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Nonlinear Simulation of Slab »: Mode

By Masatoshi Yacr*

The nonlinear simulation of the slab 7; mode is performed by using
the nonlinear initial value code to look for a simple but relevant
simulation model for 7: mode turbulence. It is demonstrated that the
two dimensional simulation of the slab 7; mode turbulence, which does
not include the background profile modification, gives a good agree-
ment with the three dimensional simulation. The thermal diffusivity is
also evaluated and is compared with the mixing-length estimation. It
was found that the mixing-length estimation does not give an accurate
result from the viewpoint of the absolute value and the shear depen-
dence. These tests would provide the basis to use the two-dimensional
simulation for the future study of turbulence under more realistic
conditions.

Key words : slab 7; mode, ion temperature driven drift wave, anom-
alous transport, 2D nonlinear simulation

I. Introduction

To understand the transport phenomena in high temperature plasma which
is magnetically confined is one of the most important issues in the plasma
physics. The evaluated thermal diffusivity based on the experimental data is
much larger than that predicted by the classical theory, i. e., the binary collision
of particles through Coulomb interactions. This difference is attributed to the
anomalous transport which is considered to be originated from the fluctuations
[1].

It is commonly accepted that the nonlinear interaction of a test wave with
background fluctuations gives rise to a nonlinear damping rate y.‘“ which is
written in a form of Dk,2 where D is an effective diffusivity and 4, is the wave
number perpendicular to the ambient magnetic field. The mode growth rate is
evaluated as y=y:— yw'¥(ycis the linear growth rate), and the stationary
condition gives the estimation, D~ y./k.%[2, 3], i.e., mixing-length estimation.
To confirm the validity of the mixing-length estimation, the nonlinear simula-
tion should be necessary.

The ; mode (ion temperature gradient driven drift wave) is one of the
examples, which are often discussed by use of the mixing-length formula. It is
considered to be a plausible candidate of the anomalous ion energy transport in
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a tokamak, and the linear stability and the nonlinear developments have been
extensively studied by nonlinear simulations of drift reduced magnetohy-
drodynamic model[4-6](also see Ref.[7]herein references can be found). Refer-
ences[5, 6]reported that the numerical results are explained by the mixing-
length estimations. However, a strong influence of the back ground profile
modification (i. e., the local flattening of the temperature profile) on the satura-
tion amplitude was found in these simulations. The impact of the local flatten-
ing should be analyzed in separation from the saturation mechanism of the ion
nonlinearity, but there has not been a systematic study.

In this article, we report the nonlinear simulation of the slab 7; mode. The
objective of this article is to look for a simple but relevant simulation model for
7: mode turbulence. The validity of the simulation (including the convergence
study) is also important subject of this article.

The simulations are performed systematically employing three models ; i.
e., (1)the three dimensional (3D)model,(2)the two dimensional(2D)model with
the local temperature flattening (abbreviated as 2D QL, the symbol QL stands
for “quasi-linear”) and the 2D model where the local flattening is neglected and
the back-ground profile is kept constant (abbreviated as 2D NQL). It is found
that the simulation result of the 2D NQL model gives a good agreement with
that of the 3D one. This provides a rapid method for the future parameter
survey. Some effort to obtain the fitting formula of yis also reported. We
confirmed that the 2D QL model overestimates the stabilizing influence of the
local flattening, i.e., underestimates y. The mixing-length-like estimate is
found to overestimate y.

This paper is organized as follows. The model equation is explained in Sec.
II and the linear instability is revised in Sec.III. The result of nonlinear
simulation is discussed in Sec.IV. The discussion and conclusion are given in
Sec. V.

II. Model Equation

We first briefly review the model equations fory; mode. We start from the
electron and ion momentum equations parallel to the ambient magnetic field :

NoMe dZ,t"e =~V pe+ eno(%'f'Vu ¢>+e%07]j, q))
N ; dz,;i =—Vupi— 6%0(%+V [ ¢)_ enoryy, ()

where v,.and v, are electron and ion parallel velocity, p.and p;, electron and
ion pressure, j=eno(v:— v.e) represents the parallel current, ¢, the electros-
tatic potential, A, the electromagnetic potential, respectively. If we take the
electrostatic limit, then we have

—(*nmo/me)iky <¢ _&)’ (3

I=""Jw+ e*nonjma eno
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and

k
V0= e T 03, @

where the terms with O(m./m:) are neglected in Egs. (3)and(4). From Egs.(3)
and(4), we can see if the electron response is adiabatic i. e., n=enod/Te then
the approximation relation j=0 holds (where T.= T is assumed). On the other
hand, if the electron response is far from the adiabatic relation, then the ion
parallel velocity is negligible compared to j since j ~ —(mi/me)enov .. In the
former limit, the ion continuity equation and the adiabatic electron response
describe the ion temperature gradient driven drift mode turbulence (i.e., 7;
mode turbulence). In the latter limit we can consider the dissipative (drift)
interchange/ballooning mode turbulence discussed in Ref [8]. Generally, the
turbulence may have both characteristics, which depends on the deviation from
the adiabatic relation n=eno/Teo(1+ i5) $(the 7; mode limit, 50, and non ideal
interchange/ballooning mode limit, 8> m./m.:). However, the objective of this
article is not to find the most proper equation of tokamaks but to report the
appropriate simulation model through nonlinear simulation. We focus to the
former limit (the »; mode turbulence).

