. The difference of the Nusselt number between the limit cycle and the 

chaotic attractor is not be discussed, because error-bars are extremely large. 
We can only mention that we do not see any difference between the two models. 

We present Figure 3.19 in order to show the reason why the error-bars are so 
large. Figure 3.19 shows the variation of standard deviationび昂withr (a) or Yx 

(b). The large error-bars are found to be caused by the increase of the value応
aS iJNuO:: r゚．12or l5Nuo:: rxo.42. The size of the attractor becomes large with the 
increase of r or rx, regardless of the kind of the attractors. 

3.3 Analysis of Intermittency for Three and Five Components Models 

In this section, we analyze the intermittency observed in our numerical 
calculation. According to the review given in Sec. 2.5, the simple categorization 
of the intermittency is summarized as follows : The Type I intermittency has 

the characteristic that the duration of laminar phases r diverges like r~ 1/丘
and the Lyapunov exponent obeys the law }(s)～.fi, where s= r -r1 (for the 
three components model) or s= rx -rx, (for the five components model). Here 
r1 and Yx, represent the intermittency thresholds, respectively. The Type III 

intermittency has a scaling law r~l/s and il(s)~s. In our model, the Type II 
intermittency does not exist from the definition, therefore we concentrate our 
analysis on whether the observed intermittency belongs to the Type I, the Type 
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III or else. 
Firstly, we investigate the intermittent behaviors of the solutions near r= 
rx=82 for both the three and the five components models. In these cases, the 
intermittency thresholds are given by the calculation to be r,= rx,=82.73457, 
which is determined according to the maximum Lyapunov exponent being 
closest to zero. We show the results obtained for the three components model, 
since the results from the five components model show the similar behavior to 
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those from the three components model, if the condition rx< 140 is satisfied as 
is discussed in Sec. 3.2. We study the scaling law of the duration of laminar 

phases r and the maximum Lyapunov exponent A(c:). We calculate r for 200 

cases by changing the initial value randomly with fixed value of r =82.73457 or 

c:=0.01. Figure 3.20 (a) shows the distribution P（ァ， c:)of the duration of the 
laminar phases r. The peak value of r ~ 50 is observed, while the value is 
obtained by the theoretical estimation as r ~ 1虞＝10for the Type I inter-
mittency and r ~ 1/c:= 100 for the Type III intermittency. 
The relation of入(c:)and s is also calculated and is shown in Fig. 3.20(b). 
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From the theoretical estimation, we have the scaling law of 11 which is 11(s)～丘
if it is the Type I intermittency. The slope is approximately given by 0.4, which 

is close to the theoretical prediction, i. e., 0.5. However, the fit to 11 ~ E is also 
statistically admissible, this fact reserves a possibility for the Type III. 
Let us next try to identify the type of intermittency observed near rx=1345 
for the five components model (Sec. 3.2Case (4)). In this case, the intermittency 

threshold is calculated to be rx,=1345.16784 from the知 survey. The time 
evolution of Y is shown in Fig. 3.13. The scaling law of the duration of laminar 
phases r is estimated. We calculate r for 217 cases by changing the initial value 
with fixed value of rx=1345.17784, which corresponds to the case of c=0.01. 
The distribution P(r, c) of the duration of laminar phases r is obtained and is 
shown in Figure 3.21(a). This figure indicates the peak value of r around ~ 150. 
The peak value has been obtained by the theoretical estimation for the Type III 

intermittency as, r~ 1/c=lOO. We find a rough agreement of the value between 
the theoretical prediction and our numerical result. However, the profile does 
not have a tail component which is also typical characteristic of the Type III 
intermittency (Fig. 2.5). The profile is similar to the Type I intermittency rather 
than the Type III (Fig. 2.4). 
The second analysis of the Type I or III intermittency is done by obtaining 
the relation between the Lyapunov exponent入(s)and the difference from 

intermittency threshold Yx,, i.e. E. We calculate 11 by changing the value of E 
from 10-s to 10―1. Figure 3.21(b) shows log-log plot of 11(s) versus E. According 

to the thoretical prediction, a scaling law of 11 is given by 11(c) ~ c if it is the Type 
III. Namely, the slope of the line interpolating data points sh叫 dbe unity. The 
simulation results show that the slope is roughly叫 0.4.This result is closer to 

a theoretical estimation predicted for the Type I rather than that for the Type 
III. However, either the Type I or the Type III is statistically admissible. We 
do not draw a decisive conclusion due to the large error bars. 
We may need more sample data for the statistical accuracy and to check 

whether the profile has a tail or not with respect to calculating the distribution 
P(r, c). This is left for future work. At this stage of our analysis, the decisive 
conclusion to classify the Types of the intermittency is not obtained. 
Let us discuss the reasons why the decisive conclusion in the scaling law of 
the Lyapunov exponent 11(s) is not made. One reason is that our numerical 
simulation may not be accurate. The other is that the Lyapunov exponent 
converges so slowly with the time step that it is difficult to estimate the 
exponent accurately. Near the intermittency threshold [11], the time evolution 
is not perfectly periodic oscillation. If a system is periodic, theoretically the 

maximum Lyapunov exponent is zero. In our simulation at the intermittency 
threshold Yx,, the Lyapunov exponent is not zero but has the finite value 11= 