II-A. Reduced Model Equation for 7; Mode Turbulence
Now, we consider slab 7: mode turbulence[4, 5, 9]. Basic equations are
consist of the ion continuity equation, the ion parallel momentum equation, and
the ion pressure balance equation [5, 10]. Here the ion continuity equation is
obtained by assuming that the electron obeys the Boltzmann relation #.=
enop/Teo and using the quasi-neutrality condition 7= ie.

(1—vf)%—f= —(1+va>%f‘vu v+l¢, V2l — V.4, (5)
%Z—vu(qbw)—[qs, o]+ 11eViv+uneV iy, ()
%:_K%_FVW—M, p]+XchL2p+XIICVIIZp- %

Poission’s bracket denoting the E x B nonlinearity is defined as[¢, A]=
0p/0xdA [0y — 0p/0y0A/dx. For the above equations, the following normalization
is employed : (cs/La)t—t, #/os=> 7, (eLn/Teps)dp— ¢, (Lnfcsps)v i— 0,
(zLnfospen)pi= b, (Lufnomios’cs) = 1, (Lalos’cs)x—x, La"'=—dlnno/dr, cs=
+ Teo;Wlf , Os=— Cs/.Qi, .Qi: eB/m,-, = Teo/Tz‘o, F:5/(3T), K=(1+ 77;‘)/2', ﬂi:Ln/LT;,
L '=—dInTw/dr, V. =38/0z+ Sxd/dy, S=L./Ls, Ls'=(v/Rq¥)dqg/dr, V.?=
0 [0x%+ 0%/0y* where x = » — 7, 7o represents the location of the rational surface.
1,1c and x., ¢ are the collisional viscosity and thermal conductivity, respective-
ly. The coordinates (x, v, z) are taken such that x is the direction of density and
temperature gradients, z in that of the ambient magnetic field at x=0, and y in
that of perpendicular to x and z, respectively, and correspond to the cylindrical
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coordinates (» — 7, 8, £ —q(7)8). The parameter K represents the ion pressure
gradient, i. e., the driving force of the turbulence. The Boussinesq approxima-
tion is used to derive these equations [11].

II-B. Eenegy Conservation Relation and Thermal Diffusivity for 7. Mode

Turbulence
The energy evolution of these equations is written as follows ;
dEr _ Kt , ,x 0D xg 200\ 242
g - T {¢ ay) K<p*Vy 6y> |V 2P|
- ﬂJ.c(leU‘2> — M &V 'U|2> _XLC<VJ_1>|2> — X c(lVLpP), (8)
where
Er=Es+Epis+Ey+Ep, 9

with Eo=-<|8, Erio=3<IVi, Bo=1<|0[, Ey=-—L|pl?>.Eq denotes the
perturbed internal energy of electrons, |pe?/2. (It should be noted that the
Boltzmann relation for electrons with 7,=01s assumed in the model of the 7
mode.) Ejy.4 corresponds to the electric field energy (and is almost equal to the
kinetic energy of perpendicular ion motion), Ey to the kinetic energy of the ion
parallel motion, and E, to the ion internal energy. <> is defined as

o 1 Lxiz2 Ly Lz
<f>——LILysz a’xﬁ dyl dzf(z, v, z), (10)

—Lxi2

where L., Ly and L;are the system size of the simulation in the x, y and z
directions, respectively.

Nothing the relation, x:=<p:* 7:#>/(—p ), we obtain the normalized ion
thermal diffusivity

—_ 1 L:, 409

Xz— K .l‘<p ay 3 (11)
where

- T

oD =lim 1= [ g(t)at. (12)

For the 3D case 4:=L,. For the 2D case, we choose
Lx
le= ﬁ O(F(2)— 0.1 faz) di, (13)

where @ is the Heaviside step function and fuez is the maximum value of |f(x)|
on |x|< Lz/2. For 2D case, the size of the mode width 4, is used as normaliza-
tion factor in Eq.(11)to get rid of the system size effect on the averaged value
of y:since the mode is localized near rational surface in the 2D model. The
definition of 4.is in accordance with those in Ref.[5]. The error bar is
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estimated during steady state phase,
(dx:)?= (:(#)— 220 (14)

The power spectrum of Wy(ky,kz), Wrio(ky, kz), Wolky,kz), Wolky, kz) are defined
as

Lx Lx
Wk, k)= [ dagld(a, ko, BIP, Wosslh, k)= [ drgIV.id(x, hu,

Lx Lx
kP, Walks, k== [ deglo(z, by, R, Wilks, k== [ deplita, by

k), (15)

and WT(ky, kz)ZWgt(ky, kz)+ WVJ.'P(ky, kz)+ Wv(kg, kz)"’ VVp(ky, kz) We alSO
define the radial profiles of the thermal flux as

__L Ly Lz i¢—
Q== [y eGP (16)

III. Linear Stability Analysis

First of all, we revise the linear stability of slab 7: mode[4, 5, 9]. Equa-
tions(5) - (7) contain the linear instability of the slab 7: mode. In the limit of £,
=I"=0, the eigenfrequency w is given as

0 _ 1-Kk—i|S|QI+1)+v{1—2Kk,—i|S|21+ 1))~ id K|S|21 + 1)(1+ &)
by 21+A5)

where / is the radial node number, w and 4y, are normalized by cs/L. and ps,
reapectively. For the case with /=0, £,<1 and S>1, the maximum growth rate
is given by y=~K"?*SY? with k£, ~1/K, and in the another limit satisfying |1
— Kk >2KY2SY? and |Kk, <1, we have y~KS. When i vc, Xu1c, I are
finite, both the longer wavelength modes and the shorter wavelength modes are
stabilized. The effect of finite x., 1. and I" on the growth rate of the slab 7; mode
is discussed in Ref.[5].

Figure 1 shows the dependence of the growth rate on the wave number. As
a typical example of the weak shear limit, we choose the following parameters :
K=2, S=01, I'=2, ptic=x.=0.01, guc=x1c=1.0. 6 cases with the different
radial node number (/=0—5) are plotted. For these parameters, the maximum
growth rate is given by ¥mar=0.148 with £,=0.8 for /=1mode. The hatched
region shows the mode with /=1 is dominant, on the other hand, for &, >1.6, the
mode with /=2 is dominant. The mode is stabilized for £, >2.0.

Figure 2 shows the dependence of the growth rate on the ion pressure
gradient. The parameter £,=0.8 is used in this calculation. Other parameters
are the same as those in Fig. 1. The dominant radial mode number is /=1 for
K<35and is /=2 for K>35. For K< K.~0.7, all the modes become linearly
stable.

1n
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Fig.1 The linear growth rate of slab 7; mode versus %k,. Parameters
aregiven by K =2, S =01, I =2, gtic = x1ic = 0.01, gtyc =

Xie = 1.0.
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Fig.2 The linear growth rate of slab 7 mode versus K. Parameters
are givenby by = 0.8, S =01, ' =2, ptic = x1c = 0.01, £y =
xue = 1.0.

Figure 3 shows the dependence of the growth rate on the parallel thermal
diffusivity. Here the relation gyc=yxc1is assumed. Other parameters are the
same as those in Fig. 2. It is found that the dominant mode is the one with /=
2 for x1.<0.1, with /=1for 0.1<x,.<2, and with /=0for 2<yx,.<100. All
modes are completely stabilized for 100<<y .

Figure 4 shows the linear eigenfunction of the 7; mode with the maximum
growth rate at &,=0.8. Parameters are given by K=2, S=0.1, I'=2, gtic=21.=
0.01, #£ie=x1.=0.1. The thick curve shows the real part of ¢ and the dashed
curve shows the imaginary part of ¢. The mode is localized near the mode
rational surface x~40. This is a typical example of the drift wave eigenfunc-
tion.
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Fig.3  The linear growth rate of slab 7: mode versus y,. Parameters
are given by fyc = e, by =08, K =2, S =01, =2, ptsc
= 21 = 0.01.
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Fig. 4 The Tlinear eigenfunction of 7; mode with
maximum growth rate at ky, = 0.8.
Parameters are given by K =2, S = 0.1,
I''= 2, Hic = Xic = 001, Kic = Xic= 0.1.

IV. Nonlinear Simulation

Next, we discuss the nonlinear simulation of slab 7; mode. Equations(5)-
(7) are solved by using the predictor-corrector method with the finite difference
for the x space and with the fourier transform for the y space. In these
simulations, we have performed two types of simulations, that is, the case where
the background profile modification is taken into account, and the case where
it is not kept. In QL simulations, we keep the following QL terms in the
equations,
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(6, V.pla=202 2 v 29— v 20, 52,
_ dpo Ov__ dve 09
[¢, v]e= dr oy dx oy’

dx oy dx oy’

and in NQL simulations, all these terms are suppressed.

IV-A. 2D QL Simulation

In order to study the QL effect on the mode saturation, as the first step, we
have done the 2 mode simulations with =0 and m=1, where m is the poloidal
mode number.

Table 1 shows the dependence of the saturation amplitude of total energy
on the mesh number. Parameters are the same as those in Fig. 4. We change
mesh number from 200 to 500. For the two-modes case, we conclude that it is
enough to take 200 mesh.