0.0543. Thi 1s may cause an maccuracy. 
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§4 . Summary and Discussion 

Numerical simulations of the three components Lorenz model and of the 

five components model are performed with respect to the behavior of the 

solutions, the power spectrum and the heat flux. The results are compared with 
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each other based on the analysis using the Lyapunov exponent. Parameter 

surveys are done with respect to the normalized Rayleigh numbers, rx for the 

five components model and r for the three components model, respectively. 
The results for the case with P,=4.0 are summarized and shown in Fig. 3. 
3. It is found that the solution of the five components model has also the fixed 

point, the limit cycle, the period-doubling bifurcation, the intermittent behavior 
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and the chaotic attractor. Comparing the results of the five components model 

with those of the three components model, both results show the similar behav-
iors with respect to time evolution of the solution, the structure of the power 

spectrum and the cahotic attractor in the regime of r = Yx < 140. In this regime, 
the maximum Lyapunov exponents for both models agree with each other. 
When r is largher than 140, the solution of the three components model falls into 
a limit cycle (the periodic oscillation). On the other hand that of the five 

components model has both the limit cycle and the chaotic attractor for Yx > 140. 
We presented the chaotic behavior by using the plots on the phase space, the 
time evolution, the power spectrum and the relation between the Lyapunov 
exponent and the control parameter (Rayleigh number). 

As the normalized Rayleigh number (r or 1x) becomes larger, namely as the 
turbulence is developed, the turbulent structure may not be described without 
introducing many degrees of freedom. The three components may not be 
enough to describe a chaos in the regime of higher Rayleigh number or of well 

developed turbulence. We examine the five components case in this article. 
However the six components model or the seven components model has been 
already proposed for the extended Lorenz model with the shear flow effect [24, 
25, 26]. A model with a small number of degree of freedom, such as three, five, 

six [24, 25], and seven models [26], has the limit to describe a chaos. The 
model adopted in this paper can apply only to a certain extent of the Rayleigh 

number. At present, we could not explore the boundary limit. Inter-relation 
between a model with small number of degree of freedom and that with interme-
diate of large number of degree of freedom should be investigated for future. 

We also studied both models for the case with Pr=l.0. The numerical 
analysis for the Lyapunov exponent is shown in Figure 3.15. In the three 

components model, only the negative Lyapunov exponent is obtained, which 
means that the fixed point is linearly stable. On the other hand, in the five 
components model, the fixed point, the limit cycle, the period-doubling bifurca-
tion, the intermittency and the chaotic attractor are observed. 

To illustrate the relation between the attractor and the control parameters 
such as the Rayleigh number and the Prandtl number, we show the behavior of 
attractor on Pr-r plane for the three components model (Figure 4.1) and on the 
Pr-Yx plane for the five components model (Figure 4.2). As for the five compo-

nents model with Pr=l.0, the period-doubling bifurcation occurs near the value 
of Yx ::c::;20. 

Furthermore we analyzed the intermittency and tried to identify the type of 

the observed intermittency. The intermittencies near r= rx=82 for both the 
three components model and for the five components model were analyzed. 
Both the scaling law of the duration of laminar phases r (Fig. 3.20(a)) and the 
scaling law of the Lyapunov exponent /¥ (Fig. 3.20(b)) do not exclude the possibil-

ity that it is the Type I or the Type III. The conclusion was not obtained. 
The intermittent behavior near the value Yx = 1345 is studied for the five 
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components model. The scaling law of the duration of laminar phases r is 

investigated in order to identify this intermittency (Fig. 3.2l(a)). Both the Type 

I and III intermittencies are statistically admissible (Fig. 3.21(b)). We could not 

draw the conclusion. 
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The ambiguity comes from the numerical inaccuracy. Especially, the 

fluctuation of the Lyapunov exponent near the intermittency threshold makes it 

difficult to have enough accuracy in the numerical simulations. We also do not 

have enough statistical accuracy to obtain the decisive conclusion from our 

analysis. To improve our simulation code and to increase the statistical 

accuracy is left for future work. 
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