Figure 5 shows the time evolution of the total energy with various values of
Xic. Parameters are the same as those in Fig. 4 with 300 mesh. Firstly the
energy is growing linearly (# <10), then it saturates due to nonlinear effects (>
10). The saturation amplitude of energy is almost the same level in the range
x1e~0.1—1, but enough time steps are needed (#=>800) in the cases with x1.=0.5
and x..=1.0 to attain the level of that with x,.=0.1. The saturation is observed
even for small value of y..(<0.1), although the saturation amplitude is larger.
Practically, an appropriate parallel thermal diffusivity (xu.~1) is needed for
numerical stability. In section IV, we will discuss the numerical convergence
which is related with the limit of y..—0. Larger value of y..(=1) gives smaller

Table1l The dependence of the saturation ampli-
tude of total energy on mesh number.
Parameters are given by k,=0.8, K=2,
SZO.I, F:2, /lJ_c=XJ_c:0.0]., HKie=Xue=
0.1.

time | 200 mesh | 300 mesh | 400 mesh | 500 mesh
100 | 0.46250 | 0.46000 | 0.46000 | 0.46000
200 | 0.35800 | 0.35670 | 0.35500 | 0.35600
300 | 0.32000 | 0.31830 | 0.31750 | 0.31800
400 | 0.31600 | 0.31500 | 0.31500 | 0.31400
500 | 0.33500 | 0.33670 | 0.33750 | 0.33600
600 | 0.37900 | 0.38330 | 0.38250 | 0.38400
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saturation amplitude of energy which corresponds to linear stabilization of
modes (also see Fig. 3).

10' |
x0.001  %=0.01 - x,=0.1

10°

Er 107 0.5 XFL0 ye5.0

102 %=10.0

1-3-.-1[1:1-[.---'---.
0 500 1000

teg/L

Fig.5 The time evolution of the total energy in 2D QL
calculations with various values of x,.. Seven
cases, with x,c = 0.001, 0.01, 0.1, 0.5, 1.0, 5.0, 10.0
are plotted. Other parameters are the same as
those in Fig. 4.

10%

mode=32

-1
10 mode=8 mode=16 mode=12

102

PR U ST ST S NSNS ST SN R T S S

103 —
0 150 300

tes/Lin

Fig.6 The time evolution of energy in 2D QL calulation and
it’s mode number dependence. Parameters are kyo =
02, K=2,S=01T =2, tic = x1c =001, and z¢,¢
= x4c = 1.0. Four cases with M =8, 12, 16, 32 are
plotted.
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Next, we discuss multi-modes simulation with QL effects. Figure 6 shows
time evolutions of energy in 2D QL simulations and their mode number depen-
dence. Parameters are Lr=80 with 300 mesh, %,,=0.2 (which corresponds to
the system size of v, i. e. Ly=2m/kyo), and syc=x1.=1.0. Other parameters are
the same as those in Fig. 4. Four cases with mode number, M =8, 12, 16, and 32
are plotted. We found that the saturation amplitude of energy weakly depends
on mode number in 2D QL simulations.

Figure 7 shows time averaged fluctuation spectra in the case with M =12
shown in Fig. 6. Time averge is taken from t=100 to 300. W,, Wy 4, W, W,
are plotted. The energy cascade is observed in these spectra and the energy

10t g 10!
100 F ‘ 100
100 10t
4 I
2 ~ o
103 o ° o i‘: 102 . o o
ol AT ERA LT
g 1F Sk
10% ! . d 105 T
106 r ‘F 106 ?
107 i- ? 107 ? ?
]0‘3:.,..l....I....I....l.'T. 10 Eu 1. L i 1 g
0 0.48 0.96 1.44 1.92 2.4 0 0.48 0.96 1.44 1.92 2.4
ky k,
100 g , 10!
10° F 10°
101 J;— 10! |
~ 108 E- ? ° - 102 ©
guwrt ¢ 9o, Sy P oo
3 104 r T T & 104 T ?
.5 .5 &
t0s Tesl o Too
106 F 106
107 | 107
108 FEPEPEE EPEPEPES ENUPUTETI RPETS R o 108 Pl PP PRI B 1 N
0 0.48 096 1.44 1.92 2.4 0 0.48 0.96 1.44 1.92 2.4
ky ky
Fig.7 The time averaged fluctuation spectrum for the case with M = 12 in Fig.6. Time

average is taken from ¢ = 100 to 300. We(ky), Wyis(ky), Wo(ky), Wy(ky) are plotted.
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tends to concentrate at m=0 mode in this case.

IV-B. 2D NQL Simulation
In this section, we investigate 2D NQL model. The main subject is to
identify how the background profile modification affects the saturation ampli-

10% ¢

10!

0
Ey 10

10!

102

TTTTAG T 1T

103 b v U b
150 300

tes/Lin

Fig.8 The time evolution of energy in 2D NQL calculations
with fixed system size (kyo = 0.2). Parameters are the
same as those in Fig. 6. Four cases with M = 8, 12, 16,
32 are plotted.

10%

o

ky=0.075, mode=32 Kky0=0.2, mode=12

10t

10°

WRLLLLLI BRI R R L) ma Y

10 kyo=0.01875, mode=128

ky0=0.0375, mode=64
102

103 e o U
0 150 300

teg/Li

Fig.9 The time evolution of energy in 2D NQL calculations
with fixed mesh size (kymez = 2.4). Other parameters
are the same as those in Fig. 6. Four cases with M =
12, 32, 64, 128 are plotted.
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tude of the energy.

Figure 8 shows time evolution of energy in 2D NQL simulations with the
minimum wave number fixed at ky0=0.2, i. e., with fixed system size. Four cases
with M =8, 12, 16, and 32, where M is the number of the poloidal mode kept in
the simulation, are plotted. Parameters are the same as those in Fig. 6 except
QL effect. We found that the saturation amplitudes of energy are almost the
same level among four mode numbers and are about 10 times larger than QL one
in 2D model. Compared to QL case, the energy tends to be oscillatory.

Figure 9 shows time evolution of energy in 2D NQL simulations with the
maximum wave number fixed at kymer=2.4, i.e., with fixed mesh size. Four
cases with M =12, 32, 64, 128 are plotted. Parameters are the same as those in
Fig. 8. In the case with M =12, the saturation amplitude of energy is higher than

10!

100 ¥ .
0 E— E
100 7@, 0 100 0 ky=0.2, mode=12
10" 10t L 9
oy Do P 4
= 107 S 102 g, @ i
£ 10° % 103 E— 3
> 4 '
10 10 ¥
10 kyo=0.0375, mode=64 108 & ky0=0.0375, mode=
106 Eoena ¥ vl s 10.6E.,..l....uL...l....l..“
0 048 096 144 192 24 0 048 096 1Las 192 24
Ky K,
10¢ 10!
10° E- o] kyo=0.2, mode=12 o kyo=0.2, mode=12
100 2 £
g 102 -
T 2
103 T P
k,0=0.0375, mode=64
10 E Kyg=0.0375, mode=64 10 ad
10° 108
10~6F,. | I EPEPRPEPI P Lo 10% . 1 e a
0 0.48 0.96 1.44 1.92 24 0 0.48 0.96 1.44 1.92 2.4
ky ' ky

Fig.10 The time averaged power spactrum (¢ =100—300) in Fig.9. Wu(k,), Wris(ky),
Wolky), We(ky) are plotted in cases with M = 12, and M = 64.
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those in other cases. For the simulations with mode number larger than 32, the
amplitude is almost the same level. This indicate that the number of mode, M
>64 is large enough to recover the convergence of saturation level. Rutherford
regime [12] appears under the condition if the mode number is taken large
enough (=64) and the maximum wave number is fixed. This slow growth of the
energy may be related that the equipartition of energy to the long wave length
mode needs longer time.

Figure 10 shows time averaged power spectrum (t=100-300) for the case
with M=64 shown in Fig. 9. The case with M=12is also plotted for compari-
son. The shapes of energy spectrum are almost similar for both cases but the
absolute value in the case of M=12 is about 10 times larger than that with M=
64. The concentration of the energy to k,=0 does not occur in 2D NQL simula-
tions.

Figure 11 shows the time evolution of power spectrum of Er(%y) in the case
with M=12 shown in Fig. 9. Both normal and inverse cascades are observed at
t=60. Strong inverse cascade occurs at t=_80 and finally the spectrum reaches
the steady at {=100. The energy tends to be consentrate on the longest wave
number.

Figure 12 shows the spectral intensity of the potential for the case of M=
64 shown in Fig.9. Sampling time is taken ast=120-910. Four cases with x=
0, and with £,=0.075, 0.3, 0.45, and 0.6 are shown. The negative sign on w axis
corresponds to the ion diamagnetic direction in these figures. The peaked
frequency is given by wpear=28.18 X107 for £y =0.075, wpear=—0.188 for &,=0.3,
Wpear=—0.147, for ky=0.45 and wpear=2.45% 1072 for k,=0.6, respectively. In
the region of the long wave length (%, <0.45), the dominant frequency is in the

r T=80

T=200

102
10!
10°

—_
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%

T=100

102
103
10*
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-
(=)
n

106
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© [T TRy

<
(<]
(@)
[:
—
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—
oo

Fig. 11 The time evolution of power spectrum of Wr(ky)
for the case with M = 12 in Fig. 9.
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ion diamagnetic direction. However it is difficult to verify the linear dispersion
relation, since the relation dw/w~ O(1) shows the strong turbulence state.

IV-C. 3D Simulation

The results in previous subsection shows that in 2D simulations, the satura-
tion amplitude strongly depends on the model with/without background profile
modification effect. Here we perform the 3D simulations and compare the
results with 2D simulations with/without QL effect.

Figure 13 shows the time evolutions of the energy in 3D QL (3 dimensional

Power-spectrum Power-spectrum
.300 <+ + 60-f
E ] E _
250 -+ 50 £ |
200 T 40-L I
150 £ + 30
100 + 20 i
-50 £ : ; L 0
-0.5 0 0.5 -0.5 0 0.5
OMEGA OMEGA
| ——KY=0.45 ——KY=0.6
Power-spectrum Power-spectrum
60 -+ ] 40 "
50 £ . - ]
E ] 30 + -
40 ] 3 ;
30 F 120 . 1
20 £ : A T ..t |
10+ A’ : : J\II\I\/A‘NV W"‘\\/J\M_A_A ]
0 5 j Aa 0 L J
-10 F -10--F
-0.5 0 0.5 -0.5 i 0.5

OMEGA OMEGA

Fig.12 The spectral intensity of the potential in the case with M = 64 in Fig. 9. Four cases
with ky = 0.075, 0.3, 0.45, 0.6 at the fixed point x = 0 are plotted. The minus sign on
w axis corresponds to the ion diamagnetic direction.
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quasi-linear) and 3D NQL (non quasi-linear) calculations. Selection of modes are
as follows: L,=80with 200 mesh, Ly=10x, L.=7.5%, kyw=0.2, k0=0.267,
where kyo=27/Ly, and kzxo=27/L.. Mode numbers in the 4, space are M =10 and
those in the 4. space are N=13. The modes of ky=mkyo(0<m<9), k.= nk.o(—6
<n<6) are kept. Parameters are: S=0.1, K=3.0, '=2.0, ptic=x1c=0.1, ttyc=
xi1c=1.0. For comparison, we also plot the results of 2D NQL simulation, in
which modes are selected as L:=80, kynar=2.4, and M=9(ky0=2.4/9), and M=
32(%y,0=2.4/32); other parameters are the same as those in 3D case. The satura-
tion amplitudes of the energy in these simulations are seen to be almost the same
level. We find that (1) The QL effect, namely background modification does not
play an essential role in determining the saturation level in the 3D simulations.
(2) Aside from the QL effect, the 2D simulation gives an agreement to the 3D
simulation. (3) The total mode number of m X =9 X 12 is enough in this simula-
tions. In 3D cases, the stabilization due to QL effect is not essential for energy
saturation. This is because the local pressure flattening does not occur in the 3D
simulations. If the local flattening at some place occurs then it should induce the
local pressure steeping in the neighborhood due to the constraint on the ion
pressure at the calculation boundary.. This does not happen in 3D simulations.
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2D NQL mode=32
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Peovv o by v v v boa g0 Ly ey 90 ay
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Fig.13 The time evolution of energy in 3D QL and
NQL calulation. Parameters are S = 0.1, K
=3.0, I' =20, pic= Xrc= 0.1, ftye = Xue =
1.0. For 3D calculations, L. = 80 with 200
mesh, kyo = 0.2 with M = 10, and k.0 = 0.267
with N =13 are used (ky = mky, 0<m=<9
and k: = nko, —6<n<6). For comparison,
2D NQL simulations with Aymer = 24, M =9
and M = 32 are also plotted (kyo = 2.4/9 and
kyo = 2.4/32). Other parameters are the same
as those in 3D simulations.
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The agreement of the saturation level between the cases of 3D simulations and
2D NQL simulations give an insight in understanding the saturation mechanism
for the slab 7: mode. In 2D cases, QL terms affect the saturation level ; if we
keep QL terms in 2D simulations, it brings to the one order smaller saturation
amplitude. The influence of the profile modification appears strongly since
modes are localized at single rational surface in 2D cases. The comparison
study in Fig. 13 demonstrates that 2D NQL simulations are suitable for the
parameter survey.

Figure 14 shows the power spectrum of the electrostatic potential |¢m/x[* in
3D NQL simulations at £=104. In this simulation, we use L,=80 (400 mesh) and
255 modes. Other parameters are the same as those in Fig.13. The mode
rational surface is also shown at the bottom of this figure. The location of mode
rational surface is represented by xs. For comparison 2D NQL result at =200
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102 F 2 @
2 N é

100 E @ E

2 »

Idamnl N O /m=0 Xs=0 é
O /m=1 xs=13.3

100 5 A n/m=2 x5=26.6
o X nim=1/2 Xs=6.67 %
C 4+ wm=tBxs=444

gL <o N/M=2/3 X5=8.89

107 £ O imetidxs=333 5 ﬁ
E A wmeasxs=to °

102 l 1 ! l ! 1 l 1
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[ 1‘14 Ll lllilllllllllllllllllllll il ;1 [
-40 -30 -20 =10 0 10 20 30 40
Ly,

Fig.14 The power spectrum of the potential in 3D NQL simulations.
Parameters are L, = 80 with 400 mesh and 255 modes. Other
parameters are the same as those in Fig. 13. For comparison, 2D
NQL simulation with L. =40, 200 mesh and M =9 is also
plotted.
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is also shown. In this case, we use L,=40 (200 mesh) and 9 modes. The shapes
of the power spectrum are almost similar in 2D NQL and 3D NQL cases.

Next, we compare thermal diffusivity obtained from 2D NQL and 3D NQL
simulations. Figure 15 shows the radial profiles of the thermal flux defined by
Eq.(16) for the cases of linear calculation (top), 2D NQL (middle), and 3D NQL
simulations (bottom), respectively. The thermal flux in the 2D simulation is
localized around the rational surface. The estimate of the thermal diffusivity
would depend on the system size if we use L for 4, in Eq.(11). For this reason,
we use 4z as a normalization factor for 2D simulation.

Figure 16-(a) and 16-(b) shows the time evolutions of the ion thermal
diffusivity evaluated from 2D NQL and 3D NQL simulations. The same
parameters as in Fig. 13 are used for these calculations. The time average is
done for the interval t=100-200. Transient peaks are observed in both cases.
The thermal diffusivity reaches the level evaluated from the mixing length
theory, at t=100 (i. e., the peak at t=100) in the case of 2D NQL simulation, and
the peak at t=60 in the case of 3D one, then it settles down to the lower level.
At this saturation state, the 2D NQL simulation gives the value of x; which is the
similar value to the 3D NQL one (3D NQL/2D NQL~1.5).

Linear :

Qw £

% = YLAf

2D NQL -
Qw f
3D NQL
Qw £
0 16 32 48 64 80

X

Fig. 15 The radial profile of the thermal flux
for the linear (top), 2D NQL (middle),
and 3D NQL (bottom) simulations.
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Fig. 16 (a) The time evolution of the ion ther-
mal diffusivity evaluated from 2D
NQL simulations. (b) The one from
3D NQL simulations. Parameters are
the same as those in Fig. 13.

The dependencies of the thermal diffusivity on the parameter 7:; and the
shear S are summarized in Figure 17-(a) .and 17-(b). The plasma parameters are
the same as those in Fig. 13.. The parameters for numerical simulation are L.
=80 with 300 mesh, L,=27 X M/2.4, with mode number M=64(%,=0.0375 and
Fymaz=2.4) for 2D NQL simulations. In the 3D simulations, we choose L:=80
with 400 mesh, L,=107 with mode number M=9(%y0=0.2, kynaz=1.8), and L.=
7.57 with mode number N=15(%20=0.267, kymez=4.0), total 9x 30 mode. In these
figures, the symbols of triangle and circle denote, the 3D NQL calculation and
2D NQL calculation, respectively. The symbol of square corresponds to the
mixing-length-like estimate, y;=7:.4:% where y: is the linear growth rate and
dp is radial width of the linear eigenfunction. 7y, and 4. are obtained in the
linear phase of the simulation (#<40). In this case of parameters above, the
maximum growth rate is given at £,=0.6. For 2D and 3D cases, we have plotted
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the thermal diffusivity averaged over the time interval of t=150-300. From Fig.
17-(a) and 17-(b), we find general observations that the 2D NQL calculation
gives a good approximation to 3D NQL calculation for 7; and S dependence in
the range 1072<S5<1and 1<7,<5. Strictly speaking, the 2D case gives the
slight stronger dependence on 7; and the slightly weaker dependence on S and
the absolute value of 3D NQL is about 1.5 times larger that of 2D NQL. In
section IV. E, we will discuss the reduced thermal diffusivity taking into account
these results. :

IV-D. Convergence Study

It is also important to study the influence of collisional diffusion. In above
simulations, the artificial dissipation rates, X.c, Xic, #icand ¢, care set to be
proper values. Namely, we use yu.~1. This is because this viscosity acts as the
parallel damping to the mode like as Landau damping. If we take too small

SN ' a
el 2 X s @ |
—~ ? A X?D [}
é ] X,zD N
& 10 ¢ 3
& £ o [
=7 L Q §
= r A
1 E A { E:
F 3
0.1 L
0.5 1 5 10
i
Fooogt (b) 1
~ 107k Ay o
ﬂ: E [} X?D o E
< 10 g
N E ]
< E A ]
= 1k 3 3 A g ]
: ? s o 3
100 L e e .$‘..:
103 102 101t 1
S

Fig.17 (a) The dependence of the thermal diffusivity on
7:. (b) The dependence of the thermal diffusivity
on S. Parameters are the same as those in Fig. 13.
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value for xu., the outgoing wave is not damped enough and reaches the simula-
tion boundary. If is occurs then the reflection of the wave happens. This leads
to the numerical instability. We also need the finite value of x.. for the energy
in high wave number region to be damped. If the damping of the energy in high
wave number region is not enough, the numerical reflection at &y=Mkyo hap-
pens. This leads to no saturation and causes the numerical instability. In order
to check the validity of the choice of these values, the y.. and x.. dependencies
on x: for 2D NQL simulations are examined and are shown in Figure 18-(a) and
18-(b). The parameters are the same as in Fig. 17. We assume y..= .. for the
xicscan in Fig. 18-(a) and xic= e for the xucscan in Fig. 18-(b). It is easily
seen that, for x,.<0.1 and x..<1, the thermal diffusivity is almost independent
of Xicand xie.

If they are too large, the turbulent transport considerably reduces. If they
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Fig.18 (a) The dependence of the thermal diffusivity on
%1c. (b) The dependence of the thermal diffusivity
on yy.. Parameters are the same as those in Fig.
13.
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are too small, numerical instability occurs. Therefore we confirm the results in
Fig. 17, where we take y..=0.1 and x.=1.0, do not depend on these artificial
dissipation describing subgrid scale dissipation and mode coupling. The conver-
gence of the numerical simulation is thus confirmed.

IV-E. Deduced Thermal Diffusivity
Based on the 2D NQL results (Fig. 17), we obtain a fitting formula of the
thermal conductivity as

2
x2:=Co ‘Oifs (7:— 7:c)%exp(—3.38.5%442) (19)
where Cois the numerical constant with order unity and 7..~0.66 for these
parameters. Generally 7. is the function of yic, Xue, ftiic, #uc, S, and I'[5].
Using the amplitude expansion method [13, 14], Hamaguchi et al. [5]derived
the formula y;ccp—7n.. Although we can fit the numerical results using this
formula within the error bars, the relative error is larger than that of the
formula with (7 —7.)? dependence. The formula like Eq.(19)suggests that the
turbulence driven flux is enhanced if the driving force exceeds a critical value.

The discrepancy between the numerical simulation and the mixing-length
estimate lies on the shear dependence. This is illustrated by seeing the analytic
estimation of the formula 7./k.% If one employs the analytic estimate for 7, and
k., which are given in connection with Eq.(17), one finds y:oc K*2S for KS<1
and y;oc K¥*SY* for KS>1[15].This shear dependence (i.e., x:increases if S
increases) has clearly the opposite tendency compared with the numerical result.
This is partly from the inaccuracy of the analytic estimate of y: and £, as
pointed out in Ref.[5]. If one uses the numerical result of y. and 4., y.™
becomes a decreasing function of S. However, it still overestimates y; particu-
larly in the low shear region.

The absolute value of the thermal diffusivity given by the mixing-length-
like estimate, y:;= y.4:%is one order higher than others, while it’s dependence on
7: is similar to those of nonlinear simulations. The difference of the absolute
values between the numerical result and the mixing-length-like estimate in Fig.
17-(b) is also attributed to the shear dependence. For high shear limit, the
mixing-length-like estimate gives the thermal diffusivity of the order which is
comparable to those of 2D and 3D calculations if y; and 4, correctly chosen.
But in the low shear limit, the difference is large. In the weak shear limit, the
linear mode structure becomes broad since high / mode becomes more unstable
so that the value y:4:%is estimated to be larger. From the view point of the
shear dependence and the absolute value, the simple mixing-length estimate
using 7. and 4. is not appropriate for the 7; mode.

V. Discussion and Conclusion

A systematic comparison of the 2D and 3D simulations for the slab 7; mode
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was developed : 3D QL 3D NQL, 2D QL and 2D NQL models were investigated.
Based on this systematic study, we find that (1) the background modification of
the temperature profile is not important in the 3D simulation, that (2) the strong
stabilization in the 2D QL model by the back ground profile modification is an
overestimate, and that (3)the 2D NQL simulation gives a similar parameter
dependence as well as the absolute value for the thermal diffusivity in compari-
son with the 3D simulation. It is concluded that the 2D NQL simulation allows
a rapid and dependable nonlinear simulation of the 7; mode. This will provide
the basis of the future parameter survey through the nonlinear simulation. The
mixing-length-(like) estimate was found to be inaccurate, from the view point
of the absolute value and the shear dependence. This also stimulates the future
nonlinear study by use of the 2D NQL model, in order to clarify the detailed
mechanism of the saturation of the turbulence.

For the application, the comparison of 2D NQL simulation of #; mode
turbulence with experimental results were performed in Ref.[10]. We found
that the absolute value of the thermal diffusivity obtained from the 2D NQL
simulation is the same order as that evaluated from JT-60 experimental data,
although it’s radial dependence is different from the experimental one. The
important point is that the mixing-length estimation only gives us the functional
dependence of thermal diffusivity (although in the 7; mode case, the shear
dependence is incorrect) but not it’s absolute value. Therefore it is possible to
analyze experimental data more quantitatively by using simulations.

These findings will be the basis for the future investigations in which Eqgs.
(1) and (2) will be solved without simplifications.
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